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  Abstract 

The function 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆(𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥

 has attracted significant attention from researchers 
due to its remarkable properties. It was introduced by Lord Rayleigh in his calcula-
tions involving Bessel functions. It is also related to the gamma function 𝛤𝛤(𝑥𝑥) as 
well as to Gauss’s 𝛱𝛱(𝑥𝑥) function. Furthermore, finding tighter bounds for such a 
function is a fascinating topic. In this paper we prove for 𝑥𝑥 ∈ (0, 𝜋𝜋

2
) the double 

inequality for the Sinc function,  

 
with equality when r→0. Similar double inequalities are provided for the Huygens 
and the Wilker functions as well as for the Mitrinovic-Adamovic function. Conse-
quently, we demonstrate that this bound, which depends on the parameter r, is 
sharper than those previously introduced by researchers. 
 
Keywords 
Trigonometric inequalities; Huygens inequalities; Wilker inequalities; Sinc function 

 
1. Introduction 

The obvious inequalities for 𝑥𝑥 ∈ (0, 𝜋𝜋
2

), 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥

< 1, have been refined in [1], [2] as 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 < (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥

)3                                       (1) 

which is known as the Mitrinovic-Adamovic Inequality. There are many references refining and generalizing the 
lower and upper bounds in the double inequality (1), which can be divided into several different types bounds, among 
them: 

Polynomial and rational function type bounds [3, 11-17]. 
Irrational function type bounds [15] 
Exponential type bounds [4-6] 
Functions of cos x type bounds [14] 
The bounds of hyperbolic functions [18]. 
Other bounds for 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑥𝑥
 can be found in [7-10, 2, 1, 11-15, 25, 16, 24] and the references therein. 

Moreover, in the past recent years, a lot of mathematicians tried to refine and extend inequality (1) by providing 
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finer and more elegant inequalities. Among them [13, 15, 16, 26-28]. 
Inequalities concerning the Sinc function abound in the literature, as well as for the Huygens function 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥

+
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

2𝑥𝑥
>

3
2

 

and for the Wilker function 

(
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥

)2 +
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

2𝑥𝑥
> 2 

They mainly concern fine bounds of these functions. Researchers have used ingenious tricks and methods to im-
prove these bounds. However, to my knowledge, very few have thought of making these bounds dependent on a 
special parameter. In [17], [30], one introduced the n-order Mitrinovic-Adamovic inequality 

ℎ(𝑛𝑛, 𝑥𝑥) = (
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥

)𝑛𝑛 −
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

3
+
𝑛𝑛 − 3

3
 

One proved the function h(n, x) is increasing with respect to n. 
The idea that came to mind was not only to try to highlight two functions 𝑓𝑓(𝑥𝑥, 𝑡𝑡) and 𝑔𝑔(𝑥𝑥, 𝑡𝑡) depending on a 

parameter t bounding one of these three functions, but also, for a particular value 𝑡𝑡0 of this parameter, to observe 
that 𝑓𝑓(𝑥𝑥, 𝑡𝑡0) and 𝑔𝑔(𝑥𝑥, 𝑡𝑡0) could coincide with any one of the above functions. In this sense, for example, when we 
have 

𝑓𝑓(𝑥𝑥, 𝑡𝑡) <
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥

< 𝑔𝑔(𝑥𝑥, 𝑡𝑡) 
And 

 
In this paper we aim to present new bounds for the Sinc function as well as for the Huygens and the Wilker 

functions in terms of one parameter functions 𝑓𝑓(𝑟𝑟, 𝑥𝑥) defined for 𝑟𝑟 ≥ 0 and for 𝑥𝑥 ∈ (0, 𝜋𝜋
2

). These bounds appear 
to be finer than older 

         (2) 
To be more precise, notice that when r tends to 0 one proves 

 

. 
That means if we bound 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑥𝑥
 by two functions 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥): 

𝑓𝑓(𝑥𝑥) < (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥

) < 𝑔𝑔(𝑥𝑥), 

then there exists 𝑟𝑟0 such that for 𝑟𝑟 < 𝑟𝑟0 one has 

 
Thus (2) appears to be the finest for framing the Sinc function. 
In addition, we also prove analog bounds for Huygens and Wilker functions as well as for the Mitrinovic-Adamovic 

function. 

2. Main Results 

Next results give bounds for 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑥𝑥

 as well for the Sinc function 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑥𝑥
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Theorem 1.1 

For 𝑥𝑥 ∈ (0, 𝜋𝜋
2

), the function 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑥𝑥

 satisfies the following double inequality for any 𝑟𝑟 > 0 

 
Moreover, the equalities are attained when r tends towards 0. 

Theorem 1.2 

For 𝑥𝑥 ∈ (0, 𝜋𝜋
2

), the Sinc function satisfies the following double inequality for any 𝑟𝑟 > 0 

  
Moreover, the equalities are attained when 𝑟𝑟 tends towards 0. 
We may also derive bounds for the Huygens function. 

Theorem 1.3 

For 𝑥𝑥 ∈ (0, 𝜋𝜋
2

), the following double inequality holds for any 𝑟𝑟 > 0 

 
Moreover, the equalities are attained when r tends towards 0. 
In the same way, one obtains bounds for the Wilker function. 

Theorem 1.4 

For 𝑥𝑥 ∈ (0, 𝜋𝜋
2

), the following double inequality holds for any 𝑟𝑟 > 0 

 
Moreover, the equalities are attained when r tends towards 0. 

Remark 1.5 

(i) We may prove the following inequality 

 
It is less than the one given by Theorem 1.2 because 

 
(ii) We may prove that 
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which improves slightly Theorem 1.4. 
Concerning the Mitrinovic-Adamovic Inequality, we prove the following. 

Theorem 1.6 

For 𝑥𝑥 ∈ (0, 𝜋𝜋
2

), the following inequalities hold for any 𝑟𝑟 > 0 

 
Moreover, the equalities are attained when r tends towards 0. 

Remark 

(i) It seems that for 𝑥𝑥 ∈ (0, 𝜋𝜋
2

) and for any 𝑘𝑘 ≥ 0 the following double inequality holds: 

 
Moreover, the equalities are attained when r tends towards 0. As a corollary, we may also derive the double ine-

quality 

 
(ii) The following seems to be true. Then, it improves Theorem 1.6 

 

3. Proofs 

The following lemmas will be useful in the sequel [31]. 

Lemma 3.1 

For 𝑥𝑥 ∈ (0, 𝜋𝜋
2

) and 𝑝𝑝, 𝑞𝑞, 𝑟𝑟 ≥ 0 the following inequalities hold 
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Lemma 3.2 (Proposition 1 of [21]) 

Let the series  converge for 𝑥𝑥 ∈ (0, 𝑐𝑐), 𝑐𝑐 ∈ 𝑅𝑅 +. Suppose that the following state-
ments are true: 

(i) If 𝑐𝑐 < 1, then the sequence 𝐴𝐴(𝑘𝑘), 𝑘𝑘 ∈ 𝑁𝑁 is a positive decreasing sequence that converges to 0. 
(ii) If 𝑐𝑐 ≥ 1, then the sequence 𝐴𝐴(𝑘𝑘), 𝑘𝑘 ∈ 𝑁𝑁 is a positive sequence,  

 
Then, for all 𝑥𝑥 ∈ (0, 𝑐𝑐) and for all 𝑛𝑛 ∈ 𝑁𝑁 and 𝑚𝑚 ∈ 𝑁𝑁 we have 

 

Lemma 3.3 

Let a positive C1-function u(x) defined for x∈(a, b) such that u(0)=1 then for r>0 the following inequalities hold 

(i)  

(ii)  

(iii)  
More generally, for 𝑘𝑘 > 0 one gets 

(iv)  
Moreover, all these inequalities become equalities when r tends towards 0. 

Proof 

(i) Notice at first 

 

where . We get also 

 

where . As well as 

 

where . 
(ii) Let us compute the following: 

 
where . 
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where . 
(iii) By the same way let us compute: 

 
where 𝑣𝑣 = 𝑢𝑢(𝑥𝑥)𝑟𝑟. 

 
where . 
(iv) Let us compute 

 

where . 

 
where . 
Turn now to the last part of Lemma 3.3. Let us consider 

 
We then deduce for any integer 𝑘𝑘 >  0 

 
By the same way 

 
Thus, for any integer 𝑘𝑘 >  0 one has 

 

Proof of Theorem 1.1 

We will now separately prove the double inequality. 
(i) Let us prove the right one inequality 

 
Since 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝑥𝑥
 >  1, we have now to prove 

 
It is easy to see that the function 
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where  
(ii) The left inequality of Theorem 1.1 

 
is equivalent to 

 
Notice that if we take , then 

 
since 𝑍𝑍 > 1: This proves the left inequality. 
(iii) Turn now to the last part of Theorem 1.1 
The logarithm yields: 

 
In the same way, let us take the logarithm 

 

Proof of Theorem 1.2 

Notice that as a corollary of Theorem 1.1 we may deduce the following double inequality since  

 
Then prove the following 

Lemma 1.2.1 

For 𝑥𝑥 ∈ (0, 𝜋𝜋
2

), the following inequality holds 

 
Indeed, let us write the difference 

 
Let us make the change (𝑐𝑐𝑐𝑐𝑐𝑐 𝑥𝑥)  =  𝑏𝑏 6

𝑟𝑟
 , the last expression becomes 
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which is upper than 

 
Turn now to the proof to Theorem 1.2. We simply need to prove the inequality of the left 
Let us consider 

 
By Lemmas 3.1 and 3.2, one have 

 
By grouping all these inequalities, we find after simplifying 

 
Thanks to Maple we may derive for 𝑟𝑟 >  0 since 𝑥𝑥 ∈ (0, 𝜋𝜋

2
) 

 
This means 

 
Or equivalently, 

 
Turn now to the last part of Theorem 1.2. Notice that it follows from Theorem 1.1 

 
On the other hand, the equality 
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Implies 

 

Proofs of Theorems 1.3 and 1.4 

These Theorems are in fact an easy consequence of Theorem 1.1. Indeed, we may write for Theorem 1.3 

 
For Theorem 1.4, we have 

 

Proof of Theorem 1.6 

(i) Prove at first the left one: Let us consider 

 
By Lemmas 3.1 and 3.2, it yields 

 
By grouping all these inequalities, we find after simplifying 

 
Thanks to Maple, we may derive for 𝑟𝑟 >  0 since 𝑥𝑥 ∈ (0, 𝜋𝜋

2
) 

 
This means 
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(ii) Let us turn now to the right inequality. Let us consider the following function 

 
By Lemmas 3.1 and 3.2, we obtain 

 
By grouping all these inequalities, we find and after simplifying 

 
Thanks to Maple, we may derive for 𝑟𝑟 >  0 and for 𝑥𝑥 ∈ (0, 𝜋𝜋

2
) 

 
That means 

 
or equivalently, 

 
(iii) Turn now to the last part of Theorem 1.6 
A limited expansion of the left side with respect to 𝑟𝑟 yields 
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This means 

 
For the right side one gets the limited expansion with respect to 𝑟𝑟 

 
This means 

 

4. Links with Older Inequalities 

In this section, we will examine more closely why the bounds given by Theorem 1.2 are the most precise for the Sinc 
function. As mentioned in the introduction, we will determine the value of 𝑟𝑟0 for certain cases in order that for 𝑟𝑟 <
 𝑟𝑟0 one has 

 
But first, we need a brief reminder. 
One tried to refine and extend inequality (1). The literature on trigonometric inequalities is very extensive. We will 

only refer for that to [32, 33, 35, 36] or to the most recent paper, Y. Bagul and W. Du, [34]. 
Following [34] recall that Mortici [35, 37] and Chouikha [27] obtained, respectively, the following double ine-

qualities for 𝑥𝑥 ∈ (0, 𝜋𝜋
2

) 

 
Moreover, W.-D. Jiang [26] established the double inequality for 𝑥𝑥 <  (0,𝜋𝜋) 

 
More recently, Bagul and Du [34] obtain sharp bounds for the Sinc function and refine all the above inequalities. 

They prove for 𝑥𝑥 ∈ (0, 𝜋𝜋
2

) 

 
as well as 

 
For example, notice that for 𝑟𝑟 =  𝑟𝑟0  =  1

792
 one proves 

 
This means Theorem 1.2 is sharper than Theorem 2 of [34]. 
Notice that for 𝑟𝑟 = 𝑟𝑟0 =  1

1000
 one proves 
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This means Theorem 1.2 is sharper than Theorem 4 of [34]. 
Notice also for 𝑟𝑟 =  𝑟𝑟0 =  1

1500
 one proves 

 
This means Theorem 1.2 is sharper than Theorem 6 of [34]. 
We can therefore similarly apply all the trigonometric inequalities for the Sinc function and determine each time 

the corresponding value of 𝑟𝑟0, so that Theorem 1.2 appears more refined. This procedure is also valid for the other 
functions thanks to Theorems 1.3, 1.4, 1.6. 
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