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1. Introduction.
We consider the nonlinear unconstrained optimization problem

min f(x):xeR", (1.1)
where f :R" — R is asmooth function, and its gradient is available.

There exist many different methods for solving the problem (1.1).
Here we are interested in conjugate gradient methods, which have low memory requirements and strong local and global
convergence properties [12].

To solve the problem (1.1), starting from an initial point X, € R", the conjugate gradient method generates a sequence
X, < R" such that
X = X% +t.d,, (1.2)
where t, >0 is a step size, received from the line search, and the directions d, are given by
do =—0o» dis =—0k + By (1.3)
In the last relation, 3, is the conjugate gradient parameter, g, = Vf(X,).
Now, we denote
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Y = Oiir — Y- (1.4)
An excellent survey of conjugate gradient methods is given by Hager and Zhang [20]. Different conjugate gradient
methods correspond to different values of the scalar parameter (3, , for example, Fletcher-Reeves method (FR) [16],

Polak-Ribiere -Polyak method (PRP) [27], Hestenes-Stiefel method (HS) [21], Liu-Storey method (LS) [25], Dai-Yuan
method (DY) [11], Conjugate-Descent method (CD) [15], etc.

These methods are identical for a strongly convex quadratic function and the exact line search, but they behave
differently for general nonlinear functions and the inexact line search.

FR, DY and CD conjugate gradient methods are characterized by the strong convergence and bad practical behavior. By
the other hand, LS, HS and PRP conjugate gradient methods are well-known per its good practical behavior and in the
same time, they may not converge in general.

A hybrid conjugate gradient method is a certain combination of different conjugate gradient methods, made in the aim to
improve the behavior of these methods and to avoid the jamming phenomenon.

Here we consider a convex combination of HS and FR conjugate gradient methods.

The corresponding conjugate gradient parameters are

T
HS gk+l yk
= kil Jk 91 15
X 4.y, [21] (1.5)
and
G I
=—=" [16]. (1.6)
gl

The first global convergence result of the FR method for an inexact line search was given by Al-Baali [1] in 1985. Under

1
the strong Wolfe conditions with o < E , he proved that the FR method generates sufficient descent directions.

1
As a consequence, global convergence was established using the Zoutendijk condition. For o = E d, is a descent
direction, but this analysis did not establish sufficient descent.
1
Liu et al. [24] extended the global convergence proof of Al-Baali to the case o = E

Further, Dai and Yuan [9] showed that in the consecutive FR iterations, at least one iteration satisfies the sufficient

descent property, i.e.
T

—g 'd -g .'d
aX{ gk 2k , gk—l ;71}21
Il g |l (epy| 2

On the other hand, HS method, as well as LS and PRP methods, possess a built-in restart feature that addresses the

jamming problem: when the step X, ., — X, is small, the factor Yy, =g,,, —g, in the numerator of B tends to
zero. Hence, ﬂkHS becomes small and the new search direction d,,, is essentially the steepest descent direction
~—Oka-

The HS method has the property that the conjugacy condition d;ﬂyk =0 always holds, independently on the line

search.
Also, B =B holds for an exact line search.
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So, the convergence properties of the HS method should be similar to the convergence properties of the PRP method.
Especially, by Powell's example [29] the HS method with an exact line search may not converge for a general nonlinear

function. The fact is that if the search directions satisfy the sufficient descent condition and if a standard Wolfe line

search is employed, then the HS method satisfies Property (*). Similarly to the PRP+ method, we can let ,BkHS* = max

{ B 03, then it follows [20] that the HS+ method is globally convergent.

Generally, the performance of HS, LS and PRP methods is better than the performance of methods with g, .| in the

numerator of /3, .
2. Convex Combination

The parameter /3, in the presented method, denoted as /3,”°, is computed as a convex combination of B and

R
L ie.

khyb =1~ gk)ﬂkHs + HkﬂkFR : (2.1)
So, we can write
do =—0o> dk+l =0k +ﬁkhybdk- (2.2)
The parameter 6, is a scalar parameter which we have to determine.
We use here the strong Wolfe line search, i.e., we are going to find a step length t,, such that:
f (% +td) = f (%) < &g, d, (2.3)
and
‘g(xk +t,d,)’ dk‘s_og:dk (2.4)

Obviously, if 6, =0, then B™ =" andif6,=1 then B™ ==

On the other side, if 0 <6, <1,then B is a proper convex combination of the parameters S« and S°.
Having in view the relations (1.5) and (1.6), the relation (2.1) becomes

T
ﬂkhyb = (1_0k) M (2.5)
dy Vi
I G I
g, -~ (2.6)
“ gl
so the relation (2.2) becomes
do =—0y. (2.7)
T 2
s G
dk+l=_gk+1+(1_0k)'%'dk+0k'|| X 1|2| 'dk (2.8)
Y ol

We shall choose the value of the parameter 6, in such a way that the search direction d, is the Newton direction.

We prove that under the strong Wolfe line search, our algorithm is globally convergent. According to the numerical
experiments, our algorithm is efficient.
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The paper is organized as follows. In the next section, we find the value of the parameter 6, and we give the algorithm of
our method. We also consider the sufficient descent property. In Section 3, we establish the global convergence of our
method. The numerical results are given in Section 4.

3. A New Hybrid Conjugate Gradient Algorithm

We remind to the fact that the Newton method has the quadratical convergence property for solving unconstrained
optimization problems depending in part on its search direction.

So, assuming that V*f (X)’l exists at each iterative point for the objective function f , we are going to choose the
parameter @, such that the search direction d,,,, defined by (2.8), satisfies the condition of the Newton direction, i.e.,
-V f (Xk+1)_1gk+l =—0kat khdek 3.1)
This is the idea introduced in [6] and [8].
Using S* from (2.5)-(2.6) and multiplying (3.1) by s -V f(x..,) from the left, we get
- s:ngrl = _SI Vi (Xk+1)gk+l + (1_ Qk) 'ﬂkHSSIVZ f (Xk+l) ) dk + Hk kFRSIVZf (Xk+1) ) dk'

Further, we use the secant condition V*f (x..,)S, =Y, and we get

_SkTgk+l = _ykTgk+l + (1_0k)ﬁkHS Ydek (3.2)
+6,85 . dy

i kL (3.3)
From (3.2)-(3.3) we get the value for 6, , which we denote by 6" :
T T HS = T
gkNT — —Sk Gkt Y G _ﬂk Yk dk (3.4)
FR HSy,, T '
(,Bk _ﬁk )yk dk
ie.
T
gkNT _ _ (—sy ngzrl) | ng ”2 - (3.5)
(91 Y 9 17+ d) 1 G |l
HHSFR method
Step 1. Select X, € Dom(f), £>0. Let k=0.
Calculate f, = f(X,), 9, = VI (X,).
Set d, =—0,, and the initial guess t, =1.
Step 2. Test a criterion for stopping iterations, for example,
if
la e, oo, (3.6)
then stop.
Step 3. Compute t, by the strong Wolfe line search, i.e., t, satisfies
f(x +td)—f(x)<&g, d, ... 3.7)
lg(x +td)'d, [<—09, ' d\\ wooovin (3.8)
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where 0 <6 <0 <0.5.
Step 4. Let X, =X +td,, 9,,=0(X,). Compute S, and Y,.
step5. If (=G4, YOIl 9 [P+ Y,"d, 9., IF=0,

then 4, =0, else compute 6, =6, T
Step 6. If 6, <0, thencompute S, =

If 6 >1, thencompute [)’k A

If 0<6, <1, thencompute S, by (2.5)-(2.6).

Step 7. Generate d =—@, ., + £.d,. If the restart criterion of Powell

.
| Gt O 20201 Gt 7 o (3.9)

is satisfied, then set d,,, =—0,.;, otherwise define d,,, =d.

Set the initial guess t, =1.

Step8. k=k+1, goto Step 2.
The next theorem claims that HHSFR method satisfies the sufficient descent condition.
Theorem 3.1. Let the sequences {g, }and {d, }be generated by HHSFR method. Then the search direction satisfies
the sufficient descent condition:

gk <—c| gl forall k, ... (3.10)
where g < i
11

Proof. From HHSFR method, we know that if the restart criterion (3.9) holds, then d, =—g, and (3.10) holds.

So, we assume that (3.9) doesn’t hold. Then we have

T
| 9¢.x 9k < 0.2] Gy ||2 ............ (3.11)
The following proof is by induction.

For k=0, g, d, =—]| g, ||*50 (3.10) holds.

Next it holds
dk+1 =0kt :Bkhybdk’
i.e.
Oen =—0n +(Q-6 ),BHS +6, ﬁ )dk'
We can write

O =09 +1-6)9,.1) +(A- e)ﬂHS"'gﬁ )d,.
It follows that

A =6,(- gk+1+,8kFRd )+1-6)(-9,+ kHSd)
wherefrom

Oy = Gy + 1= 6)d (3.12)
Multiplying (3.12) by g,,, from the left, we get
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gz+1dk+1 = kg:+1dlffl +(@1- ek)g;-+ldlr|+sl' (3.13)
Firstly, let 6, =0. Then d,,, =d.®,. Remind that

HS HS
dK+l__gk+1+ k d :

(9k+1yk)(9k+1d )

T AHS 2
= gk+1dk+1 = ” gk+1 ” dT (3-14)
k Y
Letdenote T —|(gk+1yk)(gk+1d )|
dy Vi
From the second strong Wolfe line search condition, it holds
\glﬂdk\ < —0g,d,
ie.
09y dy < .10, < -0, dy.
Now
Yed, >og,d, —gyd, =—(1-0)g.d,.
So,
g;(r+ldk < o
yedo | 1-o
Now
o
T< —‘g;—ﬂyk‘ ” gk+1 ” + ‘gk+lg ‘
l1-o 1-
If (3.9) holds, then d, , =—0,.,, 50 0,,,d.,= || ... I, and so it is proved that d,,, satisfies the sufficient
descent condition.
If (3.9) doesn’t hold, then
o 2
T <ol +02 7ol =127 ol
Now it holds
o 1 2 20
gk+ldk'-irsl ||gk+l|| (1 1 21 = ” k+l||
—0'
So, it should hold
1-2.20 >0,
wherefrom
o<—.
11
So, we have
1 2.20 5
gk+ldk+1 < C1||gk+1|| . y O= ﬁ (315)

Now let &, =1. Then d,,=d7".
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Let’s remind to the fact that the sufficient descent condition holds for FR method in the presence of the strong Wolfe
conditions, and this fact is mentioned in [20].

So, there exists a constant C, > 0, such that

2
gIJrldkal <G, ||gk+l|| ’ (3.16)
Now suppose that
0<6, <1 ie, 0<a <6, <a,<1-
From the relation (3.13), now we conclude
gk+l k+l — algk+ldkal + (1 a )gk+1dkH+Sl
Denote C=4a,C, +(1—a,)c;; then we finally get
Oee1bys < C||gk+1|| (3.18)

4. Convergence Analysis

For further considerations, we need the following assumptions.

(i) The level set S={xeR": f(x) < f(X,)}isbounded, i.e. there exists a constant B < oo, such that
IX|<B, forall xeS.

(i) In a neighborhood N of S the function f is continuously differentiable and its gradient Vf (X) is Lipschitz

continuous, i.e. there exists aconstant 0 < L <oo such that

If ()= f(y)|<Lx—y| for all x,yeN. (4.1)
Under these assumptions, there exists the constant /"> 0, such that
la) <| 1 4.2)

forall xeS.[4].
Lemma 4.1. [11] Let assumptions (i) and (ii) hold. Consider the method (1.2), (1.3), where d, is a descent

direction, and t, is received from the strong Wolfe line search. If

1
=00, (43)
=N
then
limy.., inf|[g, || =0. (4.4)

Theorem 4.1. Consider the iterative method, defined by HHSFR method. Let the conditions of Theorem 3.1. hold.
Assume that the assumptions (i) and (i) hold. Then either g, =0, for some Kk, or

limy, inf]|g || =0. (4.5)
Proof. Suppose that g, =0, forall k. Then we have to prove (4.5).
Suppose, on the contrary, that (4.5) doesn’t hold. Then there exists a constant r > O, such that
lg||=r, for all k (4.6)
Let D be the diameter of the level set S .
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From (2.5)-(2.6) we get
|| <[8F |+ |87
:|9I+1yk|+ ”gkﬂ”2
| dy Vi | ”gk"2
Further, using the second Wolfe line search condition, we can get
Yedy = 0¢.,d, — e d,

> (o -1)gd, =—(1-0)gyd, (- 0).

So,
Tl S 1 T )
Yk dk _(1_0-)gkdk
But, all conditions of Theorem 3.1. are satisfied, so it holds:
2
g;—dk < _C”gk”

- gldk 2 C||gk||2

e
~0d oy
Now, using (4.6), we get
1
—grd, o
So,
1 < 1 < 1

yldk N _(1_0-)gldk - (l—O')Cl‘z .

On the other hand, using Lipschitz condition (4.1), we have
\ghyk\ < FL”Sk”
<ILD,

where D is a diameter of the level set S .
Now, we get

S —2 + —2 = A
1-o)cr r
Next, we are going to prove that there exists t. > 0, such that

t,>t. >0, for all k.

‘ ﬂkhyb‘ rLp  r1*

Suppose, on the contrary, that there doesn’t exist any t., suchthat t, >t. >0.

Then there exists an infinite subsequence t, = B, ke K, such that

lim .t =0-

4.7)

(4.8)

(4.9)
(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
(4.18)

(4.19)

(4.20)

(4.21)
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Then
limx B =0,

IimkeK1 jk _l:w.
But, now we get

f(x +B%d) - f(x)<PB*gld,, (4.22)

f (% + %) — F(x) = B gcd,. (4.23)
Remind that & <1. From (4.23), we have
f(x +B%d) - f(x)
ﬂik*l

=&, d, . (4.24)

From (4.24), we conclude that
g,d >,.d,. (4.25)

But, HHSFR method satisfies the sufficient descent, so g, d, <0.
Also, 6 <1. So, the relation (4.25) is correct only if gzdk =0. Then, from the second strong Wolfe condition, we get

that g, ,d, =0, and then it is the exact line search. So we have a contradiction.
Now we can write

Al gl + B2l (4.26)

S
Itholds s, =t,.d,, sowecanwrite d, = t—k So, from (4.26), we have
k

d..|<r+A45=4 (4.27)
lereat]
k
wherefrom
MWJSF+A§:R (4.28)

Now we get

> 1o (4.29)

k=1 dk+1||

so, applying Lemma 4.1, we conclude that
limy_, inf g, | =0.

This is a contradiction with (4.6), so we have proved (4.5).
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5. Numerical Experiments

In this section we present the computational performance of a Mathematica 10 implementation of HHSFR algorithm on a
set of unconstrained optimization test problems from [7]. Each problem is tested for a number of variables: n=1000,
n=3000 and n=5000. The criterion used here is CPU time.

We present comparisons with PRP [27], the algorithm from [22], which we call HuS here, the algorithm from [32],
which we denote by LSCDMAX, the algorithm from [18], [19], here denoted by HzbetaN, using the performance

profiles of Dolan and Moré&[14]. The stopping criterion of all algorithms is given by (3.6), where & = 10°°.

Considering Figure 1, we can conclude that HHSFR is better than PRP method in the first part of Figure 1, and in the
later part of Figure 1, it behaves similar to PRP method. In the last part of Figure 1, it coincides with PRP method.

From Figure 2 we see that although there are intervals inside which HHSFR method isn’t the best method, there exists
the part of the graphic with the best behavior of HHSFR method.

Finally, looking into Figure 3, we can see that there exist significant parts of this graphic, inside which our method is
better than the others or similar to them.

Generally, from Figure 1, Figure 2 and Figure 3, which are presented below, we can conclude that HHSFR algorithm is
comparable to the other algorithms.

I ’,_‘/,—A v

HHSFR

14 14,8

]
s
L}

04

@ HHSFR, PRP

Figure 1. (n = 1000) : Comparison between HHSFR and PRP CG methods

DOI: 10.26855/jamc.2018.09.002 375 Journal of Applied Mathematics and Computation



S.D. Snezana

L
L
L

Figure 2. (n = 3000) : Comparison among HHSFR, HZbetaN and HuS CG methods

p
1 ¢ HHSFR r—a—— — W’

SR
]

LER
LSCDMAX
1
i 9
1
L

1 . o 15 57
® HHSFR, LSCOMAX

@ L3CDMAX, PRP

@ HHSFR.FRP
Figure 3. (n = 5000) : Comparison among HHSFR, LSCDMAXand PRP CG methods
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