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1. Introduction.

The investigation of the dynamic response of elastic structures carrying one or more travelling loads is very important in
Engineering and applied Mathematics as applications relate for example, to the analysis and design of highway, railway
bridges, cable-railroads and the likes. Generally, emphasis is placed on the dynamics of the elastic structural members
rather than on that of the moving loads. Common example of elastic structureincludes beams, plates and shells while
travelling loads include moving trains, tracks, cars, bicycle, crane etc. However, studies on beam problems have largely
been restricted to the case when beam structure is uniform. In particular, works on non-uniform Rayleigh beam is still an
open problem in the field of science and engineering.

In non-uniform beam, the mass per unit length of the beam and flexural rigidity of the beam are not constant but be-
comes certain function of the spatial coordinate x in the modelequation. Thus, this render the solution of the dynamical
problem cumbersome to handle as the governing equation now has variable coefficients.

Among the earliest researchers on the dynamic analysis of an elastic beam was the work of Krylor [1] who investigated
the dynamic response of a simply supported beam, transversed by a constant force moving at a uniform speed. His re-
sults were obtained by using the method of expansion of eigen-functions. He assumed that the mass of the load was
smaller than that of the beam. Later Timoshenko [2] used energy methods to obtain solutions in series form for simply
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supported finite beam on an elastic foundation subjected to time dependent point loads moving with uniform velocities
across the beam. Kenny [3] similarly investigated the dynamic response of infinite elastic beams on elastic foundation
under the influence of load moving at constant speeds. He included the effects of viscous damping in the governing dif-
ferential equation. In a more recent development other researchers that considered the dynamic response of elastic struc-
tures under moving load include Oni and Omolofe [4], Oni and Awodola [5], Omolofeetal [6], Misra [7], Hsu[8], Liu
and Chang [9], Achawakom and Jearisripong Kul [10].

In the above mentioned researched works, only structural members lie on the Winkler foundation model with foundation
stiffness K are considered. However, Winkler foundation model has been criticised severely by authors [11, 12]. This is
because the characteristic feature of the well-known Winkler foundation model is the discontinuous behaviour of the
surface displacement beyond the load region, a more realistic elastic foundation model known as the Pasternak founda-
tion model is considered in this paper. Thus, researchers who considered Pasternak foundation in their work are, Oni and
Ogunbamike[13], Oni and Awodola [14], Oni and Jimoh [15], Oni and Jimoh [16], Jimoh and Ajoge [17], Oni and Ji-
moh [18], Jimoh and Ajoge [19]. To the best of authors knowledge, the more practical cases of non-uniform Rayleigh
beam resting on Pasternak foundation and subjected to harmonically varying magnitude moving load has not been tack-
led.

This paper therefore, is concerned with the problem of the transverse motion of non-uniform Rayleigh beam resting on
Pasternak foundation and subjected to harmonically vary magnitude moving load and with the consideration of the effect
of rotatory inertia and axial force on the moving load.

2. Mathematical Model

This paper considers the dynamic behaviour of a non-uniform Rayleigh beam resting on Pasternak foundation when it is
under the action of harmonically varying magnitude moving load. The beam’s properties such as moment of inertia [
and the mass per unit length m of the beam vary along the span L of the beam. The deflection V(x,t) of the beam
resting on Pasternak foundationunder the action of a moving load is described by the fourth order partial differential
equation

92 9%V (x,t) _ 02V (x,t)
E(El(x) 92 )+ m(x) at?
9%V (x,t) 20 (_ 93v(x,t)
—N—= —Rog; (m(x) axat? )
v (x,t) 02V (x,t)
ET+KV(x,t)+G P
= P(x,t) (1)

Where

m(x) =Variable mass per unit length of the beam

I(x)= variable moment of inertia

N = Axial force

€ = damping coefficient

G = shear modulus

K = foundation modulus

R, = Rotatory inertia

E = young modulus

V (x, t)= transverse deflection

x s the spatial coordinate taking along the axis of the beam, and ¢ is the time.
The boundary conditions at the end x =0 and x = L are given by
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V(LL)

Vit =0= 2220 @
And the initial conditions as
. av(x,0)
V(x,0)=0=—= @)

For the variable moment of inertiaI(x) and the mass per unit length m(x) of the beam, we adopt the example in [20]
and take I(x) and m(x) to be of the form

3
Ix) = I, (1 + sinnL—x) 4
— — . TTX
m(x) = my (1 + smT) (5)
Furthermore, the harmonically varying magnitude moving force P(x,t) acting on the beam is given by

P(x,t) = Pcoswt - f(x — ct) )

Where w is the frequency of the load, c is the velocity of the moving load and f(.) is the dirac-delta function.
When equation (4), (5) (6) are substituted into equation (1), we obtain a non-homogenous partial differential equation
with variable coefficient given as

02 . 2%v(x,t) . mx\ 8%V(x,t)
Eloﬁ<(1+ sin T)) 32 +m0(1+51nT) Py

2
_N?2 V(x,t)_RO_ <(1+S. L))a v(x,t)

ox? oxot?

Eav(xt)+KV( t) +Ga V(xt)
= Pcoswt f(x — ct) @)
Equation (7) can be simplified to obtain
5, 15sinmx  sin3mx  3cos2mx) 3*V(x,t) on?sin3mx  15sinmx . 6m?cos2mx) 8%V (x,t)
El (2 YT T a T ) ot T EIO( a7 3 ) ax?
_ 0%v(x,t) ., _ sinmxd?vV(xt) _ %V (x,t) sinmx 64V(x,t)_ 2 Ty 93v(x,t)
Mo 0 L at? N ax? —Rs mo(l t ) dx2ot? R L COSTX or
+€a”(”)+KV(x £) +Ga V(“)
= Mg coswt f(x — ct) (8)

3. Appropriate Analytical Solution

In order to solve the beam problem above, we shall use the versatile solution technique called Galerkin’s method often
used in solving all diverse problems involving mechanical vibrations [21,22,23]. This solution technique involves solv-
ing equations of the form
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pWV)—-P=0 ©)

Where g is the differential operator, V is the structural displacement and P is the transverse load acting on the structure.
Thus, the solution of equation (7) is expressed as

Vixt) =X, (X, (x) (10)

Where X;(x) is chosen to satisfy the pertinent boundary conditions in (2) putting equation (10} into (8) gives

EI 15sinmx . 3mx 6COS2TX
;;1{ 0(10+ —sin—— 7)X”’(x)Y(t)

X; (0)Y;(®)

EI, (9n2 sin3mx 15sinmx | 24mx cosan)

412 L )

+ 7, (1 + S‘“”)X (OY () — N X; ()Y;(D)

— RZm, (1 45 7Tx)X ()Y, ()— R§ m"”cos—X €3)406)
+EX;(0Y, (8) + KX; ()Y (6) + GX; ()Y (8

— Mg coswt f(x—ct)} =0 (12)

In order to determine Y;(¢),it is required that the expression on the left hand side of equation (11) be orthogonal to the

function X,,,(x)
Hence,

L El, 15sinmx  sin3mx  6COS27TX) |,y
Jyon (B (104 1oshmr S SC0SIY) vy (1)

I (91‘[2 sin3mx  15sinmx  sin3mx 6c0521rx)
L L L

E
+ -0
4L,

XY (t)

El, (97‘[2 sin3mx  15sinmx | 24m? cosZn:x)

4L, L L

X; (OY;(t)

(1 n Sm"x)Xj(x).Y;(t) — N X}'(X)Yjv‘(t)

— R3mo (1 +2) X, (0)F, () R ™% cos™ X, ()Y, (1)

+EX(0Y, () + KX ()Y (6) + GX; (0)Y; ()} X (x)dx
= fOLMg coswt f(x — Ct) X, (x)dx (12)

Since, the elastic beam has been simply supported at the edges x = 0 and x = L, we choose
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sin jx
X;(0) = 2 (13)
and X,,(x) = Sinzmx (14)

Substituting (13) and (14) into (12) after some simplification and rearrangement and ignoring the summation sign to ob-
tain

N2 . .. . L N2 i .
L — jT sSinjmx . Mmmnx SIn7Tx sin J7TX SIN Mmx — jT COSTTX COS JTTX SINMTTX
J{[—R3 (—) (—sm—+ — Rgmy|—
L L L L L L L L L L

sin ]7TX sinmmx

_ (sinjrmxsinmmx  sinmx sin jmx sin kmx.
+ my

- P PR NV + € Y, (1)

El, ( ) (10 sin jmx sinmnx = 15sinmx sin jmx sinmmx sin3mxsin jrx sinmmx  6cos2mxsin jrx sinmmx

" — —

+[ L L L L L L L L L L

El, (jrt) 2 (97‘[2 sin 37x sin jrx sinmmx | 15sin7mx sin jx sinmmx
412\ L L L L L L L

24m? cos2mxsin jmx sinmmx sin jmx sin mmx sin jmx sinmmx jm?\ sin jrx sinmmx
L L )+N( ) L L K= L _G(T)T 1%;(©)}dx
—f Mgcoswt f(x — ct) Smmnxdx
= Mg cosw pinmmet (15)
Equation (15) can be re-written as
A1q Y}(t) tA12 Yﬁ(t)+ A13 Y (£) =A14 (sind, (¢) — sin4, (¢)) (16)
Where
A= (dy +mp)(C; + Cy) —d,Cs (7)
/\12= €C1 (18)
5¢, , 15¢, €, 3C an?C, 15C%* 6miC
A13_d3(_1+Tz_f_75)_ 4(4L24_ 412 5)+(d5_d6+K)C1 (19)
Mg
/\14 m, A1=(U+C0, A2=(A)_CO
Co="" (20)

DOI: 10.26855/jamc.2018.08.004 349 Journal of Applied Mathematics and Computation



A.Jimoh & E. O. Ajoge

jm

o= mo(2) 58, 4y =) (', = 1, (2)

o= (2 as=n () a=o(2)

Lsin jmx mmx L sin x sin jmx sin mmx
cl=f0 P x,cz=f0 . . . dx
Lcosmx cos jmx sinmmx L sin 37x sin jrx sinmmx
C3_f0 L L L dx,c4—f0 L L L dx

fL cos 2mx sin jrx sin mmx

y I ISR (1)

C5=

By evaluating the integral in (21) for j = m, we obtain

Lsinmmx sinmmx L
o = fy T iy = 2 (22)
__ rLsinmxsin jrx sinmmx _ L _ cos(1+2m)m—1 = cos(1-2m)m—1
2= fO L L L dx = 471[2(1 cos ) + 1+2m 1-2m ] (23)
__ rLcosmxcosmmxsinmmx , L 1—cos(1+2m)wr = cos(1-2m)m—1
€3 = fO L L L d= 4-7r[ 1+2m 1-2m ] (24)
_ fL sin3nx sinmmx sinmmx L [cos(3+2m)n—1 _ (cos(3m)—1) = cos(3—2m)m—1 _ (cos(31r)—1)] 5
€a=Jo 7 L L 4w 3+2m 37 3-2m 37 (25)
__ L cos2mxsinmmrxsin mnx _ L . _ sin(1+m)2nr = sin(1-m)2w
Cs = fo - . . dx = BE[Z sin(2m) T 1o ] (26)
Equation (16) can be re-written as
Where
Mz oA Mo D
/\22—/\11: A33 ey Ny '™ (28)
Equation (27) can be solved using the Laplace transformed defined by
Le(Y() =Y(s) = [, Y(t)e Stdt (29)

By using the transformation (29) on the equation (27) in conjunction with the initial conditions (3), upon simplification,
we obtained

06 = e let - #l 50)

(s—r)(s-1y) Ls2+43  s2+A2

Specifying (30) to obtain
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FHER- GHED
Nas s—1y/ \s?2+A? s—11/ \s?+A2

T 2D () -
Where
= _/;22 N {Agzz—y\m (32)
To obtain the Laplace inversion of (31), we adopt the following representation
Fi(s) = Fz( ) =
G =5 ) =3 (33)
Substituting (33) into (31) to obtains
1) = 72 [Fi ()61 () + Fy ()G, (5)] (34)
To obtain the inversion Laplace of (34), we apply convolution theorem defined as
(Fi GY(®) = [y Fi (¢ = w6 (du, i =1,2 (35)
Thus, the Laplace inversion of (35) becomes
Y;(t) = Qle™ 'l — e l,—e™ 3 + e, (36)
Where
Q= (37)
= fote_rlusinAlu du (38)
= fote'rlu sinA,u du (39)
= fote_rzu sinA;u du (40)
I,= fote_rzusinAZu du (41)
By evaluating the integrals (37-41) we obtain
I, = A2+r2 (1—e™tcosA t) — A;:rf e "tsinA;t (42)
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I 1—eTtcosAd,t) — e "tsinA,t

2= A +r z( 2 ) Ai'”"f 2
T

L (1—eT2tcosA, t) — 25 e 2tsinA, t

1 1
A +r2 A2412

I, =22 (1—eTtcosA, t) ——2— e "2t sind, t

4 AZ+r2 2 AZ+r2 2

Substituting (42-45) into (36) and upon simplification, we obtained

QA1 Qry
Y:(t) = et —cosA; t) ——5——sinA; t
Q4, Qn
(eMf—cosA, t) + ———sind,t
T A2 AZ 412
QAI .t QTZ
- e'2" —cosA  t) + —5——sinA;t
Ai + rzz ( 1t) Af + r22 1
A2+ 2 +——2 (e™! —cosA, t) — smA2
Putting (46) into (10) to obtain
- QA .
A§+11 (e"t — cos A t) — A; 2 sind; t
A
AQ+:2 (et — cosA,t) + i 12 sind, t
2 1 2 .
' oo A sin mmx
Vi(x,t) = Xy —A(22+;2 (e™t — cos A t) + (Z‘? 2 sind, t|™ ¢
2 1
QA ot _ _ de SinAzt
| +A2 > (e cos A,t) pyrre

(43)

(44)

(45)

(46)

(47)

Equation (47) represents the response amplitude to harmonically varying magnitude moving loads of non-uniform Ray-

leigh beam resting on Pasternak foundation.
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Fig 1. Deflection profile of non- uniform Raleigh beam under harmonically varying moving load for various values of Rotatory
inertial RO and fixed values of foundation modulus K, Axial force N, dampingcoefficient€, shear modulus G, load natural fre-

quency o.
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Fig 2. Deflection profile of Non- Uniform Raleigh beam under harmonically varying moving load for various values of Axial
force N, and fixed values of Rotatory irertial RO, foundation modulus K, damping coefficient€, shear modulus G, and load

natural frequency .
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Fig 3. Deflection profile of non- uniform Raleigh beam under harmonically varying moving load for various values of damping
coefficient ¢ and fixed values of Rotatory inertial R,, foundation modulus K, Axial force N, Shear modulus G, and load natu-

ral frequency o.
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Fig 4. Deflection profile of non- uniform Raleigh beam under harmonically varying moving load for various values of Shear
modulus G,and fixed values of Rotatory inertial R,, foundation modulus K, Axial force N, damping coefficient €, and load

natural frequency o
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Fig 5. Deflection profile of non- uniform Raleigh beam under harmonically varying moving load for various values of founda-
tion modulus Kand fixed values of Rotatory inertial R,, Axial force N, damping coefficient€, Shear modulus G, and load nat-
ural frequency o.
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Fig 6. Deflection profile of Non- Uniform Raleigh beam under harmonically varying moving load for various values of load
natural frequency W and fixed values of Rotatory inertial R, foundation modulus K, Axial force N, damping coefficient€, and
Shear modulus G.

4. Numerical Analysis and Discussion of Results

To illustrate the foregoing analysis, the non-uniform beam of length 12.192m, velocity of the moving load is taken to be
C =8.128m/s are considered. The value of the foundation modulus and shear modulus are respectively varied between
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5000N/mand 5000000N/m? and 1000 N/m*and 10, 000 N/m?, values of € is between 1 and 10, values of rotatory inertia
is between 1 and 10, values of the load frequency w is between 1 and 3.

Figure 1 display the deflection profile of the non-uniform Rayleigh beam subjected to harmonically varying magnitude
moving load. The figure shows that as the values of rotatory inertia increases, the deflection of the beam at various time t
decreases. Also Figure 2 also shows that an increase in the value of the axial force decreases the response amplitude of
the moving load. Similarly, in Figure 3, 4, 5, & 6 an increase in damping coefficient (£) shear modulus (G), foundation
modulus (K), and load natural frequency  to decrease in the deflection profiles of the beam.

Finally, it was observed that the effect of rotatory inertial is more noticeable than that of the axial force.
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