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  Abstract 
The nuclear materials produced by pressurized water nuclear reactors are vital for 
advanced cancer treatments, particularly through the creation of radioisotopes. The 
dynamics of the PWR are very complex and nonlinear, and it is important to un-
derstand the nonlinearity and develop effective control mechanisms. In this work, 
bifurcation analysis and multiobjective nonlinear model predictive control are per-
formed on the pressurized water nuclear reactor model. Bifurcation analysis is a 
powerful mathematical tool used to deal with the nonlinear dynamics of any pro-
cess. Several factors must be considered, and multiple objectives must be met sim-
ultaneously. The MATLAB program MATCONT was used to perform the bifur-
cation analysis. The MNLMPC calculations were performed using the optimiza-
tion language PYOMO in conjunction with the state-of-the-art global optimization 
solvers IPOPT and BARON. The bifurcation analysis revealed the existence of 
Hopf bifurcation points, limit points, and branch points. The MNLMC converged 
on the Utopian solution. The Hopf bifurcation point, which causes an unwanted 
limit cycle, is eliminated using an activation factor involving the tanh function. 
The limit and branch points (which cause multiple steady-state solutions from a 
singular point) are very beneficial because they enable the Multiobjective nonlin-
ear model predictive control calculations to converge to the Utopia point (the best 
possible solution) in the model. 
 
Keywords 
Cancer; Tumor; Bifurcation; Optimization; Control; Pressurized water nuclear re-
actor 

 
1. Background 
The pressurized water nuclear reactor is one of the most widely used nuclear reactor designs in the world and rep-
resents a major milestone in the development of nuclear energy technology. Its design, operation, and widespread 
application have been driven by the demand for reliable, efficient, and safe production of electricity, as well as by 
the desire for stable power sources to complement fossil fuels and renewable energy. At its core, the pressurized 
water reactor functions on the principle of using pressurized light water both as a coolant and as a neutron moderator, 
which allows the reactor to sustain a controlled nuclear fission chain reaction while efficiently transferring the heat 
produced to generate electricity. 

The basic structure of a pressurized water reactor involves a reactor vessel that houses the nuclear fuel, control 
rods, and coolant. The fuel typically consists of uranium dioxide pellets that are encased in zirconium alloy cladding 
to form fuel rods. These rods are bundled into fuel assemblies that are arranged in a precise geometry inside the 
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reactor core. When the reactor operates, the uranium-235 or other fissile material undergoes fission when struck by 
a thermal neutron, splitting into smaller nuclei and releasing additional neutrons and a large amount of heat. The 
neutrons produced from fission are moderated, or slowed down, by the light water in the reactor core, which makes 
it more likely for them to cause further fission events. This moderation is essential to maintain a self-sustaining 
chain reaction at a controlled rate. 

The control rods, made of neutron-absorbing materials such as boron, silver, indium, or cadmium, are inserted or 
withdrawn from the reactor core to regulate the neutron flux and therefore control the power output. By absorbing 
excess neutrons, they provide a mechanism to slow down or shut off the chain reaction if necessary. This feature is 
fundamental to reactor safety, as it allows operators to adjust reactivity levels and respond to changes in demand or 
abnormal operating conditions. 

A distinctive feature of the pressurized water reactor, compared to other reactor types, is that the primary coolant 
loop is kept under very high pressure, typically around 150 atmospheres. This high pressure prevents the water from 
boiling even at temperatures of around 320 degrees Celsius. Because the coolant remains in the liquid state, it can 
effectively transfer heat from the reactor core without undergoing a phase change. The heated primary coolant 
circulates through closed loops and transfers its thermal energy to a secondary loop via steam generators. In the 
steam generator, the heat from the primary coolant is used to boil water in the secondary circuit, producing steam 
that drives turbines connected to electrical generators. After driving the turbines, the steam is condensed back into 
water in a condenser, and the cycle repeats. 

This arrangement of primary and secondary coolant loops provides an additional layer of safety because the 
radioactive materials in the primary coolant are kept separate from the secondary loop and the turbine system. Only 
the primary loop is in direct contact with the reactor core, so the secondary loop remains largely free from radioac-
tive contamination, making the turbine and associated systems easier to maintain and safer to operate. 

The design of the pressurized water reactor emphasizes both efficiency and safety. One of its inherent safety 
features is the negative temperature coefficient of reactivity. This means that as the temperature of the reactor core 
increases, the probability of neutron absorption by the coolant also increases, and the overall reactivity of the reactor 
decreases. In other words, the reactor naturally tends to stabilize itself as the temperature rises, reducing the risk of 
runaway reactions. This characteristic has been crucial in the widespread adoption of PWR technology. 

In addition to the physical and operational characteristics, the development of pressurized water reactors has been 
shaped by historical, political, and economic factors. The technology was first developed in the United States in the 
1950s, initially for use in naval propulsion systems for submarines. The success of this design in military applica-
tions demonstrated its reliability and safety, which later facilitated its adaptation for commercial power generation. 
By the 1960s and 1970s, pressurized water reactors had become the dominant reactor design for civilian nuclear 
power plants in many countries. Their widespread deployment was supported by standardization, strong safety rec-
ords, and the growing need for reliable electricity production during periods of industrial expansion. 

Today, pressurized water reactors account for the majority of operational nuclear power plants around the globe. 
Countries such as the United States, France, China, Russia, South Korea, and Japan have large fleets of PWRs 
providing a significant share of their electricity. France, in particular, relies heavily on nuclear power, with most of 
its reactors based on the pressurized water design. The reliability of these reactors has been instrumental in making 
France one of the countries with the lowest carbon dioxide emissions per capita in the developed world, demon-
strating the role of PWRs in reducing greenhouse gas emissions. 

Safety has always been a central concern in nuclear power, and the pressurized water reactor has been designed 
with multiple redundant safety systems. Emergency core cooling systems are available to supply coolant in case of 
a loss-of-coolant accident. Containment structures, consisting of thick reinforced concrete and steel liners, are built 
around the reactor vessel to prevent the release of radioactive materials into the environment in case of accidents. 
Passive safety systems have also been integrated into more modern PWR designs, using natural circulation and 
gravity-fed cooling rather than active pumps and external power sources. 

Despite these safety features, the operation of PWRs is not without risks or challenges. Accidents such as the 
Three Mile Island incident in 1979 highlighted the importance of human factors, operator training, and robust safety 
culture. Although the accident resulted in only minor releases of radioactivity and no direct casualties, it had signif-
icant impacts on public perception of nuclear power, regulatory frameworks, and reactor design. Lessons from Three 
Mile Island, as well as from later accidents such as Chernobyl and Fukushima, have led to continuous improvements 
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in safety systems, emergency preparedness, and reactor technology. 
Another challenge associated with pressurized water reactors is the management of spent nuclear fuel. After 

several years of operation, fuel assemblies become less efficient and are replaced with fresh fuel. The spent fuel 
remains highly radioactive and generates heat, requiring careful handling, cooling, and long-term storage. Interim 
storage is typically carried out in spent fuel pools, while some countries have developed dry cask storage systems 
for longer-term management. The issue of permanent disposal of nuclear waste remains unresolved in many coun-
tries, though geological repositories are being planned or developed in some regions. 

Economically, pressurized water reactors have both advantages and drawbacks. On one hand, they provide large-
scale, continuous, and low-carbon electricity, which contributes to energy security and helps mitigate climate 
change. On the other hand, the construction of nuclear power plants requires significant capital investment, long 
lead times, and regulatory approval processes that can be costly and time-consuming. Maintenance, decommission-
ing, and waste management add further costs over the lifetime of a plant. These economic challenges, along with 
public concerns about nuclear safety, have influenced the pace of new reactor construction in recent decades. 

Nonetheless, innovation in PWR technology continues. Advances such as small modular reactors (SMRs) based 
on PWR designs are being developed to address concerns about cost, scalability, and flexibility. These smaller 
reactors are designed for easier construction, enhanced safety, and the potential for deployment in remote areas or 
smaller grids. Digital control systems, improved materials for fuel cladding, and more efficient steam generators 
are also being incorporated into modern PWR designs. International collaboration has facilitated the exchange of 
knowledge and best practices, ensuring that pressurized water reactors remain a cornerstone of nuclear energy for 
decades to come. 

The environmental impact of PWRs is generally favorable when compared to fossil fuel power plants. They 
produce virtually no greenhouse gas emissions during operation and have relatively small land footprints compared 
to renewable sources like solar and wind. However, the thermal pollution from cooling water discharges and the 
issue of radioactive waste management remain environmental concerns. In many cases, nuclear plants have imple-
mented cooling towers and closed-cycle cooling systems to minimize impacts on local ecosystems. 

Looking to the future, pressurized water reactors will continue to play a significant role in global energy strategies. 
As the world seeks to balance energy demand, environmental sustainability, and energy security, nuclear power 
offers a reliable low-carbon option. PWRs, with their proven track record and adaptability, are likely to remain a 
dominant design, though they may be complemented by advanced reactors and a growing share of renewable energy 
sources. Public acceptance and political support will be critical in determining the extent to which nuclear power, 
and PWRs in particular, can contribute to addressing the dual challenges of climate change and energy security. 

The pressurized water reactor represents a highly developed, safe, and efficient technology that has profoundly 
influenced the landscape of nuclear energy. From its origins in naval propulsion to its dominance in commercial 
power generation, the PWR has demonstrated reliability and adaptability. While challenges related to safety, waste 
management, and economics remain, continuous innovation and lessons learned from past experiences have 
strengthened its role as a key energy source. As societies grapple with the urgent need for low-carbon, large-scale, 
and stable power supplies, the pressurized water nuclear reactor stands as both a technological achievement and a 
continuing subject of research, development, and debate in the pursuit of sustainable energy futures. 

Van Bragt studied the effect of void distribution parameter and axial power profile on BWR bifurcation charac-
teristics [1]. Dokhane et al. performed bifurcation analysis of density wave oscillations using a drift flux model [2]. 
Zhou et al. conducted bifurcation analysis of nuclear coupled dynamics of BWRs using BIFDD [3]. Dokhane et al. 
developed a nuclear-coupled thermal-hydraulic nonlinear stability analysis using a novel BWR reduced-order model 
[4, 5]. Zhou et al. investigated the dynamics of a reduced-order natural circulation BWR model [6]. 

Zhou et al. studied the in-phase and out-of-phase oscillations in BWRs, investigating the impact of Azimuthal 
asymmetry [7]. Merk et al. developed multiple timescale expansions for neutron kinetics [8, 9]. Rizwan-uddin 
demonstrated the existence of turning points and sub- and supercritical bifurcations in a simple BWR model [10]. 
Gabor et al. modelled a nuclear reactor with Temperature Effects and Xenon Poisoning [11]. Wahi et al. conducted 
a nonlinear stability analysis of a reduced-order model of nuclear reactors, performing a parametric study relevant 
to the advanced heavy water reactor [12]. Pirayesh et al. studied local bifurcations in nuclear reactor dynamics by 
Sotomayor’s Theorem [13]. 

In this work, bifurcation analysis and multiobjective nonlinear model predictive control are performed on a 
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pressurized water nuclear reactor model [13]. The paper is organized as follows. First, the model equations are 
presented, followed by a discussion of the numerical techniques involving bifurcation analysis and multiobjective 
nonlinear model predictive control (MNLMPC). The results and discussion are then presented, followed by the 
conclusions 

2. Model Equations 
The model equations are 

𝑑𝑑(𝑝𝑝𝑝𝑝)
𝑑𝑑𝑑𝑑

= 𝑝𝑝𝑝𝑝
𝜆𝜆𝜆𝜆

(𝛼𝛼𝛼𝛼(𝑢𝑢𝑢𝑢) + 𝛼𝛼𝛼𝛼(𝑤𝑤𝑤𝑤) +  𝑐𝑐0 − 𝛽𝛽) + 𝛽𝛽𝛽𝛽𝛽𝛽
𝜆𝜆𝜆𝜆

𝑑𝑑(𝑐𝑐𝑐𝑐)
𝑑𝑑𝑑𝑑

= 𝜆𝜆𝜆𝜆(𝑝𝑝𝑝𝑝 − 𝑐𝑐𝑐𝑐)
𝑑𝑑(𝑢𝑢𝑢𝑢)
𝑑𝑑𝑑𝑑

= 𝑎𝑎1(𝑝𝑝𝑝𝑝) − 𝑎𝑎2(𝑢𝑢𝑢𝑢 − 𝑤𝑤𝑤𝑤 + 𝜙𝜙1)
𝑑𝑑(𝑤𝑤𝑤𝑤)
𝑑𝑑𝑑𝑑

= 𝑎𝑎3(𝑢𝑢𝑢𝑢 − 𝑤𝑤𝑤𝑤 + 𝜙𝜙1) − 𝑎𝑎4(𝑤𝑤𝑤𝑤 + 𝜙𝜙2)

                            (1) 

The base parameter values are  

a1=95.057; a2=0.251; a3=0.092; a4=2.749; 𝜙𝜙1 1=395;  𝜆𝜆𝜆𝜆 =0.00002;𝛽𝛽 =0.006019; 
𝜆𝜆𝜆𝜆 =0.15; 𝛼𝛼𝛼𝛼 =-0.0000324;𝛼𝛼𝛼𝛼 =-0.000213;𝜙𝜙2 =15; c0=0.004. 

pv, cv, uv, and wv represent the relative power of a reactor, the relative concentration of delayed neutron precur-
sors, the fuel temperature, and the coolant temperature. 𝜆𝜆𝜆𝜆 is the effective generation time of neutrons, c0 is the 
reactivity inserted into the reactor core, 𝛽𝛽 is the delayed neutrons fraction, 𝜆𝜆𝜆𝜆 is the effective precursor radioactive 
decay constant, 𝛼𝛼𝛼𝛼 is the reactivity coefficient of fuel temperature, 𝛼𝛼𝛼𝛼 is the reactivity coefficient of coolant tem-
perature. a1, a2, a3, a4, are the thermo- hydraulics coefficients. 

3. Bifurcation Analysis 
Bifurcation analysis deals with multiple steady-states (caused by branch and limit points) and limit cycles, which 
are caused by Hopf bifurcation points. The MATLAB program MATCONT [14, 15] is used to locate limit points, 
branch points, and Hopf bifurcation points. In the ODE system 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑥𝑥,𝛼𝛼)                                              (2) 

𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 Let the bifurcation parameter be 𝛼𝛼. Since the gradient is orthogonal to the tangent vector, 
The tangent plane is the n+1-dimensional vector w that satisfies 

𝐴𝐴𝐴𝐴 = 0                                                   (3) 
Where A is 

𝐴𝐴 = [𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕 |𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕]                                          (4) 
And 𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕 is the Jacobian matrix.  For both limit and branch points, the Jacobian matrix 𝐽𝐽 = [𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕] must 

be singular. 
For a limit point, there is only one tangent at the point of singularity. At this singular point, there is a single non-

zero vector, y, where Jy=0. This vector is of dimension n. Since there is only one tangent the vector 
𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4, . . .𝑦𝑦𝑛𝑛) must align with  𝑤𝑤� = (𝑤𝑤1,𝑤𝑤2,𝑤𝑤3,𝑤𝑤4, . . .𝑤𝑤𝑛𝑛). Since 

𝐽𝐽𝑤𝑤� = 𝐴𝐴𝐴𝐴 = 0                                               (5) 
the n+1th component of the tangent vector 𝑤𝑤𝑛𝑛+1 = 0 at a limit point (LP). 
For a branch point, there must exist two tangents at the singularity. Let the two tangents be z and w. This implies 

that 
𝐴𝐴𝐴𝐴 = 0 
𝐴𝐴𝐴𝐴 = 0                                                  (6) 

Consider a vector v that is orthogonal to one of the tangents (say w). v can be expressed as a linear combination 
of z and w (𝑣𝑣 = 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽). Since 𝐴𝐴𝐴𝐴 = 𝐴𝐴𝐴𝐴 = 0; 𝐴𝐴𝐴𝐴 = 0 and since w and v are orthogonal, 
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𝑤𝑤𝑇𝑇𝑣𝑣 = 0. Hence 𝐵𝐵𝐵𝐵 = �𝐴𝐴𝑤𝑤𝑇𝑇� 𝑣𝑣 = 0 which implies that B is singular.  

Hence, the matrix 𝐵𝐵 = �𝐴𝐴𝑤𝑤𝑇𝑇� is singular at a branch point. 
When there is a Hopf bifurcation point the bialternate product,  

𝑑𝑑𝑑𝑑𝑑𝑑( 2𝑓𝑓𝑥𝑥(𝑥𝑥,𝛼𝛼)@𝐽𝐽𝐽𝐽) = 0                                       (7) 
where 𝐽𝐽𝐽𝐽 is the n-square identity matrix. Hopf bifurcations cause limit cycles and should be eliminated because 

limit cycles make optimization and control tasks very difficult. More details can be found in Kuznetsov [16, 17] 
and Govaerts [18]. 

Hopf bifurcations cause limit cycles. Limit cycles cause equipment damage and make control tasks difficult. 
Additionally, they result in less beneficial products. The tanh activation function (where a control value v is modi-
fied to (𝑣𝑣 𝑡𝑡𝑡𝑡𝑡𝑡ℎ 𝑣𝑣 /𝜀𝜀) is used to eliminate spikes in profiles [19-22]. Sridhar [23] demonstrates with several exam-
ples how the activation factor involving the tanh function successfully eliminates the limit cycle causing Hopf bi-
furcation points by increasing the oscillation time period in the limit cycle. 

4. Multiobjective Nonlinear Model Predictive Control (MNLMPC) 
The rigorous multiobjective nonlinear model predictive control (MNLMPC) method developed by Flores Tlacua-
huaz et al. was used [24]. Consider a problem where the variables  ∑ 𝑞𝑞𝑗𝑗(𝑡𝑡𝑖𝑖)

𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

 have to be optimized together for 
a dynamic problem 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐹𝐹(𝑥𝑥,𝑢𝑢)                                                 (8) 

𝑡𝑡𝑓𝑓 being the final time value and u the control parameter. The individual objective optimal control problem is 
solved by optimizing each of the variables ∑ 𝑞𝑞𝑗𝑗(𝑡𝑡𝑖𝑖)

𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

 The optimization of ∑ 𝑞𝑞𝑗𝑗(𝑡𝑡𝑖𝑖)
𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

 will lead to the values 

𝑞𝑞𝑗𝑗∗. Then the multiobjective optimal control (MOOC)problem 𝑚𝑚𝑚𝑚𝑚𝑚(∑ �∑ 𝑞𝑞𝑗𝑗(𝑡𝑡𝑖𝑖)
𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

− 𝑞𝑞𝑗𝑗∗�)2𝑛𝑛
𝑗𝑗=1  

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐹𝐹(𝑥𝑥,𝑢𝑢);                                        (9) 

is solved. This will provide the value of u at each time step. The first obtained control value of u is implemented 
and this procedure is repeated until the implemented and the first obtained control values are the same or where 
(∑ 𝑞𝑞𝑗𝑗(𝑡𝑡𝑖𝑖)

𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

− 𝑞𝑞𝑗𝑗∗ = 0 for all j. Utopia point) is obtained. 
The optimization program PYOMO is used [25]. Here, the differential equations are converted to a Nonlinear 

Program (NLP) using the orthogonal collocation method. The NLP is solved using IPOPT [26] and confirmed as a 
global solution with BARON [27]. 

The steps of the algorithm are as follows 

1. Optimize ∑ 𝑞𝑞𝑗𝑗(𝑡𝑡𝑖𝑖)
𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

 and obtain 𝑞𝑞𝑗𝑗∗. 

2. Minimize (∑ (∑ 𝑞𝑞𝑗𝑗(𝑡𝑡𝑖𝑖)
𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

− 𝑞𝑞𝑗𝑗∗))2𝑛𝑛
𝑗𝑗=1 and get the control values at various times. 

3. Implement the first obtained control values  
4. Repeat steps 1 to 3 until there is an insignificant difference between the implemented and the first obtained 

value of the control variables or if the Utopia point is achieved. The Utopia point is when ∑ 𝑞𝑞𝑗𝑗(𝑡𝑡𝑖𝑖)
𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

− 𝑞𝑞𝑗𝑗∗ = 0 
for all j.  

Sridhar demonstrated that when the bifurcation analysis revealed the presence of limit and branch points the 
MNLMPC calculations to converge to the Utopia solution [28]. For this, the singularity condition, caused by the 
presence of the limit or branch points was imposed on the co-state equation [29]. If the minimization of 𝑞𝑞1 lead to 
the value 𝑞𝑞1∗ and the minimization of 𝑞𝑞2 lead to the value 𝑞𝑞2∗ The MNLPMC calculations will minimize the func-
tion (𝑞𝑞1 − 𝑞𝑞1∗)2 + (𝑞𝑞2 − 𝑞𝑞2∗)2. The multiobjective optimal control problem is 

𝑚𝑚𝑚𝑚𝑚𝑚  (𝑞𝑞1 − 𝑞𝑞1∗)2 + (𝑞𝑞2 − 𝑞𝑞2∗)2 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡   𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐹𝐹(𝑥𝑥,𝑢𝑢)              (10) 
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Differentiating the objective function results in  
𝑑𝑑
𝑑𝑑𝑥𝑥𝑖𝑖

((𝑞𝑞1 − 𝑞𝑞1∗)2 + (𝑞𝑞2 − 𝑞𝑞2∗)2) = 2(𝑞𝑞1 − 𝑞𝑞1∗)
𝑑𝑑
𝑑𝑑𝑥𝑥𝑖𝑖

(𝑞𝑞1 − 𝑞𝑞1∗) + 2(𝑞𝑞2 − 𝑞𝑞2∗) 𝑑𝑑
𝑑𝑑𝑥𝑥𝑖𝑖

(𝑞𝑞2 − 𝑞𝑞2∗)       (11) 

The Utopia point requires that both (𝑞𝑞1 − 𝑞𝑞1∗) and (𝑞𝑞2 − 𝑞𝑞2∗) are zero. Hence 
𝑑𝑑
𝑑𝑑𝑥𝑥𝑖𝑖

((𝑞𝑞1 − 𝑞𝑞1∗)2 + (𝑞𝑞2 − 𝑞𝑞2∗)2) = 0                               (12) 

The optimal control co-state equation [33] is 
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝜆𝜆𝑖𝑖) = − 𝑑𝑑
𝑑𝑑𝑥𝑥𝑖𝑖

((𝑞𝑞1 − 𝑞𝑞1∗)2 + (𝑞𝑞2 − 𝑞𝑞2∗)2) − 𝑓𝑓𝑥𝑥𝜆𝜆𝑖𝑖;  𝜆𝜆𝑖𝑖(𝑡𝑡𝑓𝑓) = 0               (13) 

𝜆𝜆𝑖𝑖 is the Lagrangian multiplier. 𝑡𝑡𝑓𝑓 is the final time. The first term in this equation is 0 and hence  
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝜆𝜆𝑖𝑖) = −𝑓𝑓𝑥𝑥𝜆𝜆𝑖𝑖; 𝜆𝜆𝑖𝑖(𝑡𝑡𝑓𝑓) = 0                                   (14) 

At a limit or a branch point, for the set of ODE 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑥𝑥,𝑢𝑢) 𝑓𝑓𝑥𝑥 is singular. Hence there are two different vectors-

values for [𝜆𝜆𝑖𝑖] where 𝑑𝑑
𝑑𝑑𝑑𝑑

(𝜆𝜆𝑖𝑖) > 0 and 𝑑𝑑
𝑑𝑑𝑑𝑑

(𝜆𝜆𝑖𝑖) < 0. In between there is a vector [𝜆𝜆𝑖𝑖] where 𝑑𝑑
𝑑𝑑𝑑𝑑

(𝜆𝜆𝑖𝑖) = 0. This cou-
pled with the boundary condition 𝜆𝜆𝑖𝑖(𝑡𝑡𝑓𝑓) = 0 will lead to [𝜆𝜆𝑖𝑖] = 0 This makes the problem an unconstrained opti-
mization problem, and the optimal solution is the Utopia solution. 

5. Results and Discussion 
The bifurcation analysis was performed with 𝜆𝜆𝜆𝜆 as bifurcation parameter, reveals a branch point, a Hopf bifurcation 
point, and two limit points at (1.331485, 1.331485, 111.126353, 1.875616, 0); (1.331485, 1.331485, 111.126353, 
1.875616, 169.591848); (1.331446, 1.331317, 111.111412, 1.875132, 0); and (1.331741, 1.332614, 111.226724, 
1.878866, 0). Figure 1 shows the bifurcation diagram. Figure 2 shows the limit cycle that occurs because of the 
Hopf bifurcation point. When 𝜆𝜆𝜆𝜆 is changed to 𝜆𝜆𝜆𝜆 𝑡𝑡𝑡𝑡𝑡𝑡ℎ( 𝜆𝜆𝜆𝜆)/10 the Hopf bifurcation disappears (see Figure 3). 

 
Figure 1. Bifurcation diagram (𝝀𝝀𝝀𝝀 is the bifurcation parameter). 
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Figure 2. Limit cycle (𝝀𝝀𝝀𝝀 is the bifurcation parameter). 

 
Figure 3. When 𝝀𝝀𝝀𝝀 is changed to 𝝀𝝀𝝀𝝀 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕(𝝀𝝀𝝀𝝀)/𝟏𝟏𝟏𝟏 Hopf bifurcation disappears. 

In the study of nuclear reactor dynamics, the stability of the system is of paramount importance because even 
small instabilities can lead to potentially dangerous operating conditions or costly shutdowns. A key mathematical 
concept that often arises in nonlinear dynamical systems is the Hopf bifurcation, which occurs when a stable equi-
librium loses stability as system parameters change and a stable or unstable limit cycle emerges. In the context of 
pressurized water nuclear reactors, Hopf bifurcations can represent the onset of self-sustained oscillations in the 
neutron population, temperature fields, or coolant flow variables. These oscillations are problematic because they 
can reduce reactor safety margins, complicate control strategies, and increase the risk of mechanical or thermal 
fatigue within the system. Understanding why Hopf bifurcations are dangerous in pressurized water reactors re-
quires examining the interplay between neutron kinetics, thermal-hydraulic feedback mechanisms, and the opera-
tional environment of the reactor. 

Pressurized water reactors operate under carefully balanced conditions where nuclear fission generates heat that 
is transferred to coolant water, which remains under high pressure to prevent boiling in the core. The power level 
of the reactor is regulated through a combination of control rods and soluble boron concentrations, while the removal 
of heat is governed by pumps and heat exchangers. This system is inherently nonlinear due to the feedback between 
neutron flux, fuel temperature, coolant density, and reactivity. In steady-state operation, the reactor is designed to 
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remain near an equilibrium point where power generation and heat removal balance each other. However, changes 
in parameters such as coolant flow rate, delayed neutron fractions, reactivity feedback coefficients, or control system 
gains can alter stability. If these changes push the reactor dynamics past a critical threshold, a Hopf bifurcation can 
occur, resulting in self-sustained oscillations instead of stable equilibrium behavior. 

Such oscillations are problematic for several reasons. First, they can manifest as power oscillations in the neutron 
flux. Unlike random fluctuations, which are usually small and quickly damped, limit cycles associated with Hopf 
bifurcations persist indefinitely and maintain finite amplitude. This means that the reactor could experience sus-
tained oscillations in core power, leading to cyclic heating and cooling of fuel rods. Thermal cycling places stress 
on reactor materials and increases the risk of fatigue or even failure over long-term operation. Pressurized water 
reactors are designed with strict thermal limits, and persistent oscillations could cause local “hot spots” where tem-
peratures exceed safe thresholds, damaging cladding or creating the conditions for fuel failure. 

Second, Hopf bifurcations in pressurized water reactors can couple with thermal-hydraulic instabilities. In PWRs, 
the moderator and coolant are the same fluid, and its density strongly influences reactivity through the moderator 
temperature coefficient. If oscillations occur in coolant temperature or density, they feed back into reactivity, rein-
forcing the oscillatory behavior. This feedback loop can be particularly dangerous because it may amplify otherwise 
small oscillations into large, self-sustaining ones. For example, a small oscillation in coolant temperature might 
change neutron moderation efficiency, which alters reactivity, changes power, increases or decreases fuel tempera-
ture, and feeds back into coolant conditions. This closed loop is exactly the type of nonlinear dynamic structure 
where Hopf bifurcations are possible. 

Third, control systems designed for PWRs assume a reasonably stable equilibrium operating point. Automatic 
power control systems, feedwater regulation, and pressurizer pressure controls all rely on damping out small devi-
ations from setpoints. If the system undergoes a Hopf bifurcation, the control system is no longer operating near 
equilibrium but is instead responding to sustained oscillations. In such a case, conventional proportional-integral-
derivative (PID) controllers may be ineffective, or worse, may exacerbate the oscillations if improperly tuned. This 
means that a Hopf bifurcation undermines the fundamental assumption on which reactor control is based. Without 
careful nonlinear control design, the reactor may not be able to maintain stable operation, forcing a shutdown to 
preserve safety. 

The occurrence of Hopf bifurcations also complicates reactor analysis and safety assessments. Linear stability 
analysis, which is widely used in reactor safety studies, focuses on whether eigenvalues of the linearized system lie 
in the left half of the complex plane. However, Hopf bifurcations involve eigenvalues crossing the imaginary axis, 
which indicates the onset of oscillations but does not by itself reveal whether the resulting oscillations are stable 
limit cycles or unstable ones. If the bifurcation is supercritical, the reactor may experience stable, bounded oscilla-
tions. While still problematic, these may not be immediately catastrophic, but can degrade safety margins and reli-
ability. If the bifurcation is subcritical, however, unstable limit cycles can emerge, meaning that even small pertur-
bations may drive the reactor into large-amplitude oscillations, potentially leading to unsafe conditions very rapidly. 
This distinction is subtle but important in understanding why Hopf bifurcations represent a serious concern in nu-
clear engineering. 

Moreover, Hopf bifurcations highlight the sensitivity of PWRs to parameter variations. In practice, parameters 
such as coolant flow, delayed neutron fractions, or fuel temperature coefficients are not constant but vary with 
burnup, temperature, and operating conditions. As the reactor ages, material properties change, and coolant chem-
istry evolves. These parameter changes can inadvertently shift the reactor closer to the bifurcation threshold. This 
means that a reactor deemed stable under design conditions may become susceptible to oscillations later in its life 
cycle unless operators and designers account for such possibilities. Long-term operation without acknowledging the 
risk of Hopf bifurcations could therefore compromise reactor safety margins. 

Another problem associated with Hopf bifurcations in pressurized water reactors is the difficulty of detection and 
diagnosis. Because oscillations associated with limit cycles can be relatively small at first, they may resemble nor-
mal fluctuations in power or coolant flow. By the time oscillations grow large enough to clearly indicate a bifurca-
tion has occurred, significant stress may already have been imposed on reactor structures. Furthermore, standard 
monitoring systems may not be tuned to detect oscillatory instabilities, especially if they fall outside the frequency 
range of expected noise. This creates a situation where Hopf bifurcations can occur insidiously, slowly degrading 
system stability until a clear safety concern arises. 
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From an operational standpoint, Hopf bifurcations are also problematic because they limit flexibility. Nuclear 
reactors are often required to adjust power levels in response to grid demand. If the reactor is near a Hopf bifurcation 
point, rapid power maneuvers or changes in coolant flow could inadvertently trigger oscillations. This would reduce 
the ability of operators to respond flexibly to external requirements and might necessitate overly conservative op-
eration, reducing the efficiency and economic competitiveness of nuclear power generation. 

Hopf bifurcations also underscore the challenges of coupling between reactor physics and thermal-hydraulics. In 
PWRs, these two aspects are inseparable. Neutron dynamics affect heat generation, which affects coolant conditions, 
which affect reactivity. A Hopf bifurcation in this coupled system cannot be analyzed from a purely neutronic or 
purely thermal-hydraulic perspective. Instead, it emerges from their nonlinear interplay. This makes predicting and 
preventing Hopf bifurcations computationally challenging, requiring sophisticated nonlinear dynamic models, bi-
furcation analysis tools, and simulations that capture the full feedback structure of the reactor. 

Finally, Hopf bifurcations matter in the broader context of nuclear safety philosophy. The principle of defense-
in-depth requires multiple layers of safety to prevent accidents, mitigate consequences, and protect the public. How-
ever, Hopf bifurcations represent an internal, systemic instability rather than an external initiating event. This means 
they challenge safety at a fundamental level, making it harder to defend against them using traditional layered 
barriers. If oscillations become large, they may stress components in ways not accounted for in design-basis acci-
dents, potentially invalidating assumptions in safety analysis reports. 

Hopf bifurcations are problematic in pressurized water nuclear reactors because they represent a transition from 
stable equilibrium to self-sustained oscillations, undermining reactor stability, safety, and controllability. They lead 
to persistent power oscillations, amplify thermal-hydraulic instabilities, compromise control systems, and challenge 
conventional safety analysis approaches. They are difficult to detect, sensitive to parameter changes, and dangerous 
if left unaddressed. Most importantly, they emerge from the inherent nonlinear coupling between neutronics and 
thermal-hydraulics, which lies at the heart of reactor operation. For all these reasons, avoiding Hopf bifurcations 
and ensuring sufficient margin from oscillatory instabilities remain critical priorities in the design, operation, and 
analysis of pressurized water reactors. 

The use of the tanh activation factor eliminates the Hopf bifurcation point, validating the hypothesis in Sridhar 
[23]. 

For the MNLMPC c0 is the control parameter, and ∑ 𝑝𝑝𝑝𝑝(𝑡𝑡𝑖𝑖)
𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

,∑ 𝑐𝑐𝑐𝑐(𝑡𝑡𝑖𝑖)
𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

 were maximized individually, 
and each of them led to values of 10 and 9.88007. 

The overall optimal control problem will involve the minimization of (∑ 𝑝𝑝𝑝𝑝(𝑡𝑡𝑖𝑖) − 10𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

)2 + (∑ 𝑐𝑐𝑐𝑐(𝑡𝑡𝑖𝑖)
𝑡𝑡𝑖𝑖=𝑡𝑡𝑓𝑓
𝑡𝑡𝑖𝑖=0

−
9.0887)2 was minimized subject to the equations governing the model. This led to a value of zero (the Utopia 
point). The MNLMPC value of the control variable, c0 was 0.02688. The branch and limit points cause the 
MNLMPC calculations to attain the Utopia solution, validating the analysis of Sridhar [28]. The MNLMPC profiles 
are shown in Figs 4-7. 

 
Figure 4. MNLMPC (pv, cv profiles). 
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Figure 5. MNLMPC (uv profile). 

 
Figure 6. MNLMPC (wv profile). 

 
Figure 7. MNLMPC (c0 profile). 
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6. Conclusions 
Bifurcation analysis and multiobjective nonlinear control (MNLMPC) studies on the pressurized water nuclear re-
actor model. The bifurcation analysis revealed the existence of Hopf bifurcation points, limit points, and branch 
points. The Hopf bifurcation point, which causes an unwanted limit cycle, is eliminated using an activation factor 
involving the tanh function.  The limit and branch points (which cause multiple steady-state solutions from a sin-
gular point) are very beneficial because they enable the Multiobjective nonlinear model predictive control calcula-
tions to converge to the Utopia point (the best possible solution) in the models. A combination of bifurcation analysis 
and Multiobjective Nonlinear Model Predictive Control (MNLMPC) for the pressurized water nuclear reactor model 
is the main contribution of this paper. 
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