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Abstract

Linear algebra serves as a foundational pillar in computer graphics programming,
providing the essential mathematical framework for representing and manipulating
geometric data in both two- and three-dimensional spaces. Vectors and matrices are
widely used to perform transformations such as translation, rotation, and scaling,
enabling the creation and control of complex visual scenes. In recent years, Lapla-
cian matrices have emerged as powerful tools within this domain, playing a critical
role in the development of sophisticated algorithms for mesh processing, surface
smoothing, deformation, and simulation. Their applications span various graphical
disciplines, including video game development, animation, and virtual reality,
where they contribute to the creation of realistic and dynamic environments. This
paper is primarily expository in nature, aiming to provide a comprehensive over-
view of the fundamental concepts and significant results associated with Laplacian

Patras 263 34, Greece. matrices. It highlights their practical importance and showcases how they are lev-

eraged to enhance visual fidelity and computational efficiency in modern computer
graphics.
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1. Introduction

Computer Graphics is the scientific field of computer-aided visualization that is based on a specific mathematical back-
ground, and it is an ever-exploring area of today's applications, which are everywhere in our daily activities.

"A picture is worth a thousand words". Video game sales and movie ticket revenues are in billions, exceeding all other
forms of entertainment in the USA alone. In addition, Hollywood film productions make extensive use of computer-gen-
erated special effects and/or post-production computer-assisted enhancements. The impact of video game technology on
entertainment drives teachers to integrate this technology into education methods and create a new field of research.

Graphic PCs are also important in areas other than entertainment. For example, it's hard to imagine a presentation at a
business meeting, an academic lecture, or even a high school student's project that doesn't contain PowerPoint slides.
Graphic PC illustrations are used daily by business executives, scientists, and ordinary employees.

Computer Graphics is not only an integral part of computer science, but it is everywhere in our daily lives. Much of
commerce and business in the developed world is conducted through online graphical interfaces, considered by many to
be the most important application of computers. Moreover, our health is monitored and controlled by electronic graphics
and imaging technologies. Graphics are also widely used in architectural and engineering systems [1, 2].

The main purpose of this paper is to explore the fundamentals of how computers use the available mathematical tools,
such as Laplacian matrices, to create images and computational photos. As the image size increases, the Laplacian matrix
expands accordingly, which can result in longer computational times for postprocessing algorithms. Therefore, implement-
ing feature reduction or dimensionality reduction is essential when one is faced with large datasets, as it helps optimize
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computational efficiency, reduce processing time, and enhance the performance of analytical and machine learning algo-
rithms [3].

In what follows, we are going to present examples of the visualization of mathematical structures by using the Laplacian
filter in edge detection of a digital image, and in image processing for tasks such as smoothing, denoising, and segmentation.
The rest of the paper is organized as follows: in Section 2, the purpose of using Laplacian matrices in computer graphics
is explored. Section 3 presents the mathematical background. The Laplacian matrix of a graph is shown in Section 4.
MATLAB examples are given in Section 5, and finally, Section 6 concludes the paper.

2. Why do we use Laplacian matrices in computer graphics?

Laplacian matrices play a role in computer graphics, serving purposes especially in image and mesh processing. They prove
to be tools for tasks like image and shape analysis, image editing, and feature extraction. Let’s explore some reasons behind
the usage of Laplacian matrices in computer graphics:

¢ Smoothing and Denoising: Laplacian matrices can smooth and remove noise from images and meshes. When the La-
placian operator is applied to an image or mesh, it effectively reduces high-frequency noise while keeping intact the
overall structure and significant features [4].

e Edge Detection: Laplacian matrices have proven to be quite handy when it comes to detecting edges in images. By
examining the zero crossings of the Laplacian, we can pinpoint where the edges or contours are located within an image.
This makes it a crucial tool in various computer vision applications [5, 6].

e Texture Synthesis: Laplacian pyramids are a technique in texture synthesis that involves using Laplacian matrices. By
adjusting the coefficients of the Laplacian pyramid at different scales, we can create lifelike textures for a range of
computer graphics purposes [7].

¢ Image Compression: Laplacian matrices can be used in image compression techniques, such as JPEG 2000. The Lapla-
cian pyramid representation allows for efficient and scalable compression of images while maintaining quality [8].

e Mesh Processing: In 3D computer graphics, Laplacian matrices are applied to triangular or polygonal mesh representa-
tions. They are used for tasks like mesh smoothing, remeshing, surface parameterization, and shape analysis [9].

¢ Image Editing: The Laplacian matrices play a vital role in various image processing methods, such as image blending
and seamless cloning. These matrices ensure that the changed parts blend harmoniously with the surrounding areas and
maintain the overall visual integrity of the image [10].

e Segmentation: Image segmentation is the process of dividing an image into unique regions or objects and can be facili-
tated by using the Laplacian matrix. By analyzing the eigenvalues and eigenvectors of the Laplacian operator, valuable
insights into the underlying structure of the image can be obtained, providing a useful tool for segmentation algorithms
[11].

¢ Gradient Estimation: Gradient information is required for various computer graphics tasks such as shading, lighting,
and surface normal calculations. To estimate these gradients, you can use the Laplacian matrix on the image or mesh
[12].

e Shape Deformation: Utilizing Laplacian deformation techniques allows for 3D shapes to maintain their local and global
elements during manipulation, a critical aspect in simulations of character animation and deformable objects [13].

In summary, Laplacian matrices provide a universal tool in the field of computer graphics. They play a vital role in
solving various problems related to image and shape processing, feature extraction, and manipulation. Due to their powerful
mathematical properties and theorems, they have become fundamental concepts in the field and provide important utility
for these tasks.

3. Mathematical background

Computer graphics heavily rely on various mathematical concepts and techniques. Linear algebra is crucial for representing
and manipulating geometric transformations, such as translation, rotation, scaling, and reflection. It involves vector and
matrix operations, including dot product, cross product, matrix multiplication, and solving linear systems. In this paper, we
are concerned with Laplacian matrices and their applications in computer-based graphing.

Laplacian matrices, also referred to as Laplacian operators or Kirchhoff matrices, are a crucial concept in both graph
theory and linear algebra. They are commonly utilized to scrutinize and explore the characteristics of networks, graphs,
and other discrete structures. In this presentation, we shall delve into the mathematical foundation behind Laplacian matri-
ces.
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3.1 Graph theory
Graphs: In graph theory, a graph is a mathematical representation of a set of nodes (vertices) and the connections (edges)

between them.
Degree of a Node: The degree of a node in a graph is the number of edges incident to that node.

Edge or link

l

«—— Vertex or node

Figure 1. Vertex/node - Edge/link.

Adjacency Matrix: An adjacency matrix is a square matrix that represents the connections between nodes in a graph. A
non-zero entry in the adjacency matrix at position (i, j ) indicates an edge between nodes i and ;.

3.2 Laplacian matrix

The Laplacian matrix of a graph G is defined as L (G) = D(G) -4 (G) , Where:
D(G) is the degree matrix of the graph, a diagonal matrix where the i-th diagonal element is the degree of node i.
A(G) is the adjacency matrix of the graph.
A normalized version of the Laplacian matrix, denoted L , is similarly defined by:
1 if i=j and d;#0

1 o . .
Ll_j(G): —W, if i and j are adjacent (1) [14].

0, otherwise

Laplacian matrices, when it comes to graph theory and linear algebra, are an essential resource that offers a deeper
understanding of the structure and characteristics of networks and graphs. Their practicality spans across a broad range of
fields, including machine learning, physics, computer science, and network analysis.

4. The Laplacian matrix of a graph
Given a simple graph G with »n vertices v,,v,,...,v,,its Laplacian matrix L, is defined element-wise as:

degree(v,), if i=j
L;=3 -1, if izj (2
0, otherwise
or equivalently by the matrix L = D— A, where D is the degree matrix and 4 is the adjacency matrix of the graph.

Since G is a simple graph, 4 only contains ls or Os and its diagonal elements are all Os .
Below, we present a simple example of a labelled, undirected graph and its Laplacian matrix [15].
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Degree matri
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aplacian matrix

2 -1 -1 0
-1 2 -1 0
-1 -1 2 -1

0 0 -1 1

Figure 2. A simple example of a labelled, undirected graph and its Laplacian matrix.

5. MATLAB examples

5.1 Example of edge detection

In the realm of computer graphics, we will showcase a MATLAB demonstration that explores Laplacian matrices. This
particular matrix is a second-order derivative filter that is utilized in the detection of edges within digital image processing.
While first-order derivative filters detect edges separately along both horizontal and vertical directions before combining
them, the Laplacian filter detects edges across the entire image simultaneously [16, 17].

» Read the image into the workspace and display it.

x=imread('cameraman.tif’);
figure;

imshow(x);

title('Input Image");

figure;

4 Figure 1 - o

File Edit View Inset Tools Desktop Window Help
DEde | M| RRAOVDRLA- S| 0E| el
Input Image

Figure 3. Input Image.

X
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» Apply the Laplacian filter to the image.
h=fspecial('laplacian’);
filtered image=imfilter(x,h);
imshow(filtered image);
title('Output of Laplacian Filter");

figure;
4| Figure 2 = o *
File Edit View Inset Tooks Desktop Window Help w
Ddde | RO LL- G088 ad

Output of Laplacian Filter

Figure 4. Output of Laplacian Filter.

h=fspecial('log");
filtered_image=imfilter(x,h);
imshow(filtered image);
title('Output of LoG Filter');

4 Figure 3 - [m] %
File Edit View Inset Tools Desktop Window Help -

g N & 2™ T, = = | m
N8 de B ARO9RAL-E 08| aDd

Output of LoG Filter

Figure 5. Output of LoG Filter.
5.2 Example of smoothing and denoising

We present another MATLAB example of Laplacian matrices in computer graphics [18-20].
Laplacian matrices are commonly used in image processing for tasks such as smoothing and denoising. To achieve these
outcomes, we can employ Laplacian matrices with the help of MATLAB as follows:

» We load an example image and convert it to grayscale if it's a color image.
% Load an example image
originallmage = imread('coins.png');
imshow(originallmage);
title('Original Image");
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% Convert the image to grayscale if it's a color image
if size(originallmage, 3) =3

originallmage = rgb2gray(originallmage);

end

% Convert the image to double precision for processing
originallmage = double(originallmage);

4 Figure 1 — O s

File Edit View Insert Tools Desktop Window Help il
EE LI EEY AR )

Original Image

Figure 6. Load an example image.

» We add Gaussian noise to the image to simulate noise.
% Add Gaussian noise to the image (simulating noise)
sigma = 20; % Adjust the noise level as needed
noisylmage = originallmage + sigma * randn(size(originallmage);

» We create a Laplacian filter using fspecial('laplacian’). We apply the Laplacian filter to the noisy image to perform
image smoothing. The result is stored in smoothedImage.
% Perform image smoothing using Laplacian filter
laplacianFilter = fspecial('laplacian');
smoothedImage = imfilter(noisylmage, laplacianFilter);

» We denoise the image by subtracting the smoothed image from the noisy image, resulting in denoisedImage.
% Denoise the image using Laplacian filtering
denoisedImage = noisylmage - smoothedImage;

» Finally, we display the noisy image, the smoothed image (smoothing result), and the denoised image (denoising result).
% Display the results
figure;
subplot(1, 3, 1);
imshow(noisylmage, []);
title('Noisy Image");

subplot(1, 3, 2);
imshow(smoothedImage, []);

title('Laplacian Smoothing');

subplot(1, 3, 3);
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imshow(denoisedImage, []);
title('Denoised Image');

% Adjust the subplot layout for better visualization
sgtitle('Image Smoothing and Denoising using Laplacian Filter");

4 Figure 2 e O X

File Edit View Insert Tools Desktop Window Help "
DEde hRARNODEL-G|0E|uD

Denoised Image

Figure 7. Display the noisy image, the smoothed image, and the denoised image.

We can adjust the sigma value to control the level of noise added to the image. Feel free to experiment with different
images and noise levels to see how the Laplacian filter can be used for smoothing and denoising.

5.3 Example of image segmentation

We can create and utilize Laplacian matrices for various image processing tasks. Another example of how to use a Lapla-
cian matrix for image segmentation in MATLAB is as follows [21].

» We load an image and convert it to grayscale.
% Load an image
originallmage = imread('yellowlily.jpg');
% Convert the image to grayscale
graylmage = rgb2gray(originallmage);

» Compute the Laplacian matrix for the grayscale image using the del2 function. The Laplacian matrix represents the
second spatial derivative and encodes the smoothness information in the image.
% Create a Laplacian matrix for image segmentation
laplacianMatrix = del2(double(graylmage));

» Define the number of clusters you want for image segmentation (in this case, numClusters = 3).
% Define the number of clusters for segmentation
numClusters = 3;

» Use the k-means clustering algorithm to segment the Laplacian matrix. The result is a vector of labels that correspond
to the clusters.
% Apply spectral clustering for image segmentation
segmentation = kmeans(laplacianMatrix(:), numClusters, 'MaxIter', 1000);

» Reshape the segmentation result to match the dimensions of the original grayscale image.
% Reshape the segmentation result to the original image dimensions
segmentation = reshape(segmentation, size(graylmage));
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» Display the original image and the segmented image.
% Display the original image
subplot(1, 2, 1);
imshow(originallmage);
title('Original Image");

% Display the segmented image
subplot(1, 2, 2);
imagesc(segmentation);
colormap(jet);

colorbar;

title('Segmented Image');

4 Figure 1 7R [m] X
File Edit View Insert Tools Desktop Window Help E

NS He | hARODEL-S|(0EH aD

Segmented Image

Original Image

200 600 1000

Figure 8. Display the original and segmented image.

We can further post-process the segmented regions using techniques like region growing, watershed segmentation, or
other image processing methods to refine the segmentation result.

6. Conclusion

The main purpose of this paper was to present new results in the field of computer graphics, using mathematical tools such
as Laplacian matrices, and to create these visualizations using computer software. We presented the example of a Laplacian
filter, which is a second-order derivative filter used in edge detection, in digital image processing. Moreover, we presented
simple MATLAB examples of using Laplacian matrices for image smoothing, denoising, and segmentation.

We assumed that most readers would already be interested in digital image processing and have no idea about the math-
ematics behind it. Furthermore, the Laplacian filter that detects edges in an image can be a useful tool in Automated Driving
and, in general, in object detection in an image.

Laplacian matrices are incredibly useful in computer graphics. They assist in solving problems related to image and
shape processing, feature extraction, and manipulation. Due to their properties and theorems, they have become a concept
in the field of computer graphics.

All in all, computer graphics is a dynamic and ever-evolving field, and new research topics may emerge as technology
advances and new challenges arise. It is always essential to stay up to date with the latest literature and attend relevant
conferences and workshops to be aware of the most recent developments in the field.
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