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1. Introduction

The finite Hilbert transform is essentially a Cauchy principal-value integral transform of a function over a finite interval.
It has important applications in solving differential equations [1], airfoil equation problems in aerodynamics [2, 3], com-
puted tomography (CT) reconstruction problems [4-8], and problems in some other engineering fields. Because of its sig-
nificance, there have been many methods developed for the computation of the finite Hilbert transform, for example, the
Gaussian-type integration method [9], the Chebyshev polynomial configuration-based method [10], the sinc function-based
method [11, 12], the intermediate function transformation-based method, and a special inequality-based algorithm [13, 14].
It can be seen that the applications and computational studies of the finite Hilbert transform are very extensive. On the
other hand, if the finite Hilbert transform of a given function is presented, how to find out the original function inversely
has also quite important applications. There are many studies on the inversion of the finite Hilbert transform. In 2004, F.
Noo et al. [15] gave a Hilbert transform method for two-dimensional image reconstruction, of which one step is to compute
the inversion of the finite Hilbert transform row-by-row. In 2005, E. Y. Sidky et al. [16] proposed an exact inversion
formula for the finite Hilbert transform that can be used to solve integral equations. In [17], by using Hardy-Principe-
Betrand polynomials, Tricomi gave the following expression for the inversion of the finite Hilbert transform on [—1, 1],

1) =—= [ -t (H'f)(x)dx+c, (1)
Vi—e2 | w(e-x)

where ¢ is a constant satisfying
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J:llf(t)dt =-7zc

From this equation, we can see that the constant ¢ is related to the function /. Thus, it cannot be used to calculate the

inversion of the finite Hilbert transform directly. To overcome this problem, Zeng et al. [18] subsequently proposed a
formula to transform the inversion of the finite Hilbert transform into the calculation of the finite Hilbert transform of a
product of two functions, which eliminates the constant ¢ in (1). This formula is presented as follows:

\/Qz - +\/q2 — oy lJQ K(Q,q,x)(HIf)(x)dx

f@)= 0 v—lo P (2)
where K (Q, ¢, x) is defined on the interval [-0, 0] :
—JO* —x*, q<|x|<Q
Qq, \/q -X —\/Q -x7, OS|x|<q 3)

otherwise,

where O > ¢ > 1. Inspired by formula (2), Yu and Du [19] proposed an algorithm that can quickly compute the inversion

of the finite Hilbert transform based on the cubic spline with better results. Since the Hilbert transform of spline wavelet
has good properties in vanishing moments, decayness and so on [20], a natural question is: can it be used to compute the
finite Hilbert transform of a signal to get better results? This paper gives a positive answer to this question. Compared with
the results in [19], the method in this paper has improved the computational accuracy, especially in the infinite norm
absolute error.

The structure of this paper is as follows: Section 2 describes the main idea and methods to compute the inversion of the
finite Hilbert transform; Section 3 gives the specific algorithmic flow; Section 4 gives the corresponding numerical exper-
iments and the conclusion is drawn in Section 5.

2. Problem statements and idea explanation

In this section, we are going to describe how to compute the inversion of the finite Hilbert transform by spline wavelet
transform. First, we give the definition of the finite Hilbert transform of a function f:

g(x) =%p.v.ra§(f);)dy . 4)

When the integration interval in Eq. (4) is changed from (-a,a) to (—11), this special case is known as the wing

equation and is sometimes called the Tricomi transform, that is,

.1 (x) =L poef! m [ L0y &df]

ﬂ.s_)OJr 1 x—t xte x —f

For the convenience of readers, this paper will focus on the calculation of f according to the information of H, f (x) .To
this end, let’s first go back to Eq. (2), which shows that the inversion of the finite Hilbert transform can be viewed as a
finite Hilbert transform of the product of K (Q,¢,x) and (H, f )(x) over the interval [—Q, Q] .When 9 and QO are de-

termined, we can express K (Q,q,X) clearly in terms of Eq. (3). Since the finite Hilbert transform of a given function

H,f (x ) is known, we can see from Eq. (2) that the inversion of H, f (x ) is exactly the product of the finite Hilbert trans-

form of K(Q,q,x) (H,f)(x) with the expression (\/Q2 -1 +\/q2 -1 )/(Q2 -9 ) . In this way, the computation of the

inversion of the finite Hilbert transform is transformed into computing the finite Hilbert transform of the product function
K (Q, q,x ) (H,f) (x ) . Therefore, the key to quickly computing the inversion of the finite Hilbert transform is to get a fast
algorithm to compute the finite Hilbert transform of known functions, which is the next part of this paper.
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Before we move to the algorithm description, we first turn to the selection of @, ¢ in Eq. (2). There is only one constraint
on O,q thatis, @>¢ =1, thus the choice of O and ¢ is highly subjective. Since the interval of the finite Hilbert

transform of a given function is (=1,1), in this paper we take ¢ =1, which gives O >1. We choose O =1.1,1.2,1.25

and 1.5 to calculate the corresponding results respectively. The results show that the calculation accuracy is the best when
Q=12 Thus, in this paper ¢ =1, 0 =1.2 is chosen to compute the inversion of the finite Hilbert transform of a given
function. By the fact that when calculating the inversion we want to use the interval on [-1.2,1.2] to invert the values of
n points on the interval (=1,1), it is necessary to extend the intervals [~1.2,—1] and [1,1.2]. Let’s assume that the

extension on each interval cost 7 points respectively. The main ideas of the proposed algorithm are briefly described
below.

For any discrete sequence { f [n]} , the discrete Hilbert transform [21] is defined by:

_1 & fm]

T N —M

m#n

H, f[n]

For the convenience of representation, we write X[7]=x[-n] and
v o |x[pl, n=2p,
x[n]=
0, n=2p+1.

Lemma 2.1 (Fast biorthogonal wavelet transform) [22]
Decomposition:

aj+1[p]:aj *}7[217]’
dj+1[p]:aj *g[zp]

Reconstruction:
a,,[p]=ajx i pl+daxglp]

The terms 4;,, and d,,, are the scale and wavelet coefficients, respectively, / is a low-pass filter, & is a high-

pass filter, /; is a dual low-pass filter and £ is a dual high-pass filter.
Lemma 2.2 The convolution of two vectors ¢ and d is commutative with the discrete Hilbert transform, that is,

H, (c*d)[n] :(HDc*d)[n]z(c*HDd)[n]

Proof. This can be achieved directly from the commutative law of the convolution.

Theorem 2.3
Decomposition:
Hya;[p)=Hya; *h[2p] (5)
Hpd;,\[p]=Hpa; *g[2p] (6)
Reconstruction:
Hya,u[p)=Hy ajax B pl+ Hy d jox gl p) ™

Proof. Combining Lemma 2.1 with Lemma 2.2, we have
HD“/H[F] = Hz)a_,' * ]’_1[2P]a
Hyd,,[p]l=Hpa; *g[2p],

and
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Hya,,[pl=Hpyapuxh[pl+ Hy d i glp]
This completes the proof of Theorem 2.3.
According to Theorem 2.3, the Hilbert transform of the given signal can be found. Since the spline wavelet is tightly
supported, the computation of the finite Hilbert transform on the interval [—Q, Q] can be transformed into the computation
of the Hilbert transform of spline wavelets, then a dot-multiplication with the discretization of coefficients

(\/Q2 -1+ \/q2 —1 )/(Q2 - qz) enables us to achieve the inversion.

For the product function K (Q,q,x)H,f(x) inEq. (2), we assume that the value of H,f(x) at 7 sample points is
known, and K ( 0, q,x) can be computed using Eq. (4) to obtain a set of vectors, denoted by 4, . Notice the initial layer
Hpa, can be obtained by using the discrete Hilbert transform on 4, . After determining the number of decomposition
layers N, using the decomposition algorithm in Theorem 2.3 to do convolution of H,a, with j and g, respectively,
we can get H,a, and H,d,. We just need to repeat this step until H,a, and H,d, are obtained. Subsequently, start-

and {Hod;}

Ha,, which is the Hilbert transform of the product function K (Q,q,x )H f (x ) in the given interval. Then we can dot-

ing from Hpa, and H,d, and iterating Eq. (7) with {H Dab,-}]ngN ey » WE can finally reconstruct

multiply the discretization of coefficients (\/ Q-1 + \/ 9 -t ) / (QZ - qz) to get the final inversion of the finite Hilbert

transform of H,f(x) .

3. Algorithm description

In this section, we are going to summarize the content in the last section and present it in an algorithmic version.
Algorithm: Fast computation of the inverse of the finite Hilbert transform based on discrete spline wavelets.
Input: Sample points {x_,- 1je N,Hz,,,} and samples {H,f(xj) jE N,,+2m} .
Output: 7 values of the inversion of the finite Hilbert transform.

(1) Determine the value of 7 . Partition the interval (—1,1) with equal space and extend both ends of the interval to obtain

sample points and samples, respectively.
(2) The function K ( 0,9, x) is calculated from the sample points and dot-multiply with the samples to obtain the discrete
version of the product function K (Q,q,x)H,f (x).

(3) Determine the number of decomposition layers N . Compute the discrete Hilbert transform of the product function
K(Q.q,x)H, f(x),denote itas H,a, and use it as the initial layer.

and {H pd j}

(4) From Ha,, iteratively compute N decompositions to obtain {H Ha j} ey

and {Hde} , itera-

1<j<N 1<j<

1<j<N

(5) Starting from H,a, and H,d, , and using the reconstruction formulae with {H pa j}

tively to yield H,a, .

(6) Take a dot multiplication of H,a, with the discrete version of coefficients (\/Q2 ~t +\/q2 -1 ) / (Q2 —qz), the

inversion of {H,f(xj ) 1jE N,Mm} is finally obtained.

4. Numerical experiment

In this section, we will give several numerical examples to show that the proposed algorithm based on spline wavelet has
good approximate accuracy, and compare it with the algorithm based on cubic spline in [19]. In Table 1, we first list several

functions and their finite Hilbert transforms, both with analytic expressions on (—1,1). Before we start the numerical

experiments, let us define the L, norm relative error as follows:
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(X1 () —u, )2
E,(u)= R

(X1 fGx)F)?

1eNy,

Similarly, the absolute error between two vectors is defined under the L, norm as:

E, (u) = max|f(x) ~u,]

Table 1. Several functions and their finite Hilbert transforms

f(x) H, f(x)
i) =x H, ()= Slog 4] -2
T l-x| =
S0 =x° H, £, = log[ 12| 2
T 1-x| =«
fi(x)=x’ H1f3(x)=x—3log1+—x—£(x2+lj
/4 1-x| = 3

ﬂ(x): [1_x2 H}ﬂ(x)z{X—vxz—lsgn(X) |x|>1,
X

otherwise.

In order to evaluate the computational speed of different methods, we record the computational time of each of the four
functions utilizing two different methods. Using the sample points as the independent variable and the logarithmic function
of the product of the L, norm error and the computational time as the dependent variable, the relationship between the
independent variable and the dependent variable of two different methods is shown in the same window in the following

figure. From this figure, it is clear that the spline wavelet method proposed in this paper has a better comprehensive behav-
ior than that of the cubic spline method established in [19].

“ime)
2
T

log(E

Figure 1. Comprehensive behavior comparison for computing the inversion of finite Hilbert transform with cubic spline
method and spline wavelet method.
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To compare these two different methods quantitatively, in the following tables we are going to present the L, norm
relative error and L, norm absolute error in computing the inversion of the finite Hilbert transform with two different
methodes, i.e., the cubic spline method established in [19] and the spline wavelet method proposed in this paper.

Table 2. E, in computing the inversion of the finite Hilbert transform of H, f,(x)

Points
512 1024 2048 4096
Method
Cubic Spline 0.006190 0.005000 0.002470 0.002644
Spline Wavelet 0.001919 0.001033 0.000549 0.000288
Table 3. E_ in computing the inversion of the finite Hilbert transform of H, f(x)
Points
512 1024 2048 4096
Method
Cubic Spline 0.016262 0.017195 0.006687 0.004852
Spline Wavelet 0.008804 0.005302 0.002890 0.001541
Table 4. E,in computing the inversion of the finite Hilbert transform of H, f,(x)
Points
512 1024 2048 4096
Method
Cubic Spline 0.010260 0.008217 0.003363 0.004038
Spline Wavelet 0.006544 0.002919 0.001454 0.000726
Table 5. £, in computing the inversion of the finite Hilbert transform of H, f,(x)
Points
512 1024 2048 4096
Method
Cubic Spline 0.017813 0.018323 0.005792 0.004345
Spline Wavelet 0.008721 0.005302 0.002925 0.001561
Table 6. E,in computing the inversion of the finite Hilbert transform of H, f;(x)
Points
512 1024 2048 4096
Method
Cubic Spline 0.007339 0.006220 0.002749 0.002806
Spline Wavelet 0.004728 0.002297 0.001158 0.000584
Table 7. E_ in computing the inversion of the finite Hilbert transform of H, f,(x)
Points
512 1024 2048 4096
Method
Cubic Spline 0.014157 0.015624 0.006518 0.003465
Spline Wavelet 0.008148 0.004840 0.002666 0.001422
Table 8. E,in computing the inversion of the finite Hilbert transform of H, f,(x)
Points
512 1024 2048 4096
Method
Cubic Spline 0.010697 0.009172 0.008899 0.009102
Spline Wavelet 0.002270 0.001474 0.000752 0.000381
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Table 9. E_ in computing the inversion of the finite Hilbert transform of H, f,(x)

Points
512 1024 2048 4096
Method
Cubic Spline 0.007240 0.006642 0.006933 0.007034
Spline Wavelet 0.008005 0.004715 0.004715 0.001296

Several plots of the inversion of the finite Hilbert transforms and the functions themselves listed in Table 1 are given
below. From these figures, it can be seen clearly that the method proposed in this paper has a really good computational

accuracy because the ©€Mal function in the dashed line and the inversion result in the blue real line generally coincide
with each other.

Figure 2. The figure of the original function f;(x), the inversion of the finite Hilbert transform /, f,(x) using the cubic
spline method, and the spline wavelet method.

Figure 3. The figure of the original function f, (x), the inversion of the finite Hilbert transform /, f, (x) using the cubic
spline method, and the spline wavelet method.
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Figure 4. The figure of the original function f; (), the inversion of the finite Hilbert transform /, f, (xx) using the cubic spline
method and the spline wavelet method.

Figure 5. The figure of the original function f, (x), the inversion of the finite Hilbert transform H, f,(x) using the cubic
spline method, and the spline wavelet method.

5. Conclusion

In this paper, the inversion of the finite Hilbert transform is realized based on the spline wavelets method. Based on the
formula developed in [18], we use a spline wavelet to approximate the integrand function, so that the inversion of the finite
Hilbert transform is transformed into a Hilbert transform of spline wavelet over a given interval, with which a fast algorithm
is developed. Finally, numerical experiments are implemented to compare the cubic spline method established in [19] and
the spline wavelet method proposed in this paper. Numerical results show that the method proposed in this paper has a
really good comprehensive behavior both qualitatively and quantitatively.
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