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1. Introduction

At the corresponding points of associated curves, one of the Frenet vectors of a curve coincides with one of the Frenet
vectors of other curve. This has attracted the attention of many mathematicians. One of the well-known curves is the
Mannheim curve, where the principal normal line of a curve coincides with the binormal line of another curve at the
corresponding points of these curves. The first study of Mannheim curves has been presented by Mannheim in 1878 and
has a special position in the theory of curves (Blum, 1966). Other studies have been revealed, which introduce some
characterized properties in the Euclidean and Minkowski space (Lee, 2011; Liu & Wang, 2008; Orbay &Kasap, 2009;
Oztekin & Erglt, 2011). Liu and Wang called these new curves as Mannheim partner curves: Let x and x; be two curves
in the three dimensional Euclidean EZ. If there exists a corresponding relationship between the space curves x and x; such
that, at the corresponding points of the curves, the principal normal lines of x coincides with the binormal lines of x,
then x is called a Mannheim curve, and X, is called a Mannheim partner curve of x. The pair {X, x.} is said to be a
Mannheim pair. They showed that the curve : x; (s; ) is the Mannheim partner curve of the curve x(s) if and only if the
curvature & and the torsion 7, of x; (s; ) satisfy following equation
r'=£=ﬁ(1+/12rf)
ds, 4

for some non-zero constant A .They also study the Mannheim curves in Minkowski 3-space. The generalizations of the
Mannheim curves in the 4-dimensional spaces have been given (Matsuda & Yorozu, 2009; Akyigit, et al. 2011). Later,
Mannheim offset the ruled surfaces and dual Mannheim curves have been defined in Orbay et al.2009; Ozkald: et al.
2009; GUngd & Tosun, 2010). Apart from these, some properties of Mannheim curves have been analyzed according to
different frames such as the weakened Mannheim curves, quaternionic Mannheim curves and quaternionic Mannheim
curves of Aw(K) - type (Karacan, 2011; Okuyucu, 2013; Onder & Kiziltug, 2012; Kiziltug & Yayl, 2015). In differential
geometry, there are many important consequences and properties of curves (O’Neill, 1966; do Carmo, 1976). One of the
most significant surface curves is an asymptotic curve. A curve on a surface is classified as asymptotic if its velocity
always points in an asymptotic direction, that is, the direction in which the normal curvature is zero. Additionally, for a
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curve on a surface M to be asymptotic, its acceleration must always be tangent to M. In an asymptotic direction, the
surface is not bending away from its tangent plane, at least instantaneously. On a surface, the Gaussian curvature is
always non-positive along the asymptotic curve. Asymptotic curves on a surface have been a long-term research topic in
differential geometry (Struik ,1961; O’Neill, 1966; Klingerberg, 1978). A useful interpretation of asymptotic directions
and asymptotic curves is given by the Dupin indicatrix (Carmo, 1976). Hartman and Wintner (1951) showed that the
degree of smoothness is an important notion in the classical theory of asymptotic curves of non-positive Gaussian
curvature, which is usually left unspecified. Kitagawa (1988) proved that if M is a flat torus isometrically immersed in a
unit 3-sphere, then all asymptotic curves on M are periodic. Garcia and Sotomayor (1996) studied the simplest
qualitative properties of asymptotic curves of a surface immersed in Euclidean space. Garcia et al. 1996; studied
immersions of surfaces into E* whose nets of asymptotic curves are topologically undisturbed under small perturbations
of the immersion, which can then be described as structurally asymptotic stable. Asymptotic curves are also encountered
in astronomy, astrophysics and architectural CAD. In order to find a set of escaping orbits of stars in a stellar system, it is
necessary to find asymptotic curves of the Lyapunov orbits, because any small outward deviation from an asymptotic
orbit will lead a star to escape from the system. Most previous work on asymptotic curves has focused on how to find
such curves on a given surface. In practice, the more relevant problem is how to construct surfaces that contain a given
spatial curve as a common asymptotic curve. In recent years, fundamental research has focused on the reverse problem,
or backward analysis: given a 3D curve, how can we characterize those surfaces that possess this curve as a special curve,
rather than finding and classifying curves on analytical curved surfaces. Wang et al. 2004; studied the problem of
constructing a surface family from a given spatial geodesic. Lie et al. 2011; derived the necessary and sufficient
condition for a given curve to be the line of curvature on a surface. Kasap et al. 2008; generalized the marching-scale
functions of Wang and gave a sufficient condition for a given curve to be a geodesic on a surface. Bayram et.al. 2012;
tackled the problem of constructing surfaces passing through a given asymptotic curve. Also, Bayram et.al. 2015;
searched for a surface family possessing the natural lift of a given curve as a common asymptotic curve. They obtained
the sufficient condition for the resulting surface to be a ruled surface and present a result for developable surfaces. Atalay
and Kasap 2016; analyzed the problem of consructing a family ofsurfaces from a given some special Smarandache
curves in using the Bishop frame and Frenet frame of the curve in Euclidean 3-space. Also they analyzed the problem of
finding a surfaces family through an asymptotic curve with Cartan frame (Atalay and Kasap, 2015).

In this paper, we analyzed surfaces family possessing an Mannheim partner of a given curve as a asymptotic. Using the
Frenet frame of the curve in Euclidean 3-space, we express the family of surfaces as a linear combination of the
components of this frame, and derive the necessary and sufficient conditions for coefficents to satisfy both the
asymptotic and isoparametric requirements. The extension to ruled surfaces is also outlined. Finally, examples are given
to show the family of surfaces with common Mannheim asymptotic curve.

2. Preliminaries
Let E°be a 3-dimensional Euclidean space provided with the metric given by
(, y=dx? +dx,” +dx;’
where (X, , X, , X;) is @ rectangular coordinate system of E®. Recall that, the norm of a arbitrary vector X € E*is given

by ||X||=(X,X). Let a=a(s):l = IR—E® is an arbitrary curve of arc-length parameter s. The curve & is

called a unit speed curve if velocity vector ' of a satisfies ||| =1.Let{T(s), N(s), B(s)} be the moving Frenet frame
along «, Frenet formulas is given by

; T(s) 0 k(s) 0 )T(s)
= (s)|=|-«(s) O z(s)| N(s)|,
B(s) 0 —z(s) 0 J| B(s)

where the function & (s) and 7(s) are called the curvature and torsion of the curve & ($), respectively.
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Let C: & (s) be the Mannheim curve in E® parameterized by its arc length sand C*: & *(s *) is the Mannheim partner
curve of C with an arc length parameter s *. Denote by {T(s), N(s), B(s)} the Frenet frame field along C: & (s), that is;
T(s) is the tangent vector field, N(s) is the normal vector field, and B(s) is the binormal vector field of the curve C
respectively also denote by {T7(s), N(s), B'(s)} the Frenet frame field along C™: & * (s), that is; T'(s) is the tangent
vector field, N"(s) is the normal vector field, and B*(s) is the binormal vector field of the curve C” respectively. If there
exists one to one correspondence between the points of the space curves C and C* such that the binormal vector of C is
in the direction of the principal normal vector of the curve C*, then the (C, C*) curve couple is called Mannheim pairs
(Liu & Wang, 2008).

C C*e
[I(S)J — +— ﬂ*{-ﬂ'*}
.I " o (il *1-| |
I. I
] ;
O+

Figure 1. The Mannheim partner curves.

From the figurel, we can write ou(S) = a* (S*) +A(s*)B*(s*) .

A curve o is an asymptotic curve on the surface ¢(s,Vv) if and only if along the curve the surface normal vector field
n(s,v,) is orthogonal to the principal normal vector field N of the curve « . Equivalently, ¢ is asymptotic if and only
if n(s,v,) is parallel to the binormal vector field B. An isoparametric curve a(s) is a curve on a surface @(s,V) is that
has a constant s or v-parameter value. In other words, there exist a parameter s, or v, such that a(s)= @(S,V,) or a(v)=

¢(S,,V). Given a parametric curve a(s), we call a(s) an isoasymptotic of a surface ¢ if it is both a asymptotic and an
isoparametric curve on .

3. Surfaces with common Mannheim asymptotic curve

Suppose we are given a 3-dimensional parametric curve a(S), L <s<L,, in which s is the arc length and

loc"(s)|| % 0. Let a(s), L <s<L,, be the Mannheim partner of the given curve a(s).

Surface family that interpolates 5(5) as a common curve is given in the parametric form as

@, V) = ou(S) +[x(5, V) T(s) + Y(5, V) N(s) + 2(5,V) B(s)] , L, <s <L,, T, <v<T,, (3.1)
where X(s,V), y(s,v) and z(s,v)are C* functions. The values of the marching-scale functions X(s, V), y(s,Vv) and
z(s,v) indicate, respectively; the extension-like, flexion-like and retortion-like effects, by the point unit through the time

v, starting from «(s) and {T(s),N(s),ﬁ(s)} is the Frenet frame associated with the curve ¢(S).
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Our goal is to find the necessary and sufficient conditions for which the Mannheim partner curve of the unit space curve
a(S) is an parametric curve and an asymptotic curve on the surface go(s, V) .

Firstly, since Mannheim partner curve of the curve «(S) is an parametric curve on the surface go(s,v) , there exists a
parameter v, [T,,T,] such that

X(s,V)=Y(s:Vy)=2(5,%,)=0, L, <s<L,, T, <v, <T,. (3.2)
Secondly, since Mannheim partner curve of «/(S) is an asymptotic curve on the surface go(s, v) , there exist a parameter
V, €[T,, T, ] such that

on(s,v,)
< o T( )> (3.3)

where n is a normal vector of @ =¢(s,v) and T is anormal vector of ().

Theorem 3.1: Let «(S) , L, <s<L,, be aunit speed curve with nonvanishing curvature and «(s), L, <s<L,, bea

Mannheim partner curve. o is a asymptotic curve on the surface (3.1) if and only if
X(S: Vo) = y(s, Vo) = Z(S, Vo) =0,
0z(s,V,)
ov

=0.

Proof : Let (S) be a Mannheim partner of the curve «(S). From (3.1), ¢(S,V) parametric surface is defined by
as follows:

o(s, V) = au(S) +[X(s, V) T(S) + y(s, V) N(s) +z(s, V) B(s)] .

Let a(S) Mannheim partner curve of the curve «(S) is an parametric curve on the surface (o(s,v), there exists a
parameter V, €[T,,T,] such that,

X(s,V5)=Y(8,V)=2(5,%)=0, L <s<L,, T, <v, <T, (v, fixed) (3.4)

Secondly, since Mannheim partner curve of «(S) is an asymptotic curve on the surface go(s, V) , there exist a parameter

V, €[T,,T,] such that, from Eq. (3.3), we have
<8n(s,vo) ,'T(s)> _0
0s

The normal vector can be expressed as

n(s,v) :[az(;v,v) (ay(ass,v) +E(s)x(s,v)—?(s)z(s,v)] 5y(;V)[az(as V) L )Y, V)ﬂ (s)
OX(s,v) [ 0z(s,v)  — 0z(s,V) (’}x(s V) .
J{ o ( P + r(s)y(s,v))— Y ( p x(3)y(s, v)ﬂ N(s) (3.5)

| N1, 260 ey |- 2D VD - e || 6o
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Thus, if we let

() = 2V )(ay(s, )

+x(S)X(s,V,) — ?(s)z(s,vo)] - 8y(;\,lv0) (az(;vo) + ?(s)y(s,vo)],

ACASE ax(;\/v )(az(s % )+?(S)Y(s,v0)j—azf;’v)( ax(; Vo) _ K(3)y(s,V )j

0S

_OY(S\V) (4, OX(S,Yy) — _OX(S,Vo) [ 0y(s, Vo) | — =
ACAAE ~ (1+ P K(s)y(s,vo)j ~ ( = +x(S)X(s,V,) r(s)z(s,vo)).
We obtain
(S, Vo) = (S,V5) T(S)+ 6, (5,5 )N(S) + ¢ (S,V, ) B(S) (3.6)

We know that ¢(S) is an asymptotic curve if and only if

on(s,v,)
(T

<:><§(¢1(S,vo)'l_'(5)+¢g(S,Vo)N(5)+¢3(5’Vo)§(s)j’f(3)>:O

< —x(s)p,(s,V,)=0

where, from (3.4), we have

¢2 (S’VO)Z_%
o x(s) V)

where « is the curvature of the curve « . Since E(s) #0, L, <s<L, ,the curve o s an asymptotic curve on the
surface ¢(s,V)if and only if

0z(s,vqg)

) =0 (3.7)

Combining the conditions (3.4) and (3.7), we have found the necessary and sufficient conditions for the (o(s,v) to have

the Mannheim partner curve of the curve «(S) is an isoasymptotic.

Now let us consider other types of the marching-scale functions. In the Egn. (3.1) marching-scale functions
x(u,v),y(u,v) and z(u,v) can be choosen in two different forms:
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1) If we choose
X(S’V)=kZaik| (s)'x(v)",
y(s,v)= iazkm(s)kY(V)k ,

z(s,v):g%kn(s)kz(v)k,

then we can simply express the sufficient condition for which the curve 5(3) is an asymptotic curve on the surface
o(s,v)as

X(Vo) =Y (Vo) =2(vo) =0,

a, =0o0rn(s)=0 or

where I(s),m(s),n(s),x(v),y(v) andz(v) are C* functions, a; IR, i=12,3, j=12,..,p.
2) If we choose

(o)~ [ S x|
y(wn)=o| Zem(e)yof |
1(03)=1] Saunie) 2 |

then we can write the sufficient condition for which the curve 5(3) is an asymptotic curve on the surface go(s, V) as
X(Vo)=Y(¥)=2(%)=(0)=9(0)=h(0)=0,

(3.9)
a, =0o0rn(s)=0 or %:0 or h'(0)=0.

where 1(s), m(s), n(s), x(v), y(v), z(v), f, gandh are C* functions.
Also conditions for different types of marching-scale functions can be obtained by using the Egn. (3.4) and (3.7).
4. Ruled surfaces with common Mannheim asymptotic curve

Ruled surfaces are one of the simplest objects in geometric modelling as they are generated basically by moving a line in
space. A surface ¢ is a called a ruled surface in Euclidean space, if it is a surface swept out by a straight line |

moving alone a curve « . The generating line | and the curve « are called the rulings and the base curve of the
surface, respectively.

We show how to derive the formulations of a ruled surfaces family such that the common Mannheim asymptotic is also
the base curve of ruled surfaces.

DOI: 10.26855/jamc.2018.04.004 148 Journal of Applied Mathematics and Computation



G.S.ATALAY

Let @ =¢(s,Vv)be a ruled surface with the Mannheim isoasymptotic base curve. From the definition of ruled surface,
there is a vector R = R(s)such that;

P(5,V) = (8, V,) = (v—V,)R(S)
From (3.1), we get
(V=V)R(S) = X(5,V) T (5) + y(s,V) N(8) + 2(s,V) B(S)
For the solutions of three unknows X(s,V), Yy(s,v) and Zz(s,Vv)we have,
X(8,V) = (V= )T (5), R(5))
Y(s,v) = (V= )(N(s), R(s)) @)
2(s,v) = (V—V, )(B(S), R(S)) -
From (3.7) and (4.1), we have
(B(s),R(s)) =0 4.2
Including, R(S)=X(s) T (s)+ Y(s) N(s)+z(s) B(S) using (4.2) we obtain,
2(s)=0 @3
So, the ruled surfaces family with common Mannheim isoasymptotic given by;

¢(s, V) = a(8) + VIX(s) T(5) + Y(S) N(S)] (4.4)
5. Examples of generating simple surfaces with common Mannheim asymptotic curve

Example5.1. Let a(s) = (3(:03(%] ,—3sin (%jgsj be a unit speed curve. Then it is easy to show that

T(s)= (—gsin(gj,—gcos(gj,gj.
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and the curvatures of this curve is x = i and 7= i
25 25

The parametric representation of the Mannheim partner (with respect to Frenet frame) curve &(S) of the curve a(s)

is obtained as (where A =constant ,for A =1)
a(s) =a(s)-AN(s)

{2

The Frenet vectors of the curve o, are found as

ool el
o[ ()i eli) )
s n( 2o

If we take X(s,v)=Yy(s,v)=0, z(s,v)=cosv—1 and v, =0 thenthe Eqn. (3.4) and (3.7) are satisfied. Thus, we

obtain a member of the surface with common Mannheim asymptotic curve a(s) as

— S S . ('S . (s) 4s
@(s,V) :(4c05(§j—(cosv—l)cos(gj, —45|n(gj+(cosv—1)sm(g), gj

Also, for x(s,v) =y(s,v)=0, z(s,v) =cosv—1 and v, =0 , we obtain a member of the surface with common

asymptotic curve a(S) as

- S -2 cosv—1)cos| 2 |, —3sin[ 2 |- 2 (cosv—1)cos[ S | 23 _3(Cosv—D)
¢(s,v)—(3cos(5j 5(cosv l)cos(sj, 3SII’1(5) 5(cosv 1)cos(5j, c = j

where —7 <s<z, -1<v<1 (Fig.2).
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Figure 2. go(s, V) surface with curve (S) and gZ(s,v) Mannheim offset surface with Mannheim asymptotic curve (2(S))
of the curve (S)

If we take x(s,v)=vsin(s/5), y(s,v)=0, z(s,v)=v* and v, =0 then the Eqn. (3.4) and (3.7) are satisfied.
Thus, we obtain a member of the surface with common Mannheim asymptotic curve as

4C03(§)+1£§vsin(§)sin(§j—v2 cos@j, —4sin(%} +1—\/§vsin(§j cos(%}

+v?cos| 2 ,£+@vsin s
5) 5 10 5
Also, for x(s,v)=vsin(s/5), y(s,v)=0, z(s,v)=Vv* and v, =0 , we obtain a member of the surface with

common asymptotic curve as

(& )-gva(5)-gvian(§) -ssm( g )-gvan( £ Jos(

3cos| = [—=vsin“| = |—=v“sin| = |, —3sin| = [—=VsIn| = |cos| = |,

5/ 5 5/ 5 5 5/ 5 5 5
S

where —7<s<z, -1<v<1 (Fig. 3).

o(s,v) =

o(s,v) =
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Figure 3. (p(s,v) surface with curve «(S) and &(S, v) Mannheim offset surface with Mannheim asymptotic curve (c(S))
of the curve (S)

If we take X(S)= y(s)=s, z(s)=0 and v, =0 then the Eqn. (4.4) is satisfied. Thus, we obtain a member of the
ruled surface with common Mannheim asymptotic curve as
o(s,V) = 4cos(§j—%vssin(§j, —4sin[§j—ﬂvscos(§) £+&sv
5 5 5 5 5 5) 5 5

Also, for X(s)=y(s)=s, z(s)=0 and v, =0 ,we obtain a member of the ruled surface with common asymptotic

curve as
¢(s,v) =| 3cos 3 —ﬂvssin 3 , —3sin 3 —ﬂvscos 3 ,£+Msv
5 5 5 5 5 5

5 5

where —7<s<r, -1<v<1 (Fig.4).
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Figure 4. g(s,v) as a member of the ruled surface and its Mannheim asymptotic curve, ¢(s,Vv) as amember of the ruled
surface and its asymptotic curve

References

Akyigit, M., Ersoy, S., Ozgiir, I. & Tosun, M. (2011). Generalized timelike Mannheim curves in Minkowski Space-Time,
Mathematical Problems in Engineering, Article ID 539378: 19 pages, doi 10.1155/2011/539378.

Atalay G.S, E. Kasap. (2015). Surfaces Family with Common Null Asymptotic, Applied Mathematics and Computation, 260 (3)
135-1309.

Atalay G.S, E. Kasap. (2016). Surfaces Family with Common Smarandache Asymptotic Curve According to Bishop Frame in
Euclidean Space, Bol. Soc. Paran. Mat., 34 (1) 9-20.

Atalay G.S, E. Kasap. (2016). Surfaces Family with Common Smarandache Asymptotic Curve According to Frenet Frame in
Euclidean Space, Bol. Soc. Paran. Mat., 34 (1) 187-202.

Bayram, E., GUer, F., Kasap, E. (2012). Comput. Aided Des., 44, 637-643.

Bishop, R.L. (1975). There is more than one way to Frame a curve. American Mathematical Monthly, 82(3):246-251.

Blum, R. (1966). A remarkable class of Mannheim-curves. Canadian Mathematical Bulletin, 9:223-228.

Contopoulos G. (1990). Asymptotic curves and escapes in Hamiltonian systems.Astron. Astrophys.;231:41-55.

Deng, B. (2011). Special Curve Patterns for Freeform Architecture Ph.D. thesis, Eingereicht an der Technischen Universitat
Wien,Fakultat fir Mathematik und Geoinformation von.

Do Carmo , M.P . (1976). Differential Geometry of Curves and Surfaces, Prentice Hall, Inc., Englewood Cliffs, New Jersey.
Efthymiopoulos C, Contopoulos G, Voglis N. Cantori, (1999). islands and asymptotic

curves in the stickiness region. Celestial Mech. Dynam. Astronom. 73: 221-30.

FIGry S, Pottmann H. (2010). Ruled surfaces for rationalization and design in architecture. In: Proceedings of the conference of
the association for computer aided design in architecture (ACADIA).

DOI: 10.26855/jamc.2018.04.004 153 Journal of Applied Mathematics and Computation



G.S.ATALAY

Garcia R, Sotomayor J. (1997). Structural stability of parabolic points and periodic asymptotic lines. Mat. Contemp.;12:83-102.
Workshop on real and complex singularities (S& Carlos, 1996).

Garcia R, Gutierrez C, Sotomayor J. (1999 ). Structural stability of asymptotic lines on

surfaces immersed in R3. Bull. Sci. Math.;123(8):599-622.

Guan Z, Ling J, Ping X, Rongxi T (1997). Study and Application of Physics-Based Deformable Curves and Surfaces, Computers
and Graphics 21: 305-313.

Ging&, MA. & Tosun, M. (2010). A study on dual Mannheim partner curves. International Mathematical Forum,
5(47):2319-2330.

Hartman P, Wintner A.( 1951) .On the asymptotic curves of a surface. Amer. J. Math. ;73(1):149-72.

Karacan, M.K. (2011). Weakened Mannheim curves. International Journal of the Physical Sciences, 6(20):4700-4705.

Kasap, E., Akyildiz, F.T., Orbay, K. (2008). A generalization of surfaces family with common spatial geodesic, Applied
Mathematics and Computation, 201781-789.

Kiziltug, S. & Yayli, Y. (2015). Onthe quaternionic Mannheim curves of Aw (k) —type in Euclidean space E3. Kuwait Journal of
Science, 42(2):128-140.

Kitagawa Y. (1988). Periodicity of the asymptotic curves on flat tori in S3. J. Math. Soc.

Japan;40(3):457-96.

Klingenberg W.(1978). A course in differential geometry. New York: Springer-Verlag.

Lee, J.W. (2011). No null-Helix Mannheim curves in the Minkowski Space . International Journal of Mathematics and
Mathematical Sciences, Article 1D 580537: 7 pages, doi.10.1155/2011/58053

Li, C.Y., Wang, R.H., Zhu, C.G. (2011). Parametric representation of a surface pencil with a common line of curvature,
Comput. Aided Des. 43 (9) 1110-1117.

Liu, H. & Wang, F. (2008). Mannheim partner curves in 3-space. Journal of Geometry, 88:120-126.

Matsuda, H. & Yorozu, S. (2009). On generalized Mannheim curves in Euclidean 4-space. Nihonkai Mathematical Journal,
20:33-56.

Okuyucu, O.Z. (2013). Characterizations of the quaternionic Mannheim curves in Euclidean space E4. International Journal of
Mathematical Combinatorics, 2:44-53.

Orbay, K. & Kasap, E. (2009). On Mannheim partner curves in E3. International Journal of Physical Sciences, 4(5):261-264.
Orbay, K., Kasap, E. & Aydemir, 1. (2009). Mannheim offsets of ruled surfaces. Mathematical Problems in Engineering, Article
ID 160917: 9 Pages, doi:10.1155/2009/160917.

O’Neill, B. (1966). Elementary Differential Geometry, Academic Press Inc., New York.

Onder, M. & Kiziltug, S. (2012). Bertrand and Mannheim partner D-curves on parallel surfaces in Minkowski 3-Space.
International Journal of Geometry, 1(2):34-45.

Ozkalds, S., flarslan, K. & Yayli, Y. (2009). On Mannheim partner curve in Dual space. Ananele Stiintifice Ale Universitatii
Ovidius Constanta, 17(2):131-142.

Oztekin, H.B. & Ergil, M. (2011). Null Mannheim curves in the Minkowski 3-space . Turkish Journal of Mathematics,
35(1):107-114.

Serret, J.A. (1851). On some formulas relating to the theory of curves with double curvature. Journal of Pure and Applied
Mathematics. 16:193-207.

Struik DJ.( 1961). Lectures on classical differential geometry. New York: Dover Publications Inc.

Wang, F., Liu, H. (2007). “Mannheim partner curves in 3-Euclidean space”, Mathematics in

Practice and Theory, vol. 37, no. 1, pp. 141-143.

Wang, G. J., Tang, K. (2004). C. L. Tai, Parametric representation of a surface pencil with a common spatial geodesic, Comput.
Aided Des. 36 (5) 447-459.

DOI: 10.26855/jamc.2018.04.004 154 Journal of Applied Mathematics and Computation



