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1. Introduction

The obvious inequalities for x € (0, g), cosx <

Abstract

The function Sinc(x) = % has attracted significant attention from researchers

due to its remarkable properties. It was introduced by Lord Rayleigh in his calcula-
tions involving Bessel functions. It is also related to the gamma function I'(x) as
well as to Gauss’s I1(x) function. Furthermore, finding tighter bounds for such a
function is a fascinating topic. In this paper we prove for x € (0, g) the double
inequality for the Sinc function,

1
tanz\ 2 " sin @

(—2 ( ) + 3 (cosx) ) < < cosx (

- " 3

with equality when »—0. Similar double inequalities are provided for the Huygens
and the Wilker functions as well as for the Mitrinovic-Adamovic function. Conse-
quently, we demonstrate that this bound, which depends on the parameter r, is
sharper than those previously introduced by researchers.
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sinx

< 1, have been refined in [1], [2] as

) (1

X

sinx

cosx < ( .

which is known as the Mitrinovic-Adamovic Inequality. There are many references refining and generalizing the
lower and upper bounds in the double inequality (1), which can be divided into several different types bounds, among

them:

Polynomial and rational function type bounds [3, 11-17].
Irrational function type bounds [15]

Exponential type bounds [4-6]

Functions of cos x type bounds [14]
The bounds of hyperbolic functions [18].

Other bounds for % can be found in [7-10, 2, 1, 11-15, 25, 16, 24] and the references therein.
Moreover, in the past recent years, a lot of mathematicians tried to refine and extend inequality (1) by providing
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finer and more elegant inequalities. Among them [13, 15, 16, 26-28].
Inequalities concerning the Sinc function abound in the literature, as well as for the Huygens function

sinx tanx 3

x 2x 2
and for the Wilker function
(siﬂ) 24 tanx > 9
X 2x

They mainly concern fine bounds of these functions. Researchers have used ingenious tricks and methods to im-
prove these bounds. However, to my knowledge, very few have thought of making these bounds dependent on a

special parameter. In [17], [30], one introduced the n-order Mitrinovic-Adamovic inequality
h(n,x) = (sinx)n _ cosx 4 n—3
’ x 3 3

One proved the function 4(n, x) is increasing with respect to n.

The idea that came to mind was not only to try to highlight two functions f(x,t) and g(x,t) depending on a
parameter t bounding one of these three functions, but also, for a particular value t, of this parameter, to observe
that f(x,ty,) and g(x,ty) could coincide with any one of the above functions. In this sense, for example, when we
have

sinx
flx,t) < —~ < g(xt)
And

sin

limy—i, f (2, t) = lime_syg(x, t) =

In this paper we aim to present new bounds for the Sinc function as well as for the Huygens and the Wilker
functions in terms of one parameter functions f(r,x) defined for r = 0 and for x € (0, g) These bounds appear

to be finer than older

1 1
_3r ar . . 3r B
tan .\ 1 2 (sinax -
(2 ( a I) ’ +3 (cos‘z:)'") < (sm I) < cosw (3 + 3 (sm : ) ’ (cas‘z_)%)
x x x
2

To be more precise, notice that when 7 tends to 0 one proves

9r

1
—dr I . or
tan x ! 1 2 fsinz) - A\ T
lin,—0 (—2 ( o ) " 43 (cos .r.f)r) = lim, 4o cosw (§ +3 (5111 : ) ’ (cos .r.')_%)
x : -

()

That means if we bound % by two functions f(x) and g(x):

sinx

F@) < ) < g(x).

then there exists 1, such that for r < 1y one has

1 1
_3r Ir . 9r -
tana\ - 1 2 AN r
flz) < (2 ( o l) ’ + 3 (cos J:!)T) , g(x) > cosx (3 + 3 (sm 1) ’ (cos 1)32)
x : x

Thus (2) appears to be the finest for framing the Sinc function.
In addition, we also prove analog bounds for Huygens and Wilker functions as well as for the Mitrinovic-Adamovic
function.

2. Main Results

Next results give bounds for m% as well for the Sinc function %
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Theorem 1.1

For x € (0, g), the function m% satisfies the following double inequality for any r > 0

1 1
( (‘ran 1‘) —3r ) T tanx (2 (tan I) ir 1) "
-2 +3] < <3 +
T x 3 T
Moreover, the equalities are attained when r tends towards 0.
Theorem 1.2

3

For x € (0,%), the Sinc function satisfies the following double inequality for any r > 0

1 1 r 1
tanz\ "2" " tanx\ "2 "
o (2 (2 ) < (o ()
xr

+3 (C‘)bl‘)g) <
x

1
3r
5N 1 2 [sinz\ 72 "
B (Jomer 3 () )
Moreover, the equalities are attained when r tends towards 0.
We may also derive bounds for the Huygens function.

Theorem 1.3

For x € (0,%), the following double inequality holds for any r > 0

1 1
(2 cosz +1) (3 5 (tan‘r)_%r) " - 2sinx + tanx 2 -
) cosx 3 - o e =
T

3
tanz\2" 1
<(2(“Oh.l”—|—1)(‘ (1111) + )
T 3 T
Moreover, the equalities are attained when r tends towards 0.

In the same way, one obtains bounds for the Wilker function.
Theorem 1.4

For x € (0,%), the following double inequality holds for any r > 0

2 1
9 tanaz) 2" " tana) 27 "
(cosz)” [ —2 . +3] +|-2 . +3] <
(bill x ) 2 tanx
+ <
x

T

2 1

(cos z)? 2 (tanr)%r N 1\ n 2 (tanr)%’ N 1\

s\ 3 3\ 2 '
Moreover, the equalities are attained when 7 tends towards 0

Remark 1.5

3

(i) We may prove the following inequality

1
tanz\ "2 AT sing
-2 + 3 (cosx) <
x

T
It is less than the one given by Theorem 1.2 because

1

+ 3 (cos I)§>

o (2 [tana\E"  1\" 12 /sina\3" _ar
(cosa)” | - + 3 > cosx 3 + 3 (cosx)
B xTr . .
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1
: N - 3 . N—L
(72 (—t“m‘l) “ 43 (CObI)T) < (72 (t‘m‘l) :
T

x

(i1)) We may prove that

Wl
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which improves slightly Theorem 1.4.
Concerning the Mitrinovic-Adamovic Inequality, we prove the following.

Theorem 1.6

For x € (0, g), the following inequalities hold for any r > 0
) 1 L
- 3\ 72 T = 3\3\"
(2( 1 (smr) ) +3) - (2+3< 1 (231111‘) ) ) -
cosxT x CcOos T xr
ar ;
1 (b‘inI)B (2 ( 1 (sinr>3> : 1)
<=z +=
cos T x 3 \cosx T 3
inz\ =% T fsina\® (12 fsinan % 2
3-2 (—bm I) (cos .1‘)% < — (—bm J) < |=4+= (.51111) (cos r)*?r
T cos T x 3 3 x

Moreover, the equalities are attained when r tends towards O.

Remark
(i) It seems that for x € (0, g) and for any k > 0 the following double inequality holds:

1 ) 1
. sine\ % Y 1 sinz\ * 12 [sina\ % EETAN
3-2 (cosxz)? | < <|5+3 (cosa)™ 2
x cosw \ @ 3 3 x

Moreover, the equalities are attained when » tends towards 0. As a corollary, we may also derive the double ine-
quality

ot 12 P\ T
(3 -2 (Cosr)i)i < < (— + = (COSI)_BT)
cos T 3 3
(i1) The following seems to be true. Then, it improves Theorem 1.6

3 1
: 3 " : 3r " : 3
Sim r sin 1
(3 9 (Hln r) 2 (cos .1‘)5) - (72 43 (am r) (cos r)_T> - (sm I)
x T cosr \ T

3. Proofs
The following lemmas will be useful in the sequel [31].

Lemma 3.1

For x € (0, g) and p,q,r = 0 the following inequalities hold

2 . 2 nd o ey P 2
. px N R P P P 6 sin a pr
Ty R Ry [ (D A (A iy U <1-2

) 6 +( 180+?2)3 +( 2835 | 1080 1206)“ ( z ) 6

2 2 3 12 3 A
N R T L N . 10lp~  p P 8
( 180 72) ! +( 2835 | 1080 1295) ! +( 37800 | 1360800 12060 31104 )"

2 - 2 « - ] @

e qr Kl g\ . 4 62 7 9 1 3\ ¢ tanx .

(i) l+—3 +(gﬂq+ )1 +(—q+—q +—q" | < — ) <
2

18 2835 270 162

2 - [ 3 =02 P =3 4
qa g q 1 G2q 7q q 6 3500q 127q 7q q g
+—=+—=-+=|r+|—-—"+—=+—= |0+ | —+—F+ — + —— | 1",
( 1 ) (283.‘3 270 162) (340200 18900 1620 1944 )

2 2 2 . 3

T r T 4 T 7 7 [ BT I
121 1—— —_— — | T —_— — — — — | < |COST <
() 2 +( 1: - 8) +(24 45 48) ( )

2
. J‘J'2+ r N T‘Q 1I+ ?.2 r _?.3 3.G+ ?}'2 17r 1-3 N r-‘l 3.3
2 12 8 24 45 48 480 2520 96 384 )
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Lemma 3.2 (Proposition 1 of [21])

Let the series Fla) = ZR2 (=1 AR converge for x € (0,c), ¢ € R +. Suppose that the following state-
ments are true:

(1) If ¢ < 1, then the sequence A(k), k € N is a positive decreasing sequence that converges to 0.

(ii) If ¢ = 1, then the sequence A(k), k € N is a positive sequence,
lim—oo?F A(k) = 0 and A(k) > 2 A(k+1) fork > 1

Then, for all x € (0,c) and forall n € N and m € N we have

2n 2n+1
Z(—l)kﬂﬂ(k’);x?k < flz) < Z (=)L A (k)2
k=1 k=1

Lemma 3.3

Let a positive C’-function u(x) defined for x €(a, b) such that u(0)=1 then for >0 the following inequalities hold

1 1

_E ’ 5y 2 3 1\~*
(i) (-2 7 +3)" < (<24 3@)F)" < ulo) < (5 Wl + )
. (*24‘3(11(;1‘))%)

(i)

1
r

< (u(@))? < (% (u(z)¥ + %) < @ (u(a)? + %)7
— u(x or u(x))? gur%r l% 2!11‘% 1%
iy 2 <0 < (Feen®+3) < (0¥ +3)
More generally, for k > 0 one gets

1 T %
(72 +3 (u(;z‘))%) < (u()t < (% (u(z))® + %)
(IV) o o
Moreover, all these inequalities become equalities when 7 tends towards 0.
Proof
(i) Notice at first
(72(,1(4.»))*% +3) - (72 43 (u(.r))%) -

. B 602 +4v+2) (v—1)
—2u(x) V2" 45— 3u(a) /P :7(31 6 +4; +2) (-1 <0
v

3r
where U= (1T)Z e get also
—2+3u(x) P —u(@) = =243 -1t =—(v+2) (v =12 <0

o AL/37
v=u(x) . As well as

1/3+2/3u(2)”? —u(x) =1/3+2/30° =1 =1/3 Qv +1)(v—=1)2 >0

where T H(MUQT.
(i1) Let us compute the following:

—24+3u(x)¥? T —u(x)?" = —2+30% —0f = — (1'2 + 2) (=12 w+1)? <0

y— o () 1/37
where ¢ = )7

(2/3u(0)*" + 1/3)2 —u(@)?" = 4/9u(x)*" +4/9u(x)*? 4+ 1/9—u(x)’" =

47900 +4/90 +1/9 — ot =1/9 20 +1) (207 + 302 +1) (0 = 1) > 0,
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where T u_(r)l/Qr.
(ii1) By the same way let us compute:
24+ 3u(x) —u(@)? = 2+3v— =—(v+2(v—-17 <0,
where v = u(x)".
(2/3u(x)*?" + 1/3)372/3 w(@)?T—1/3 = (2/3v+1/3)° —2/30°—1/3 =
fg o 4/907 +2/90 237 - f% Go+4)(v—1) <0,

where U= u(®) i "

(iv) Let us compute
2/3u(x)*? " +1/3 —u(x)" = 1/3+2/30° —® = 1/3 2v+1) (v —1)2 >0,

o 1/2kr
where V="' .

—243u! PR = 2430 = —(v+2) (L‘*l)Q < 0.

1/3kr
v =u"’
where

Turn now to the last part of Lemma 3.3. Let us consider

kr
3

In (=243 (u() )" = %111(—2 +3(u(z))T) =

In(u)k —1/3 (In (u))2 k2 + O (-;-9) .
We then deduce for any integer k > 0

3=

lim,_p (—2 +3 (15(1))%) = u(;{r)k.

By the same way
2 wy 1\F 1, (2 s 1
= (g (u(e) T + g) = (g (u(x) T + 5) -
In(u)k+0(r).
Thus, for any integer k > 0 one has
lim,_g (% (u(t)}# + 1) = -u.(;r.}k.
Proof of Theorem 1.1

We will now separately prove the double inequality.
(i) Let us prove the right one inequality

1

tan - 1+g tanz\3\"
T 3 3 T

tanz\” 1 2 /tanwx

( T )7375(,1: ) <0

tanx

Since > 1, we have now to prove

o

It is easy to see that the function

2757223/2:7%(2\@“9(\/?71)? <0,
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— (tanz)\7
where Z = x ) =1

(i1) The left inequality of Theorem 1.1

is equivalent to

Z_ tan %
= (=29)

=

9 (tan .r:) -z 13- (t.au‘i:)r ‘
T T
, then

R T 12
L (tan.r) ) +37(tan‘1) :7%+3722:7(Z+2)(Z 1) <0
T

Notice that if we take

x Z
since Z > 1: This proves the left inequality.
(ii1) Turn now to the last part of Theorem 1.1
The logarithm yields:

3r
= In (—2 (222)™7 4 3 (cos .r‘)’v)

_3r Ir
tan 2
l 72 3 xTr r = =
n ( ( " ) + 3 (cosx) ) 3
1 sinx . sin
— | g )(r) = )(r).
31‘(3111( " )i)+((i) ln( - )+((;)

1
_3r kr .
tan x 2 T
limy_o (72 ( an r) + 3 (cos ‘r:)”) = st .
T d

In the same way, let us take the logarithm

3ry 1 3r
1 2 /tanz\7T\" 1 1 2 /tana\7
Incosz [ =+ = ( anz) ’ =—Incosz | =+ = ( anz) = (sm r>+O(r),
3 3 T r 33 T T

Thus
) 1 2 (tan .I') ¥ sin
limy_ocosx | = + = = .
3 3 T T

Thus

Proof of Theorem 1.2

. . . o SNz _ oog ptanz
Notice that as a corollary of Theorem 1.1 we may deduce the following double inequality since = x

1 1

tana\ 2" " sinax 9 ftana\T7 1\7
cosx | —2 +3 < < cosx | = + =
x T 3 T 3

Then prove the following
Lemma 1.2.1

For x € (0, g), the following inequality holds

o, *LT
cos T (72 (tan 1 ) ’ + 3)
T

Indeed, let us write the difference
N —1/2r AN —1/27
-2 (tmln) v +3 (cos:r)l/gr — (cosx)" (72 (M) + 3) =

1

< (72 (““1“)77 +3 (cos.,-)%) ’

1
v

x

an o\ —L/27T
9 (tan‘r) ((cosz)" — 1) +3 (CDS‘[’,)I/CH‘ —3 (cosz)" =
S

SN —1/2r
2 (E) (cos‘r:)lﬂr ((cosz) —1)+3 ([‘DS:L’)L/ST — 3 (cosz)".
x

Let us make the change (cos x) = bg , the last expression becomes
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913 (sin T

—1/2r
) (18— 1) +30% - 30°
P
which is upper than

2 (b(° - 1))3+3 =305 = b2 (b+ 1) (26* + 20° + 412 + b +3) (b —1)* > 0.
Turn now to the proof to Theorem 1.2. We simply need to prove the inequality of the left
Let us consider

ve(r ) = (Sili'E)T +2 (t&f‘”‘)T -3 (cos,n)é
By Lemmas 3.1 and 3.2, one have

si r 1 1
(sm:r) > (1-1/6 rm2+(——f+—7‘2) x‘1+(—
T

r+—r2 ——l r3) :r‘r’+
180 72 2835 1080 1296 )
— ! T+ 101 r2— ! 4+ ! rd) x84
( 37800 1360800 12060 31104 )
( L rt— ol -r'F + 13 r?— ! — T — 1 rs) 2104
233280 8164800 2041200 467775 933120
143t 500 N 790002 69y o® . 8 12
203932800 21648000 14145516000 3831077250 5598720 335902320
tanz\ T 7 62 7 1
1/ g _ 2 A _ [ . | 6
2( . ) = (2—-1/3rx +( g[)r+L{36r)x +( —2835r+5mr mgr):r-%
. 127 3509 5 7 L) sy
18900 680400 6480 15552
T a4 2269 4 011 o 146 1 5 S0
116640 4082400 1020600 66825 466560
556771 1039773 N 526035112 14144777
146966400 40824000

_ _ ?rs + ?"6 12
7072758000 1915538625 2799360 16796160
- . . 1
3 (cosz)s < (3—1/2 r13+(—1j12r +1/24 -r3) x"+(—1;’45 r+— r

L ) 6
-—r
32 ) +

(— 17 T+ ! TQ—LT:.;-F—]- r‘i) :1'S+
25200 ' 1440 864 10368
1 4 13 4 79 5 31 1 &\ g
(15552 " 95020 Tas3en” T Tarts | 3nioan )T :
By grouping all these inequalities, we find after simplifying
17074 331r° 3195972 6\ 19
v (r,z) = - - — )2y

4665600 1206000 = 428652000 935550 373248 11197440

L 2 2) 10

—T i T

( 6200 8505 -

691y r’ 6

8 2

rr
2700
Thanks to Maple we may derive for r > 0 since x € (0, g)
.’,Q
ve(r, z) > o8 =0,
This means

2700°

sinz\” tanz\ 2 .
(sm.r) > =2 ( ’m.r) ’ + 3 (cosx)?
xr T

Or equivalently,

1
ta — 5 AT i
(_2 ( 111x) 2 +3 (cosx}j) o sinr
x T

Turn now to the last part of Theorem 1.2. Notice that it follows from Theorem 1.1

T T

lim,_,pcos T (72 (ta‘jmr)_ir + 3) ) = cos i_ta.n;t: _ sinr
On the other hand, the equality
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FENETO r fan e 327 r
cosT (—2 ( ? ) (cos )12 + 3) = (—2 ( .mi> +3 (cos,r)r)
sinx x

Implies

T

_3/9p T .
tan / <in T
limy_s0 (2 ( a L) + 3 (cos ,L)'”) _ ot

Proofs of Theorems 1.3 and 1.4

These Theorems are in fact an easy consequence of Theorem 1.1. Indeed, we may write for Theorem 1.3

28inx + tanx 2cosxrtanr tanx tanx
— + =(2cosz+ 1)
T T T T

For Theorem 1.4, we have

tanz\? tanw o [tanx 2 fanx
+ = (cosa) +

i X xr i
Proof of Theorem 1.6

(i) Prove at first the left one: Let us consider

sina\?" tana\ =
ur(r,x) = ( r‘ ) +2 ( - ) — 3 (cosa)"

By Lemmas 3.1 and 3.2, it yields

: 3r
sin 7 7 62 .
(51.1; ! ) > 2—ral4 (7—30 r+1/4 1'2> s (760 - YT 1/24 r3) a5+

8500 , 127 7 o1 N g
75600 6300 240 192" )7

(2011 o 16 2260 . 7 o, 1 ‘.)”m+

5

113100~ 22275 151200 T 1440 1020

—3r
tanax\ 2 .
2 ( ar“) Lo (25— 160 (—3/2r — 1) 2t
T

7, 62 3>6 (3509 , 127 7o, 1 4)5
- g 77.'7124. T e P - T
(60’ o V) a0 w00’ Tz Tl )t
(2011 o M6 2260 4 7, 1 1‘5) 0
113400 22275 151200 1440 920 )"
. T, 17 1,
3 (cosx) < (1/8 r?—1/15r — 1/167'3) .r:6+(ﬁ r?— T 1/32+3 4 128 r'“l) S
13,7 , 31 1 6\ 10
( 960 Tmoa0 " ames 102’ 1280’)"‘ -
677 5 863 , 601 31 , 1 . 1 _6) e
( 120060 51200 311850 T 11520”1536 15360 )

By grouping all these inequalities, we find after simplifying

. 1 677 863 :
10,.2 10,3 12,3 12,2

I 82 N
21,¢,(I.J.)>300J 7 +945.z. g0 " ! 120060 © 151200 *

691 45 31 19 4 1 195 I 196
aiss0 © 120t " T st T T 1mae0 ” !

Thanks to Maple, we may derive for r > 0 since x € (0,2)
2

() > 0t 50
| L) > —r > U,
ue(r, x 3001

This means

. 3r =i
sin.r tan
(‘m“r) > -2 ( anr) ’ +3 (cosx)”
x x

DOI: 10.26855/jamc.2026.09.001 137 Journal of Applied Mathematics and Computation




Abd Raouf Chouikha

(i1) Let us turn now to the right inequality. Let us consider the following function

N 3r R < g Ea "
wy(r,x) = (me> — (cosa)" (é +§ (MDI) ’ (cos 1-)*37)
x x

By Lemmas 3.1 and 3.2, we obtain

sina\" 1 1 1 1 . 1 .
e 1-1/6 ';.2 _ 4 — -2> A (_ - 2 _ ,5).__6
(J: ) < /”J“( wo T ) T T TR0 T Tes )T
1101, 1, ) s
( 37200 T 1360800 12060 31104 ) T
( L a6 5 18 , 1 - 1 :-5) 10
233280 8164800 2041200 167775 933120

(cosx)" > (1—1/27»;6%(—1/123- + 1/87»?) .r4+(—1/45 r+1/2402 — 1/437»3) 25+

17 e 7 2 1 3 1 ..4)_.8
(2520”5180i TR TY R A

(1 a_ 13 = M 2 3 1 ..5)_610_

576 2880 15120~ 14175 3840

-

9
1 2 (sinz\?2 _3r g 4 6 1 1 9\ &
S 4o (e o) F ) > (141 /1570 — e (= ——12)
(3+3(.r ) (cosz) )>(+/ ”+189”+(150’+300' T

(68 2 2)_10 (42842 1 4 5969 __Q)_m

—— i+ —T —— Tt —7T — 7
31185 945 58046625 9000 5953500

(cosz)" £+g (sin.r)
COS T 313 .

1, 1 3) . ( 1 %0 , 1 4 1 4) .
(120’ ois "~V )~ To600 " T B0’ w0’ Tasal )T T

( R B N S SR ) "
155025 ' 226800 302400 2880 3840 )T -

o
2

3r 1 4
(cos I)_%) > (1=1/2rz+ (—@ r+ 1/81'2) ot

By grouping all these inequalities, we find and after simplifying

+

wn(r.2) < —59,3 N 799977 691r N 1434 6 L2y
AT 3024000 1571724000 1277025750 3628800 23040 ' 46080

1 3 2 ‘_2‘) \107i_,2 8
(18007 235" )" Too0

Thanks to Maple, we may derive for r > 0 and for x € (0, g)
we(r,z) < ———r<z® < 0

That means

or equivalently,

. 1
1 sinay? 1 2 /sinx\? _ar \ "
<|=+= (cosx)™ 2
Cos T T 3 3 T

(ii1) Turn now to the last part of Theorem 1.6
A limited expansion of the left side with respect to r yields

X —3/2r r
(3 5 (bmr) (C(bSl‘)l/Qr)
x

(b‘gin o) (1 —3/4 (—3 In (SH;I) +1In (cos r))2 7‘) +0(%)

-1

&I CcosT
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This means

—3/27 rt sinan3 1
lime_yg (3 -2 (Bm .r) (cos I)l/?r) _ (51111 )
* T cos &

For the right side one gets the limited expansion with respect to r

S e\ 9/2r r
(1/3 +2/3 (“‘“) (cos )™ ”)
r

(ZL”S (1 L1/4 (73 In (bi?”’) + ln(mbr)f?‘) +0(?)

T~ CcosT 7

-1

This means

-1

o\ 9/27 r . \3
limy_o (1/3 +2/3 (SH; * ) (cos ‘1_)—3/2 r) _ (33111 T)

roCcosxT

4. Links with Older Inequalities

In this section, we will examine more closely why the bounds given by Theorem 1.2 are the most precise for the Sinc
function. As mentioned in the introduction, we will determine the value of 1, for certain cases in order that for r <
1y one has

- (72+3 (Huzr)g)l o2 > (% (311;1>37 . i)l

But first, we need a brief reminder.

One tried to refine and extend inequality (1). The literature on trigonometric inequalities is very extensive. We will
only refer for that to [32, 33, 35, 36] or to the most recent paper, Y. Bagul and W. Du, [34].

Following [34] recall that Mortici [35, 37] and Chouikha [27] obtained, respectively, the following double ine-

qualities for x € (0, g)

CoST + — — < cosx 4+ —

15 100 ~\ o 15

rt 2326 (sin T ) 3 rd

63/ 15 x 15
Moreover, W.-D. Jiang [26] established the double inequality for x < (0, )
21 23 sinx sinz) 3 72 23 sin
< COSx + — — 5
N

15

3 22\ sinz sinz\? rdsinw
cosx+xr° |1 —— < < cosx +

xT — T
More recently, Bagul and Du [34] obtain sharp bounds for the Sinc function and refine all the above inequalities.
They prove for x € (0, g)

8 sinx

3 4
cosz + — (1 —cos 2)? < ( ) <cosx+ — (1 — cosz)?
T x 15
as well as
4 4o inx)? 4 P
cos 4 (E - ﬁ) (1-— COSI)2 < (bli l) < cos IJF(E — ﬁ (1 —cos .1-)2
. 1
For example, notice that for r = 1y = —— one proves

792 o
— (2 (M)*m +3 (c~os(.1‘))7é2) + cos (2) % (1 —cos (.1‘))2 <0

€T

This means Theorem 1.2 is sharper than Theorem 2 of [34].
1

Notice that for r =1, = one proves

1000

3 1000
tan 2\ ~ 2000 4 1
S R} ( an l) 200 + 3 (cos .r)ﬁ +cosx+— (1 — cos .r)Qf 25 <0
15 94

x 5
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This means Theorem 1.2 is sharper than Theorem 4 of [34].
1

Notice also for r = 1, = —— one proves

1500

1 1500
. (tana\ 1000 1 ) 4 4, ) )
- (72 ( o ) + 3 (cos ) 1500) +cos -I‘Jr(ﬁ T ) (L —cosz)” <0

This means Theorem 1.2 is sharper than Theorem 6 of [34].

We can therefore similarly apply all the trigonometric inequalities for the Sinc function and determine each time
the corresponding value of 7y, so that Theorem 1.2 appears more refined. This procedure is also valid for the other
functions thanks to Theorems 1.3, 1.4, 1.6.
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