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  Abstract 
A simplified BT model is investigated with delay feedback control. With delay ef-
fects, the system manifests various kinds of bifurcation in the two-parameter plane. 
The normal form near the BT point is computed by applying the perturbation 
scheme combined with the center manifold theory analysis. The two BT points are 
found on the Hopf line, which brings new bifurcation phenomena beyond. The bi-
furcation curve near the BT point is obtained by continuing the homoclinic bifur-
cation while varying the time delay. With a fixed time delay, the complex dynamics 
is explored by varying free parameters in the circle with a small radius. The dynam-
ical analysis is completed using the hand tools of DDE-Bfitool software, which is 
an artificial technique for conducting equilibrium analysis in number and bifurca-
tion. The continuation of Bautin bifurcation curves is performed near the codimen-
sion-two singularity of Generalized Hopf points, which is the bonus with the Lya-
punov coefficient attaining a nearly zero value. Simultaneously, the homoclinic 
continuation is completed, and the BT bifurcation happens at the circle. The inter-
esting phenomena of multiple cycles and homoclinic solution coexistence are ex-
plored, which are ubiquitous in the dynamical analysis of the whole system bifur-
cation behavior. 
 
Keywords 
BT model; homoclinic bifurcation; delay feedback control; generalized Hopf bifur-
cation 

 
1. Introduction 

Near the BT point, the associated homoclinic bifurcation curve is drawn, which significantly motivates the infinite 
periodicity of the orbit. Using DDE-Biftool software, the continuation of the homoclinic bifurcation curve is plotted 
as two free parameters are varied starting from the BT point. As is well known, the near dynamics of the BT point 
are classified by the normal form computing method, as shown in the examples in papers [1-4]. 

As for the population model, BT bifurcation is a usual codimension two bifurcation which is often found in prey-
predator populations. In a prey-predator population model, the Holling functional response is seen, which describes 
the predator relationship. BT bifurcation is found with the predator affected by quadratic terms [5, 6]. For a predator-
prey model with 𝜃𝜃 logistic growth rate or with allee effects, system complex dynamics are observed since the multi-
equilibrium solution arises as a varying parameter, hence brings forth BT bifurcation and cusp phenomena [7, 8]. 

With time delay feedback control, we set up the simplified BT model with expansion of normal form to third order, 
which is listed as 

�
𝑥𝑥′ = 𝑦𝑦 + 𝐾𝐾(𝑥𝑥(𝑡𝑡 − 𝜏𝜏) − 𝑥𝑥(𝑡𝑡))
𝑦𝑦′ = 𝑟𝑟1 + 𝑟𝑟2𝑥𝑥 + 𝑟𝑟3𝑥𝑥2 + 𝑎𝑎𝑎𝑎𝑎𝑎 − 𝑥𝑥3 + 𝑥𝑥2𝑦𝑦

                         (1) 
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Without time delay, system (1) is a prototype of the BT model. The homoclinic bifurcation line that emanates from 
the BT point is tangent to the saddle node bifurcation curve at a nearby cusp bifurcation point. Herein, we study Hopf 
bifurcation behavior in the circle with the radius 𝜆𝜆 small enough. For example, we assume 𝑟𝑟12 + 𝑟𝑟22 + 𝑟𝑟32 = 𝜆𝜆. 

With time delay feedback 𝜏𝜏 in system (1), the intersection of the Hopf bifurcation curve and saddle node bifurca-
tion line gives BT bifurcation point. For example, let 𝑟𝑟1 = −�0.3 − 𝑟𝑟22 − 𝑟𝑟32, BT happens as varying time delay and 
free parameter 𝑟𝑟2. The stability analysis of characteristic equation gives Hopf bifurcation as the equilibrium loss its 
stability. Simultaneously, the saddle node bifurcation, which tangents to the Hopf bifurcation line, starts from the BT 
point. The numerical simulation of the periodic solution is continued until the homoclinic orbit with infinite period 
occurs. 

A generalized Hopf (GH) point is where the first Lyapunov coefficient changes sign, leading to a Bautin bifurcation. 
With a fixed time delay, varying parameter 𝑟𝑟2 and 𝑟𝑟3, Hopf bifurcation is analyzed with Bautin bifurcation, which 
occurs as the first Lyapunov coefficient attains its absolute value zero [9-12]. The cusp bifurcation point is found as 
a fold point degenerate with singularity, which is of codimension 2. Two fold lines encircle three equilibria while 
having only one equilibrium outside. The homoclinic bifurcation line starting from the BT point tangents to the 
second fold line, and the near dynamics of the BT point is further classified. Based on the different bifurcation be-
havior, the whole dynamics of the bifurcation diagram is analyzed in detail. Six classified regimes are defined. And 
specially, the tangency of the Bautin line and the homoclinic bifurcation line is observed. A regime where three limit 
cycles coexist is discovered since the Bautin bifurcation and the generated big cycle outside with a subcritical Hopf 
bifurcation. 

The whole paper is organized as follows. In Section 2, the stability analysis of the system is performed with time 
delay feedback. By using DDE-Biftool hand tools [13-17], the normal form of the BT point is calculated, and the 
homoclinic bifurcation line is continued as the time delay varies. In Section 3, varying the free parameter in a circle 
with a small radius, the global dynamics is analyzed with homoclinic solution bifurcation and periodic solution tran-
sition behavior, and cusp bifurcation. Finally, the conclusion is given.  

2. Stability Analysis 

Define the phase space as 𝐶𝐶([−𝜏𝜏, 0],𝑅𝑅2), which is a Banach space with super norm. Suppose the initial value 𝜙𝜙 ∈
𝐶𝐶, the solution of system (1) is continuous. The stability of the equilibrium changes as the number of character roots 
lying in the right half plane increases. Hopf bifurcation happens as the imaginary roots cross over the imaginary axis 
and the system loses its stability. If the number of real positive roots is increased by one, the fold bifurcation point 
appears with collision phenomena of equilibria. 

Suppose system (1) has equilibrium 𝐸𝐸∗ = (𝑥𝑥∗, 0) given that 
𝑟𝑟1 + 𝑟𝑟2𝑥𝑥∗ + 𝑟𝑟3𝑥𝑥∗2 − 𝑥𝑥∗3 = 0                                (2) 

The linearized system of system (1) by axis transformation is written as 
𝑥𝑥′ = 𝑦𝑦 + 𝐾𝐾(𝑥𝑥(𝑡𝑡 − 𝜏𝜏) − 𝑥𝑥(𝑡𝑡))
y′ = Ax + By                              (3) 

with 
𝐴𝐴 = 𝑟𝑟2 + 2𝑟𝑟3𝑥𝑥∗ − 3𝑥𝑥∗2,

𝐵𝐵 = 𝑎𝑎𝑥𝑥∗ + 𝑥𝑥∗2
 

Therefore, the characteristic equation of system (1) is 

(𝐵𝐵 − 𝜆𝜆)𝐾𝐾𝑒𝑒−𝜆𝜆𝜆𝜆 − 𝐵𝐵𝐵𝐵 − 𝐵𝐵𝐵𝐵 + 𝐾𝐾𝐾𝐾 + 𝜆𝜆2 − 𝐴𝐴 = 0                      (4) 
For 𝜏𝜏 = 0, we have 𝑡𝑡𝑡𝑡 = 𝐵𝐵, 𝑑𝑑𝑑𝑑𝑑𝑑 = −𝐴𝐴, then we have the corollary 
Result A1: If 𝐵𝐵 < 0,−𝐴𝐴 > 0, then the equilirbium solution 𝐸𝐸∗ is asymptotically stable; If −𝐴𝐴 < 0, the equlib-

rium solution is a saddle; And if 𝐵𝐵 > 0,−𝐴𝐴 > 0, the equilibrium solution is unstable. Therefore, Hopf bifurcation 
occurs at 𝐵𝐵 = 0 with the sufficient condition −𝐴𝐴 > 0, whilst fold bifurcation occurs at −𝐴𝐴 = 0. 

Set 𝜆𝜆 = 𝑖𝑖𝑖𝑖, substitute it into equation (4) and separate the real part from the imaginary part to get 
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−𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾(𝜔𝜔𝜔𝜔)𝜔𝜔 + 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝜔𝜔𝜔𝜔) = 𝜔𝜔2 + 𝐵𝐵𝐵𝐵 + 𝐴𝐴
−𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝜔𝜔𝜔𝜔) − 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾(𝜔𝜔𝜔𝜔)𝜔𝜔 = 𝐵𝐵𝐵𝐵 − 𝐾𝐾𝐾𝐾                       (5) 

By computation, one gets that 

𝑠𝑠𝑠𝑠𝑠𝑠(𝜔𝜔𝜔𝜔) = −𝜔𝜔(𝐵𝐵2+𝜔𝜔2+𝐴𝐴)
𝐾𝐾(𝐵𝐵2+𝜔𝜔2)

,    𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) = (𝐵𝐵2𝐾𝐾+𝐾𝐾𝜔𝜔2+𝐴𝐴𝐴𝐴)
𝐾𝐾(𝐵𝐵2+𝜔𝜔2)

                (6) 

Hence forth, we have  
𝜔𝜔4 + (𝐵𝐵2 + 𝐾𝐾2 + 2𝐴𝐴)𝜔𝜔2 + (𝐵𝐵𝐵𝐵 + 𝐴𝐴)2 − (𝐵𝐵2 + 𝜔𝜔2)𝐾𝐾2 = 0                    (7) 

And  

tan(𝜔𝜔𝜔𝜔) = − 𝜔𝜔(𝐵𝐵2+𝜔𝜔2+𝐴𝐴)
𝐵𝐵2𝐾𝐾+𝐾𝐾𝜔𝜔2+𝐴𝐴𝐴𝐴

                                        (8) 

Hence, after we solve 𝜔𝜔 from Eq. (7) to get that 

𝜔𝜔 = 1
2
�−2𝐵𝐵2 − 4𝐴𝐴 ± 2√𝐵𝐵4 + 4𝐴𝐴𝐵𝐵2 − 8𝐴𝐴𝐴𝐴𝐴𝐴                       (9) 

Suppose 𝐾𝐾 < 0, the necessary condition for Hopf bifurcation occurrence gives 𝐴𝐴𝐴𝐴𝐴𝐴 < 0, therefore we have 
Result A2: If 𝐵𝐵 ≥ 0,−𝐴𝐴 > 0, then for any 𝜏𝜏 > 0, the equilibrium solution is unstable; 
If 𝐵𝐵 < 0,−𝐴𝐴 > 0, and 𝐵𝐵2 + 𝐴𝐴 + 𝜔𝜔2 ≥ 0,𝐾𝐾2𝜔𝜔2 + 𝐵𝐵2𝐾𝐾2 + 𝐴𝐴𝐴𝐴𝐴𝐴 > 0, the equilibrium solution is absolutely as-

ymptotically stable for any 𝜏𝜏 > 0; Otherwise, Hopf bifurcation occurs at 𝜏𝜏 = 1
𝜔𝜔
𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎(− 𝜔𝜔(𝐵𝐵2+𝜔𝜔2+𝐴𝐴)

𝐵𝐵2𝐾𝐾+𝐾𝐾𝜔𝜔2+𝐴𝐴𝐴𝐴
) + 𝑘𝑘𝑘𝑘  for 

𝑘𝑘 = 0,1,2,⋯. 
With free parameter 𝑟𝑟2, Eq. (9) gives the value of frequency 𝜔𝜔. By setting 𝜆𝜆 = 0 in Eq. (4), Fold bifurcation 

occurs with the condition 𝐴𝐴 = 0. The codimension 2 bifurcation of equilibrium solution may happen in system (1), 
for example, BT bifurcation occurs if 𝐴𝐴 = 0,𝐵𝐵 = 0, which explains that Eq. (2) attains its maximal and minimal 
value at equilibrium. 

Set 𝑥𝑥𝑡𝑡(𝜃𝜃) = 𝑥𝑥(𝑡𝑡 + 𝜃𝜃) for −𝜏𝜏 ≤ 𝜃𝜃 ≤ 0, which is defined on Banach space 𝐶𝐶([−𝜏𝜏, 0] → 𝑅𝑅2) 
with super norm ||𝜙𝜙|| = sup

−𝜏𝜏≤𝜃𝜃≤0
|𝜙𝜙(𝜃𝜃)|. The stability property is determined by the linearized version of system 

(1). At the BT bifurcation point, the linear center subspace is expanded by its eigen vectors, with its complementary 
subspace embedded in its stable subspace. The solution can be decomposed into the direct sum of the projection onto 
the center subspace and the complementary subspace. 

The linearized system is written as 

𝑥𝑥𝑡𝑡′(0) = 𝐿𝐿𝑥𝑥𝑡𝑡(𝜃𝜃) = ∫ 𝑑𝑑0
−𝜏𝜏 𝜂𝜂(𝜃𝜃)𝑥𝑥𝑡𝑡(𝜃𝜃)                         (10) 

with 

𝑑𝑑𝑑𝑑(𝜃𝜃) = �
𝐾𝐾𝐾𝐾(𝜃𝜃 + 𝜏𝜏) − 𝐾𝐾𝐾𝐾(𝜃𝜃) 𝛿𝛿(𝜃𝜃)

𝐴𝐴𝐴𝐴(𝜃𝜃) 𝐵𝐵𝐵𝐵(𝜃𝜃)�                         (11) 

The linear operator is an infinitesimal generator of a strong continuous semigroup of solution operators. Based on 
the fundamental theory of DDEs, we define the expanded phase space as 𝐵𝐵𝐵𝐵 = 𝐶𝐶([−𝜏𝜏, 0] → 𝑅𝑅2), which is left con-
tinuous at 𝜃𝜃 = 0. 

For 𝜑𝜑 ∈ 𝐵𝐵𝐵𝐵, one has 𝜙𝜙′ = 𝜑𝜑 + 𝑋𝑋𝑋𝑋 with a jump 𝛼𝛼 at 𝜃𝜃 = 0, with the fundamental solution matrix is written as 

𝑋𝑋 = �02×2,  −𝜏𝜏 ≤ 𝜃𝜃 < 0
𝐼𝐼𝑑𝑑2×2,  𝜃𝜃 = 0  

For 𝜙𝜙 ∈ 𝐶𝐶, define the linear differential operator 𝒜𝒜:𝐶𝐶 → 𝐵𝐵𝐵𝐵 as 

𝒜𝒜𝒜𝒜 = �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−𝜏𝜏 ≤ 𝜃𝜃 < 0
𝐿𝐿𝐿𝐿(𝜃𝜃) 𝜃𝜃 = 0

                             (12) 

and for the corresponding adjoint differential operator 𝒜𝒜∗:𝐶𝐶∗([0, 𝜏𝜏] → 𝑅𝑅2) → 𝐵𝐵𝐶𝐶∗ as 
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𝒜𝒜∗𝜓𝜓 = �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

0 < 𝑠𝑠 ≤ 𝜏𝜏

−∫ 𝑑𝑑0
−𝜏𝜏 𝜂𝜂𝑇𝑇(−𝑠𝑠)𝜓𝜓(𝑠𝑠) 𝑠𝑠 = 0

                        (13) 

For 𝜙𝜙 ∈ 𝐶𝐶,𝜓𝜓 ∈ 𝐶𝐶∗, define the bilinear form of the inner product as 

< 𝜓𝜓,𝜙𝜙 >= 𝜓𝜓(0)𝜙𝜙(0) − ∫ ∫ 𝜓𝜓(𝜉𝜉 + 𝜃𝜃)𝑑𝑑𝑑𝑑(𝜃𝜃)𝜙𝜙(𝜉𝜉)𝑑𝑑𝑑𝑑 𝜃𝜃
0

0
−𝜏𝜏                   (14) 

For −𝜏𝜏 ≤ 𝜃𝜃 ≤ 0, we write Eq. (10) as its differential operator form as 
𝑋𝑋𝑡𝑡′(𝜃𝜃) = 𝒜𝒜𝑋𝑋𝑡𝑡(𝜃𝜃) + ℛ𝑋𝑋𝑡𝑡(𝜃𝜃)                               (15) 

with 

ℛ𝑋𝑋𝑡𝑡(𝜃𝜃) = �02×1 −𝜏𝜏 ≤ 𝜃𝜃 < 0,
𝐹𝐹𝑋𝑋𝑡𝑡 𝜃𝜃 = 0                               (16) 

wherein 
𝐹𝐹𝑋𝑋𝑡𝑡 = 𝐵𝐵(𝑋𝑋𝑡𝑡(0),𝑋𝑋𝑡𝑡(0)) + 𝐶𝐶(𝑋𝑋𝑡𝑡(0),𝑋𝑋𝑡𝑡(0),𝑋𝑋𝑡𝑡(0))                    (17) 

which is expressed by the multi-linear formal style. 
Assume BT bifurcation happens at point (𝑟𝑟2, 𝜏𝜏) = (𝑟𝑟2∗, 𝜏𝜏∗) which is of singularity 2. It is easily to compute the 

corresponding eigenvector are 𝑞𝑞1(𝜃𝜃) and 𝑞𝑞2(𝜃𝜃) which satisfies 
𝒜𝒜𝑞𝑞1(𝜃𝜃) = 0,   𝒜𝒜𝑞𝑞2(𝜃𝜃) = 𝑞𝑞1(𝜃𝜃)                           (18) 

Further we suppose 
𝒜𝒜∗𝑝𝑝2(𝑠𝑠) = 0,  𝒜𝒜∗𝑝𝑝1(𝑠𝑠) = 𝑝𝑝2(𝑠𝑠)                          (19) 

and 
< 𝑝𝑝1, 𝑞𝑞1 >= 1, < 𝑝𝑝1, 𝑞𝑞2 >= 0, < 𝑝𝑝2, 𝑞𝑞1 >= 0. < 𝑝𝑝2, 𝑞𝑞2 >= 1. 

By applied the center manifold theory, the center eigenspace 𝑃𝑃 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠{𝑞𝑞1(𝜃𝜃), 𝑞𝑞2(𝜃𝜃)} is spanned by the eigen-
vector 𝑞𝑞1 and 𝑞𝑞2. 

Define the projection operator 𝛱𝛱:𝐶𝐶 → 𝑃𝑃 by 
𝛱𝛱𝛱𝛱 = 𝛷𝛷(𝜃𝜃) < 𝛹𝛹,𝜙𝜙 > 

then one has  𝐶𝐶 = 𝑃𝑃 ⊕ 𝑄𝑄 with 𝑄𝑄 is the complementary subspace of 𝑃𝑃. 
Set 𝑋𝑋𝑡𝑡 = 𝑞𝑞1(𝜃𝜃)𝑧𝑧1 + 𝑞𝑞2(𝜃𝜃)𝑧𝑧2 + 𝑌𝑌𝑡𝑡, with 𝑌𝑌𝑡𝑡 ∈ 𝑄𝑄, then substitute it into Eq. (15) to get 

< 𝛹𝛹,𝑋𝑋𝑡𝑡′ >=< 𝛹𝛹, 𝑞𝑞1(𝜃𝜃)𝑧𝑧1′ + 𝑞𝑞2(𝜃𝜃)𝑧𝑧2′ + 𝑌𝑌𝑡𝑡′ > 
Which is written concisely as 

 

�
𝑧𝑧1′
𝑧𝑧2′

 
� =< 𝛹𝛹,𝛱𝛱𝑋𝑋𝑡𝑡′ >                                                                                                   

 =< 𝛹𝛹,𝒜𝒜(𝑞𝑞1(𝜃𝜃)𝑧𝑧1 + 𝑞𝑞2(𝜃𝜃)𝑧𝑧2 + 𝑌𝑌𝑡𝑡) + ℛ(𝑞𝑞1(𝜃𝜃)𝑧𝑧1 + 𝑞𝑞2(𝜃𝜃)𝑧𝑧2 + 𝑌𝑌𝑡𝑡) >
 =< 𝛹𝛹, 𝑞𝑞1(𝜃𝜃)𝑧𝑧2 > +𝛹𝛹(0)𝐵𝐵(𝑞𝑞1(0)𝑧𝑧1 + 𝑞𝑞2(0)𝑧𝑧2,𝑞𝑞1(0)𝑧𝑧1 + 𝑞𝑞2(0)𝑧𝑧2)
 +2𝛹𝛹𝑇𝑇(0)𝑧𝑧1𝐵𝐵(𝑞𝑞1(0),𝑌𝑌𝑡𝑡(0)) + 2𝛹𝛹(0)𝑧𝑧2𝐵𝐵(𝑞𝑞2(0),𝑌𝑌𝑡𝑡(0))

                (20) 

 
The normal form with truncation to second order is derived as 

�𝑧𝑧1′𝑧𝑧2′
� = �0 1

0 0� �
𝑧𝑧1
𝑧𝑧2� + 𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0),𝑞𝑞1(0))𝑧𝑧12

+2𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0), 𝑞𝑞2(0))𝑧𝑧1𝑧𝑧2 + 𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞2(0),𝑞𝑞2(0))𝑧𝑧22
               (21) 

Do time transformation 
𝑑𝑑𝑑𝑑 = (1 − 𝑐𝑐𝑧𝑧1)𝑑𝑑𝑑𝑑, do axis transformation by 
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𝜉𝜉1 = 𝑧𝑧1,
𝜉𝜉2 = (1 −𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞2(0),𝑞𝑞2(0))𝑧𝑧1)𝑧𝑧2

 

we get 
𝜉𝜉1′ = 𝜉𝜉2,

𝜉𝜉2′ = 𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0),𝑞𝑞1(0))𝜉𝜉12 + 2𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0),𝑞𝑞2(0))𝜉𝜉1𝜉𝜉2
              (22) 

Considering the linear part to get 

�𝑦𝑦1′𝑦𝑦2′
� = �0 1

0 0� �
𝑦𝑦1
𝑦𝑦2� + 𝜖𝜖 �

𝑝𝑝1,1𝐾𝐾𝑞𝑞2,1 − 𝜏𝜏𝑦𝑦2
𝑝𝑝2,2𝑟𝑟2𝜖𝜖(𝑞𝑞1,1𝑦𝑦1 + 𝑞𝑞2,1𝑦𝑦2)�                     (23) 

By setting 
𝜉𝜉1 = 𝑦𝑦1,

𝜉𝜉2 = 𝑦𝑦2 + 𝜖𝜖𝑝𝑝1,1𝐾𝐾𝑞𝑞2,1(−𝜏𝜏)𝑦𝑦2
 

one gets that 
𝜉𝜉1′ = 𝜉𝜉2

𝜉𝜉2′ = 𝜖𝜖𝑝𝑝2,2𝑟𝑟2,𝜖𝜖𝑞𝑞1,1𝜉𝜉1 + 𝜖𝜖𝑝𝑝2,2𝑟𝑟2𝜖𝜖𝜉𝜉2
                             (24) 

Adding the linear part expressed as Eq. (24) to the nonlinear part as described in Eq. (22) to get 
𝜉𝜉1′ = 𝜉𝜉2

𝜉𝜉2′ = 𝜖𝜖𝑝𝑝2,2𝑟𝑟2,𝜖𝜖𝑞𝑞1,1𝜉𝜉1 + 𝜖𝜖𝑝𝑝2,2𝑟𝑟2𝜖𝜖𝜉𝜉2 + 𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0),𝑞𝑞1(0))𝜉𝜉12 + 2𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0), 𝑞𝑞2(0))𝜉𝜉1𝜉𝜉2
    (25) 

A shift in 𝜉𝜉1-axis direction transformation write Eq. (25) as 
𝜉𝜉1′ = 𝜉𝜉2

𝜉𝜉2′ = 𝜇𝜇1 + 𝜇𝜇2𝜉𝜉1 + 𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0), 𝑞𝑞1(0))𝜉𝜉12 + 2𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0), 𝑞𝑞2(0))𝜉𝜉1𝜉𝜉2
       (26) 

with 

𝜇𝜇1 = −𝜖𝜖𝑝𝑝2,2𝑟𝑟2,𝜖𝜖𝑞𝑞1,1
𝜖𝜖𝑝𝑝2,2𝑟𝑟2𝜖𝜖

2𝛹𝛹𝑇𝑇(0)𝐵𝐵(𝑞𝑞1(0),𝑞𝑞2(0))
,

𝜇𝜇2 = 𝜖𝜖𝑝𝑝2,2𝑟𝑟2,𝜖𝜖𝑞𝑞1,1 − 2𝜖𝜖𝑝𝑝2,2𝑟𝑟2𝜖𝜖 .
                        (27) 

 
Figure 1. The homoclinic bifurcation start from BT point is connected continuously with 𝑲𝑲 = −𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔, 𝝉𝝉 = 𝟎𝟎.𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕. The blue 

line is Hopf bifructaion curve, while the red curve denotes the homoclinic curve. 
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As discussed above, the norm form at BT bifurcation point which of codimension 2 singularity is derived, hence 
is described in Eq. (26). As is found in textbooks, the homoclinic solution is expressed, henceforth the continuation 
of homoclinic orbits as varying parameters on (𝜇𝜇1, 𝜇𝜇2) plane continuously is done. We use DDE-Biftool software 
to simulate the homoclinic bifurcation curve on (𝑟𝑟2, 𝜏𝜏) plane. As shown in Fig. 1, the homoclinic solution bifurcation 
line starts from one BT point, then ultimately goes to the second BT point continuously.  

3. Bifurcation Diagram 

BT bifurcation happens with high singularity of codimension 2. The homoclinic bifurcation starting from the BT 
point is continuously computed by DDE-Biftool software. Near the BT point, a cusp bifurcation point is found, which 
is the intersection of two fold lines. 

As is seen, the fold lines enclose three equilibria while keeping one unstable equilibrium solution outside. Hopf 
bifurcation begins at the BT point and is plotted by DDE-Biftool software with the fundamental hand-tools function. 
As often as possible, the generalized Hopf bifurcation happens on the Hopf line, at which the Lyapunov exponent of 
the Hopf point equals zero. 

Based on the above-mentioned bifurcation behavior, we list five bifurcation elements of lines as follows, 
First fold line 𝐿𝐿1: the pink line which begins at the cusp point then passes through the BT point; 
Second fold line 𝐿𝐿2: the pink line which begins at the cusp point then transversal intersect with the Hopf point; 
Hopf line 𝐿𝐿3: the blue line; 
Bautin line 𝐿𝐿4: the black line of the limit point cycle bifurcation which starts at the generalized Hopf point; 
Homoclinic line 𝐿𝐿5: the red line starts at BT point then merges into the second fold line 𝐿𝐿2. 
The above-mentioned lines define six regimes with different geometrical topological behavior, and we denote 

regime (1) to regime (6) to look for the bifurcation behavior of periodic solutions and equilibrium solutions. 
As shown in Fig. 2, a generalized Hopf (GH) point happens on the Hopf bifurcation line when the first Lyapunov 

coefficient vanishes, indicating a change from supercritical to subcritical Hopf bifurcation. The Bautin bifurcation 
curve denoted by 𝐿𝐿4 emanating from this GH point consists of limit cycles of periodical solutions. Therefore, two 
limit cycles coexist inside the regime encircled by Bautin curve 𝐿𝐿4 and Hopf curve 𝐿𝐿3. In addition, outside of the 
Bautin boundary line, an unstable limit cycle is put nearby in regime (4). Inside the regime (3) encircled by the Bautin 
curve and the Hopf curve, three cycles coexist with the unstable limit cycle outside.  

 
Figure 2. The bifurcation diagram of system (1) with 𝑲𝑲 = −𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔, 𝝉𝝉 = 𝟎𝟎.𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕. 
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In regime (5), one unstable limit cycle bifurcates from the supercritical Hopf point, which approaches the upside 
Hopf point continuously to form one unstable “bubble” between two Hopf points. As the varying parameter 𝑟𝑟2 con-
tinuously, varies the unstable periodical solutions in regime (4) arise. Homoclinic bifurcation often happens in the 
system as the periodicity of the limit cycle tends to infinity. The red line of homoclinic bifurcation starts from BT 
point, then merges into the fold line 𝐿𝐿2 since cusp bifurcation. Henceforth, the homoclinic loop sneaks into the 
adjacent regime (1). In addition, the homoclinic bifurcation line starting from BT point intersects with the Hopf curve 
at a point 𝑃𝑃. The continuity of homoclinic bifurcation orbits is shown in Fig. 3. 

Using the usual Runge-Kutta algorithm to compute the orbits of DDEs, one derives respectively the dynamics in 
different regimes geometrically. The fixed parameters are chosen with 𝐾𝐾 = −0.6434, 𝜏𝜏 = 0.7016,𝑎𝑎 = 1.25. In re-
gime (1), the solutions orbits are simulated with the free parameters 𝑟𝑟2 = 0.32, 𝑟𝑟3 = 0.45. The homoclininc loop 
encircles one stable equilibrium solution is observed as shown in Fig. 4(a). In regime (2), the stable equilibrium 
solution loss stability as free parameters 𝑟𝑟2, 𝑟𝑟3 crossing over Hopf line 𝐿𝐿3, which induces a stable limit cycle with 
the homoclinic loop outside, as shown in Fig. 4(b). The free parameters are chosen as 𝑟𝑟2 = 0.4, 𝑟𝑟3 = 0.25. In regime 
(3), the equilibrium solution is unstable, which is encircled by two limit cycles born with a subcritical Hopf point. 
Hence, after three limit cycles, coexistence phenomena, as shown in Fig. 4(c), are observed. The outside unstable 
limit cycle comes from regime (4). 

 
Figure 3. The continuous homoclinic bifurcation solutions starting from the BT point. 

 
(a)                     (b)                    (c) 
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(d)                     (e)                     (f) 

Figure 4. The phase portraits of system (1) with 𝑲𝑲 = −𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔, 𝝉𝝉 = 𝟎𝟎.𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕. (a) Free parameters chosen as 𝒓𝒓𝟐𝟐 = 𝟎𝟎.𝟑𝟑𝟑𝟑, 𝒓𝒓𝟑𝟑 =
𝟎𝟎.𝟒𝟒𝟒𝟒; (b) 𝒓𝒓𝟐𝟐 = 𝟎𝟎.𝟒𝟒, 𝒓𝒓𝟑𝟑 =.𝟐𝟐𝟐𝟐; (c) Free parameters chosen as 𝒓𝒓𝟐𝟐 =.𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐,𝒓𝒓𝟑𝟑 = 𝟎𝟎.𝟑𝟑𝟑𝟑; (d) 𝒓𝒓𝟐𝟐 = 𝟎𝟎.𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐,𝒓𝒓𝟑𝟑 = 𝟎𝟎.𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑; (e) Free 

parameters chosen as 𝒓𝒓𝟐𝟐 = 𝟎𝟎.𝟏𝟏, 𝒓𝒓𝟑𝟑 = 𝟎𝟎.𝟒𝟒𝟒𝟒; (d) 𝒓𝒓𝟐𝟐 = −𝟎𝟎.𝟎𝟎𝟎𝟎, 𝒓𝒓𝟑𝟑 = 𝟎𝟎.𝟓𝟓𝟓𝟓. 

Between regime (2) and regime (3), the new homoclinic solution appears, with the stable limit cycle kept inside it. 
It is supposed that one saddle and one unstable equilibrium solution lying at the homoclinic orbit in regime (2) collide 
with each other, and the saddle-node is obtained. From the saddle node, one orbit dynamically evolves into the ho-
moclinic orbit, whilst other orbits cycle across the homoclinic orbit and tend to the stable limit cycle. In regime (3), 
the homoclinic orbit is broken and further shrinks into the limit cycle, while the other orbits don’t cross the homoclinic 
orbit anymore. The new orbits tend to the limit cycle from outside, which leads to the limit cycle being semi-stable. 
In regime (4), the equilibrium solution is unstable, and one unstable limit cycle exists outside, which is a novel 
phenomenon in DDEs, as shown in Fig. 4(d). Between regime (3) and regime (4), the inner two limit cycles from 
regime (3) collide into the stable limit point cycle, with the outer unstable limit cycle remaining still. 
 

 
Figure 5. The bifurcation diagram of system (1) with 𝑲𝑲 = −𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔, 𝝉𝝉 = 𝟎𝟎.𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕. 
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(a)                                     (b) 

Figure 6. The continuity of homoclinic bifurcation orbits with 𝑲𝑲 = −𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔, 𝝉𝝉 = 𝟎𝟎.𝟕𝟕𝟕𝟕𝟕𝟕𝟕𝟕. (a) The homoclinic solutions start-
ing from BT point; (b) The homoclinic bifurcation solutions continued after tangency with cusp line. 

In regime (5), the equilibrium solution is stable with one unstable limit cycle born from a super-critical Hopf point, 
as shown in Fig. 4(e). In regime (6), three equilibria appear after cusp bifurcation, and one unstable limit cycle with 
one homoclinic loop is found, as shown in Fig. 4(f). Between regime (5) and regime (6), the dynamics with a homo-
clinic orbit exist. The homoclinic loop from regime (6) is broken, and the unstable limit cycle is expanded into the 
homoclinic orbit. 

With the above-named line elements, we also classify the near dynamics of the second BT bifurcation point into 
six different regimes, denoted by regime (1) to regime (6). It is seen from the bifurcation diagram, cusp bifurcation 
is encircled by two fold lines. The homoclinic bifurcation line starts from the BT point and tangents to the second 
fold line at point 𝑃𝑃. The continuation of homoclinic orbits before or after point 𝑃𝑃 are simulated in Fig. 6(a) and (b). 

As the periodicity tends to infinity, the significant change induced by the limit cycle to the homoclinic solution 
and the homoclinic loop features the bifurcation diagram. For example, a Bautin bifurcation line (black line) occurs 
with a generalized Hopf point. In regime (3), a stable limit cycle enclosed by an unstable limit cycle arises from the 
subcritical Hopf point. Subsequently, the stable limit cycle shrinks to cross the saddle, with period tending to infinity, 
and a homoclinic solution is obtained. After the tangent point 𝑃𝑃, the homoclinic line is prolonged and then merged 
into the Bautin bifurcation line later.  

The saddle-node bifurcation occurs due to a cusp bifurcation, and three equilibria are found in regime (1). In regime 
(2), a big stable limit cycle is found, which is the boundary unstable manifold of the saddle. Along the eigen direction, 
system unstable manifold approaches the saddle along a stable eigen. In regime (4), wherein three equilibria are found, 
one stable limit cycle with small amplitude bifurcates from a Hopf point. The continuity of the homoclinic solution 
starting from the BT point is shown, and the homoclinic bifurcation line is denoted in red color. In regime (5), three 
equilibria with one unstable limit cycle are observed; whilst in regime (6), one equilibrium with the unstable solutions 
is kept still. 

4. Conclusion 

The BT simple modified model was explored with rich complex behavior as varying free parameters on the circle 
with a small radius. With delay feedback control, the homoclinic bifurcation line starting from two BT points was 
drawn by DDE-Biftool software. With delay feedback control, the homoclinic bifurcation behavior undergoing the 
generalized Hopf bifurcation was analyzed. The coexistence phenomena of the multi-cycles and homoclinic solutions 
were simulated. The different regimes were classified with homoclinic bifurcation curve tangency, where the cusp 
bifurcation line arose. 
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