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1. Introduction

Copositive matrices play an important role in quadratic programming, combinatorial optimization, and machine
learning. A matrix A is said to be copositive if x'Ax > 0 for any nonzero nonnegative vector x. Furthermore, if Ax
= 0 whenever x"Ax = 0, then A is called a copositive-plus matrix; if x = 0 whenever x'Ax = 0, then A is said to be
strictly copositive. In recent years, with the emergence of high-dimensional data problems, tensors as a generalization
of matrices have gradually attracted researchers’ attention [1]. In 2013, Qi [2, 3] extended copositivity to tensors and
provided relevant properties of copositive tensors. Subsequently, many researchers have investigated copositive ten-
sors in physics, hypergraph theory, polynomial optimization, and other fields [4-7]. In matrix theory, an nth-order
matrix A is said to be almost copositive if it is not copositive, but every one of its (n—1) th-order principal submatrices
is copositive in [1].

Definition 1.1 [1]

A symmetric matrix AT € R™" is said to be k-order copositive (copositive plus, strictly copositive) if every prin-
cipal submatrix of A of order k is copositive (copositive plus, strictly copositive). Matrix A is said to be exactly k-
order copositive (respectively, copositive-plus, etc.) if it is copositive (copositive-plus, etc.) of order k but not of
order k-+1.

Definition 1.2 [1]

Matrix A = AT € R™™ is called an almost copositive(-plus) matrix if it is exactly of order n—1 copositive(-plus).

Building upon the literature [1], this paper extends the concept of almost copositivity to higher-order tensors. We
first provide precise definitions for copositive-plus tensors, etc., while introducing the notion of key indices to char-
acterize almost copositive-plus tensors. Subsequently, by constructing a constrained polynomial optimization model,
we prove that an almost copositive tensor necessarily possesses a negative eigenvalue corresponding to a positive
eigenvector. Finally, we demonstrate that key indices exist for almost copositive-plus tensors and that there are at
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most two such indices. These results not only enrich the theory of tensor optimization but also provide new tools for
further research on tensor eigenvalue distributions and polynomial optimization problems.

2. Main Results

In this paper, we denote the n-dimensional Euclidean space by R™. Scalars are represented by lowercase letters a, b,
¢, X, ***, while vectors in R™ are denoted by bold letters a, b, c,x, ... The set of all mth-order n-dimensional sym-
metric tensors is denoted by S, ,. The notation x = 0 indicates that all components of the vector x are nonnega-
tive. The ith component of vector x is denoted by x. For any tensor A4 and vector x € R", we define

n

m __
Ax™ = § Qi iy, i Xiy Xip ** Xipy

igizoim=1
n

(Ax™1); = Z Ay, i Xip * " Xip,

i2,0im=1

This paper considers real symmetric tensors A € Sy, of even order m so that real eigenvalues exist. For a
non-symmetric tensor B. We consider its symmetrization SymB. Since Bx™ = SymBx™, the copositivity of B is
equivalent to that of its symmetrized version. Hence, without loss of generality, we restrict our attention to symmetric
tensors.

Definition 2.1 Let A € S,,, be a copositive tensor. If for every x € R} satisfying Ax™ =0, we have
V(Ax™) = 0, then A is called a copositive-plus tensor.

Definition 2.2 A tensor A is said to be almost copositive if it is not copositive itself, but all its (n-1)-dimensional
principal subtensors are copositive.

Definition 2.3 A tensor A is called almost copositive-plus if it is copositive but not copositive-plus, while all its
(n-1)-dimensional principal subtensors are copositive-plus.

Definition 2.4 A tensor A is called almost strictly copositive if it is copositive but not strictly copositive, while
all its (n-1)-dimensional principal subtensors are strictly copositive.

Definition 2.5 Let A be an almost copositive-plus tensor. If its principal subtensor Ag with S = N \ {k} is
almost strictly copositive, then the index k € {1,2,...,n} is called a key index of A.

Theorem 2.1 Let A be an m-th order n-dimensional almost copositive tensor. Then

(1) A possesses at least one negative eigenvalue;

(2) There exists a positive eigenvector corresponding to a negative eigenvalue.

Proof: (1) Consider the optimization problem:

(P): min{Ax™:x € RY, ||x||m = 1},

where ||x||;n = (X, ]x;|™)Y/™. Since the feasible set is closed and bounded, it is compact, and the function
Ax™ is continuous. Hence, the optimization problem attains a minimum. Denote this minimum by Ay, =
min A x™.

Because A is almost copositive, it is not copositive. Thus, there exists y € R% such that Ay™ < 0. Let y =

—||y3|/| , then ¥ is feasible for problem (P). Moreover,
m
o y 1 .
AYT = A| = | = Ay <0
[Iyll,, |ixl] |
Consequently,

Amin < Ay™ < 0.

Hence A possesses at least one negative eigenvalue.

(1) Let x*be an optimal solution of the optimization problem (P). We now show x* > 0.
Suppose 3i € R,s.t.x; = 0. Denote xp_; = (x5, .., X}, X} 11, -, %) T € R¥™L. We have

m __ — * m
Ax™ = z iy, imXiy " Xiy, T Z ag,, i Xi, " Xi, = Ay ey )™

i1,i2,im EN\{i} Fiy,igmim=i
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Thus, A(x*)™ = An_;(xny_;)™. Because Ayin = A(x*)™ < 0. we obtain Ay-_;(xy_;)™ < 0, which contra-
dicts the assumption that A is almost copositive. Hence x* > 0.

Next, we prove that x* is an eigenvector of A.

Write problem (P) in standard form:

: — m
Jrcrel}?r}lf(x) = Ax
s.t.glx) = ||x||Z—1 =0

hi(x)=—x;<0,i=1,..,n.

Clearly, when x* > 0 the only active constraintis g(x) = 0. Therefore, the Lagrange function is

L, = f(x) —pg(x) = Ax™ — p(||x|lm — 1, H ER,

where p is the multiplier for the equality constraint.

Moreover,

Vg(x) = VEL,G)™ —1) = m(G)™ L, ()™, ..o, ()™ 1T = m(x)m=1 > 0,

Hence Vg(x*) is linearly independent, and there certainly exists a nonzero vector d such that Vg(x*)Td < 0.
Consequently, the MFCQ holds, and the KKT conditions are satisfied.

VL(x", 1) = VA(x)™ — uV(||x[|7 — Dlx=yp =0,

mAG Y™ = ()1,

A = p(e)m,

Multiplying both sides of the last equality by (x*)T yields

Right-hand side: p,

Left-hand side: (x*)TA(x*)™ 1 = x* (% Vc/l(x*)m) = i (X VA()™) = % cmAX)™ = A(x*)™.

Therefore A(x*)™ = u = A < 0. Consequently, p is a negative eigenvalue of A and the corresponding ei-
genvector x* is positive.

Lemma 2.1 Let A be an almost copositive-plus tensor, and let x be a nonzero nonnegative vector such that
Ax™ =0 but VAx™ # 0. Then the vector x has exactly one zero component.

Proof: Let K = {i € {1, ...,n}: x; = 0}. We shall show that |K| = 1.

Suppose |K| = @, i.e., x > 0, which obviously means x is an interior point and a global minimum point. By
Fermat theorem, we then have VAx™ = 0, which contradicts the hypothesis that A is not copositive-plus. Hence,
K| # .

Assume that |K| > 2. Forevery i € K, define the sub-vector ¥ = xy_; € R} .

m = o . . . . . . Ry .
Ax™ = z Qi ig,imXig Xiy " Xig, + z Aisig,imXig Xiy " Xy
1,02, im EN\{i} Fig,iz,mmlim=1

= Qi ig,imXig Xip " Xi

i1,i2,...imEN\{i}
= cﬂN_ixm =0.

m

Thus, Ap_;x™ = Ax™, and consequently VA, _;x™ = (VAX™)y_;.

Because A is almost copositive-plus, by definition A,_; is copositive-plus. Hence, VA _;x™ =
(VAx™)y_;i = 0,50 (VAx™), =0 Vk +#i.

Since |K| = 2, there exists j € K with j # i and %; = 0. By the same argument, we also obtain (VAx™); =
0 forall k # j. Therefore VAx™ = 0, which contradicts the definition of an almost copositive-plus tensor.

Consequently, |K| = 1.

Theorem 2.2 Let A be an almost copositive-plus tensor. Then A possesses a key index.

Proof: Since A is almost copositive-plus, Lemma 2.1 guarantees Ix* = 0,s.t. A(x*)™ = 0,VA(x*)™ # 0

Let K = {k},ie., x;y =0 and x; > OVi # k. Denote S = N \ {k}, then x5 > 0.

(1) Because A is almost copositive-plus, hence Ag is copositive.

(2) Since x3 € R¥! and x& > 0, Ag(x3)™ = A(x*)™ = 0. Therefore, A is not strictly copositive.
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(3) Assume that an (n-2)-dimensional principal subtensor of As is not strictly copositive. Then, there exists j €
S such that Ag isnot strictly copositive, where R = N \ {k,j} = S \ {j}. So, 3y > 0,s.t. Axy™ = 0.

Define z € R} by z; = z; = 0 and fill the remaining components with y. Then Az™ = Agy™ = 0. Also, we
have Agzg" =0 (here zg satisfies z; = 0 and the other components are given by y). Because A is copositive-
plus, it follows that VeAsz{* = 0. Similarly, VeA,_;zy' ; = 0. From these two equalities and the fact that i # j,
we obtain VAz™ = 0.

Let w(t) = (1 —t)z+ tx*),(t € [0,1]) . For sufficiently small t > 0, we have w(t) = 0.

By the Taylor formula, we have

AWM = Az™ + ¢ mx’ — 2D)TVAZ™ + 2 Q" — 2) + 0(t) = £ — 2) + 0(¢?).

1) If Q(x* — z) < 0, there exists t; > 0 such that Aw(t;)™ < 0, contradicting the copositivity of A.

2)If Q(x* — z) = 0, then for sufficiently small ¢ > 0 we have Aw(t)™ = 0.Set d =z —x".

If d"VA(x*)™ < 0, the function value decreases along the direction d from x*; hence there exists t, > 0 such
that A(x* + t,d)™ < 0, a contradiction.

If d"VA(x*)™ > 0, the gradient at x* along —d is negative, so the function value decreases along —d; there-
fore, there exists t3 > 0 such that A(x* — t3d)™ < 0, again a contradiction.

VA5 (65)™ = (VAG)™)s.

Since A is an almost copositive-plus tensor, we have VA (x*)™ # 0.

Consequently, all (n-2)-dimensional principal subtensors of Ag are strictly copositive.

To summarize, the index K is a key index of A.

Lemma 2.2 Let B be an m-th order n-dimensional almost strictly copositive tensor. If there exists a nonzero
vector y € RT such that By™ = 0, then necessarily y > 0Vi € {1, ...,n\}.

Proof: Suppose that there exists an index j with y; = 0. Let S = {1,...,n} \ {j} and consider the principal
subtensor Bs.

Since y; = 0, we have By™ = Bg(§)™, where J is the vector obtained from y by deleting the j-th component.
By hypothesis Bg is strictly copositive, and § = 0 is nonzero; hence Bg(§)™ > 0. But the left-hand side By™
equals 0, a contradiction.

Therefore, y > 0.

Theorem 2.3 An almost copositive-plus tensor 4 has at most two key indices.

Proof: Assume that kq, k,, k3 € {1, ...,n} are three distinct key indices of A. For each k, the principal subten-

sor Ag_ with S, = N\ {k,} is almost strictly copositive. Hence there exists a nonzero vector y@ € R such
that c/chr(y(r))m = 0. By Lemma 2.2, we have y™ > 0.
Define x™ € R? by x,g) =0 and xi(r) = yi(r) >0 (i # k,). Then
A" = a5 (y)" = 0(r = 1,2,3). (1)
Moreover, since A is copositive-plus, we obtainVeA s (y(r))m =0 ie.,

(wz(xm)m)]_ =0,V # k,. @)

Denote g, = (Vcﬂ(x(r))m)k . Then Vcﬂ(x(r))m = grex,, where ey is the unit vector with the k,-th compo-
nent equal to 1 and the others 0.
Let u = a;x® 4+ a,x@ 4+ a;x®with o; =0 and oy + «, + a3 = 1. Expanding Au™ gives
Au™ = A(xD)" + m(u — 2®) VA (x®)" + %Ql(a),
where Q;(a) is the second-order remainder. Substituting equation (1) and equation (2) yields
Au™ =m (aleg) + agx,(:)) g1+ %Ql(a). 3)
Similarly, we obtain

1
Au™ =m (alx,(c? + agx,gi)) 92+; Q2(a), “4)
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Au™ =m (alx,il) + azx(z)) gz +- Q3 (o). %)
Since the left-hand sides are identical, the linear terms coincide:
3 @3 2
[azx,g ) + och( )] g1 = [oc x,(c ) + azxy, )] g, + [alxk + azx( )] gs.

Choosing o = e; = (1,0,0)T gives 0 = x,(cl)g = x,il)g . So, we obtain g, = g; = 0. Likewise, taking a =

=(0,1,0)T yields g; = 0. Hence g; = g, = g3 = 0, and consequently Vc/l(x(r))m =0 for r =1,2,3.

Since A is almost copositive-plus, by Lemma 2.1, there exists x* =0 such that A(x*)™ =0 and
VA(x*)™ # 0.

Case 1. kg & {kq, k;, k3}.

Define z,(t) = (1 —t)x™ + tx* > 0 and set f.(t) = c/l(zr(t))m, a polynomial in t of even degree m > 4.
Then f,.(t) = 0 forall t € [0,1], and in particular f,.(0) = f.(1) = 0.

Because 0 and 1 are multiple roots, we have f,'(0) = f,/(1) = 0. From f/(t) = m(x* — x(r))TVcﬂ(zr(t))m =
it follows that (x(r))Tg = (x*)Tg for r = 1,2,3, where g = VA(x*)™.

The vectors x, x@) x3) are linearly independent; therefore g = 0, a contradiction.

Case 2. ky € {kq, k,, k3}. Without loss of generality, assume ky = k;.
Arguing similarly to Case 1, we obtain

(x@) g = ()79, (x®) g = (x)7g.

Since (x*)™9 = mA(x*)™ = 0, we have

(x®) g=(x®)'g=0 *)
Because x* is 0 only at the component k; and positive elsewhere, g, = (VA(x*)™); = 0 Vk # k,; hence
g = Aey, for some scalar A. Then (x(z))Tg = Ax,(j). As kq # k, and x,((? > 0, equation (*) forces A =0, i.e.,

g = 0 contradiction.
In conclusion, A can have at most two key indices.

3. Conclusion and Future Work

This paper extends the theory of almost copositive matrices to even-order real symmetric tensors. We first introduced
the definitions of almost copositive, almost copositive-plus, and almost strictly copositive tensors, and introduced the
concept of key indices as an important tool for characterizing the structure of almost copositive-plus tensors. By
constructing a constrained homogeneous polynomial optimization problem and applying the KKT conditions, we
proved that an almost copositive tensor always possesses a negative eigenvalue corresponding to a positive eigen-
vector, while also revealing the existence of key indices for almost copositive-plus tensors and establishing an upper
bound on their number. These results not only uncover structural features of higher-order tensors with respect to
almost copositive properties, but also provide new theoretical insights into the eigenvalue distribution of tensors and
the feasibility of polynomial optimization problems.

The present work opens up new research directions in tensor optimization theory; however, several questions re-
main worthy of further investigation: the uniqueness of key indices and whether other properties of almost copositive
matrices continue to hold in the tensor setting. Addressing these issues will contribute to a more complete establish-
ment of the theory of almost copositive tensors.
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