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  Abstract 
This research employs the Fox approximation method and Novikov’s theorem to 
derive the Fokker-Planck equation of gene transcriptional regulatory systems, thus 
random dynamical characteristics and synergistic effect of cross-correlated Gauss-
ian colored noise and white noise on the system are investigated. Specifically, the 
effects of noise intensity and correlation time on the steady-state probability distri-
bution and the mean first passage time of the system are analyzed through numeri-
cal simulation. The obtained results indicate that auto-correlation time and cross-
correlation time can serve as crucial parameters in regulating gene switching states. 
Noise intensity, correlation time, and correlation strength can exert significant reg-
ulatory effects on the steady-state probability distribution function of the gene tran-
scription regulatory system. Meanwhile, a study on the mean first passage time re-
veals that correlation strength and correlation time play complex roles in gene tran-
scription, sometimes exhibiting equivalent effects, while other times acting in op-
position. Under different correlation conditions, protein concentration transitions 
display intricate dynamical behaviors, such as re-recording phenomena. This re-
search proposes regulating gene states through changes in protein concentration, 
providing new insights for the design of genetic drugs. 
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1. Introduction 

In recent years, more and more people begin to pay attention to the nonlinear system driven by noise [1]. A large 
number of researchers are studying nonlinear science and statistical physics, and have obtained some important con-
clusions, which show that noise plays a key role in the evolution of systems [2]. This kind of random interference not 
only has a negative effect on the macro order, but sometimes plays a positive role in the formation of “coherent 
motion” and “order” under some conditions [3]. Nowadays, stochastic dynamics theory has been widely used in laser, 
ecology, physics, biology and other fields, revealing many strange phenomena, such as random resonance, noise-
induced phase transition, reentry phenomenon, noise-enhanced system stability, noise-suppressed tumor growth and 
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noise effect in laser system [4]. Especially in biological systems, there is a lot of research on the important effects of 
noise under nonlinear conditions. For example, some scholars have discussed the influence of noise in ecosystems, 
but other studies have focused on the effect of noise in gene regulatory networks [5]. Nowadays, the mechanism of 
these effects, the conditions of their generation, and their application research have become an important frontier 
direction in the field of life science [6]. 

The purpose of studying gene regulation networks is to reflect complex life phenomena by exploring the interaction 
between genes and their regulators. This is an important research direction in the category of functional genomics. 
Genetic expression has many characteristics, which are determined by the complex and orderly regulatory mecha-
nisms in the cell [7]. Therefore, the study of gene expression regulation mechanisms not only has important theoret-
ical significance, but also has extensive application value [8]. 

In the absence of noise interference, the gene transcription regulation system has been widely studied [9]. However, 
there are a large number of biochemical reactions involved in the life process, and these reactions have inherent 
randomness, that is, the existence of noise, so it is particularly critical to explore the influence of noise on the gene 
transcription regulation system [10]. In recent years, many scholars have focused on the research field of the random 
gene transcription regulation system [11]. Wang and other researchers studied the influence of noise auto-correlation 
time on steady-state probability mean and mean first passage time, and got an important conclusion [12]. As the auto-
correlation time of the two accompanying species increases, it becomes more difficult to transform the protein con-
centration [13]. 

In real life, the correlation time is extremely short, but it is not absolutely zero. For the noise whose value is zero 
in the correlation time, the Fourier transform of the corresponding correlation function plays a key and decisive role 
in its power spectrum [14]. Theoretically, this is independent of frequency, but the power tends to infinity. In practice, 
however, the power cannot be infinite [15]. This shows that the correlation time can only be approximated to zero 
and treated with an ideal model when the noise correlation time is much lower than the relaxation time of the system. 
Therefore, if you want to choose a more realistic situation, the relatively limited correlation time has a more reason-
able impact on the system [16].  

In general, a more comprehensive understanding of the effect of noise on system dynamics can only be achieved 
by analyzing the time variation of the system. For escape phenomena, the mean first passage time is one of the basic 
quantities, which represents the average time required for the system to start from one steady state, cross the barrier, 
and reach another steady state [17]. It is not only used to describe the transient characteristics of a nonlinear system, 
but also an important direction to characterize the dynamic behavior of system [18]. Therefore, studying the gene 
transcription regulation system and transient characteristics driven by color cross-correlation noise is of great research 
value for understanding the actual process of transcription [19]. 

In this paper, the corresponding Fokker-Planck equation using the Fox approximation method and Novikov’s the-
orem is derived through the method of nonlinear approximation [20]. The dynamic characteristics of gene transcrip-
tion regulation systems under the synergistic effects of cross-correlated colored noise and white noise is investigated. 
Furthermore, we conduct an in-depth analysis of how auto-correlation time and cross-correlation time influence the 
steady-state probability distribution and mean first passage time of the system. The rest of the present paper is orga-
nized as follows. In Section 2, the models and methods are proposed. In Section 3, the results and discussion are 
proposed. The conclusion is given in Section 4. 

2. Models and Methods 

2.1 Gene transcription regulation system under the effect of noise 

Figure 1 shows the dynamic process of gene regulation [21]. It is a simple model discovered by Smolen and other 
researchers, which is about the regulatory network in which a single gene has a positive feedback transcription factor 
to promote gene transcription. It includes the positive feedback effect of TF-A, the dimerization of TF-A, and the 
nonlinear interaction [22]. The transcription factor is phosphorylated after forming a dimer, which then activates 
transcription with the maximum transcription probability kf, and this dimer is attached to the corresponding attach-
ment region on the DNA. TF-A is degraded with probability kd and synthesized with probability Rbas, which can well 
explain some experimental phenomena [23]. The basic mechanism is shown in Figure 1. 
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Figure 1. Model of the regulatory network of gene transcription. 

Based on the biochemical reaction shown by this model, the differential equation of the protein TF-A concentration 
over time can be obtained as follows [21, 22]: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘𝑓𝑓𝑥𝑥2

𝑥𝑥2+𝐾𝐾𝑑𝑑
− 𝑘𝑘𝑑𝑑𝑥𝑥 + 𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏                              (1) 

where kf is the maximum transcription probability, Kd is the concentration of a dipolymer not attached to TF-REs, 
and x is the concentration of protein TF-A [24]. The model may contain one or two steady states. If one wants to put 
the system in a bistable region, the parameters should satisfy the following equation: 

[−(𝑘𝑘𝑓𝑓+𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏
3𝑘𝑘𝑑𝑑

)3 + 𝐾𝐾𝑑𝑑(𝑘𝑘𝑓𝑓+𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏)
6𝑘𝑘𝑑𝑑

− 𝐾𝐾𝑑𝑑𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏
2𝑘𝑘𝑑𝑑

]2 + [𝐾𝐾𝑑𝑑
3
− (𝑘𝑘𝑓𝑓+𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏

3𝑘𝑘𝑑𝑑
)2]3 < 0                (2) 

When the system is in a bistable region, there are two stable state solutions: 

𝑥𝑥+ = 2�−
𝑝𝑝
3
𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 +

𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑘𝑘𝑓𝑓
3𝑘𝑘𝑑𝑑

, 

𝑥𝑥− = 2�−𝑝𝑝
3
𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃 + 2𝜋𝜋

3
) + 𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏+𝑘𝑘𝑓𝑓

3𝑘𝑘𝑑𝑑
                             (3) 

and an unstable steady state: 

𝑥𝑥𝑢𝑢 = 2�−𝑝𝑝
3
𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃 + 4𝜋𝜋

3
) + 𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏+𝑘𝑘𝑓𝑓

3𝑘𝑘𝑑𝑑
                             (4) 

in which 

𝑝𝑝 = 𝐾𝐾𝑑𝑑 −
[𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏+𝑘𝑘𝑓𝑓

𝑘𝑘𝑑𝑑
]2

3
, 

𝑞𝑞 = 𝐾𝐾𝑑𝑑
𝑘𝑘𝑓𝑓 − 2𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏

3𝑘𝑘𝑑𝑑
− 2[

𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏 + 𝑘𝑘𝑓𝑓
3𝑘𝑘𝑑𝑑

]3, 

𝜃𝜃 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 
− 𝑞𝑞

2�−𝑝𝑝
3
27

3
                                  (5) 

A large number of scientific experiments have shown that the protein synthesis rate Rbas and the protein degradation 
rate Kd are random fluctuations [25]. Combined with these factors, Gaussian white noise and Gaussian color noise 
are introduced into the system, and the Langevin equation corresponding to the stochastic dynamics mechanism is 
obtained as follows [26]: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘𝑓𝑓𝑥𝑥2

𝑥𝑥2+𝐾𝐾𝑑𝑑
− (𝑘𝑘𝑑𝑑 + 𝜉𝜉(𝑡𝑡))𝑥𝑥 + 𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏 + 𝜂𝜂(𝑡𝑡)                         (6) 

where 𝜉𝜉(𝑡𝑡) and 𝜂𝜂(𝑡𝑡) are Gaussian white noise and Gaussian color noise with zero mean, which have the follow-
ing statistical properties [27]: 

⟨𝜉𝜉(𝑡𝑡)⟩ = ⟨𝜂𝜂(𝑡𝑡)⟩ = 0                                   (7) 
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⟨𝜉𝜉(𝑡𝑡)𝜉𝜉(𝑡𝑡′)⟩ = 2𝐷𝐷𝐷𝐷(𝑡𝑡 − 𝑡𝑡′)                                 (8) 

⟨𝜂𝜂(𝑡𝑡)𝜂𝜂(𝑡𝑡′)⟩ = 𝛼𝛼
𝜏𝜏1
𝑒𝑒𝑒𝑒𝑒𝑒[− |𝑡𝑡−𝑡𝑡′|

𝜏𝜏1
]                                (9) 

Consider that the cross-correlation time of the correlated noise is not zero, that is [28]: 
 

⟨𝜉𝜉(𝑡𝑡)𝜂𝜂(𝑡𝑡′)⟩ = ⟨𝜂𝜂(𝑡𝑡)𝜉𝜉(𝑡𝑡′)⟩ = 𝜆𝜆√𝐷𝐷𝐷𝐷
𝜏𝜏2

𝑒𝑒𝑒𝑒𝑒𝑒[− |𝑡𝑡−𝑡𝑡′|
𝜏𝜏2

].                           (10) 

where D and α are the intensity of multiplicative color noise and additive white noise, respectively. λ is cross-
correlation strength between multiplicative color noise and additive white noise, and its range is 0 ≤ 𝜆𝜆 ≤ 1. 𝜏𝜏1 is 
auto-correlation time of Gaussian color noise, 𝜏𝜏2  is cross-correlation time between multiplicative and additive 
noises [29]. 

2.2 Steady-state probability distribution 

Since the concentration of protein TF-A cannot be negative, when its concentration x is not less than zero, the ap-
proximate Fokker-Planck equation for Eq. (6) can be obtained by applying Novikov’s theorem and Fox’s approxi-
mation method [30]. Thus, the evolution equation of the probability distribution with time can be expressed as follows 
[31]: 

𝜕𝜕𝜕𝜕(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝜕𝜕

= 𝐿𝐿𝐹𝐹𝐹𝐹𝑃𝑃(𝑥𝑥, 𝑡𝑡),                                (11) 

𝐿𝐿𝐹𝐹𝐹𝐹 = − 𝜕𝜕
𝜕𝜕𝜕𝜕
𝐴𝐴(𝑥𝑥) + 𝜕𝜕2

𝜕𝜕𝑥𝑥2
𝐵𝐵(𝑥𝑥),                             (12) 

𝐴𝐴(𝑥𝑥) = 𝑘𝑘𝑓𝑓𝑥𝑥2

𝑥𝑥2+𝐾𝐾𝑑𝑑
− 𝑘𝑘𝑑𝑑𝑥𝑥 + 𝑅𝑅𝑏𝑏𝑏𝑏𝑏𝑏 + 𝐷𝐷𝐷𝐷 − 𝜆𝜆√𝐷𝐷𝐷𝐷

1−𝜏𝜏2𝑓𝑓′(𝑥𝑥𝑠𝑠)
                     (13) 

𝐵𝐵(𝑥𝑥) = 𝐷𝐷𝑥𝑥2 − 2𝜆𝜆√𝐷𝐷𝐷𝐷
1−𝜏𝜏2𝑓𝑓′(𝑥𝑥𝑠𝑠)

𝑥𝑥 + 𝛼𝛼
1−𝜏𝜏2𝑓𝑓′(𝑥𝑥𝑠𝑠)

                       (14) 

where  

𝑓𝑓′(𝑥𝑥𝑠𝑠) = 2𝑘𝑘𝑓𝑓𝑥𝑥𝑠𝑠𝐾𝐾𝑑𝑑
(𝑥𝑥𝑠𝑠2+𝐾𝐾𝑑𝑑)2

− 𝑘𝑘𝑑𝑑                              (15) 

By solving Eq. (9) in steady state, we can get its steady-state probability distribution function as follows [32]: 

𝑃𝑃st(𝑥𝑥) = 𝑁𝑁
�𝐵𝐵(𝑥𝑥)

𝑒𝑒𝑒𝑒𝑒𝑒[∫ 𝑓𝑓(𝑥𝑥)
𝐵𝐵(𝑥𝑥)

𝑑𝑑𝑑𝑑]                           (16) 

where N is normalization constant, i.e., ∫−∞
+∞𝑃𝑃𝑠𝑠𝑠𝑠(𝑥𝑥)𝑑𝑑𝑑𝑑 = 1. 

3. Results and Discussions 

Since the state of a gene cannot be measured or calculated directly, it is determined by the level of protein synthesized 
from that gene in the cell. If the protein level is very low, the system is in an “off” state. If the protein level is very 
high, the gene is “on”. 

3.1 Impact of noise on the steady-state probability distribution function 

Figure 2 shows the graph of the steady-state probability distribution function Pst(x) as a function of x for different 
values of auto-correlation time of multiplicative Gaussian color noise η(t). As can be seen from Figure 2, the steady-
state probability distribution function Pst(x) of the system is a bimodal structure, which can be used to analyze whether 
the auto-correlation time τ1 of the multiplicative Gaussian color noise can control the conversion of the gene switch.  

It can be concluded from Figure 2 that the relationship between the steady-state probability distribution function 
Pst(x) and protein concentration x shows a certain regular variation trend. For different values of auto-correlation time 
τ1, the distribution characteristics of Pst(x) are different. When auto-correlation time τ1=0.1, the distribution of Pst(x) 
may be concentrated in the lower protein concentration region, indicating that the system tends to be in a low con-
centration state and the gene may be in the “off” state. When auto-correlation time τ1=1, the distribution of Pst(x) 
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begins to expand into the medium concentration region, indicating that the system has a certain tendency to transition 
between low and high concentration states. In the case of auto-correlation time τ1=10, the distribution of Pst(x) may 
be mainly concentrated in the higher protein concentration region, indicating that the system tends to be in a high 
concentration state and the gene may be in the “on” state. 

In general, as the auto-association time τ1 increases, the distribution of Pst(x) gradually moves from a low concen-
tration region to a high concentration region, indicating that the increase of auto-correlation time τ1 can promote the 
system to transition from a low concentration state to a high concentration state. This trend indicates that auto-asso-
ciation timeτ1 can be used as an important parameter to regulate the state of gene switch. By regulating auto-associ-
ation time τ1, the gene state can be converted from “off” to “on”. 

 
Figure 2. Steady-state probability distribution function Pst(x) as a function of x with different values of the auto-correlation 

time τ1 of the multiplicative color noise η(t) at 𝜶𝜶=0.005, D=0.03, 𝝉𝝉𝟏𝟏=0.1 (or 1, 10), 𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

Figure 3 shows the graph of the steady-state probability distribution function Pst(x) as a function of x when the 
cross-correlation time τ2 takes different values. As can be analyzed from Figure 3, the steady-state probability distri-
bution function Pst(x) of the system is a bimodal structure, which can be used to explore whether the cross-correlation 
time τ2 can control the transition of the gene switch. As can be seen from Figure 3, the relationship between the 
steady-state probability distribution function Pst(x) and protein concentration x shows a certain regular variation trend. 
For different values of τ2, the distribution characteristics of Pst(x) are different. 

When the cross-correlation time τ2=0.1, the distribution of Pst(x) is concentrated in the lower protein concentration 
region, indicating that the gene transcription system is in a low concentration state and the gene may be in an “off” 
state. When cross-correlation time τ2=1, the distribution of Pst(x) may begin to expand into the medium concentration 
region, indicating that the system has a certain tendency to transition between low and high concentration states. 
When the cross-correlation time τ2 becomes larger, the distribution of Pst(x) may shift to a higher protein concentra-
tion region, indicating that the system tends to be in a high concentration state and the gene may be in an “on” state. 

In general, the distribution of Pst(x) gradually moves from the low concentration region to the high concentration 
region with the increase of cross association time τ2, indicating that the increase of τ2 may promote the system to 
transition from the low concentration state to the high concentration state, as shown in Figure 3. This trend shows 
that the cross-association time τ2 can be used as an important parameter to regulate the state of the gene switch. By 
adjusting the auto-association time, the transition from “off” to “on” of the gene state can be realized. 

 
Figure 3. Steady-state probability distribution function Pst(x) with respect to x when the cross-correlation time τ2 takes differ-

ent values at 𝜶𝜶=0.005, D=0.03, 𝝉𝝉𝟐𝟐=0.1 (or 1, 10) 𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 
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Figure 4. Steady-state probability distribution function Pst(x) as a function of x for different values of additive white noise in-

tensity α at D=0.03, λ=0.5, α=0.002 (or 0.02, 0.2), 𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

As can be seen from Figure 4, when the values of the correlation strength λ between noises and the intensity of the 
multiplicative white noise D are fixed, the steady-state probability distribution function Pst(x) always maintains a 
bimodal structure as the intensity of the additive white noise α increases. When the intensity of additive white noise 
α is small, it has little effect on the location of the peak, but affects the size of the peak. When the intensity of the 
additive white noise α is large enough, the position of the peak of Pst(x) will slowly move from left to right. Since the 
location of the peak represents the concentration of protein, when the intensity of additive white noise is relatively 
small α, the protein concentration in the system is relatively low, and the gene is in the “off” state. When the intensity 
of additive white noise α increases to a certain value, the protein concentration in the system becomes higher, and the 
gene is in the “on” state. This trend shows that the intensity of additive white noise can be used as an important 
parameter to regulate the state of gene switch, and the transition from “off” to “on” of gene state can be realized by 
adjusting the intensity of additive white noise. 

As can be seen in Figure 5, when the values of cross-correlation strength λ and multiplicative color noise intensity 
D remain unchanged, the steady-state probability distribution function Pst(x) undergoes a transition from single-peak 
structure to double-peak structure to single-peak structure. As the intensity of multiplicative color noise D increases, 
the peak value of Pst(x) first decreases and then increases, and its peak position gradually shifts from right to left. 
Since the location of the peak represents the concentration of the protein, the concentration of the protein changes 
from high to low as the intensity of the multiplicative color noise D increases. That is, when the intensity of multi-
plicative color noise D is small, the protein concentration is high, and the system is in the “on” state. When the 
intensity of multiplicative color noise D is large, the protein concentration becomes lower, and the system is in a 
“closed” state. This trend indicates that the intensity of multiplicative color noise can be used as an important param-
eter to regulate the state of gene switch, and the transition from “off” to “on” of gene state can be realized by adjusting 
the intensity of multiplicative color noise. 

 

 
Figure 5. Steady-state probability distribution function Pst(x) as a function of x when the intensity D of multiplicative color 

noise takes different values at α=0.03, λ=0.5, D=0.002 (or 0.02, 0.2), 𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 
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It can be seen in Figure 6 that when the values of multiplicative color noise intensity D and additive white noise 
intensity α are fixed, the steady-state probability distribution function Pst(x) always exhibits a bimodal state, indicat-
ing that its extremum is greatly affected by the cross-correlation strength. As the cross-correlation strength λ increases, 
the peak of the probability density distribution function near x=4.00 (higher protein concentration) is suppressed, and 
the probability peak near x=0.60 (lower protein concentration) is also suppressed. After comparing the first peak, it 
can be seen that the height of the peak of the steady-state probability distribution function Pst(x) increases as the 
cross-correlation strength λ decreases. After comparing the second peak, it can be seen that the height of its peak 
increases with the increase of the cross-correlation strength λ. However, the cross-correlation strength λ has little 
effect on the location of these two peaks. Since the change of noise interconnection strength λ does not have much 
effect on the change of protein concentration, but only differs in the distribution of protein concentration probability, 
the changing trend of Pst(x) indicates that the noise interconnection strength λ has little influence on the regulation of 
gene switch state. 

 
Figure 6. Steady-state probability distribution function Pst(x) with respect to x when the correlation strength λ between noises 

takes different values at α=0.1, D=0.03, λ=0.01 (or 0.5, 1.0), 𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

3.2 Impact of noise on steady-state mean values 

In order to quantitatively analyze the steady-state characteristics of the system, the mean protein concentration (ran-
dom variable) is defined as follows [33, 34]: 

⟨𝑥𝑥⟩𝑠𝑠𝑠𝑠 = ∫0
+∞𝑥𝑥𝑃𝑃𝑠𝑠𝑠𝑠(𝑥𝑥)𝑑𝑑𝑑𝑑                                (17) 

Based on Eq. (17), the influence of the correlation time parameters τ1 and τ2 on the system mean can be systemat-
ically explored. Based on the analytical expressions of the steady-state probability density function and its mean of 
the gene transcription regulatory system described by Eqs. (16) and (17), the probability distribution curves and mean 
change trends at different cross-correlation times were plotted through numerical simulation, and the influence mech-
anism of these dynamic parameters on the steady-state behavior of the system was deeply explored. 

Due to the difficulty in directly observing or quantitatively characterizing the activation status of genes, indirect 
inference is usually made in experimental studies by detecting the expression levels of their encoded proteins. When 
the concentration of a specific protein in the cell is maintained at a high level, it can be considered that the corre-
sponding gene is in an “activated” (ON) state. On the contrary, when the protein concentration drops to the baseline 
level, it is determined that the gene is in an “inhibited” (OFF) state. This protein expression-based state discrimination 
method provides a feasible experimental observation tool for studying gene regulation dynamics. 

Figure 7 is a graph of the auto-correlation time 𝜏𝜏1 of the average protein concentration x plotted according to  
Eq. (17) with respect to the additive Gaussian white noise η(t). It can be observed that as the auto-correlation time 
𝜏𝜏1 increases, the average protein concentration x gradually decreases, indicating that the protein concentration has 
undergone a transition from “on” to “off”. 

Figure 8 shows the graph of the average protein concentration x as a function of noise cross-correlation time 𝜏𝜏2. 
The image shows that as the cross-correlation time 𝜏𝜏2 increases, the average protein concentration x gradually in-
creases, indicating a change in protein concentration from “off” to “on”. According to the research results in     
Figures 8 and 9, it was found that the auto-correlation time of additive Gaussian white noise 𝜏𝜏1 and the cross-corre-
lation time 𝜏𝜏2 have different effects on the gene transcription process. 
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Figure 7. Average value ⟨𝒙𝒙⟩𝒔𝒔𝒔𝒔 as a function of the auto-correlation time 𝝉𝝉𝟏𝟏 for Gaussian white noise η(t) at α=0.1, D=0.5, 

τ2=0.01, 𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

 
Figure 8. Average value ⟨𝒙𝒙⟩𝒔𝒔𝒔𝒔 as a function of the cross-correlation time 𝝉𝝉𝟐𝟐 between noises at α=0.1, D=0.5, τ1=0.01, 𝒌𝒌𝒇𝒇=6, 

𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

3.3 Impact of noise on mean first passage time 

To study the conversion between protein concentrations, the rate of change of proteins can be studied using the mean 
first passage time. The mean first passage time refers to the time required to transition from a high protein concen-
tration state x+ to a low protein concentration state xu [35]. The specific expression is as follows [36]: 

𝑇𝑇(𝑥𝑥+ → 𝑥𝑥𝑢𝑢) = ∫𝑥𝑥+
𝑥𝑥𝑢𝑢 𝑑𝑑𝑑𝑑

𝐵𝐵(𝑥𝑥) P (𝑥𝑥)𝑠𝑠𝑠𝑠
∫0
𝑥𝑥

P (𝑦𝑦)𝑠𝑠𝑠𝑠 𝑑𝑑𝑑𝑑                     (18) 

When the cross-correlation time is zero, the mean first passage time of the gene transcription regulation system 
has been studied in lots of literature [30], and will not be repeated here. Therefore, we further discuss the case where 
the cross-correlation time is not zero [37-39]. Based on the mean first passage time of the gene transcription regula-
tory system expressed in Eq. (17), we plotted graphs under different noise parameters to discuss their impact on the 
mean first passage time after data analysis and processing [40-42]. 

It can be seen from Figure 9 that the mean first passage time T of the system shows a monotonically decreasing 
trend with the increase of noise intensity D. By analyzing Figure 9, it can be found that the absence of peak values 
indicates that there is no double switch phenomenon in protein concentration, which is consistent with the behavior 
under weak correlation. At this time, the state change of protein concentration will only occur once, that is, the 
phenomenon of turning from on to off will only occur, and there will be no further transition from off to on. Due to 
the initial state of the system being set to high concentration (x+), protein concentration will only undergo one change 
in the case of strong correlation and small correlation time. Meanwhile, in the case of weak correlation and long 
correlation time, it is similar to the above situation. 
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Figure 9. Mean first passage time as a function of multiplicative noise intensity D at α=0.005, λ=0.9, τ1=0 (or 0.5, 0.9, 2.5), 

𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

From Figure 10, it can be seen that the mean first passage time of the system T shows a trend of first increasing 
and then decreasing with the increase of additive noise intensity α. To be more specific, when the intensity of additive 
noise α is low, the mean first passage time T gradually increases and reaches a peak before starting to decrease. The 
existence of this peak indicates that the concentration of protein affects the transition of gene state, that is, the gene 
state undergoes a transition from on to off and then back to on. However, as the auto-correlation time of multiplicative 
noise 𝜏𝜏1 increases, this peak gradually decreases and eventually disappears, and the trend of T changes to monoton-
ically increasing. 

Due to the initial state of the system being set to a high concentration (x+), in the case of strong correlation and 
small correlation time, the protein concentration will undergo two significant changes as the multiplicative noise 
intensity D increases. This indicates the existence of a critical multiplicative noise intensity value D, which makes 
the dynamic behavior of the system complex. On the contrary, in the case of weak correlation and long correlation 
time, protein concentration will only change once, and the dynamic behavior is relatively simple compared to the 
above situation. 

 
Figure 10. Mean first passage time T as a function of additive white noise intensity α at D=0.01, λ=0.9, 𝝉𝝉𝟏𝟏=0 (or 0.5, 0.9, 2.5), 

𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

Figures 12 and 13 show the graphs of the mean first passage time T as a function of cross-correlation strength and 
auto-correlation time of additive white noise, respectively. It can be observed from Figures 12 and 13 that the mean 
first passage time exhibits two different trends. As the strength of cross-correlation increases, the mean first passage 
time T monotonically decreases. However, as the auto-correlation time of additive white noise 𝜏𝜏1 increases, the 
mean first passage time T first increases and then decreases. Based on the above analysis, it can be concluded that 
the strength of cross-correlation λ and the auto-correlation time of additive white noise 𝜏𝜏1 play different roles in the 
process of gene transcription (protein concentration conversion). That is to say, as the strength of cross-correlation 
increases, the time it takes for proteins to transition from a high concentration state to a low concentration state 
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decreases, thus promoting the conversion between the two states. However, as the auto-correlation time of additive 
white noise increases, the time it takes for proteins to transition from a high concentration state to a low concentration 
state first increases and then decreases, that is, it first accelerates the transition between the two states and then 
suppresses the transition between the two states. 

 
Figure 11. Mean first passage time as a function of cross-correlation strength at α=0.005, D=0.01, 𝝉𝝉𝟏𝟏=0 (or 0.5, 0.9, 5.0), 𝒌𝒌𝒇𝒇=6, 

𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

 
Figure 12. Mean first passage time T as a function of cross-correlation time 𝝉𝝉𝟏𝟏 at α=0.005, D=0.01, λ=0.1 (0.5, 0.9), 𝒌𝒌𝒇𝒇=6, 

𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

From Figure 13, it can be seen that the mean first passage time of the system T shows an overall trend of first 
increasing and then decreasing with the increase of noise intensity D. Specifically, when the noise intensity D is low, 
the mean first passage time T gradually increases with the increase of noise intensity and reaches a peak before 
starting to decrease. The existence of this peak indicates that there may be a double switch phenomenon in protein 
concentration, where the gene state transitions from on to off and then back to on. However, as the cross-correlation 
time between noises 𝜏𝜏2 increases, this peak gradually decreases and eventually approaches disappearance, and the 
trend of the mean first passage time T changes to monotonically decreasing. This phenomenon is consistent with the 
behavior under weak correlation, where the state change of protein concentration will only occur once, that is, the 
phenomenon of turning from on to off will only occur. Due to the initial state of the system being set to high concen-
tration, protein concentration will undergo two significant transitions as the intensity of multiplicative noise increases 
in the case of strong correlation and small correlation time. This indicates the existence of a critical noise intensity 
value D, which makes the dynamic behavior of the system complex. On the contrary, protein concentration only 
undergoes one transition in the case of weak correlation and long correlation time, and the kinetic behavior is simpler 
compared to the above cases. Therefore, it can be seen that the strength and time of cross-correlation play opposite 
roles in the process of protein concentration changes. 

Figure 14 shows the variation curve of the mean first passage time T with the additive noise intensity α at different 
cross-correlation times 𝜏𝜏2, which is similar to the variation law of the mean first passage time with the intensity of 
multiplicative noise D. It can be inferred that cross-correlation time 𝜏𝜏2 also accelerates the transition between pro-
tein concentration states. 
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Figure 13. Mean first passage time T as a function of multiplicative noise intensity D at α=0.005, λ=0.9, τ2=0 (or 0.5, 0.9, 5.0), 

𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

 
Figure 14. Mean first passage time T as a function of additive white noise intensity α at D=0.01, λ=0.9, τ2=0 (or 0.5, 0.9, 5.0), 

𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

Figures 16 and 17 show the mean first passage time as a function of cross-correlation strength λ and cross-corre-
lation time τ2, respectively. It can be seen from Figure 15 that as the strength of cross-correlation λ increases, the 
mean first passage time T shows a monotonically increasing trend. This indicates that as the strength of cross-corre-
lation λ increases, the time required for proteins to transition from a high concentration state to a low concentration 
state increases, thereby inhibiting the transition between the two protein states. In other words, the increase in cross-
correlation strength λ slows down the rate of change in protein concentration, making the system more inclined to 
maintain its current state. 

On the contrary, the results in Figure 16 show that as the cross-correlation time τ2 increases, the mean first passage 
time T exhibits a monotonically decreasing trend. This indicates that as the cross-correlation time τ2 increases, the 
time required for the protein to transition from a high concentration state to a low concentration state decreases, 
thereby accelerating the transition between the two protein states. The increase in cross-correlation time promotes 
rapid changes in protein concentration, making it easier for the system to transition from one state to another. 

Based on the analysis of the above two graphs, it can be concluded that the cross-correlation strength and cross-
correlation time play opposite roles in the process of gene transcription (protein concentration conversion). The in-
crease in cross-correlation strength suppresses the transition between two states, while the increase in cross-correla-
tion time accelerates the process of this transition. This opposite function indicates that cross-correlation strength and 
cross-correlation time play different roles in regulating protein concentration changes, and may have different regu-
latory effects in different biological processes. For example, it may be necessary to stabilize protein concentration by 
increasing the strength of cross-correlation in some cases, while it may be necessary to promote rapid protein con-
centration changes by increasing the cross-correlation time in other cases. This dynamic balance plays an important 
role in regulating gene expression within cells. 
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Figure 15. Mean first passage time T as a function of cross-correlation strength λ at α=0.005, D=0.01, 𝝉𝝉𝟐𝟐=0(or 0.5, 0.9, 5.0), 

𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

 
Figure 16. Mean first passage time as a function of cross-correlation time at α=0.005, D=0.01, λ=0.1(or 0.5, 0.9), 𝒌𝒌𝒇𝒇=6, 𝑲𝑲𝒅𝒅=10, 

𝒌𝒌𝒅𝒅=1 and 𝑹𝑹𝒃𝒃𝒃𝒃𝒃𝒃=0.4. 

4. Conclusions 

Based on Novikov’s theorem and Fox approximation method, this paper provides a detailed analysis of the protein 
concentration dynamics under the combined effects of color noise and white noise in the gene transcription regulation 
system. Fokker Planck equation for the gene transcription regulation system was established through theoretical cal-
culation. Steady-state probability distribution function and approximate expression for the mean first passage time of 
the system were derived by nonlinear approximation. The effects of auto-correlation time and cross-correlation time 
of additive white noise on the steady-state probability distribution function and mean first passage time were analyzed.  

Obtained results showed that the auto-correlation time and cross-correlation strength of noise do not exhibit a 
monotonic effect on the concentration state transitions of protein states. Noise intensity, correlation time, and corre-
lation strength can exert significant regulatory effects on the steady-state probability distribution function of the gene 
transcription regulatory system. With the increasing of the strength of cross-correlation, the transition between protein 
concentration states becomes easier. As the auto-correlation time of additive white noise increases, it will lead to a 
transition between promoting and then inhibiting protein concentration states. However, the strength of cross-corre-
lation and the cross-correlation time between noise have opposite effects on the mean first passage time. As the 
strength of cross-correlation increases, the transition between protein concentration states becomes more difficult, 
and a “double switch” phenomenon occurs. As the cross-correlation time increases, the transition between protein 
concentration states becomes easier, with only a unidirectional transition from on to off occurring. It is worth noting 
that protein concentration undergoes a transition from on to off to on under the conditions of strong correlation and 
small correlation time. However, protein concentration only undergoes a transition from off to on under the conditions 
of weak correlation and large correlation time. This phenomenon is called the re-recording phenomenon, which re-
veals the complex dynamic behavior of protein concentration conversion under different correlation conditions.  
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If people compare the changes in protein concentration to switches regulated by different “noise knobs”, then the 
state of genes can be changed by adjusting these knobs (such as correlation time, intensity, etc.), providing new ideas 
for gene drug design. 
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