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1. Introduction

Abstract

This study quantifies risk and mitigates hedging ambiguity in incomplete multi-
asset financial markets using Local Risk Minimization (LRM) strategies. In such
markets, the absence of unique asset price distributions requires robust methodolo-
gies to assess residual risk. This work focuses on the difficulties that arise from the
multiplicity of equivalent martingale measures, which creates a set of arbitrage-free
valuations rather than a single price. The study emphasizes the need for risk man-
agement tools that adhere to no-arbitrage principles, are computationally efficient,
and can reliably estimate residual risk. Specifically, extend a single-dimensional
risk model to a multi-asset framework by employing Local Risk Minimization
(LRM) strategies. This approach is used to develop an uncertainty quantification
model for incomplete multi-asset markets that explicitly includes stochastic jump
processes. This allows for a more comprehensive analysis of hedging and managing
the unhedgeable risks that arise from market frictions and sudden price jumps, ul-
timately providing a more robust methodology for handling financial derivatives.
This is formally connected to the Follomer-Schweizer (FS) decomposition, which
expresses a contingent claim as an initial endowment, a hedged component, and an
unhedgeable martingale, thus defining the optimal trading strategy. The findings
show that LRM significantly reduces the diffusion risk, but a quantifiable residual
jump risk persists, underscoring the need for a framework that explicitly manages
these sudden market movements in derivative instruments.

Keywords

Uncertainty quantification; Locally Risk-Minimizing (LRM) strategies; Poisson pro-
cess; Stochastic differential equation; Jump process; Multiple assets

Portfolio management relies heavily on decision-making tools to quantify uncertainties such as price fluctuations and
market liquidity, ultimately forming efficient portfolio strategies. Much research has explored portfolio selection,
often using metrics such as return variance, risk minimization, or utility maximization [1]. Portfolio liquidation, the
process of converting assets into cash (e.g., through buy/sell orders), raises critical financial questions. Investors seek
to determine a profitable trading price at a given time t, predict the optimal liquidation time, and understand the
dynamics of bid-ask spreads, even over short periods [2].

Although one-dimensional financial models, such as locally risk minimizing strategies and many others, have been
studied on single asset buy/sell orders Ekstrom [3], Zheng [4], and Miiller [5], there is a consensus among all these
authors recognizing that multi-asset scenarios come with significant challenges. Chen and Dai [6] explored optimal
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strategies for multi-asset portfolios with correlated risks, while Altarovici et al. [7] examined optimal policies and
asymptotics for multiple risky assets with small fixed transaction costs. They suggested that the logical next step is
to formulate and analyse multidimensional stochastic volatility (n = 2) for portfolios of multiple assets.

The question is: Can we extend a single-dimensional risk model in a financial market to the scenario where the
investor is interested in taking part in multiple markets for the same portfolio? This work sketches a multidimensional
framework supported by locally risk-minimizing strategies as a base, in the process of quantifying uncertainty in
multi-dimensional financial derivatives.

The absence of a unique asset price distribution in incomplete markets underscores the need for effective methods
to assess residual risk and ambiguity. This requirement has spurred considerable research, with contributions from
authors such as Akerlof [8], Jaschke [9], and Kallsen [10], who have investigated topics including market complete-
ness, the theory of coherent risk measures, and utility-based valuation. A central difficulty in asset valuation within
incomplete market frameworks, as indicated by Foldes [11], lies in the existence of a family of equivalent martingale
measures Q under a given probability measure P. Consequently, a set F of arbitrage-free valuations Eqy[DX]
arises for a given claim X. The challenge of identifying a single measure Q € F to determine a unique price remains
a significant area of inquiry. Effective risk and uncertainty management in multi-asset incomplete markets demands
methodologies possessing three key attributes: consistency with no-arbitrage principles, computational feasibility,
and the capacity to reliably estimate the residual risk and ambiguity inherent in derivative instruments.

Uncertainty in financial markets can arise due to several factors. These include:

* Insufficient span of tradable assets (e.g., stochastic volatility, jump processes in one or more assets)

*  Market frictions (e.g., transaction costs, which may vary across assets)

*  Ambiguity, also known as Knightian uncertainty [12] (which can affect the perceived dynamics of multiple

assets)

This study expands on the work of Nangolo and Batogna [13] that originated from Paulsen et al. [14] by developing
an uncertainty quantifier model adapted for a multi-asset framework. We employ Local Risk Minimization (LRM)
strategies, a well-established derivative hedging method (contingent claims), to create an LRM distribution measure
that helps quantify uncertainty in financial derivatives within an incomplete market framework involving multiple
assets S, = (S2,S?,...,SM)T. Specifically, we utilize the LRM strategy & = (8,8, ...,&") where & represents the
holdings in asset i. This multi-asset LRM framework is constructed to analyse the residual risk and ambiguity asso-
ciated with hedging contingent claims in the presence of a stochastic jump process and multiple assets and multiple
sources of uncertainty.

2. Literature Review

In 1969, Merton's [2] paper laid the cornerstone for dynamic portfolio selection under uncertainty; since then, the
field has seen significant advancements. Although Merton's model assumed constant parameters and a relatively
simple market structure, subsequent research has addressed these limitations [15]. One key area of improvement is
the incorporation of time-varying parameters, recognizing that expected returns, volatilities, and correlations are not
constant over time [16]. Models now utilize techniques such as filtering and regime-switching to capture these dy-
namics, leading to more realistic portfolio strategies [17, 18]. Other enhancements involve more complex market
frictions, such as transaction costs, liquidity constraints, and market impact. These frictions can significantly affect
optimal portfolios, particularly for investors with high turnover or large positions. Researchers have developed mod-
els that explicitly incorporate these costs, often employing sophisticated optimization algorithms [18, 19].

Furthermore, behavioural finance has challenged the assumption of purely rational investors [20]. Models now
consider behavioural biases such as loss aversion, herding, and overconfidence, recognizing that these can influence
investment decisions. This has led to the development of behavioural portfolio choice models that attempt to capture
these deviations from rationality [21, 22]. The development of robust portfolio optimization methods addresses the
uncertainty surrounding model parameters. These methods aim to create portfolios that perform well in a range of
possible parameter values, providing a degree of robustness against model misspecification [21, 23]. The increasing
availability of high-frequency data and advancements in computational power have enabled the development of more
complex dynamic portfolio strategies. Techniques like reinforcement learning and stochastic control are being ap-
plied to create algorithms that can adapt to changing market conditions in real time [24-26]. Although Merton's work
provided the initial framework, these more recent developments have significantly enhanced the realism and applica-
bility of dynamic portfolio selection models and uncertainty quantification.
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The study of Lamberton et al. [27] introduces a new method for pricing and hedging contingent claims in incom-
plete discrete-time markets with transaction costs. However, previous research falls into four categories: (1) charac-
terizing arbitrage-free models with transaction costs; (2) pricing and hedging using exactly replicating self-financing
strategies (which are often impossible in incomplete markets and can be unnecessarily expensive); (3) super-replica-
tion, which dominates the payoff (but can lead to excessively high prices); and (4) preference-based pricing using
utility functions. Their paper's approach aligns somewhat with the fourth category but differs in its methodology.
Like some previous work, it avoids the constraint of self-financing strategies. Instead of exact replication, it uses a
local risk-minimization criterion, specifically a local quadratic risk measure, similar to Schweizer's [28] work in
frictionless markets. Mercurio / Varst [29] applied this to transaction cost models, used restrictive assumptions, and
lacked rigorous proofs. The key contributions of the paper are: (1) proving the existence of a locally risk-minimizing
strategy for any square-integrable contingent claim (given certain assumptions); and (2) providing an economic in-
terpretation of this strategy in the context of a frictionless market.

Although quadratic risk-minimization treats upside and downside risks equally, it offers advantages. Its mathemat-
ical tractability allows for computable formulas in some cases. Theoretically, it offers a method for selecting a pricing
measure. Practically, it can generate hedging strategies with lower initial costs and relatively small replicating errors
compared to super-replication, as demonstrated by [29].

Studies such as Antonopoulou et al. [30] introduce a multidimensional stochastic Stefan financial model for a
portfolio of assets. The model describes the liquidation process of a portfolio through buy or sell orders, considering
price volatility. Mathematically, this is made as an n-dimensional outer-parabolic Stefan problem with noise, where
the moving boundary represents areas of zero trading. This model is used as a tool for investors to determine optimal
liquidation times, considering factors such as expected returns and risk. It helps quantify uncertainty in prices and
market liquidity [5]. Zheng [4] in his PhD study, discussed Stefan problems in finance, highlighting the novelty of
this multi-dimensional stochastic approach. He acknowledges open problems related to well-posedness and regularity
of the full stochastic model, as well as the rigorous derivation of stochastic boundary dynamics. Nevertheless, Anto-
nopoulou et al. [30] provide numerical solutions for the approximation of these systems.

In 2023, Wutte [31] in his PhD thesis investigates the application of deep learning in finance, focusing on uncer-
tainty quantification and dynamic decision making. Addressing the shift towards over-parametrized models, the the-
sis emphasizes macroscopic interpretability [32], moving beyond traditional parameter-centric analysis. Characteriz-
ing the generalization behavior of wide, randomized neural networks (WRNNSs) with ReLU activation, Wutte links
them to spline regression. The thesis explores deep learning for dynamic financial decision-making, particularly de-
rivative pricing and portfolio optimization, contrasting various algorithms suitable for complex market settings with
non-Markovian dynamics and transaction costs [33-35]. Applications include pricing multivariate passport options,
a challenging control problem in which deep learning strategies recover known optimal solutions in simpler cases
and provide novel solutions in higher dimensions [32], and gas storage optimization, where deep learning-based
trading with storage constraints outperforms existing methods [36]. Addressing the core deep learning challenges,
the thesis examines uncertainty quantification, overfitting, and overconfidence, discussing regularization techniques
for mitigation [37-39]. Furthermore, Mazin [40] explores robust portfolio optimization in order to find strategies that
are resilient to market volatility [41]. Wutte's work contributes to the advancement of deep learning in finance, par-
ticularly for complex problems involving uncertainty and dynamic decision making, building on foundational work
in continuous-time finance [42], portfolio management [43-45], behavioural finance [46, 47], and robust optimization
[48]. It aligns with broader research on applying deep learning to computationally intensive financial problems [49].

Lien et al. [50] address the persistent challenge of accurately predicting stock price movements, a task made diffi-
cult by the inherent noise and uncertainty characteristic of financial markets. Traditional predictive models often fail
due to their inadequate handling of these uncertainties [S1, 52]. Lien et al. [50] distinguish between two fundamental
types of uncertainty: aleatoric and model. Aleatoric uncertainty, also known as statistical uncertainty, represents the
inherent randomness of market behavior, where similar historical price trajectories can diverge in their future out-
comes [53]. In contrast, the uncertainty of the model is due to the limitations of the predictive model itself, including
its architectural structure and parameterization [54]. Lien et al. [50] propose a novel methodology that centres on
transforming aleatoric uncertainty into a quantifiable form of model uncertainty, which was achieved by identifying
and subsequently removing instances of “noisy labels” from the training data [55]. By excluding these ambiguous
examples, the aleatoric uncertainty is recast as a model.

Uncertainty, as the model is no longer trained on these inherently unpredictable instances. Furthermore, recent
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advances in noisy label learning, such as [56, 57], could be integrated to further refine the identification and removal
of noisy labels. A Bayesian neural network architecture is employed to quantify the resulting model uncertainty [58,
59]. This network, which comprises multiple branches of varying depths, generates a distribution of potential predic-
tions rather than a single-point estimate. The variance within this predictive distribution serves as a proxy for the
level of model uncertainty [60]. A higher variance suggests greater uncertainty, indicating that the input data is likely
dissimilar to the data on which the model was trained [61].

However, recent improvements in Bayesian neural networks, such as [62, 63], could be explored to improve the
accuracy and efficiency of uncertainty quantification. For example, incorporating techniques such as Monte Carlo
dropout [59] or utilizing more flexible variational inference approaches [64] could lead to more robust uncertainty
estimates. The primary contributions of Lien et al., [50] work are threefold: (1) the development of an uncertainty-
aware prediction framework, which provides not only a prediction of price movement but also a measure of confi-
dence associated with that prediction; (2) a novel method for transforming aleatoric uncertainty into a quantifiable
form of model uncertainty through the removal of noisy labels; and (3) the application of a Bayesian neural network
to estimate the distribution of potential outcomes, thus enabling the quantification of model uncertainty. Experimental
evaluations conducted on benchmark datasets [65, 66] and a custom curated dataset demonstrate that the Lien et al.
[49] model achieves greater predictive precision when it exhibits greater certainty in its predictions. The performance
of the model is compared against several baseline models, including traditional technical analysis strategies [67] and
state-of-the-art neural network architectures [68, 69], highlighting the advantages of the uncertainty-aware approach.
Furthermore, Lien et al. [50] explore various methods to quantify uncertainty, specifically variance [70] and predic-
tive entropy [71], and analyse the impact of the removal of noisy labels on overall prediction accuracy. The results
suggest that explicitly considering uncertainty significantly improves the prediction of stock price movements, par-
ticularly in scenarios where the model exhibits high confidence. Finally, they propose that future research directions
could include investigating the application of graph neural networks for incorporating interstock relationships, or
attention mechanisms for capturing temporal dependencies, to further enhance predictive performance.

Esener et al. [72] contribute to the evolving field of portfolio risk management by exploring the use of Bayesian
neural networks (BNN) to quantify the uncertainty of portfolio return. This builds on a rich history of research in
dynamic portfolio selection, starting with foundational work like Merton [2], which established the continuous-time
framework. Over time, the field has progressed to incorporate more realistic market complexities. Early advances
focused on time-varying parameters [73] and [17] and market frictions [74-76]. Behavioural finance perspectives [22]
and [21] also gained prominence, challenging the assumption of purely rational investors. Robust portfolio optimi-
zation [20, 23] offered tools to manage model uncertainty. More recently, the availability of high-frequency data and
computational power has spurred the development of advanced techniques like reinforcement learning [24, 16, 25].
Esener et al. [72] leveraged the power of BNNs for density estimation, a crucial aspect of risk management. This
connects to a broader trend of applying deep learning in finance. Recent research has explored various deep learning
architectures for financial forecasting and risk assessment. For example, Sirignano [77] and Na [78] provide an over-
view of deep learning for financial engineering, including portfolio optimization. Chen et al. [79] utilize deep rein-
forcement learning for portfolio management with transaction costs. Furthermore, the use of BNNs specifically for
risk management has attracted increased attention. More recent studies have explored BNNs to estimate value-at-risk
(VaR) and expected shortfall (ES), demonstrating their potential to capture tail risk [80-82].

3. Methodology
3.1 Multiple Underline Assets

Consider a frictionless financial market in the probability space (€, F, P)equipped with a filter Q = {F;}¢[orjand a
probability measure P.LetT > Obe a finite time horizon. We consider a market with n + 1 assets: one risk-free
asset (bond) B = {B}e[o1jand n risky assets (stocks) Z = {Zi}te[o 1), Where Zy = (Z{,Z¢, ..., Z}). Asset prices
depend on the state of the market, described by an irreducible continuous-time Markov chain X = {X;};¢[or] Witha
finite state space. We assume that the dynamics of X can be represented as a stochastic integral with respect to a
Poisson random measure. The risk-free asset B evolves as:

dB, = B(X,)B,dt — A(X,)E[e* — 1]dt, (1)
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where B(X.) is the instantaneous interest rate, which depends on the state of the Markov chain X,. We assume
By = 1. The term e" — 1 represents a jump process, where e —1 =0 or u= 0 ifthere is no jump. E denotes
the expectation, making the jump component deterministic. u represents a random variable (or vector of random
variables in the multi-asset case) with an arbitrary distribution. A(X,) is the intensity of the Poisson process, also
dependent on the state of X;.

The dynamics of the i-th risky asset Z! are given by the equation:
dZi = Zew(X)dt + Zio; (X )dW, + (e — 1N, 2

where p;(X,) is the appreciation rate, o;(X,) is the volatility, and W' is a standard Brownian motion. N, is a
Poisson process with intensity A(X,), independent of Brownian motions W'. The jumps (e“i — 1) are associated
with the i-th asset. In the multi-asset case, u = (u,uy, ..., u,) can be a vector of random variables, allowing for
correlated jumps.

Let Si = % denote the discounted price of the i-th risky asset. Applying [t0's lemma, we can derive the dynamics
) t
of S

— . , Z
dSi = S{(m (X)) — B(Xp))dt + S{o; (X )dW; + (e* — 1)dN, — A(X,)E[e* — 1] B—tdt
t

Let p; = pj(Xe) — B(Xy). Then:
ds;' = p;Sidt + c-sgdwg' + (e% — 1)dN, — A(X,)E[e* — 1]S}dt (3)
= [pi = A(Xp)E[e* — 11]Sidt + o;StdW] + (¥ — 1)dN, 4)

Let Mi = fot o; SLAWI + fot(eui —1)dNg and Al = f [pi — A(X)E[e* — 1]]Sids . Then, the discounted asset
price can be decomposed as:
St=5S5+ M+ AL )

It can be shown that:

1. Al is a predictable process.

2. M! is a square-integrable martingale, only under the following conditions:

*  Boundedness: Assume that the volatility process o;(X,) and the discounted asset price process Si are
bounded. This often arises naturally from financial models, where prices cannot explode to infinity.

e Jump Size: The jump sizes e" — 1 should have finite second moments, i.e., E[e" — 1] < oo. This means
that the jumps, while random, are not so wild that their squared size has infinite expectation.

e Intensity: The Poisson process intensity A(X,) should be such that its expected integral over time is finite:

) OT E[A(Xs)]ds < oo. This ensures that the expected number of jumps is well controlled.

*  Independence: Crucially, we need the jump sizes (e%i — 1) to be independent of the filtration F, (the in-
formation available up to time s) and independent of the Poisson process N;. This allows us to separate the
jump size from the timing of the jumps in our calculations.

Integrability for Stochastic Integral: To ensure that the stochastic integral | ot 0; SLAW! is a martingale, we
need the Novikov condition or a similar condition. A common one is:

. fOT E [(01815)2] ds < This essentially requires that the volatility and discounted price process are not “too

large” in a way that would make the integral misbehave.

*  Conditions on the Markov Chain: The Markov chain X; needs to have properties that ensure it is well-

behaved. This might involve conditions on its transition probabilities or its generator.

These conditions are necessary Martingale Property and Square Integrability [82] i.e. (1) if o; and S' are
bounded, it helps control the growth of the stochastic integral, ensuring its expectation is finite, (2) the independence
of jump sizes and the Poisson process is essential for the conditional expectation calculations to work out correctly,
(3) the intensity condition keeps the expected number of jumps finite, which is crucial for the martingale property,
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and (3) the conditions on the second moments of jump sizes and the integrability of o;S' are directly needed to show
that the expectation of the square of M is finite.

3.2 Locally Risk-Minimizing (LRM) Strategies for Multi-assets

For multiple underlying assets, the decomposition of the asset price process will be similar, but with some key dif-
ferences to account for the vector nature of the assets and the potential for correlated jumps. Let us denote the vector
of asset prices as:

Sy = (St S2, ..., sMT
where n is the number of assets. If we express the dynamics of each asset S} as:
dsi = (X)) — Bi(X))Sidt — A(XDE (e — Ddt + 0;(X)S{AW/ + (e — D)dN{ (6)

where p;(Xp) is the expected rate of return of asset i, B(X.) is some cost or dividend rate A;(X.) is the jump
intensity for asset i, u; is the jump size for asset i (jumps are assumed to occur at the same time for all assets, but
the jump sizes can be different), o;(X,) is the volatility of asset i. W{ is a Brownian motion that drives the contin-
uous part of the price process for the asset i (in general, the Brownian motions W, can be correlated). Ni is a
counting process that represents the number of jumps for the asset i, and assumes a common jump process N, that
affects all assets i.e., dN} = dN,. This means that all assets jump simultaneously, but with different magnitudes.
Rewriting the stochastic dynamics equation in vector notation, we have:

ds, = diag(S,) (n(X,) — B(X,))dt — diag(S)AX)E (e* — 1)dt + diag(S)Z(X)dW, + (e* — AN,  (7)

where S; is the vector of asset prices, u(X,) is the vector of expected returns, B(X.) is the vector of costs or
dividends, A(X,) is the vector of jump intensities, u is the vector of jump sizes, Z(X.) is the volatility matrix (co-
variance matrix of the Brownian motions). W; is the vector of correlated Brownian motions, e and 1 are vectors
where exponentiation and subtraction are element-wise, diag(S;) is a diagonal matrix with the elements of S; on
the diagonal. Hence the martingale and finite variation processes can be expressed as:

M, = [} diag(SOE(X)dW, + [, (e* — 1)dN; @®
And

A, = [, diag(S)(n(Xs) = BUXS) — AX)E(e" — 1))ds ©
and the decomposition for the vector of asset prices becomes,

S =Sy + M, + A, (10)

If we assume the market is frictionless, the portfolio is self-financed, and the jump process has a compound Poisson
in the natural risk measure Q, then we can construct a portfolio trading strategy m, = (m}, w7, ..., m™)T, where ml
represents the number of units of asset i held at time t. The value of this portfolio is V; = mf S,. We want to choose
m, such that V; replicates S;, which means that V, = S;. Since we are replicating the vector S, technically we are
replicating each asset S} individually.
*  Dynamics of the Portfolio Value: Using the corresponding It6's formula and the dynamics of S; under the risk-
neutral measure, we can derive the dynamics of the portfolio value Vi:

n n
av, = d(nisi) = ) mids|
i=1

i=1
=Y m[(w — B — ME(e¥ — 1))Skdt + o;SEWY + (e — 1)SEdN, | (11)

Which can be written more compactly in matrix notation as,
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dVv, = nlds,
=7 [(n—B—2AE(e* — 1)) O S.dt + diag(S)ZdW, + (e* — 1) @ S, dN,]  (12)

where (O represents element-wise multiplication, and the other symbols have the same meaning as before, but in
vector/matrix form.
*  Hedging the Diffusion Part: The diffusion part of the asset price dynamics is driven by Brownian motions Wj.
To hedge this risk, we need to choose our portfolio weights T, such that the diffusion part of dV, matches the
diffusion part of dS;. Mathematically, this leads to the equation:

T[?da(St)Z(Xt) = diag(S,)Z(X,) (13)

where diag(S,) is a diagonal matrix with asset prices on the diagonal and X(X.) is the covariance matrix of
Brownian motions.
Solving this equation (under standard assumptions, and if X is invertible) gives us m, = I, the identity matrix.
This means 1 = 1 for all i: we should hold one unit of each asset to hedge the diffusion risk.
*  Hedging the Jump Part: Jumps, represented by dN,, introduce a significant complication. The jump part of
the portfolio dynamics is,

nl (e* — 1)dN, (14)

To perfectly hedge the jump risk, we would need other assets whose jumps are perfectly correlated with the jumps
in our assets. In a complete market, such assets would exist. However, markets with jumps are typically incomplete.
This means that we cannot perfectly hedge the jump risk with the assets that we have available. In an incomplete
market, perfect replication is impossible. The simplified strategy would ignore the jump risk. Sets m; = 1, which
means that we have one unit for each asset. This strategy perfectly replicates the continuous part of the asset price
dynamics (the part driven by Brownian motions). However, when a jump occurs, the value of our portfolio will not
match the asset prices immediately after the jump. There will be a tracking error due to the jump.

3.3 Perturbed Trading Strategy

Let us introduce a small perturbation to the trading strategy, denoted by &m, = (8n, nZ, ..., 8nP)T. This perturba-
tion represents small changes in the number of units held for each asset. The new perturbed trading strategy is m; +
Omy.

The value of the portfolio under the perturbed strategy is,

Vt + 8Vt = (T[t + Sﬂt)TSt = T[’{St + (Sﬂt)TSt = Vt + (Sﬂt)TSt (15)
which implies that the change in portfolio value due to the perturbation is
8V, = (Ve + 8V,) =V, = (8m)"S, = X1, 8miS{ (16)

this shows that the change in portfolio value is simply the sum of the changes in holdings of each asset multiplied
by the respective asset prices.
*  Dynamics of the Portfolio Value: The perturbed portfolio can be expressed as,

d(Vt + SVt) = (T[t + (ST[t)TdSt = ‘ITIdSt + (61Tt)TdSt (17)

The change in the portfolio value due to the perturbation is d(8V,). Subtracting the original portfolio value from
the perturbed portfolio value, we get:

AV, = d(V, + 8V,) — dV, = (6n,)7dS, = ¥, dnidS} (18)

Substituting the dynamics of the asset prices dS! (which include drift, diffusion, and jumps) into the equation of
d(8V,) will lead to,
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n
d(sV,) = Z Srids!
i=1

=3, &m[(w; — Bi — ME(e™ — 1))Sidt + 0;S{dW/ + (e — 1)S{dN,] (19)
This equation shows how the change in the portfolio value due to the perturbation d(8V,), is related to the under-

lying asset price dynamics.
The gain process due to the perturbation can be expressed as,

d(v), = d((STTt)TSt) (20)

Applying It6's formula with jumps to the above expression, while taking in account that both §m, and S; can be
stochastic processes, we obtain

d(8V), = d((5n)TS,) = (d(6m))' S, + (5m)TdS, + d(5m,)TdS, Q1)

The interest is in the change in value of the perturbed portion of the portfolio hence we apply Itd's formula to the
product (8m,)TS,.
If we substitute the dynamics of the asset prices dS;, (which include the drift, diffusion, and jumps) we obtain:

d(8V), = (d(61))"S, + (5 [(1— B — AE(e" — 1)) O S dt + diag(S) X d W, + (e* — 1) O S.dN,] +
d(8m,)"ds, (22)

where (O denotes element-wise multiplication. This is the general form of the gain process due to the perturbation,
accounting for both the dynamics of the portfolio and the perturbation itself, as well as the interaction between them.
We now decompose the gain process into diffusion (hedged) and jump (unhedged) components. The diffusion com-
ponent of the perturbed portfolio will be:

d(8V)sion) — (51T diag(S,)ZdW, (23)
and the unhedged part of the gains due to the jumps will be:

d(®)1™ = (8m,)T (e* — 1) O SedN, + d(5m,)"(e* — 1) O S,dN, (24)

These cannot be perfectly hedged in an incomplete market. This is the part that we want to minimize locally.
The remaining terms in the gain process are:

. (d(GTtt))TSt: This term represents the change in the value of the perturbed portfolio due to changes in the

perturbation itself, multiplied by the asset prices. This term will contribute to both the hedged and unhedged
parts.

¢ (5m)T(p— B —AE(e" — 1)) © S.dt: is the drift term that represents the expected change in portfolio value.
This term is predictable and is not directly related to hedging or jumps. We could consider it as part of the
“unhedged” portion since it is not related to the diffusion hedge.

e d(8m)TdS,: is the cross-variation term that captures the interaction between changes in the perturbation and
changes in asset prices. This term will contribute to both the hedged and unhedged parts.

To conclude the gain process of the hedged and unhedged portfolio can be express as,

d(8V) %) = (8m,)Tdiag(S,)ZdW, + (d(6m,))" S, + d(8m,) diag(S,)ZdW, 25)
And
d (V) D — (5m,)T (e* — 1) © S,dN, + (51)" (u— B — AE(e* — 1)) O S,dt

The decomposition separates the gain process into components that are related to the hedged (diffusion) risk and
the unhedged (jump) risk. The unhedged part is what we focus on when constructing a locally risk-minimizing
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strategy. We try to choose the perturbation 8, to minimize the impact of the jumps. The drift term is treated as part
of the unhedged risk since it is not related to the diffusion hedging. This decomposition is essential for defining a
suitable risk measure (e.g., based on the quadratic variation of the unhedged part) and then minimizing that risk
measure with respect to the perturbation .

3.4 Quadratic Variation

The quadratic variation of a process X, denoted by [X];, measures the accumulated squared variations of the process.
It captures the “roughness” or volatility of the path. For a jump process, the quadratic variation is primarily driven
by the jumps themselves. To calculate the quadratic variation of d(SV)Eunhedged). Let us denote the unhedged part as
U, = fot d(SV)gunhedged) . The quadratic variation of U, is denoted as [U], or [d(SV) (“nhedged)]t. The quadratic vari-
ation of the jump terms is relatively straightforward. If we recall that dN; is a counting process that is 1 when a

jump occurs and 0 otherwise. Therefore, (dN;)? = dN,. Also, the cross-variation of a jump process with a continu-
ous martingale (like the diffusion term) is zero. Now the quadratic variation due to the jump terms is:

[(8)7(e" = 1) © SedN, + d(8m)" (e* = 1) O ScdN],
= [,[(6m)T(e* — 1) O S5 + d (8T (e* — 1) O Ss)%dNg @7)
The quadratic variation of the diffusion term is:
[d(8m,)7 diag(S)ZdW,], = [, (d(8m,)" diag(Ss)Z)?ds (28)

Since the cross variation between the jump and diffusion terms is zero, and the drift term is of finite variation and
its contribution to the quadratic variation is zero, the total combine quadratic variation of the unhedged part will be:

[U]e = I (e* = 1) O Ss + A8 (e* = 1) © SJ2dN, + f (d(5m,) diag(S)D)?ds  (29)
3.5 Expected Quadratic Variation (Risk Measure)

A common risk measure is the expected quadratic variation. This requires taking the expectation of the above expres-
sion. Assuming the jump intensity is A, and given the properties of the compensated Poisson process, we have

t

E([U],) = f E[[(57,)7 (e" — 1) @ S, + d(51,)" (e* — 1) O S,1°As]ds

0
+ Jy E[(d(87,) diag(S)%)2]ds (30)

This is the expression that would then be minimized with respect to 8m; (or the dynamics of 6m;) to find the
locally risk-minimizing strategy. The minimization will depend on the specific dynamics of 8my, the model with the
jump sizes (u) and the jump intensity (A).

3.6 Cost Process

To evaluate the cost process of a dynamic portfolio due to the perturbation, we first acknowledge the change in
portfolio holdings over a small-time interval dt is given by:

d(m; + 8m;) = dm; + d(6m,) 31

which represents the change in the total portfolio. Since the interest is more in the cost of the perturbation, let us
focus on the change due to the perturbation itself d(8m,). Essential to the cost process is the transaction cost, a
common approach is proportional transaction costs. This means that the cost is proportional to the absolute value of
the change in holdings.

Let k; be the transaction cost per unit of asset i. Then, the cost of changing the holdings of asset i by d(&m;)
is:
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C; = k; * |d(6m})| (32)

Therefore, the total cost process due to the perturbation which we denote as dCt(Sﬂ), is the sum of the costs for all
assets.

dc®™ =3 k; + |d(md)| (33)

In vector notation:

dc®™ = kT|d(5m,)| (34)

where k = (ky, k5, ..., k,)T is the vector of transaction costs per unit for each asset, and the absolute value is
applied element-wise to the vector d(8m).

Proposition 1. Let S, = (S{,SZ, ..., SM)T be a vector of asset price processes, where each S! is a semi-martingale
with decomposition S} = S} + AL + M{, where Al is the finite variation part and M} is the martingale part.

Let &m = (8}, 8mZ, ..., 8T be a portfolio strategy vector, where 8. represents the number of units of asset
i held at time t. Let n(t) = (nl(t),nz(t), ...,nn(t))T be a suitable process and let 8t (E) = &m, + En(t) be a
perturbed portfolio strategy vector, where $\mathcal {E}$ is a small perturbation.

Assume:

1. For each asset i, the finite variation part Al is absolutely continuous with respect to the quadratic variation
process (M i)t of the martingale part M}. Let a} be the Radon-Nikodym derivative, i.e., dAi = a%d(M i)

2. For each asset i:

E[Lt|a;|d(w)s] < o

t
EU ot log*|t] d(7) | < <o
0

3. The covariance matrix of the martingale parts of the asset price processes, Z; = [(Mi, Mj)t], exists. We assume

that for some constant C > 0 and for all t, X% = C|x|? for all vectors x.

4. u = (pl ), uz (0, o, 1y (t))T is defined by ;(t) = alo;(t), where o;(t) is such that (dM%)2 = oZ(t)dt.
Then, under suitable regularity conditions on the processes involved (including conditions on n(t) such that the
stochastic integrals are well-defined and the limits exist), we have:

- E [ IN SHS(E)TdSS]

t—ooo

= 8n(E)TL8n(E) — 26m(E) Ty, ~P-almost surely,

for every small perturbation &, where,
t

1
p=lim-| pusds
0

tooo t

and

1 t
Y=Ilim—-| X;.ds
t-ooo 0
Proof: Let V.(E) = 8m(E)TS, be the value of the perturbed portfolio. The gain process is given by:
dv,(&) = (m, + En)TdS, + d(6m, + En)TS, + d (5w, + En)TdS,
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We focus on the first term.

n
(61, + En)TdS, = Z(zsng + £ni)ds;

=1

n
= Z(Sni +&n;)(dAL + dM})

i=1
n
= Z(esng + &nt) (oa(mi), +dm})
i=1
l = (8m; + En)T (nedt + dM,)

T T
Where ¢ = (H1(t); e Hn(t)) and M; = (M1(t); ---,Mn(t))
Consider the expected value of the integral of the gain process divided by t. It is,

1 t 1 t
?E U (&mg + SnS)TdSS] = ?E U (61 + ENYT (ugds + dMS)]
0 0

1 t 1 t
= ?E U (81 + Eng)T g ds] + ?E U (6m + Ens)TdMs]
0 0

The martingale term goes to zero as t — oo under suitable conditions. The drift term becomes,

1 t
lim—E U (8mg + Eng)Tug ds] = &m(E)T.
0

t—>o0

The quadratic variation term converges to

1 t
lim — B [ f (61, + En,) (67, + Ens)ds] — 5m(E)TE5M(E).
0

By combining the two terms, we get the desired result.

Proposition 2. Let S = (st,s2, ..., S“)T be a vector of semimartingales that satisfies the conditions of the previ-
ous proposition. Let H € L?(P) be a contingent claim { ina S-admissible trading strategy . The following state-
ments are equivalent:

(1) € is locally risk-minimizing.

(2) T is mean self-financing, and the martingale part of the cost process C(7), denoted by CM(Q), is orthogonal
to the martingale part M = (M}, M2, ..., M™)T of the semi-martingale S, that is, (CM(Z),Mi) =0 forall i =
1,2,..,n.

Proof: We provide sketches of the property proofs here.

(1) = (2): Assume that ¢ is locally risk minimizing.

Mean self-financing: Let m(E) = m + En be a perturbed strategy. The value process is Vi(E) = m,(E)TS,. The
gains are G.(&) = V(&) -V, — f; 14 (E)TdS,. The mean self-financing implies E[G(£)] = 0. Substituting and let-
ting € = 0 yields E [ fot s dSs] = 0 for all admissible 1, implying mean self-financing.

Orthogonal cost process martingale: Let C(0) be the cost process and CM(Q) its martingale part. Let M, =
(M, ...,M™)T be the martingale parts of S. We want (CM(7), M!) = 0. Consider 1, = KM, where K, is predict-
able. The perturbed cost process is  C({, €) = fot mg(E)TdS,. The change is AC = £ fot K MLdS;. Ito's formula de-

composes AC into martingale and finite variation parts. Local risk minimization implies that the first-order variation
of the risk is zero, leading to the orthogonality condition.

(2) > (1): Assume  is mean-self-financing and CM(Q) is orthogonal to M.

Local risk minimization: Consider m(€) = 1+ €. Use Ito's formula to analyze the change in portfolio value.
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The mean self-financing implies zero expected gain. The orthogonality of CM(Q) to M implies no additional un-
hedgeable risk. Thus, the risk is minimized at € = 0.

Definition 1. Follmer-Schweizer (FS) Decomposition for Multiple Assets

An F;-measurable and square-integrable random variable H admits an FS-decomposition with respect to a vec-
tor of asset price processes S = (S%,S?,...,S™)T if there exists a constant H,, an S-integrable process &> =
(EES, ks, ...,EES)T, where each &5 is an Si-integrable process, and a square-integrable martingale LFS such that
(LFS,M1) is a local martingale for each i = 1,2,...,n, where M = (M!,M?,...,M™)T is the vector of martingale
parts of the asset price processes, and

H=Hy+ &~ -9+ L%, (35)

where,
n n T
FS‘S — FS-Si — FS dsl ]
&)y ;(sl ), Z | @ oasio

3.7 Connecting FS-Decomposition and Locally Risk-Minimizing Strategy

Let ¢, = (§,Y,) represent the locally risk-minimizing strategy, where &, is the portfolio holdings and Y; is the
wealth process. Given the FS-decomposition of a contingent claim H, we can construct the locally risk-minimizing
strategy as follows:

§=¢8"
Y, =Hy+ (&% - 8) + L -85S,
= Hy+ L{S (36)
The locally risk-minimizing strategy is given by {; = (Ef S,Ho + Ll:S).
The cost process C.(0) is given by:
C(Q) = Ho + L¢%, (37)
and the value of the portfolio at time t, Vi(0), is given by:
Ve@ = Ho + (8" - $)¢ + L® (38)

The FS-decomposition expresses the contingent claim H as the sum of an initial endowment H,, a hedged com-
ponent (£FS - S)r, and an unhedgeable martingale LS. The locally risk-minimizing strategy uses the predictable
process &S from the FS-decomposition as the trading strategy. The wealth process Y, ensures that the portfolio is
self-financed. The cost process reflects the initial endowment and the unhedgeable component. The portfolio value
combines the initial endowment, the gains from trading, and the unhedgeable component. The orthogonality of LFS
with market martingales is crucial to minimize local property risks.

3.8 Malliavin Derivatives for Multiple Assets

Definition 2. Let S = (S%,52,...,S™)T be a vector of asset price processes (or more generally, a vector of random
variables) defined in a probability space (,F,P). Assume that there exists a Wiener process W =
(WL W2, ..., W™T that generates filtration F,.
(1) The set of random variables with a finite Malliavin norm is denoted by D'? and is called the Malliavin Space.
(2) Let F =f(S) be a (possibly non-smooth) function of asset price processes. The Malliavin derivative of F
with respect to the i-th component of the Wiener process at time ¢ is denoted by D;F and is defined as:

D, ;F = hmw
! -0 €

(39)

where 8.; isa “bump function”.
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The vector notation of this Malliavin derivative can be viewed as,
T
Dy iF = (D1 F,Dy5F, ..., Dy F)

and if G = g(F), where g is differentiable, then using Chain Rule,
ag

For non-smooth functions, the Malliavin derivative can be defined in a weak or generalized sense using integration
by parts.

3.9 Approximation Methods

Let S; = (St,S2,...,SMT be a vector of asset price processes. The quantity My is defined as the maximum value
that this function f(S;) achieves for t € [0, T] approximate as:

My = max f (Se)

where f is a function (e.g., portfolio value). If f(S,) represented the negative value of the portfolio, then M =

max f(Sy) would represent the maximum loss experienced by the portfolio over the period [0, T]. In contrast, if we

considered g(S,) to be the value of the portfolio itself, then max g (Sy) would indicate the maximum gain of the

portfolio over the same period, relative to its starting value at t = 0.
3.10 Quantifying Risk Uncertainty

To quantify the risk (uncertainty) associated with a financial position, local risk minimization strategies provide a
“optimal” hedging strategy, but residual risk remains due to unhedgeable factors. Malliavin calculus will assist us in
analyzing this residual risk, especially for complex pay-offs. The approximation methods discussed above will be
crucial because risk often depends on the maximum value of a process. Here are basic steps to follow:

(1) Local Risk Minimization: Let H be a contingent claim defined as,

H=Hy+ (& S)r+Lr

where & is the optimal hedging strategy, and Ly is the unhedgeable component.

(2) Quantifying Unhedgeable Risk: Lt represents the unhedgeable uncertainty. It's necessary to understand its
distribution.

(3) Malliavin Derivatives and Sensitivity Analysis: DLt measures the sensitivity of Lt to changes in the un-
derlying Wiener process.

(4) Approximating Maximum Loss/Deviation:

MaxLoss = ax (—Ly)
MaxDeviation = max |V, — Vol
Example. Consider two assets (n = 2) with prices following geometric Brownian motion with correlated jumps:
dst = SH[(py — ME(e™ — 1))dt + 0,dWE + (e“1 — 1)dNE]
dS? = SZ[(ny — A,E(e™ — 1))dt + 0,dW2 + (e¥2 — 1)dNZ]

where:
W and WZ are correlated Brownian motions with dWedW¢Z = pdt.
* N and N? are independent Poisson processes with intensities A; and A,.
u; and u, are jump sizes (random variables).
Let H = f(S1) be a contingent claim (e.g., call option): f(x) = max(x — K, 0)).
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Local Risk Minimization (Sketch)
We find € = (£1,€%) and Ly such that:
H=Hy+ & S)r+Lr
and Ly is orthogonal to the market martingales.
*  For the Hedge Diffusion Part:
af

51

1= ﬁStl_al (adjusted for correlation)

§ =0

*  Unhedgeable Jump Part (Lt):
Since Ly is orthogonal to the martingale parts of S, and assuming that u;, u,, A{, and A, are constant. Focus-
ing on minimizing jump risk, the differential of the unhedged jump component is given by:

dL, = & (e™ — 1)SEdN} + &2 (ez — 1)SEAN?

The optimal strategy to minimize jump risk is &2 = 0. With this strategy, the unhedged jump component up to
time T is:

Ly = [] € (e* — 1)SENL.

Using Malliavin calculus to analyze the sensitivity of Lt
We want to calculate the Malliavin derivative of the martingale component Lt with respect to the jump noise.
The term Ly is given by the stochastic integral:

T
Ly = f £(e™ — 1)SEdN}
0

where & is the hedging strategy, u, isa constant,and N{ is a Poisson process representing jumps related to the
first asset's price. The Malliavin derivative on Poisson space quantifies the sensitivity of a random variable to the
occurrence of jumps at specific times. Let Dg; denote the Malliavin derivative with respect to a potential jump event
attime s driven by the noise source corresponding to N{.

For a functional of a Poisson process

(o8]

Ni = z olr, <ty

k=1

given by a stochastic integral F = fot g(t)dN,, the Malliavin derivative DgF (with respect to a jump at time s <
T) is given by evaluating the integrand at time s:

T
D, ( f g(t)dzvt) = g(s)
0

This result can be formally related to the property that the Malliavin derivative of the measure dN, with respect
to a jump at time s behaves like a Dirac delta function 8(t —s). When differentiating the integral [ g(t)dNy, this
property allows us to pull the derivative inside and get [ g(t)Ds(dN,), which formally evaluates to g(s).

Applying this to our expression for Ly, we identify the integrand g(t) as &l (e“t — 1)S{. Therefore, the Malliavin
derivative of Lt with respect to a jump at time s < T (and component 1) is:

DgqLy = E(e™ —1)S;

The result Dg 4Ly represents the instantaneous change in Ly if a jump were to occur (or be added) at time s in
the process N{. It quantifies the sensitivity of Ly to a jump in the asset price at time s, weighted by the hedging
strategy and the jump size factor (e"1 — 1).
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4. Results and Discussion

Investigating the efficacy of a local risk minimization hedging strategy, in a financial market characterized by sto-
chastic volatility and jump diffusion, using a simplified two-asset model, we consider a financial market with two

assets.

S,(t) and S,(2) whose dynamics are governed by the corresponding SDEs under the risk neutral measure Q.

Simulated paths are shown in Figure 1.
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Figure 1. Asset Paths Simulation.

We consider a European call option with strike price K and maturity T, written on the asset S;(T). The payoff

of the option at maturity is:

H = (5,(T) — K)* = max(5,(T) — K, 0)

Using Python, we run a simulation to calculate the optimal LRM hedging strategy, which aims to minimize the
local risk of the hedging portfolio. The model parameters are summarized in Table 1.

We employ a local risk-minimization hedging strategy for the call option on the asset S, (t). The strategy involves
maintaining a dynamic position &;(t) in the asset S;(t). The hedge position &;(t) is determined by the “A”of the
option, which in this simplified jump diffusion model is approximated by the Black-Scholes delta, ignoring the jump
component in the delta calculation. The unhedgeable jump component is represented by the process L(T), which
represents the accumulated jump risk. L(T) is computed by the summation of the hedging position multiplied by

the jump size and the value of the asset in each time step.

Table 1. Parameter Values

Parameter Name Value in Asset 1 Value in Asset 2

Initial Asset Price S1(0)=150 S2(0)=300
Appreciation rate w=0.15 pn=0.1
Volatility 61=0.25 62=0.2
Intensity of Poisson process A1=0.1 42=0.1
Mean of jump size mi==0.1 m>=0.1

Standard Deviation of jump size Std1=0.05 Std>=0.05

Correlation between Brownian motion p=0.5
Expiration Date T=1(a year)

Number of time step
Reduced simulation for clearer plots

Strike price of the Call option

#of steps=252
#of simulations=100

K=110
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The analysis reveals that hedging significantly reduces the volatility of Asset 1, as indicated by a notable decrease
(Figure 2) in price fluctuations in the hedged portfolio compared to the unhedged position.

Asset 1 Assel 2
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Figure 2. Risk Comparison

Quantitative measures, including standard deviation or variance assessments, consistently support the conclusion
of reduced volatility in various simulated time steps. Despite this reduction, the study highlights the presence of
unhedgeable jump risk, which is quantified through the maximum loss distribution (L(T)) (Figure 3). The results
show that Asset 1 and Asset 2 exhibit similar patterns in this distribution. The hedge was applied only on Asset 1.
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Figure 3. Distribution Maximum Losses.

Risk Comparison (5td Dev) - Pertfolic

—— Hedged {5t Dev)
0 unhedged (5td Dev)
£ -~ A
-
5
& an -
=
] y
&
£ /‘_/
o
=2 .
=
5
" 20 //
10 f
J
o
0 50 100 150 200 250

Time Steps.

Figure 4. Portfolio Risk.
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A comparative analysis between hedged asset 1 and unhedged asset 2 further emphasizes the effectiveness of the
hedging strategy, revealing that asset 2 carries a higher risk profile without the protective measures in place. Further-
more, the overall portfolio, which includes both assets (Figure 4), demonstrates a clear reduction in volatility, rein-
forcing the benefits of the hedging strategy in a multi-asset context.

5. Conclusion

These findings underscore the importance of incorporating jump risk considerations into financial modelling and risk
management practices, highlighting the potential of hedging strategies to mitigate risk and enhance portfolio stability
in the presence of market jumps. Although local risk minimization has proven to be effective in addressing diffusion
risk, a comprehensive risk management framework must include the quantification and consideration of jump-related
losses.

The study suggests that alternative or complementary hedging strategies, such as those specifically designed for
jump diffusion models, or the use of jump-sensitive financial instruments, may be needed to effectively address
residual jump risk. This could improve the overall robustness of risk management practices.

Future research could delve into the integration of graph neural networks to capture the relationships between
different assets, as well as the potential use of attention mechanisms to better account for temporal dependencies in
asset prices. Such advancements may lead to improved predictive capabilities. Additionally, enhancements in Bayes-
ian neural networks, such as the implementation of Monte Carlo dropout or more flexible variational inference ap-
proaches, could yield more accurate uncertainty estimates, thereby further strengthening the framework for managing
financial risks associated with jump events.

Future work could explore graph neural networks for capturing inter-asset relationships and attention mechanisms
for temporal dependencies. Such advancements may lead to improved predictive capabilities, which, in addition to
enhanced Bayesian neural networks, with the implementation of Monte Carlo dropout or more flexible variational
inference approaches, may yield more accurate uncertainty estimates. All things further strengthen the framework for
managing financial risks associated with jump events.
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