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Abstract

The orthogonal transforms play a key role in signal processing, image processing,
information security, etc. Despite their flexible generation and potential of the pa-
rameterized Slant Haar Type Orthogonal Transforms (SHTOT), SHTOT have re-
ceived limited attention in the literature. In this work, we first investigate the recur-
sive generation of Haar type orthogonal matrix (HTOT), slant matrix, and slant
Haar matrix from the viewpoint of matrix. Then, the recursive generation and fast
algorithms of SHTOT are achieved by combining HTOT and the slant matrix. In

Published: March 9, 2026 the end, we introduce SHTOT to the denoising and compression of standard images,
and carry out a series of numerical experiments. The research in this paper demon-
strates that different SHTOT with fast algorithms may be generated conveniently
in the same program code only by varying any one value of two parameters. More-
over, SHTOT, particularly with parameters (s=2, r=1), achieves compression and
denoising performance competitive with or superior to Haar, Walsh, slant trans-
forms, discrete cosine transform, and discrete wavelet transform in several test
cases, while offering a unified generation framework.
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1. Introduction

The time domain signals may be converted to the frequency domain form for the further analysis and utilization by
the orthogonal transforms, which are widely applied in the signal processing, image processing, digital communica-
tion, information security, etc [1, 2]. It is well known that frequently used orthogonal transforms comprise Fast Fou-
rier transform (FFT), Discrete Cosine Transform (DCT), Discrete Wavelet Transform (DWT), Fast Walsh transform
(FWT), etc [3, 4], among which Discrete Fourier transform (DFT) may change a finite length signal to the superpo-
sition of sine waves with different frequencies. If the expanded function is real and even, then its Fourier series
expansion only contains the cosine term. Namely, DCT is actually a special form of DFT. To significantly reduce the
computational complexity, fast algorithm for DFT was provided in the form of FFT [5, 6]. Since the application of
DFT, FFT and DCT is limited because of their global bases, wavelet transform containing short attenuated wavelet
basis was generated, which may analyze the signals effectively due to its local localization ability and multi-resolution
characteristics [7, 8].

From wavelet analysis [9], Haar function is the simplest wavelet, rows of Haar orthogonal matrix denote Haar
wavelets at different scales and times. Walsh function corresponds to Haar wavelet packet, and rows of Walsh or-
thogonal matrix represent different Walsh functions, which means that the signals are fully decomposed and analyzed
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by different strategies [10, 11]. Between Haar and Walsh orthogonal matrix, there exist Haar type orthogonal matrices
(HTOM), such as the Her, Ter matrix, and other orthogonal matrices [12, 13]. For the square wave in Haar, Walsh,
and HTOM cannot process signals smoothly, it is suitable to employ a slant matrix and a slant Haar matrix containing
a slant base vector to express the image brightness with a gradual change [14-17]. Based on this, slant Haar type
orthogonal matrices (SHTOM) were provided by combining HTOM and slant base vectors [18]. Note that different
SHTOM, such as slant Haar matrix, slant matrix, and other matrices never seen before, may be produced conveniently
in the same program only by varying any one parameter value. Moreover, SHTOM have fast algorithm and a unique
advantage for some special applications, as well as HTOM discussed in Refs. [12, 13]. However, SHTOM with
variable parameters has attracted little attention from scholars that they are rarely utilized in practice.

In this paper, we present the SHTOM framework, its fast algorithm, and empirically evaluate its efficacy for image
compression and denoising, from which experimental results are attained satisfactorily, and a series of conclusions
are drawn convincingly. The rest of this paper is organized as follows. In section 2, we give the recursive generation
and fast algorithms of HTOM, slant matrix, slant Haar matrix, and SHTOM. In Section 3, we perform the image
experiments by SHTOM against benchmarks. Section 4 concludes this paper.

2. Recursive generation of slant Haar type orthogonal matrices

In this section, we investigate the generation and algorithms of SHTOM [18]. Before this, we clarify the meaning of
symbols appearing in this paper, review relevant knowledge about Haar type matrices, slant matrix, and slant Haar
matrix, to help readers’ subsequent understanding.

Remark 1: & is kroneck product. For matrix A = (a;;), B = (b;;), we have matrix

A®B = ayB  a,B (1)
a,B a,B

Remark 2: In this paper, Walsh mutation matrix 2222222 Hg, Walsh copy matrix 2222222 Fy and
slant mutation matrix X with size KX K are expressed by:

1 1
[K/471
1 -1
1
M=y T
1[\'/471
1 1
IK/471
]/rx’4 ]I(/4 Iy,
F, = Iy sy 1y ag by (2)
]/( 1 ]/( 4 Xy = Ty jan
Ly sy Ly sy b« U

IK/471
are identity matrix sized of (K/4-1) X (K/4-1), K/4 X K/4, (K/2) X (K/2), respectively.

a, b, are slant mutation parameters computed by

where IK/4_13 ]1(/4’ IK/Z

2
3 K p oL |K -4 3)
K*—-12

aK:

’ K2V kP

1 -1
Remark 3: To keep the orthogonal nature, slant mutation coefficients must satisfy the following conditions:

(ax)" +(b)" =1 “

K=438--,N/2,N N=2" nis anatural number. i, = [1 L j is a second order Haar matrix.
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Thus, we may get different SHTOM by varying the slant mutation parameters a, , b
straint (4).

Remark 4: Although Walsh matrix and slant matrix exist four orders that correspond to different arrangements of
matrix rows [14, 18], in this paper, we only discuss M order matrix, which has an in-place fast algorithm suitable for
real-time applications.

. arbitrarily under the con-

2.1 Recursive generation of Haar type orthogonal matrix

Wavelet analysis is an excellent information processing tool [16, 17]. As the simplest wavelet, Haar wavelet doesn’t
participate in the further decomposition of the high-frequency parts, as shown in Fig. 1c. Walsh wavelet is Haar
wavelet packet, that is, both the low frequency and high frequency parts execute thorough decomposition, as illus-
trated in Fig. 1a. Accordingly, Haar type orthogonal matrices (HTOM) include Haar, Walsh and other wavelet ma-
trices in between, the high frequency part is decomposed partly. For example, Her wavelet in HTOM is exhibited in

(a) Walsh decomposition (b) Her decomposition (c) Haar decomposition

Figure 1. Decomposition flow of the 8th-order Walsh Wavelet packet.

In Fig. 1, the 8th-order Walsh, Haar, Her wavelets are decomposed recursively three times, among which the black
boxes correspond to the low-frequency part, while the white boxes denote the high-frequency part.

In the past, HTOMs were generated recursively, and fast algorithms were provided correspondingly. Limited by
space, we won’t go into detail here. Interested readers, please check Refs. [12, 13].

2.2 Recursive generation of slant matrix and slant Haar matrix

From Ref. [14], the Walsh matrix may change to a slant matrix by introducing a slant mutation operation in the form
of a slant base vector. Generally speaking, a higher-order slant matrix §, can be recursively generated from lower

order slant matrix, i.e.
Sy =XyFy (]2 ® SN/Z) = XNFN(I_? ® Xy, oFy (Iz ®SN/4)): """

=X\ Fy (12 ®XN/2FN/2)'”([N/4 ®X4E;)(1N/2 ®H2) )

According to Ref. [18], a Haar matrix may become a slant Haar matrix by exerting a slant mutation operation.
Namely, the N order slant Haar matrix may be produced recursively by the copy and mutation of a low-order slant
Haar matrix, i.e.

PN = XNHN (12 ®PN/2) =X, H, (12 ®XN/2HN/Z(I4 ®PN/4)): “““
=Xy H) (12 ®XN/2HN/2)"'([N/4 ®X4H4)(1N/2 ®Hz) (6)
Note that x,, #,, F, inEgs.(5), (6) are defined in Eq. (2).
2.3 Recursive generation and fast algorithm of SHTOT

From subsection 2.1, the Haar matrix and the Walsh matrix are both special cases of Haar type orthogonal matrices
(HTOM). From subsection 2.2, the slant Haar matrix, slant matrix, are generated by introducing the slant mutation
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operation on Haar matrix, Walsh matrix, respectively. Inspired by this, HTOM may become slant Haar type orthog-
onal matrices (SHTOM) as follows.

Let K=2", R=2"", N=KR",bothsandr(s>1, 0<r<s) are integers, m=0, 1, 2, ---, then the N order SHTOM
denoted as SHy can be generated recursively by attaching a slant mutation operation.

SH), = SHK - XKR TKR (IR ® SHKR””') (7)
=X o T (1e ® X T ) (10 ® SH ) ®)
- |:ﬁ(]l€' ® XKR"' ‘ )(]R' ® TKR"’ ! ):|(]R'” ® MK ) (9)

where 7., represents the KR™ order Haar type mutation matrix, which has the following decomposition form

or fast algorithm.

T (5,7) =TS (LOTED ) (L, ®TD L) (10)

KR" KR™ KR" 27! 2KR*

m=1, 2,---, i=0,1, 2 m-1

5" s

T (;,,/ ; 21), indicates that the KR"'2~ order identity matrix T is inserted evenly by the 2°/ order matrix

F._, F. isdefinedin Eq. (2). Thus,

2

A c
T A D A=diag{ iy, JR,,H} (11
KR™ C B >
C A
B:diag{ BisByis s B } , = dzag{ L1, },

C=diag{C ,C ---,CR",,,.}, Cpur =diag{ 1,0, } >

Rm i9 an*t b
D=diag {DR"”’ DDy } , D, = diag{— 10,.. }, j=0,12,5-r-25-r-1.

X .. in Egs. (7-10) denotes the K. ™i order slant mutation matrix defined in Eq. (2). The K order Walsh matrix
My in Eq. (9) has the following fast algorithm [12].

M, = My, My, :(IN/Z Ly j[MN/Z ]:FN(IQ ®Mw2)
N ~ A L ]
MN/Z _MN/Z ]N/z [ MN/z

:FN (Iz ®FN/2)([4 ®FN/4)"'([N/4 ®Et)(IN/2 ®H2) (12)

where 1, denotes the N/2 order identity matrix, I, - [[‘ /t ] , M, =[,M,. F, inEq.(12)is defined
Ly,

in Eq. (2).

From Egs. (7)-(12), SHTOM has an in-place fast algorithm very suitable for the real-time application. Without
loss of generality, we take the 8th order Slant Haar Type Transform (SHTOT) for example, its algorithm flowchart
is shown in Fig. 2.
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Figure 2. Algorithm flowchart of the 8th order SHTOT (s=1, r=0).

(1) The parameters a4, ag, by, bg in Fig. 2 are computed by Eq. (3).
(2) The butterfly diagram in Fig. 2 is explained in Fig. 3.

ag
eX ) e X - e:X e
d e—d d e+d d 'bK*e+aK*b
bx
Figure 3. The meaning of the butterfly diagram.

Note that SHTOT utilized in this paper consist of slant Haar transform, slant transform and other orthogonal trans-
forms intervenient former ones, such as slant her transform, slant Ter transforms, etc. SHTOT may possess the unique
properties and potential usage in the image processing, as validated experimentally in next section. Moreover, differ-
ent SHTOT can be generated conveniently in the same program code only by changing any one value of two param-
eters s and r. For instance, order s=1, =0, slant Haar matrix is achieved, let s=2, =0, slant Ter matrix is obtained.
Additionally, SHTOT have the close relationship with other transforms, as demonstrated in Fig. 4.

s N\ slant - N
Haar transform > Slant Haar transform
~ mutation ™ <
s N slant p N
Haar type transform —® Slant Haar type transform
~ “  mutation J
- N\ slant - 2
Walsh transform > Slant transform
\ 7 mutation \ J

Figure 4. The relationship between different transforms.
3. Image experiment based on SHTOT

Slant Haar type orthogonal transforms (SHTOT) described in Ref. [ 18] have unique properties in some special fields.
Nevertheless, SHTOT has attracted little attention from scholars’ that they are rarely utilized in practice. For this
reason, in this section, we introduce SHTOT to the denoising and compression of standard images—‘Lena’, ‘Peppers’,
‘Baboon’, ‘Bridge’, ‘trees’, and perform the comparison analysis with other transforms under the Matlab 6.1
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environment. During the experiments, the Peak Signal-to-Noise Ratio (PSNR) and structural similarity index meas-
urement (SSIM) are used for the evaluation of image quality. PSNR is defined in Eq. (13).

PSNR=10 1og[255x255J (13)
D2
5 (X j)=YG )Y . . N :
where D" == ,X and Y denote the pixel matrix of mXn original image and decompressed image,
mxn
respectively.

SSIM is defined by

SSIM(X,Y)=I(X,Y)* -c(X,Y)’ -s(X,Y) (14)

where [ (X,Y), ¢ (X, Y) and s (X, Y) denote the brightness, contrast and structural differences of the images. Their
definitions are described as follows:

I(X,y) =22t CL (15)
u, +u,+Ci
(X, y)= 20T+ C (16)
o,+0 +C,
s(X,¥)=20+C (17)
OxOy + Cs

Among them, u, u, represent the average brightness of the original image X, decompressed image Y, respectively.
04, 0,denote the brightness deviation of the image X, Y, respectively. 0 , is the covariance between X and Y. Let

G, G and G be 1 to avoid zero denominator. The value of SSIM ranges from 0 to 1, and the closer SSIM is to 1,
the smaller the difference between X and Y.

3.1 Image compression based on SHTOT

In this subsection, we perform the image compression experiment as follows. If the image is a X matrix with m rows
and n columns, orthogonal transform is denoted as H, then the two-dimensional transform is expressed by

B= H*X*W (18)

where W is the inverse of matrix H.

After the transform described in Eq. (18), we sort the transformed coefficients B from small to large, set 90% of
the smaller transformed coefficient B to 0, and remain other larger transformed coefficients unchanged. In this way,
matrix B change into matrix B>, the image data is compressed at a compression ratio c=z/(mXn), z denotes the number
of transform coefficients set by zero. If we want to restore the original image X, we may apply the inverse transfor-
mation to matrix B as follows

Y= W*By*H (19)

where Y is the recovered image similar to the original one.

According to the scheme described above, we perform the image compression by SHTOT. Meanwhile, we carry
out a comparison experiment with other transforms. The compression images based on different transforms are shown
in Figs. 5-6. Fig. 5(a) denotes the original ‘Lena’ image, Figs. 5(b), (c), (d), (e), (f), (g), (h), (1), (m), (n), and (p)
represent the ‘Lena’ compression images based on Haar transform, Walsh transform, slant transform, DWT (take
Slant-let wavelet for example), DCT, HTOT and SHTOT, respectively. Fig. 6(a) denotes the original ‘Peppers’ image,
Figs. 6(b), (¢), (d), (e), (f), (g), (h), (1) and (m) correspond to the ‘Peppers’ compression image based on Haar trans-
form, Walsh transform, slant transform, DWT, DCT, HTOT and SHTOT, respectively.
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(d) Slant transform (e) DCT transform » (f) Wavelet transform

(g) HTOT (s=2, =0) ~ (h) HTOT (s , =0 () HTOT (s=3, r=2)

(m) SHTOT (s=2, r=0) (n) SHTOT (s=3, 1=0) ) SHTOT (s=3, r=2)

Figure 5. Compression of ‘Lena’ image based on different transforms.
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e - - { - AR [ — N
(g) HTOT (s=2, =0) (h) SHTOT (s=2, r=0) (m) SHTOT (s=3, r=2)

Figure 6. Compression of the ‘pepper’ image based on different transforms.
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In addition, to evaluate the quality of compressed images quantitatively, PSNR and SSIM of the recovered image
versus the compression ratio (c), images and transforms are summarized in Table 1.

Figs. 5, 6, and Table 1 demonstrate that SHTOT introduced in this paper still has good image quality even at a
high compression ratio c=98%. Moreover, SHTOT has compression effects varied with parameters s and r. Particu-
larly, in many cases, Haar transform, DWT (Slant-let wavelet) and SHTOT with parameters (s=1, 7=0), (s=2, =0) or
(s=2, r=1) perform best in the image compression, compared with DCT, HTOT, Walsh, slant transform and SHTOT
with other s, r values.

Table 1. Different image quality versus different transform and compression ratio (c)

Lena Peppers

Trﬁ:‘ﬁm c=90% c=98% c=90% c=98%
PSNR SSIM PSNR SSIM PSNR SSIM  PSNR  SSIM
DCT 36.663 0.994 30.264 0.975 35.63 0.99 29.89 0.98
DWT(Slant-let) 38.18 0.996 30.99 0.979 37.03 0.99 31.07 0.98
Haar 38.031 0.996 30.608 0.977 36.73 0.994  30.17 0.98
Walsh 33.76 0.99 27.90 0.96 3327 0988 2727 0958
Slant 35.01 0.99 28.94 0.967 34.30 0.990  28.69 0.80
HTOT (s=2, 1=0) 37.85 0.996 30.297 0.976 36.55 0.99 29.74 0.97
HTOT (s=2, r=1) 37.63 0.995 30.085 0.975 36.29 0.99 29.41 0.97
HTOT (s=3, 1=0) 37.58 0.995 29.983 0.975 36.15 0.99 29.30 0.97
HTOT (s=3, 1=1) 37.337 0.995 29.702 0.973 35.89 0.99 29.00 0.97
HTOT (s=3, 1=2) 37.059 0.995 29.44 0.972 35.53 0.99 28.65 0.97
SHTOT (s=1, 1=0) 38.234 0.996 30.822 0.978 36.733 0995 3029 0976
SHTOT (s=2, 1=0) 38.052 0.996 30.802 0.978 36.724 0995  30.17  0.976
SHTOT (s=2, r=1) 38216 0.996 31.204 0.98 36.865 0995  30.64 0978
SHTOT (s=3, 1=0) 37.651 0.995 30.215 0.976 36.206 0994 2946 0972
SHTOT (s=3, r=1) 37.551 0.995 30217 0.976 36.103 0994 2951 0973
SHTOT (s=3, 1=2) 37.252 0.995 29.887 0.974 35.717 0993  29.09  0.970

3.2 Image denoising based on SHTOT

In this subsection, we perform the image denoising experiments by the following scheme: add noise N to the original
image X, X1= X+N, then transform X; by referring Eq. (18), get the matrix B and set the smaller coefficients of matrix
Bi to zero 0. In this way, matrix B; change into matrix B>, Subsequently, take the verse transform of B; similar to Eq.
(19). Finally, the denoising image Y1 is obtained under the same conditions, as displayed in Figs. 7-9, image quality
PSNR and SSIM versus different transform are listed in Table 2, in which /7, /I, Il denote ‘Baboon+salt & pepper’,
‘Bridge+ gaussian’, ‘trees+ speckle’ cases, respectively.
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PN
sform

aar transform

adh \

(g) HTOT (s=2, r=0) (1) SHTOT (s=2. 10) (1) SHTOT (s=3, =1)

Figure 7. Denoising of ‘Baboon+salt & pepper’ image by different transforms.
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: L2 ; . i . £ ] X W T I
(d) HTOT (s=2, r=0) (¢) SHTOT(s=2, =0) () SHTOT(s=3, r=1)

Figure 8. Denoising of ‘Bridge + Gaussian’ image by different transforms.

(d) HTOT (s=2, r=0) (e) SHTOT (s=2, r=0) (f) SHTOT (s=3, r=1)

Figure 9. Denoising of ‘trees +speckle’ image by different transforms.
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Table 2. Image denoising quality versus different transform

Noise I Vi /i
Transform PSNR SSIM PSNR SSIM PSNR SSIM
DCT 26.93 0.923 24.371 0.903 27.898 0.913
DWT(Slantlet) 28.062 0.933 24.515 0.907 29.281 0.939
Haar 27.854 0.930 24.369 0.905 28.721 0.931
Walsh 25.726 0.900 23.291 0.878 26.134 0.881

Slant 25.997 0.905 23.538 0.884 26.962 0.897
HTOT (s=2, r=0) 27.803 0.929 24.325 0.904 28.424 0.928
HTOT (s=2, ~=1) 27.71 0.929 24.218 0.902 28.098 0.924
HTOT (s=3, 1=0) 27.750 0.930 24.176 0.901 28.015 0.922
HTOT (s=3, r=1) 27.666 0.929 24.136 0.900 27.765 0.919
HTOT (s=3, r=2) 27.548 0.928 24.025 0.898 27.403 0.912
SHTOT (s=1, r=0) 27.851 0.930 24.344 0.904 28.840 0.933
SHTOT (s=2, r=0) 27.899 0.931 24.318 0.904 28.663 0.931
SHTOT (s=2, r=1) 27.957 0.932 24.366 0.904 28.791 0.933
SHTOT (s=3, r=0) 27.781 0.931 24.211 0.902 28.001 0.922
SHTOT (s=3, r=1) 27.745 0.931 24.184 0.901 27.932 0.921
SHTOT (s=3, =2) 27.627 0.929 24.077 0.899 27.499 0.914

Figs7-9 and Table 2 illustrate that PSNR and SSIM of the denoising image relate to the orthogonal transform
utilized. Besides DWT (Slantlet) and Haar transform, SHTOT with parameters (s=1, »=0), (s=2, 7=0), or (s=2, r=1)
have better denoising effect compared with other transforms, such as DCT, Walsh, slant transform, HTOT, and
SHTOT with other parameters (s, 7) value. Except in special circumstances where s=3, »=0, SHTOT performs better
than corresponding HTOT in most cases.

In addition, we compare the calculation time of different transforms under the same conditions, as presented in
Table 3, where seconds is viewed as a unit of time.

From Table 3, we may draw a conclusion that the calculation time of SHTOT is slightly longer than that of other
transforms. The important reason for this result is that the standard for programming is inconsistent; the time will be
shorter if the program of SHTOT is further optimized.

Table 3. Calculation time versus orthogonal transform

HTOT SHTOT (s=2, SHTOT SHTOT
Transform DCT DWT Walsh Slant (s=2, r=0) =0) (s=3,7=2) (s=3, r=0)
Time (s) 0.229 0.214 0.236 0.217 0.4497 0.4518 0.3691 0.3364

4. Conclusion

In recent years, theory and application about orthogonal transforms have attracted widespread attention in the field
of information science. Among the numerous orthogonal transforms, such as DCT, DWT, Haar, etc., slant Haar type
orthogonal transforms (SHTOT) are recursively generated by combining Haar type orthogonal transforms (HTOT)
and slant transform. Moreover, different SHTOT with fast algorithm are produced conveniently and flexibly in the
same program code only by varying any one of two parameter value. Nevertheless, the excellent property of SHTOT
has attracted little attention of scholars’ that SHTOT are rarely utilized in practice. In this paper, we first investigate
the recursive generation and fast algorithms of HTOT, slant transform, slant Haar transform and SHTOT using Walsh,
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Haar copy, and slant mutation technique from a matrix standpoint. Then, we introduce SHTOT to the denoising and
compression of standard images, and perform a series of comparison experiments, which demonstrate that the
SHTOT family, particularly for specific parameter choices (e.g., s=2, r=1), can achieve image compression and de-
noising performance that is highly competitive with established transforms, such as the DWT, Haar, Walsh, and slant
transform. The primary advantage of SHTOT lies not in universally superior performance, but in its parameterized
framework that unifies several classical transforms and allows for tuning based on application needs.

Data availability
Data will be made available on request.
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