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1. Introduction

Abstract

The relationship between the Riccati equation and Finance has long been discussed.
The Cox-Ingersol-Ross model for the short interest rate combined with the affine
class of term-structure models for a zero-coupon price yields to the Riccati equation
in which one of the coefficients is a constant. Unfortunately, there is no general
method to find an analytic solution for the Riccati equation. Only special cases can
be considered. This paper introduces two new methods to solve the Ricatti equation
analytically, emphasizing the use of integrating factors, the connections to the Ber-
nouilli equation, and the fact that a solution only depends on at most two coeffi-
cients of the Riccati equation. One of the methods was applied to the Cox-Ingersoll-
Ross (CIR) interest rate model, demonstrating the derivation of bond prices in terms
of power series along with several graphs. Those graphs may give a sense of when
to acquire the zero-coupon bond with low risk.

Keywords

Differential Equation; Riccati Equation; Mathematical Finance; Cox-Ingersoll-Ross
Model

The scalar Riccati equation, named after the Italian mathematician Jacopo Fransesco Riccati (1676-1754) [1], is the sim-
plest first-order nonlinear differential equation. It can be expressed as follows:

y'= () + b(x)y + a(x)y’, )
where g, b, c are real valued functions, y is the unknown variable, and x is the independent variable. The Riccati equation
appears naturally in many areas of mathematics, thus, there are many ways to derive it. Riccati himself derived his equation
while working on the properties of radius of curvature in differential geometry, but we can use a more familiar method
involving the Maclaurin series. Given any first-order DE:

dy_

= f(xy)

Notice that the first order approximation of f(x,y) simply leads to a linear DE, however the second order approxima-
tion that is:

d 1(0*
fGy) ~ f(x,0) + (% (x, o>> y+ 5(% x, 0)> y?

yields to the Riccati equation:

22 a(x)y? + b(x)y + c(x).

dx
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Thus, the Riccati equation can be viewed as the second-order approximation of a general first-order differential equation.

Historically, the Riccati has played an important role in the pioneer work of D. Bernoulli about smallpox vaccination [2,
3] and also appears in many mathematical and applied problems, optimal control [4-7], physics, quantum mechanics with
the Schrodinger equation [8] and the Gross-Pitaevskii non-linear PDE [9], multiple nonuniform transmission line [10]. The
Riccati equation also plays an important role in financial mathematics [11, 12], especially when dealing with time-depend-
ent interest rate models. In the case of the Cox-Ingersoll-Ross (CIR) Interest-Rate model [12, 13], one must find time-
dependent parameters for the interest rate that ensure equality between model prices and market prices of a derivative
security, which in finance is known as calibration. Making the parameters of the interest rate model not just depend on the
volatility but also on the time in a deterministic way is essential for calibration. This has helped to overcome the problem
with the early implementations of stochastic Interest-rate models that showed a gap between the model price and the market
price of derivative securities as stocks or bonds.

The Riccati equation is directly relevant to this calibration procedure, and once closed-form solutions to the Riccati
equation that corresponds to the CIR model are found, these solutions can be utilized to find an analytical expression for
any interest rate derivative in the CIR interest rate model.

However, it is well known that there is no general way of solving analytically the Riccati equation and only special cases
are considered, assuming that a relation exists between the coefficients of the Riccati equation [8]. In this article, we dis-
cussed two new methods of solving analytically the Riccati equation and used one of the methods to provide a formula for
the interest rate and the current price of a zero-bond in terms of a power series.

This article includes six chapters.

Chapter 2 is an overview of the Bernoulli equation.

In chapter 3, we will discuss two methods to find the analytic solution of the Riccati Equation using the technique of
integrating factor.

In chapter 4, applications to finance will be given using the square root model of Cox-Ingersoll-Ross.

In chapter 5, several graphs of the logarithm of the price of a zero-coupon bond are shown, followed by a risk analysis
on when to buy a zero-coupon bond when dealing with the Cox-Ingersoll-Ross model.

Chapter 6 is dedicated to the conclusion.

2. The Bernoulli Equation

The Bernoulli Equation was first studied in 1695 by Jacob Bernoulli. Its relevance is of utmost importance to the Riccati
equation because they share a similar structure. The Bernoulli Equation of order n is a nonlinear DE of the form:

2 = pO)z+q)z" @

Notice that a Bernoulli equation of order 2 is simply a Riccati equation, where its first-degree coefficient is zero. The
Bernoulli equation is solvable by the straightforward change of variables:
w =zl
d

Notice: d—‘: =(1- n)z‘"(%)

=1 -mz"(p(O)z + q(t)z"™)
=1 -n)(p®z'" +q(1)).

Thus, we now have a linear equation and the typical method of integrating factor may be used to find z. Then use the

relationship established between z and w to find z. Using the integrating factor yu = e~ Ja=-mp®dt e can find a for-
mula in terms of w:

A = mq(Oude
u

f(l-n)q(t)udt)ﬁ

and in term of z:z = (. p

3. Analytic Solution to the Riccati Equation
3.1 Method 1

Consider the Riccati equation
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dy _
i a(®)y? + b(t)y + c(t)

In this method, we are looking for a solution in the form

1
y(©) = @g(b(t))
where g is a function of b.
From (1), we obtain

dy 2 b —
-~ a®y? = by = c(t)

dy _
<o+ (=a(Oy = b))y = c(®

Therefore % + (=g () — b(t))y = c(t).

Using the integrating factor method, if u(t) is a differentiable function given by
u(t) = e~ @OO+P®) then the general solution of (1) can be written as:

Y(£) = eJe@)b®)dt [ ¢(p)p=I(ab@)+p®)de gy
_d gb®)? [(g(b®)+b®))dt
If we choose c(t) = ” (—a(t) )e ( )
therefore, a solution of (4) is given by:
— 906@)? [(g(b®)+b(®))at
(1) = 220" I( Jar
The integrability condition
J(a@)+p®)ar _ 1
g(b@)
follows from (3) and (6).
The integrability condition (7) can be turned to the Bernoulli equation

200 — _p(e)g(b(®)) ~ g(bD)*.

Theorem 1. If

d ,g(b(t)? b b(t))d
(1) = & (A2 (s O)ow)ar

(€))

“

(&)

(6)

O]

®)

where g(b(t)) is a solution of the Bernouilli equation given above, then an analytic solution to the Riccati equation is

given by
1
y(©) = mg(b(t))

Remark 1. The Bernoulli equation (8) has the general solution:

o= J bt

9(b®) = T Trmag

i(g(b(t))z) [e=I bWty

Then cm)= - a®) o—J b(Dat
1 d 1
Example 1. If b(t) = : then c(t) = T (m)tlnt,

where g(t) = ﬁ , then the Riccati equation

dy 1 d
— = a(t)y? toy+ o (

1
dt a(t)tX(n (t))z)tln(t)

has the solution

1
y® = a(t)tin(t)

for any given a(t).

®

(10)
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3.2 Method 2

From equation (1), Z—Jt] —a(t)y? — b(t)y = c(t).

We can again use the technique of integrating factor by multiplying by b(t) in both sides of the previous equation. We
obtain

d
b(®) 2~ b(®a(D)y* — b(©)* = b(®)e(®)

d
b(©) 2 + (-b®a(®)y — by = bOC(®).

Assuming that
db(t
PO o b©a©y - by
dt
. . _ b’ (t)+b(t)?
So, a solution of (1) could be written as y = TR

Moreover, y(t) satisfies the differential equation:
DO+ DOy = b))
which yields the general solution:
y(t) = %f b(t)c(t)dt
This leads to the integrability condition:

_ b’(t)+b(t)2:L
Y OORNTO) [ b(t)c(t)dt
Therefore,
1 d b'(t) +b(t)?

b dt: b(Ha(t)

c(t) =

Theorem 2. Under the integrability condition

1 d b’ (t)+b(t)?

c(t) = ==~ (o) (11)

b(t)dt ~ b(t)a(t)
Equation (1) has the following solution:
_ b’ (t)+b(t)?

Y= T Thwew (12

Example 2. Choose b(t) =t and a(t) = t2 then c(t) =t£4 therefore the following Riccati equation

dy 2
—=t’yi+ty+—
dt yorty t2
1+t2

t3

has the following solution: y = —

4. Application to Finance, Extended Cox-Ingersoll-Ross (CIR) Interest Rate Model
4.1 Integration with CIR Model

A derivative security is a financial instrument whose value is determined by changes in the price of underlying assets. An
example of derivative security is a zero-coupon bond. A zero-coupon bond is a derivative security that does not pay interest
but will pay one unit at maturity. We are very often interested in the possible current prices or the possible current values
of the zero-coupon bond. With this knowledge, investors can acquire zero-coupon bonds with a relatively low risk.

Let t be the current time and let T be the time at which the bond reaches maturity, so T > t.

Let Pr(t) be the current price of the zero-coupon bond.

T
We can define the instantaneous forward rate f(t,T) from the formula P;(t) = e~ Jr flEwadu
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_ alnPr(t)

and then the instantaneous forward rate is given by f(¢t,T) = o

Now the short rate r(t) is the value of forward rate when the time maturity is very close to zero that is r(t) =
lim (¢, T).

We will be assuming that the short rate of interest r(t) is governed by a stochastic differential equation.
t

t
u(t,r)dt+j o(t,r)dW,

to

r(0) = r(t) + f

to
or can be written in an informal way as:
dr(t) = u(t,r)dt + o(t,r)dW,

where u(t,r) is called the drift, o(t,r) is called the volatility, and W; is the standard Brownian motion under the risk-
neutral equivalent measure (See Duffee [11]).

There are many ways to model the price P;(t) in terms of the short rate r(t): The one-factor term-structure models,
term-structure derivative, and the affine class of term-structure models.

For the one-factor term-structure models, the price Pr(t) is expressed as an expected value:

T
Pr(t) = ¢ (e e TO%)

where @ represents a Martingale measure [11].
For the term-structure models, the price of the derivative security is expressed as:

Pr(t) = EX(J] 0t )h(r(s), s)ds + Bt u)g (r(u), w))
where h(r(t),t) represents the dividends rate at any time t € [0,T] and g(r(t),t) represents the terminal payoff at

some particular time u < T and @(t,s) = e T b and g are measurable functions on R X [0, T]. When dealing
with the zero-coupon bond, h(r(t),t) = 0 therefore

Pr(t) = E2(8t, wgr(w), W) u < T.

Notice that when u =T then g(r(u),u) =1 therefore P;(t) = EtQ (@(t,T)) which corresponds to the one-factor
term structure.
In this article, we use the affine class of term-structure models for which the price has the form:

Pr(t) = eAr®O-Br®)r®) (13)
where A (t) and Br(t) are C2([0,0)).
It is well known that Py(t) = eAr®O-BrOr®) if and only if u(t,r) = B(t, 1) — a(t, r)r(t)
o(t,r) =y(@®)r(t) + 6(t) , moreover B;(t) is a solution of the Riccati equation:

dBr(t t

P10 = YO B (0)?-a()Br () =1, Br(T) =0
and Ay(t) is determined by the first order ordinary differential equation:

dAr(t 8(t

210 = BB (6) — 2 B ()2, Ar(T) =0

A proof of the previous result can be found in [11] in the case of the extended Cox-Ingersoll-Ross (CIR) model, that is
the case where the drift is defined as a linear function of r(t), however, the volatility is defined as a square root of r(t)
that is:

u(t,r) =B, r) —alt,rr(t) o(t,r) = a(t)/r(t).
The equations for A(t) and B;(t) become

B0 _ 2O g (6)2-a(®B(t) ~1,  By(T) =0 (14)
L0 = BB, Ar(1)=0 (15)

Notice that in the case where the coefficients @, and o are time-independent functions, it is very hard, indeed im-
possible to find explicit expression for the bond prices. We will be using the results from the previous section to provide
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explicit solution in term of a series for the bond price.
4.2 Derivation of the Short Interest Rate

The Ito’s lemma is the key component in the computation of the short rate since the short rate is a time-dependent function
of a stochastic process.

Lemma 1. (Tto’s Lemma) Suppose that X is a Ito process with dX(t) = u(t)dt + o(t)dW,
and let f:R?> > R be twice continuously differentiable. Then the process Y, defined by Y (t) = f(X(t),t), is also an Ito
process with:

ay(t) = o(t)dw

af X(@®),¢) of X(®),0) 12*°f(X(®),0) af X(@),¢)
( ax FOT T T g “(t)2>dt+ ox

The proof of Ito’s Lemma can be found in [11].
Let’s use the Ito’s Lemma to find a solution of the equation

dr(t) = (B(©) — a@®)r®))dt + a(t)\/r(O)dw.
Using Ito’s Lemma, since X = W satisfies the equation dX = 0.dt + 1.dW then

arw,0) = &+ Zhyde+ 2 aw
therefore
ar 161‘ (t)— (t) ¢ 16
at zaW2 ﬂ @ r( ) ( )
ar
= a(tVT. (17)

The solution of (17) is given by
1
r(®) = 7 (@@OW +S®)*

where S is a function of t.
Replacing r(t) in equation (16), we obtain

%((ZU(t)a’(t)Wz + 20’ (OWS(t) + 26()WS'(£) + 25()S'(t) + %a(t)z

= () — a(®)G (G2 W2 + 20 (OOWS(L) + S(£)2)).

A sufficient condition for the previous identity to hold is

o'(t) = - 2a(t) (18)
o' (®)S(t) + a(t)S'(t) = —a(t)a(t)S(t) (19)
S@OS'(©) +20(®)? = —a(©) XL + 2p(0) (20)
From (18),
o(t) =¢ e_fa(t)dt
From (19),
S(t) = ce f(_t)dt
From (20),
B(t) = —c Ze_fﬁdt
S0 r(t) = le_f Pt (W + ¢;)? (1)

where ¢; and c, are both arbitrary constants. c¢; # 0.
4.3 Derivation of the Bond Price

When using the affine class of term-structure models, the valuation of the zero-coupon bond price at any given time
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t depends on the short rate r(t), Ay (t) and B (t). r(t) is derived using (21), A7 (t) and By (t) are computed using
equations (14) and (15) and the integrability condition in method 1.

. _ _a(®)? _ O
From equations (1) and (14), c(t) = —1,a(t) = Tand b(t) = a(t) where o(t) =ce ' 2
2
so a(t) = %e‘f"‘(t)dt.

g(b)z fe_J.b(t)dtdt
a(t) e~/ b@®)adt

Since c(t) = %(
then a(t) is a solution of the integral equation
a?(fe "% any? = 2a)(f e

We can express [ a(t) dt in term of series.
Choose [a(®)dt =ast + a,t? + ast® + aztt + -
Then after plugging in equation (22), we obtain

—[a(t)dt dt) + 4e-Ja®at (22)

3

c?c,?—4 3c%c,2 -4 Sctey? —Sctet -4

ay=—- a, = ————— A, =
! 2c 2 4c? 3 6¢3

2 2 2

c” (—a1 + ?C(—az + %alz)) —3a (—a2 + %alz) - 2aya, — 203 +3a,°
a, =
* 8c
. e—Jb(D)dt
Since 9(b®) = F=Trmag

then a particular solution y; = $ g(b) of (14) can be written as:

2 1
yi(t) = o7 [e-Taldtg
2 1
= -

2
“ictt— a1%+ (—a2 +§a12)?+i(—a3 + a;a, —%a13) t* 4 -

@) =

We therefore can express the general solution y of (14) using B (t) = z(t) + y;(t) where z(t) is the general solu-
tion of the Bernoulli equation

% = (2a(t)y, + b(t))z + a(t)z>

then 2 = (29(b) + b())z + a(t)z?
thus, the general solution is given by
2(f e Ja®dty? o f a)dt
z(t) = _cif “Ta®dt g2 ge
12f(Je dt)2dt
after calculation, we get z(t) = 4O here

I(t)+K ’

2 1
L = —C—Z(CZ + (c?ay + 20)t + (c? (az + §a12> + 1+ cay)t?
1
1 1 2c 1
+(c? <a3 +a.a; + 8013) +c (az + Ealz) + (—ca12 +3 (—az + Ealz)))ﬁ

2 1,1, 1 . 1 5 _ 1,
+c a4+a1a3+2a2 +-a a2+24a1 + 2c a3+a1a2+6a1 +(1—-cay) a2+2a1

2
2c 1, 5 1 .\, 2 1\ a’ ,
+a; | —a; +?<—a2 +§a1 ) +Zc(—a3+a1a2—§a1 )+§(—a2 +Ea1 )+T)t + )
— 2 2, (-cay) 3 1( 2(_ Ta2)) et 4o
and L) =c*t+ct*+ St +4( a1+3( a +5a; ))t +
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where K is an arbitrary constant.

Therefore, the general solution of (15) is given by

1(t) 2 1
B = +r ez 2 Y Y
2 1 c+t—a17+(—a2+5a1 )?+(—a3+a1a2—§a1 ):+---
since Br(T)=0 therefore
L (t)
By (t) = 23
T( ) lz(t)—ll(T)%(c+T—az—1T2+(—a2+%a12)T3—3+(—a3+a1a2—%a13)’2—4+---)—ZZ(T) @3)
i 1
¢1? c+t—a1§+(—a2+%a12)§+(—a3+a1a2—%a13)%+---
) d a? —[a(®at
Since EAT(t) = B(t)B;(t) where B(t) = ol
12 1 1
B(t) = % (1—ayt+ (—a2 + Ealz) t2 + (—a3 +aja, — ga13> t3
1 1
+ (_a4 + alaz + Eazz - EalzaZ + ﬁa14) t4 + b
and A;(T) = 0, therefore
=2 FOL®
T - 2 3 4
4 - a” _%r2 (_ o2\, (= i\ )
t L) - L) . (c+T ST +( az +5a; ) 3 +( az +a,a; —a; ) Y ) I,(T)
+ 5 ———)dr (24)
‘1 c+‘r—a17+(—a2+Ea12)?+(—a3+a1a2—§a13)7+---
The price of the zero-coupon bond follows
P,(t) = eUr®©-BrOr®)
where 1(t), By (t) and Ap(t) are given respectively by (21), (23) and (24).
5. Risk Analysis for the Zero-Coupon Bond
Figure 1-25 below are the graphs of the logarithm of the price in the case where ¢; =1, ¢; = —1 and ¢ = —0.3.

The graphs are generated assuming the affine class of term-structure model for the price of the zero-bond and method 1
described in section 3.1. Figures 1-25 illustrate the logarithm of the bond prices under the CIR model. When the maturity
T =100, the data indicates that bonds present minimal risk purchases when the time t < 20, with risk increasing signifi-

cantly when t > 40.
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6. Conclusion

In this article, we were able to find an integrability condition for the Riccati equation and use it to express the price of a
zero-coupon bond in terms of a series. Future work could explore an exact solution of the equation (22) in terms of ele-
mentary functions, enhancing its utility in real-time financial modeling and derivative pricing. Also, only one of the inte-
grability conditions was considered in this article. It would be interesting to explore the second integrability condition in
order to derive an explicit value for the bond price.
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