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  Abstract 
This paper describes a study on the resonance of acoustic tubes. For an air column 
tube closed at one end, when there is an external sound source, measuring the sound 
pressure at the open end shows that at frequencies which are odd multiples of one-
quarter of the wavelength, the sound pressure becomes almost 0 Pa, and local max-
ima of the sound pressure appear at frequencies lower than those frequencies. Sim-
ilar phenomena occur in a coffee can or a Helmholtz resonator. Therefore, using 
probe microphones, sound pressure inside and outside of the air column tubes and 
the coffee can has been measured. The sound pressure inside and outside a tube 
without a material attachment part for measuring the normal incident absorption 
coefficient has been measured. It is found that the impedance seen from the outside 
to the inside of the tube is different from the impedance seen from the inside to the 
outside of the tube. Based on them, a circuit model was made using a transmission 
line with a transformer, and its transfer function without end correction can be ob-
tained. The results were in close agreement with the measurement results. Fre-
quency characteristics of the opening of the tubes are also obtained when their bot-
toms are tapped. 
 
Keywords 
Air column resonance; Helmholtz resonance; transmission line; transformer; imped-
ance seen from outside and inside tube; without end correction 

 
1. Introduction 
In general, the resonance frequency of an acoustic tube is determined when the sound pressure at the opening of the 
tube becomes 0 Pa [1], or the resonance frequency is determined after correcting the tube length [2-5]. However, for 
an air column tube closed at one end, when there is an external sound source, measuring the sound pressure at the 
open end shows that at frequencies which are odd multiples of one-quarter of the wavelength, the sound pressure 
becomes almost 0 Pa, and local maxima of sound pressure appear at frequencies lower than those. Similar phenomena 
occur in a coffee can, which is a Helmholtz resonator. To explain these phenomena, some measurements are done: 
sound pressure near and in some tubes, and sound pressure near and in a tube for measuring the normal incident 
absorption coefficient. From the results of these measurements, an equivalent circuit model using a transmission line 
with a transformer is proposed. Frequency characteristics of the opening of the tubes are also proposed when their 
bottoms are tapped. 

2. Measurements [6] 
There are 3 acoustic tubes used here for measurements: glass and plastic tubes closed at one end as air column reso-
nators, and a coffee can as a Helmholtz resonator. Their sizes are shown in Table 1 and Fig. 1. Every measurement 
described below has been done in an anechoic room. 
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2.1 Measurement of outside sound pressures of the two tubes and the coffee can 
A probe microphone with a 100 mm length stiff probe tube, Type 4187, B&K, is fixed on an XYZ axis rack and 
pinion stages with dovetail slides, Sigmakoki. The sound pressure is measured by the probe microphone along the 
center lines of 2 tubes and the coffee can at 0 cm, 2 cm, 4 cm, and 6 cm outside their opening. Band noise from 250Hz 
to 1 kHz radiates from the loudspeaker, and the reference sound is recorded in front of the loudspeaker by another 
probe microphone. The measurement data are taken to a personal computer. The sampling frequency is 2.4kHz. They 
are taken up at a 0.5-second period, in a 1-second data frame windowed with the Hamming window. Ai and Bi are 
obtained after FFT analysis at i th frame. The transfer function or frequency characteristics, H, is obtained as 

𝐻𝐻 = �𝐵𝐵𝑖𝑖∗
20

𝑖𝑖=1

𝐴𝐴𝑖𝑖 𝐵𝐵𝑖𝑖𝐵𝐵𝑖𝑖∗⁄  

Table 1. Size of 2 tubes (cylinder) 

 Glass tube closed at one end Plastic tube closed at one end 

Radius 25.7mm 27.8 mm 

Length 133 mm 397 mm 
 

 
Figure 1. Schematic view of a coffee can. a1: radius of the neck, 16.7 mm a2: radius of the cavity, 35 mm, l1: length of the neck, 

25.4 mm, l2: length of the cavity, 94 mm, l3: length of tilt part, 10 mm. 

Figs 2, 3, and 4 show the frequency characteristics at distances of 0 cm, 2 cm, 4 cm, and 6 cm from their opening 
of the glass tube closed at one end, the plastic tube closed at one end, and the coffee can, respectively. Table 2 shows 
the measured peak and dip frequencies. 

The findings are as follows. For the tubes closed at one end, the dip frequencies correspond to odd multiples of 
one-quarter of the wavelength. For the coffee can, the dip frequency corresponds to the frequency when the pressure 
at its opening is 0 Pa. The peak frequencies are lower than their corresponding dip frequencies. This is what is referred 
to as the ‘end correction’ [2-5]. The dip frequency decreases at distances far from the opening. The peak frequency 
remains almost the same, even at distances far from the opening, but the amplitude of the peak frequency decreases 
at distances far from the opening. 

 
Figure 2. Frequency characteristics of outside the glass tube closed one end at distances of 0 cm, 2 cm, 4 cm, and 6 cm from its 

opening, respectively. 
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Figure 3. Frequency characteristics of outside the long plastic tube, closed at one end with a length of 396 mm and a radius of 

27.8 mm at distances of 0 cm, 2 cm, 4 cm, and 6 cm from its opening, respectively. 

 
Figure 4. Frequency characteristics of outside the coffee can at distances of 0 cm, 2 cm, and 6 cm from its opening, respectively. 

Table 2. Peak and dip frequencies of three tubes measured at their opening, and room temperature (Celsius) 

 glass tube closed at one end (at 
28 degrees) 

plastic tube closed at one end (at 23 degrees) coffee can 
(at 23 degrees) first second third 

peak frequency 582 Hz 206 Hz 622 Hz 1035 Hz 406 Hz 

dip frequency 655 Hz 217 Hz 653 Hz 1084Hz 462 Hz 

2.2 Measurements near the openings and bottoms of the glass tube and the coffee can 

Sound pressure is measured at the openings of the coffee can and the glass tube, closed at one end by the probe 
microphone, and vibration is measured on their bottoms by a small acceleration pick up, Endevco 2250A-10. In these 
cases, the reference for the sound is the frequency characteristics at the same place when the coffee can and the glass 
tube are not present. The acceleration pick up can measure up to 1 kHz. Fig. 5 shows the frequency characteristics of 
the sound pressure at a distance of 1 cm from the openings of the coffee can and the glass tube, and shows the 
frequency characteristics of the vibrations on their bottom. 

It is seen that the peak frequencies at a distance of 1 cm from their openings have gains of more than 10 dB and 
are almost the same as the peak frequencies of their bottom vibrations. 
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Figure 5. Frequency characteristics at the opening (upper) and on the bottom (lower) of (a) coffee can and (b) glass tube closed 

at one end. 

2.3 Measurement of inside and outside sound pressures of the glass tube and the coffee can, and their 
bottom tapping 

First, a sine wave from a loudspeaker outside the tubes is radiated. Sound pressure is measured inside and outside the 
glass tube, closed at one end, and the coffee can at near the peak and dip frequencies. The probe microphone is fixed 
on the XYZ axis rack and pinion stages with dovetail slides, Sigmakoki, and can move along the centerlines of the 
coffee can and the glass tube. Figures 6 and 7 show the relative amplitudes of sound on the outside and inside of the 
glass tube and the coffee can, respectively. Near the dip frequency, there are the minimum amplitudes at a distance 
of 0.5mm from their openings. Near the pole frequency, the large amplitudes of the sound pressure are observed at a 
distance of 0.5mm from their openings, and the sound pressure at their bottom is greater than that at their opening, 
but outside the tube and the can, their amplitudes decrease. These phenomena are usually observed when forward 
and backward sounds coexist. 

Figs. 8 and 9 show the frequency characteristics of the coffee can and the glass tube when their bottoms are tapped, 
respectively. The peak frequencies are 588 Hz at 17 degrees Celsius for the glass tube, and 399 Hz at 18 degrees 
Celsius for the coffee can. The peak frequencies are close to, but not the same as, the peak frequencies when the 
loudspeaker is driven on the outside of the tubes. 

 
Figure 6. Relative amplitudes of sound on the outside (-cm) and inside (+cm) of the glass tube at near pole and zero frequen-

cies. 



Takayoshi Nakai 
 

 
DOI: 10.26855/jamc.2026.06.002 80 Journal of Applied Mathematics and Computation 
 

 
Figure 7. Relative amplitudes of sound on the outside (-cm) and inside (+cm) of the coffee can at near pole and zero frequen-

cies. 

 
Figure 8. Frequency characteristics of the glass tube when its bottom is tapped. Peak frequency is 588 Hz at 17 degrees Celsius. 

. 
Figure 9. Frequency characteristics of the coffee can when its bottom is tapped. Peak frequency is 399 Hz at 18 degrees Celsius. 
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2.4 Measurement using acoustical tubes for measuring the normal incident absorption coefficient 

In the anechoic room, the system shown in Fig. 10 is set. A tube in which absorption material is set is removed from 
the system. The inner diameter of the tube is 44.8 mm, and its length is 587 mm. In the case of sound radiation, the 
sound source is a loudspeaker in the system. Two probe microphones are set outside the tube. Two condenser micro-
phones, B&K 4133, are set on the tube. The outputs of these four microphones are recorded by a data recorder, Rion 
NA-20. In another case, a loudspeaker outside the tubes is driven, and the input of the loudspeaker in the system is 
left open. The distances between the neighboring two microphones are 7cm, respectively. A 10cm length thin tube is 
attached to the tip of the probe microphone, B&K 4182. There are microphones 1, 2, 3, and 4 from left to right: inside 
to outside the tube. There is a noise generator used here, Node Type 7030. 

Fig. 11 shows the normal incident absorption coefficients of tube A when tube A is opened as shown in Fig. 10, 
and the loudspeaker shown in Fig. 10 is driven. The normal incident absorption coefficients increase as the frequency 
rises, but it is 0.065 at 700Hz. Even when the tube is open, sound is slightly radiated from it. 

Fig. 12 shows the phase difference and relative amplitude of CH12, CH23, and CH34, where CHij represents the 
characteristics of microphone j to microphone i. From Fig. 12 (a), it is seen that the phase difference of CH12 is zero, 
indicating the presence of a standing wave in the tube. The phase difference of CH23 is more delayed than that of 
CH34, since the phase difference of CH23 is due to radiation, and the distance from the opening of the tube to the 
microphone 3. From Fig. 12 (b), it is seen that the amplitudes of CH34 are -8dB, and constant; they are a function of 
distance and not of frequency. From the amplitude of CH12, it is seen that the amplitude near the opening of the tube, 
of microphone 2, is always smaller than the amplitude at 7cm from it, of microphone 1. The amplitude of CH23 is 
smaller attenuation than that of CH34. 

 
Figure 10. Measurement system using an acoustical tube without a material attachment tube, for measuring the normal inci-

dent absorption coefficient, or tube A. 

 
Figure 11. Normal incident absorption coefficients of tube A when the loudspeaker shown in Fig. 10 is driven. 
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Figure 12. Phase difference and relative amplitude of CH12, CH23, CH34, when the loudspeaker in the system is driven, where 

CHij means characteristics of microphone j to their microphone i. 

Fig. 13 shows the normal incident absorption coefficients of tube A when the loudspeaker outside tube A is driven. 
The absorption coefficients are larger than 0.7 at more than 200Hz. Between 100Hz and 200Hz, the loudspeaker in 
the system is resonant. 

Fig. 14 shows the phase differences and relative amplitudes of CH21, CH32, and CH43 when a loudspeaker outside 
the tubes is driven, and the input of the loudspeaker in the system is opened. For CH43, the amplitudes are almost 
0dB, and the phases linearly change; the sound wave is almost a traveling wave, almost the same as CH34, as shown 
in Fig. 12. Therefore, the impedance seen from the outside to the inside of the tube is the impedance determined by 
the area of the tube’s opening. For CH32 and CH21, the amplitudes change only 6 dB, since sound does not return 
much at the end of the tube. There are the peak frequencies around approximately 300 Hz and 600 Hz, which corre-
spond to half-wavelength resonance and one-wavelength resonance, respectively. The resonances are weak, so the 
phase of CH32 and CH21 at peak frequencies changes less than 2 radians. 

Main results using acoustical tubes for measuring the normal incident absorption coefficient are as follows:  
(i) The impedance seen from the outside to the inside of the tube is the impedance determined by the area of 

the tube’s opening. 
(ii) The normal incident absorption coefficients at the opening of the tube seen from inside the tube is small. 

When frequency is higher, it increases, but it is 0.065 at 700Hz. (the radius of the tube is 22.4mm) 
(iii) When sound is radiated from the tube, the sound pressure outside the tube is a function of distance and 

not of frequency. 

 
Figure 13. Normal incident absorption coefficients of tube A when the loudspeaker outside the tube A is driven. 
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Figure 14. Phase differences and relative amplitudes of CH21, CH32, and CH43, when the loudspeaker outside the tube A is 

driven. 

3. Equivalent Circuits of Tubes and Helmholtz Resonators, and of Radiation from Them 

3.1 Equivalent circuits of tubes 

If sound propagates as a plane wave in a tube, its propagation can be represented as the transmission line parameters 
in a two-port network of a distributed parameter circuit [7]. The characteristic impedance, W, and propagation con-
stant, γ, for a circuit with loss, are defined as follows. 

W=�(𝑅𝑅 + 𝑗𝑗𝑗𝑗𝑗𝑗) (𝐺𝐺 + 𝑗𝑗𝑗𝑗𝑗𝑗)⁄ ,   𝛾𝛾 = �(𝑅𝑅 + 𝑗𝑗𝑗𝑗𝑗𝑗)(𝐺𝐺 + 𝑗𝑗𝑗𝑗𝑗𝑗) 
R, L, C, and G are the resistance, the inductance, the capacitance, and the leakage conductance per unit length of a 

distributed parameter circuit, respectively. j is a complex unit. 

𝐿𝐿 =
ρ
𝜋𝜋𝑎𝑎2

,𝐶𝐶 =
𝜋𝜋𝑎𝑎2

𝜌𝜌𝑐𝑐2
 , 

𝑅𝑅 =
𝑆𝑆

(𝜋𝜋𝑎𝑎2)2 �𝜔𝜔𝜔𝜔𝜔𝜔/2, 𝐺𝐺 =
𝑆𝑆(𝜃𝜃 − 1)
𝜌𝜌𝑐𝑐2 �

𝜀𝜀𝜀𝜀
2𝐶𝐶𝑝𝑝𝜌𝜌

 

where a is the radius of the tube, S is the circumference of the tube, μ is the coefficient of friction, 0.1844×10-4 
Pa/s, and Cp is the specific heat at constant pressure, 1005.6 m2/Ks2, θ is the ration of specific heat at constant pressure 
to that at constant volume, 1.403, and ε is the coefficient of heat conduction, 23×10-3 kg ⋅ m/s3K, and ω is the angular 
frequency. 

When the length of a tube is l, the transmission line parameters are defined as follows. 

(𝐹𝐹) = � cosh 𝛾𝛾𝛾𝛾 𝑊𝑊 sinh 𝛾𝛾𝛾𝛾
sinh 𝛾𝛾𝛾𝛾 𝑊𝑊⁄ cosh 𝛾𝛾𝛾𝛾 �                               (1) 

The radiation impedance from a rigid wall, Zr, is a parallel circuit with a coil and a resistor [8]: 
𝑍𝑍𝑟𝑟 = 𝑗𝑗𝑗𝑗𝑗𝑗𝑟𝑟𝐿𝐿𝑟𝑟/(𝑅𝑅𝑟𝑟 + 𝑗𝑗𝑗𝑗𝐿𝐿𝑟𝑟) 

𝑅𝑅𝑟𝑟 =
128𝜌𝜌𝜌𝜌
9𝜋𝜋3𝑎𝑎2

, 𝐿𝐿𝑟𝑟 =
8𝜌𝜌

3𝜋𝜋2𝑎𝑎
 

where ρ is the density of air, c is the sound velocity in air, a is the radius of a tube or of the neck of a can. 
The transmission line parameters of the radiation impedance are defined as follows. 

𝐹𝐹𝑟𝑟 = � 1 0
1 𝑍𝑍𝑟𝑟⁄ 1�                                     (2) 

An element whose impedance is seen from right is Win and is seen from left is Wout, can be represented as a trans-
former. The transmission line parameters of the transformer are defined as follows. 
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𝐹𝐹𝑡𝑡 = �
�𝑊𝑊𝑖𝑖𝑖𝑖 𝑊𝑊𝑜𝑜𝑜𝑜𝑜𝑜⁄ 0

0 �𝑊𝑊𝑜𝑜𝑜𝑜𝑜𝑜 𝑊𝑊𝑖𝑖𝑖𝑖⁄
�                               (3) 

In the case of the tube, Win = Wa =ρc/πa2 and Wout= Wra = ZrW/(Zr＋W), because Wa is determined by the area of 
the tube’s opening of the tube.  

Two models can be considered: one is shown in Fig. 15, and the other is shown in Fig. 16. In the circuit shown in 
Fig.15, the gain is two at frequencies below the resonance frequency. This differs from the measurement described 
above. Therefore, the circuit shown in Fig. 16 is adopted. If it is seen from the tube, Fig.16 can be represented as 
Figure 17. The parallel circuit on the left of Fig.17 is a coherent terminal, or does not reflect at line a-a’ on Fig.17. 

 
Figure 15. The model has a tube opening that consists of only the transformer. 

 
Figure 16. The model has a tube opening that consists of a transformer and Zr. 

 
 

Figure 17. The equivalent circuit is as seen from the tube in Fig. 16. 

The circuit in Fig. 16 is written as follows. In the case of the tube, the input is its opening, the output is its bottom. 
If the sound pressure at its opening is Popen, the sound pressure at its bottom is Pb, the volume velocity at its opening 
is Iopen, and the volume velocity at its bottom is Ib, the equation is obtained from (1), (2), and (3) as follows 

�
𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
𝐼𝐼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

� = �
�𝑊𝑊𝑎𝑎 𝑊𝑊𝑟𝑟𝑟𝑟⁄ 0

0 �𝑊𝑊𝑟𝑟𝑟𝑟 𝑊𝑊𝑎𝑎⁄
�𝐹𝐹𝑟𝑟𝐹𝐹 �

𝑃𝑃𝑏𝑏
𝐼𝐼𝑏𝑏
�                      (4) 

In the case of the tube closed at one end, Ib is 0. If its input impedance is Zin, it is obtained from (4) as follows. 

𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜
𝐼𝐼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

= 𝑊𝑊(𝑊𝑊𝑎𝑎+𝑍𝑍𝑟𝑟) cosh𝛾𝛾𝛾𝛾
𝑊𝑊 cosh𝛾𝛾𝛾𝛾+𝑍𝑍𝑟𝑟 sinh𝛾𝛾𝛾𝛾

                              (5) 

When input pressure is 2 Pa, Popen is obtained from (5) as follows. 
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𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 = 2𝑍𝑍𝑖𝑖𝑖𝑖 (𝑊𝑊𝑎𝑎 + 𝑍𝑍𝑖𝑖𝑖𝑖)⁄ = 2(𝑍𝑍𝑟𝑟+𝑊𝑊𝑎𝑎) cosh𝛾𝛾𝛾𝛾
(𝑍𝑍𝑟𝑟+2𝑊𝑊𝑎𝑎) cosh𝛾𝛾𝛾𝛾+𝑍𝑍𝑟𝑟

𝑊𝑊𝑎𝑎
𝑊𝑊 sinh𝛾𝛾𝛾𝛾

                   (6) 

The zero frequency is the frequency at which coshγl = 0, that is, an odd multiple of a quarter wavelength. The pole 
frequency is the frequency at which the denominator of equation (6) becomes zero. So, it is lower than the frequency 
that is an odd multiple of a quarter wavelength. Pb is given as follows. 

𝑃𝑃𝑏𝑏 = 𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

�𝑊𝑊𝑎𝑎(𝑍𝑍𝑟𝑟+𝑊𝑊)
𝑊𝑊𝑍𝑍𝑟𝑟

cosh 𝛾𝛾𝛾𝛾
� = 2�𝑊𝑊𝑍𝑍𝑟𝑟(𝑍𝑍𝑟𝑟+𝑊𝑊𝑎𝑎)

�𝑊𝑊𝑎𝑎(𝑍𝑍𝑟𝑟+𝑊𝑊)�(𝑍𝑍𝑟𝑟+2𝑊𝑊𝑎𝑎) cosh𝛾𝛾𝛾𝛾+𝑍𝑍𝑟𝑟
𝑊𝑊𝑎𝑎
𝑊𝑊 sinh𝛾𝛾𝛾𝛾�

             (7) 

The sound pressure of the bottom of the tube, Pb, has only the pole frequencies and does not have a zero frequency. 
The output pressure, Pout, is Popen-1, because the input pressure at the opening of the tube is 1 Pa. It is presented as 

follows. 

𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜 =
𝑍𝑍𝑟𝑟�cosh𝛾𝛾𝛾𝛾−

𝑊𝑊𝑎𝑎
𝑊𝑊 sinh𝛾𝛾𝛾𝛾�

(𝑍𝑍𝑟𝑟+2𝑊𝑊𝑎𝑎) cosh𝛾𝛾𝛾𝛾+𝑍𝑍𝑟𝑟
𝑊𝑊𝑎𝑎
𝑊𝑊 sinh𝛾𝛾𝛾𝛾

                             (8) 

Popen, Pb, and Pout are calculated from equations (6), (7), and (8) using Scilab 6.1.0. Fig. 18 shows the frequency 
characteristics of Popen and Pout, and the phase characteristics of Pout for the glass tube at the same temperature as in 
the measurement. The peak frequency of Pout is a little higher than that of Popen. The phase of Pout, changes -π when 
the peak frequency is exceeded. At the dip frequency of Popen, Pout is minus one. In Fig. 18, the peak frequency is 605 
Hz, and the dip frequency is 655 Hz. The dip frequency is the same as the measured one, but the peak frequency is 
23 Hz higher than the measured one. 

So, the normal incident absorption coefficients, a, are calculated. The radius of the tube, aniac is 22.4 mm in Fig. 
10.  

𝛼𝛼 = 1 − |𝑅𝑅(𝑓𝑓)|2 = 1 − �𝑍𝑍−𝑊𝑊𝑊𝑊
𝑍𝑍+𝑊𝑊𝑊𝑊

�
2

,     𝑊𝑊𝑊𝑊 = 𝜌𝜌𝜌𝜌
𝜋𝜋𝑎𝑎𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

2 , 𝑍𝑍 = 𝑊𝑊𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑍𝑍𝑅𝑅/2
𝑊𝑊𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡+𝑍𝑍𝑅𝑅/2

              (9) 

where R(f) is the reflection coefficient, Wa is the characteristic impedance with aniac, ZR is the radiation impedance 
with aniac, and Wtube is the characteristic impedance of the tube with the radius of aniac.  

Fig.19 shows the normal incident absorption coefficients when the radiation impedance is ZR, the radiation imped-
ance set to 0.65 times aniac, and when the radiation impedance is set to 1.2 times ZR. For ZR, the absorption coefficients 
are smaller than the measurement one, as shown in Fig. 11. For 0.65 times aniac and 1.2 times ZR, the absorption 
coefficients are near the measured one. So, the frequency characteristics of the glass tube closed at one end are 
calculated for the radiation impedance set to 0.65 times a, and of 1.2 times ZR. For 1.2 times ZR, the peak frequency 
is 596 Hz, which is higher than the measured one. For the radiation impedance set to 0.65 times a, the peak frequency 
is 581 Hz, which is almost the same as the measurement one. Therefore, regarding the radiation impedance, the radius 
of the tube used below is taken as 0.65 times of its actual radius. 

 
Figure 18. Calculation results of frequency characteristics of P_ent, which is sound pressure at the opening of the one end glass 

tube, and P_out, which is sound pressure radiated from it, P_out(phase), which is phase characteristics of Pout. 
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Figure 19. Normal incident absorption coefficients of ZR, radiation impedance at 0.65a, and 1.2ZR, where a=22.4 mm, by cal-

culation. 

3.2 Derivation of frequency response observed outside of tubes 

The sound pressure outside of a tube is approximated as follows. The surface area of the distance, d, from the tube 
of radius, a, is 

π(𝑎𝑎2 + 2𝑑𝑑2 + 𝜋𝜋𝜋𝜋𝜋𝜋)                                  (10) 
When the sound pressure is calculated using equation (10) at a distance of d, the peak value of the sound pressure 

is smaller than the observed one. Therefore, the output sound pressure is given as follows. 

�𝑎𝑎 √𝑎𝑎2 + 2𝑑𝑑2 + 𝑎𝑎𝑎𝑎⁄ �𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜                            (11) 

When the sound is incident from the side of the tube, the input sound pressure on the extension of the center of the 
tube is 1 Pa. Therefore, the observed sound pressure is equation (11) plus 1 Pa. 

3.3 Simulation results of the tubes closed at one end 

Figure 20 shows the frequency characteristics of Popen, Pout, and Pb of the glass tube closed at one end, as well as the 
phase characteristics of Pout, when the radius used for the radiation impedance was set to 0.65 times the actual radius, 
at the same temperature as the measurements. The peak frequency of output from the tube, Pout, is a little higher than 
that of Popen. The phase of Pout, changes -π when the peak frequency is exceeded. The peak frequency is 581 Hz, and 
the dip frequency is 655Hz as shown in Table 3. The dip frequency is the same as the measured one, and the peak 
frequency is 1 Hz lower than the measured one. The amplitude of the peak frequency is higher than the measured 
one. Sound pressure at the bottom of the glass tube, Pb, at the pole frequency indicates the maximum value, the same 
as the measurement shown in Fig. 5 (b). 

Fig. 21 shows the frequency characteristics of the sound pressure at the opening of the glass tube closed at one end 
of 133 mm length, and at 2 cm, 4 cm, and 6 cm outside from its opening. The pole frequencies do not change, and 
their amplitudes decrease as the distance increases. The dip frequencies decrease as the distance increases, and their 
amplitudes increase as the distance increases. Table 3 shows the peak and the dip frequencies of three tubes. Its peak 
frequency is 581 Hz, 1Hz lower than the measured value. 
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Figure 20. Frequency characteristics of P_opening, which is sound pressure at the opening of the one end glass tube, P_out, 

which is sound pressure radiated from it, P_out(phase), which is phase characteristics of P_out, and P_bottom, which is sound 
pressure of its bottom. (calculation) (radiation impedance used 0.65 times actual radius). 

 
Figure 21. Frequency characteristics outside the glass tube at distances of 0 cm, 2 cm, 4 cm, and 6 cm from its opening, respec-

tively (calculation). 

Table 3. Peak and dip frequencies of three tubes at their opening by simulation (their amplitudes (dB)) 

 Glass tube closed at one end 
(at 28 degrees) 

Plastic tube closed at one end (at 23 degrees) Coffee can 
(at 23 degrees) first second third 

Peak frequency 581 Hz (11.3) 208 Hz (14.3) 624 Hz (9.5) 1040 Hz (7.2) 407 Hz (13.4) 

Dip frequency 655 Hz (-33) 218 Hz (-21) 653 Hz (-25) 1088Hz (-26) 462 Hz (-30) 
 

Fig. 22 shows the calculation results of the frequency characteristics of the plastic tube closed at one end of a 
length of 397 mm and of a radius of 27.8 mm at 0 cm, 2 cm, 4 cm, and 6 cm distances from its opening. It can be 
seen that it corresponds well with Fig. 12. The amplitudes at the peak frequencies are higher than the measurement 
values. 

Fig. 23 shows the calculation results of the amplitudes outside and inside the glass tube at 100 Hz, the pole and the 
zero frequencies at the distance every 1cm, when the input sound is 0 dB. At 100 Hz, the amplitude in the tube is -12 
dB. At the zero frequency, the amplitude at the opening is less than -30 dB. At the pole frequency, the amplitude in 
its bottom is highest. The amplitude decreases from its bottom to its opening. These results correspond well with   
Fig. 6. 
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Figure 22. Frequency characteristics of outside the plastic tube closed at one end with 397 mm length and 27.8 mm radius at 

distances of 0 cm, 2 cm, 4 cm and 6 cm from its opening, respectively (calculation). 

 
Figure 23. Amplitude (dB) outside (-cm) and inside (+cm) of the glass tube at 100Hz, pole and zero frequencies, when the input 

sound is 0dB (calculation). 

3.4 In the case of Helmholtz resonator 

There is a coffee can as a Helmholtz resonator. The size of the coffee can is shown in Fig. 1. In order to match the 
zero frequency, the corn part was divided into every 1mm. The transmission line parameter of the neck of the coffee 
can, Fneck, is obtained by substituting a = a1 and l = l1 in equation (1). The transmission line parameter of the cavity 
of the coffee can, Fcav, is obtained by substituting a = a2 and l = l2 in equation (1). The transmission line parameter 
of the corn portion of the coffee can, Fcrn, is obtained by multiplying ones which substitute a = a1 to a2 and l = 1 mm 
in equation (1). The transmission line parameter of the radiation of the coffee can, Fr1, is obtained by substituting a 
= 0.65a1 in equation (2) as the same as the radiation impedance of the tube closed at one end. 

Impedance seen from outside to inside the coffee can, W’can, can be obtained as follows. 

�
𝑃𝑃𝑖𝑖𝑖𝑖′

𝐼𝐼𝑖𝑖𝑖𝑖′
� = 𝐹𝐹𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 �

𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜′

𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜′ 𝑊𝑊2⁄ � 

If the coffee can is a lossless tube, 

𝑊𝑊𝑐𝑐𝑐𝑐𝑐𝑐
′ = 𝑃𝑃𝑖𝑖𝑖𝑖

′

𝐼𝐼𝑖𝑖𝑖𝑖
′ = cos𝑘𝑘𝑙𝑙1+𝑗𝑗(𝑊𝑊1 𝑊𝑊2⁄ ) sin𝑘𝑘𝑙𝑙1

(𝑗𝑗 𝑊𝑊1⁄ ) sin𝑘𝑘𝑙𝑙1+(1 𝑊𝑊2⁄ ) cos𝑘𝑘𝑙𝑙1
                         (12) 

where 𝑊𝑊1 = 𝜌𝜌𝜌𝜌 𝜋𝜋𝑎𝑎12⁄  and 𝑊𝑊2 = 𝜌𝜌𝜌𝜌 𝜋𝜋𝑎𝑎22⁄ . 
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The transmission line parameter of the transformer of the coffee can, Ft_can, is obtained by substituting Win = W1 
and 𝑊𝑊𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑊𝑊1𝑊𝑊𝑐𝑐𝑐𝑐𝑐𝑐

′ (𝑊𝑊1 + 𝑊𝑊𝑐𝑐𝑐𝑐𝑐𝑐
′ )⁄  in the equation (3). 

If the sound pressure at its opening is Popen_can, the sound pressure on its bottom is Pb_can, the volume velocity at its 
opening is Iopen_can, and the volume velocity on its bottom is 0, 

�
𝑃𝑃𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜_𝑐𝑐𝑐𝑐𝑐𝑐
𝐼𝐼𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜_𝑐𝑐𝑐𝑐𝑐𝑐

� = 𝐹𝐹𝑡𝑡_𝑐𝑐𝑐𝑐𝑐𝑐𝐹𝐹𝑟𝑟1𝐹𝐹𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐𝐹𝐹𝑐𝑐𝑐𝑐𝑐𝑐 �
𝑃𝑃𝑏𝑏_𝑐𝑐𝑐𝑐𝑐𝑐

0
�                      (13) 

From equation (13), the input impedance of the coffee can is calculated. Then, when the input sound pressure is 2 
Pa, Popen_can is calculated. The output sound from the coffee can is obtained as Popen_can-1. The radiated sound is 
calculated by substituting a = a1 in equation (11). 

The results are shown in Fig. 24. They are good agreement with the observed results. The peak frequency is 1Hz 
higher than the measurement one and the dip frequency is the same as the measurement one. The amplitude at the 
peak frequency is higher than the measurement in shown Fig. 4. 

Fig. 25 shows the calculation results of outside and inside the amplitude of the coffee can at 100 Hz, the pole and 
the zero frequencies at distance every 1 cm, when the input sound is 0 dB. At 100 Hz, the amplitude in the can is -14 
dB. At the zero frequency, the amplitude at the opening is -30 dB. At the pole frequency, the amplitude in its bottom 
is largest but the amplitude difference is small in its cavity. These results correspond well with Fig. 7. 

 
Figure 24. Frequency characteristics of outside the coffee can at distances of 0 cm, 2 cm, 4 cm and 6 cm from its opening, re-

spectively (calculation). 

 
Figure 25. Amplitude (dB) outside (-cm) and inside (+cm) of the coffee can at 100Hz, pole and zero frequencies, when input 

sound is 0dB. 
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3.5 In the case of tapping the bottom of the tubes 

There is the glass tube with 133 mm length. P1 and I1 are the input pressure and the volume velocity, respectively. P2 
and I2 are the output pressure and the volume velocity, respectively. There is I2= P2 /Wa. 

�𝑃𝑃1𝐼𝐼1
� = (𝐹𝐹)(𝐹𝐹𝑟𝑟)�

�𝑊𝑊𝑟𝑟𝑟𝑟 𝑊𝑊𝑎𝑎⁄ 0
0 �𝑊𝑊𝑎𝑎 𝑊𝑊𝑟𝑟𝑟𝑟⁄

� �
𝑃𝑃2

𝑃𝑃2 𝑊𝑊𝑎𝑎⁄ �                     (14) 

P2/I1 is obtained from equation (14) as follows. 
𝑃𝑃2
𝐼𝐼1

= 𝑊𝑊𝑎𝑎�𝑍𝑍𝑟𝑟(𝑍𝑍𝑟𝑟+𝑊𝑊𝑎𝑎)

(𝑍𝑍𝑟𝑟+2𝑊𝑊𝑎𝑎) cosh𝛾𝛾𝛾𝛾+𝑍𝑍𝑟𝑟
𝑊𝑊𝑎𝑎
𝑊𝑊 sinh𝛾𝛾𝛾𝛾

                            (15) 

where the radius of the tube, a, is replaced with 0.65 times a as the same as described in section 3.1.  
The denominator of the equation (15) is equal to the denominator of the equation (7). Therefore, the pole frequency 

of the equation (15) is almost the same as that of the equation (8). 
For the glass tube, Fig. 26 shows the result of calculation of the equation (15), when I1 is 1 m3/s. Its pole frequency 

is 580Hz, which is 8Hz lower than the measured value. 
For the coffee can, the frequency characteristics can be calculated by the same procedures. Fig. 27 shows its fre-

quency characteristics. Its pole frequency is 406Hz, which is 5Hz lower than the measured value. In the both cases, 
the accuracy of their pole frequencies is lower than, that by simulation when the input sound is outside the tubes. 

 
Figure 26. Frequency characteristics of the glass tube closed at one end by calculating (15), when input volume velocity is 1 

m3/s. 

 
Figure 27. Frequency characteristics of the coffee can by calculating, when input volume velocity is one. 
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4. Results 

When the sound radiates from the loudspeaker outside the tubes, the sound pressure outside and inside the tubes is 
measured. Some findings are obtained as follows. (i) For the tubes closed at one end, measuring the sound pressure 
at the open end shows that at frequencies of odd multiples of one-quarter of the wavelength, the pressure is almost 0 
Pa, while at lower frequencies than them, local maxima of the sound pressure appear. For the coffee can as a Helm-
holtz type resonator, measuring the sound pressure at the open end shows that at frequency of so called ‘resonance 
frequency,’ the pressure is almost 0 Pa, while at lower frequencies than it, local maximum of the sound pressure 
appears. This is so-called end correction. Their dip frequencies decrease at distances far from the openings. Their 
peak frequencies remain almost the same even at distances far from the openings, but the amplitude of the peak 
frequency decreases at distances far from the openings. (ii) The sound pressure is measured at the openings of the 
coffee can and the glass tube closed one end by the probe microphone, and the vibration on their bottoms by the small 
acceleration pick up. The pole frequencies at the distance of 1 cm from their openings have more than 10 dB gain 
and are the same as pole frequencies of their bottom vibrations. (iii) Main results using acoustical tubes for measuring 
the normal incident absorption coefficient are as follows: (a) The impedance seen from the outside to the inside of 
the tube is the impedance determined by the area of the tube’s opening. (b) The normal incident absorption coeffi-
cients at the opening of the tube seen from the inside of the tube is small. When the frequency is higher, it increases, 
but it is 0.065 at 700Hz. (the radius of the tube is 22.4mm) (c) When the sound is radiated from the tube, the sound 
pressure of the outside of the tube is a function of distance and not frequency. 

The transmission line parameters in a two-port network of distributed parameter circuit are proposed from these 
findings described above. Since the impedance seen from the outside of the tube are different from one seen from its 
inside, a transformer is used here. The frequency characteristics are calculated using the transmission line parameters 
obtained. The dip frequency is the same as measurement value, but the peak frequency is higher than the measurement 
one. Therefore, using the normal incident absorption coefficient at the tube opening seen from the inside of the tube 
as shown in Figure 11, the radiation impedance was matched for a case with 0.65 times the actual radius. When the 
sound radiates outside the tube, simulations are good agreement with the measurements. When the bottoms of the 
tubes are tapped, the peak frequencies by simulations are up to 8Hz different from the measurement one.  

The amplitudes of pressure at the peak frequencies by the simulation are higher than the measured values. This 
reason is considered that the purpose of the measurement mainly obtains the peak frequencies, and that it is not 
considered about Q value of the resonance for the Helmholtz resonator. 

5. Discussion 

The resonance of a tube has been able to represented as the transmission line parameters in a two-port network of 
distributed parameter circuit. A part of the radiation impedance only contributes to the reflection. The other part of 
the radiation impedance contributes to both the reflection and the radiation. When the sound is radiated from the 
opening of the tube, the transformer at the opening of the tube performs mode conversion. When there is to use end 
terminal by a transformer at the opening of a tube, the outside and the inside of the tube are separated and the energy 
of the sound can be sealed and pumped up at the resonant frequency. 

Qualitatively, the resonance of the tube can be explained as follows. 
(a) The input sound passes directly through the opening of the tube. 
(b) The sound is reflected at the bottom of the tube at the same value. 
(c) Because the absolute value of the radiation impedance is less than 1, the sound is inverted and reflected towards 

the bottom of the tube at the opening of the tube, and the sound is also delayed in phase. At the same time, the sound 
is radiated by the transformer. 

(d) Repeat (a) to (c) 
Under these conditions, the sound is pumped up when its wavelength is longer than odd multiples of one-quarter 

of the wavelength. At these frequencies, the sound pressure at the bottom of the tube is local maximum.  
In the case of tapping the bottom of the tube, it is also expressed that the end terminal with a transformer is used 

at the opening of the tube. At local maximum frequency, the sound is pumping up. 
The reflection and the radiation are given as the transformer in the equivalent circuit. In the finite element method, 

a lot of air is added outside the tube. How to physically represent those is a future task. 
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6. Conclusion 

The sound pressure on the outside and the inside of the acoustical tubes is measured in some ways with probe micro-
phones. It is found that the impedance seen from the outside and the inside of the opening of the tube is different. 
This is represented as a transformer. If there is a plane wave, it can be expressed by the transmission line parameters 
in a two-port network of a distributed parameter circuit. The equations are solved, and the frequency responses are 
obtained. The peak frequency is higher than the measurement frequency. Therefore, the radius of the tube using the 
radiation impedance should be 0.65 times the actual radius based on the measured absorption coefficient. The peak 
and dip frequencies are in good agreement with the measurement values without end correction. For tapping the tubes, 
the amplitudes at the peak frequencies by the simulation are a little lower than the measurement values. 

The future tasks are to obtain the equation of radiation from the tube by Grean function, etc., to obtain sound 
absorption characteristics of many Helmholtz resonators, and to understand the reason for the movements of the first 
formant of plosive consonants. 
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