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1. Introduction

Michael Grossman and Robert Katz indicated in their work [1] that infinitely many calculi can be generated indepen-
dently. They also introduced a few of them namely geometric, anageometric, biogeometric and etc. This calculus also
called non-Newtonian calculus. In non-Newtonian calculus, differentiation and integration are based on non-Newtonian
operations instead of classical operations.

Geometric calculus, which depends on the division and multiplication operations instead of subtraction and addition op-
erations for calculating differential and integral, was later named as multiplicative calculus by D. Stanley [2]. Then,
some study with regard to multiplicative calculus is given by D. Campell [3]. The theoretical background of multiplica-
tive calculus was given by Bashirov et al in [4]. Recent studies on multiplicative analysis [5-11] showed that some
science and engineering problems can be solved in a more practical way by using this analysis.

This paper presents the particular solution for nonhomogeneous linear multiplicative differential equations with constant
exponentials by using three methods namely operator method, the method of undetermined exponentials and the method
of variation of parameters with constant exponentials.

2. Multiplicative Derivatives and Multiplicative Integrals

Here, we will give some basic definitions and properties of the multiplicative derivative theory which can be found in
[2-5].
Definition 2.1. Let f: R — R™ be a positive function. The multiplicative derivative of the function f is given by
1

[ PN, f@+h) ®

dt t) - f (t) - hmh—>0 f(t) . (1)
Assuming that f is a positive function and using properties of the classical derivative, multiplicative derivative can be
written as
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. £ ® )
%(t) = f*(t) = ef(_t) = e(]n°f) (t) (2)

for (Ine £)(t) = In(f(t)) .

Theorem 2.1. Let f and g be differentiable with the multiplicative derivative. If ¢ be arbitrary constant, then
c.f, f-g. f+g f/g, f? functions are differentiable with the multiplicative derivative and their multiplicative de-
rivatives can be shown as

a) (c.fr®=r£@,
b) (f.9)()=f"1®).g°(t),
g@®)

f®
c) (f+g) @) =f t)ors@g*(t)fO+a®,

(3)
d (/9 =f®/g @,
e) (FI'@®) =f®IVf()I®,

Definition 2.2. A multiplicative integral is also defined in [4] for positive bounded functions and if fis Riemann integr-
able on [a, b], then

[P e = exp(fn f(©)dt) = eli s @) @

This multiplicative integral has the properties:

k
a o0 =(LF®)"), ker

o. [L(FOg®)" = [(F@)" [ (g®)",
(5)

I (@)‘“ KGOS
a \g(®) Pla@)™’

d [ ron =[ Fo* [ fO*, asc< b

where f and g are multiplicative integrable on [a, b].
3. Multiplicative Linear Differential Equations

Definition 3.1. Multiplicative linear differential equations can be defined in the form of

(@)™ O (D)0 ()@ rym©ym® = p(e), ©)
Here, f(t) is a positive definite function.
If, all of a,(t) exponentials are constants, equation (6) is called as multiplicative linear differential equations with
constant exponentials. Otherwise, equation (6) is as called multiplicative linear differential equations with variable ex-
ponentials. In equation (6), if f(t) = 1, equation (6) is called multiplicative homogeneous linear differential equations
[11], otherwise it is called multiplicative nonhomogeneous linear differential equations.
Definition 3.2. Let y;,y,,..., ¥, be positive definite functions. Any expression of the form
V1Y Y (7)
is called a multiplicatively linear combinations of y;,y,,...,y, where cq,c,,...,c,, are arbitrary constants.
Definition 3.3. Let y;,y,, ..., ¥, be positive definite functions. Then, they are called multiplicatively linear dependent if
there are not all zero constants ¢y, ¢y, ...,c,, With
y1 Oy, .y @O =1 (8)
for all t. Otherwise, they are called multiplicatively linear independent.
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4. Multiplicative Non-homogeneous Linear Differential Equations with Constant Exponentials

Now, we analyze solutions of multiplicative non-homogeneous linear differential equation with constant exponentials.
The most general linear multiplicative differential equations with constant exponentials is

()" (D) iy Yy = 1), ®

where y*®(t) = e““"y)(n)(t), ntimes, and the coefficients ag, a4, ...,a,_; are real exponentials. The general solution
of equation (9) is a product of a particular solution to the equation (9) and a general solution to the corresponding homo-
geneous equation. That is, if y, is general solution of the equation in homogeneous case [11] and y, is a particular

solution to the equation (9), then general solution of the equation (9) is as;
YV =Yudp-
In this work, we apply the operational method to derive a particular solution 1y, of (9).
Lemma4.1. Let L*(D) is a linear operator with constant exponentials. Then,
L (D‘)ee" — eL(r)e" ]

Where r is real or complex constant and

L(r) = ppr™ + ppg ™+ 4 1.
This L(r) equation is called as characteristic equation of equation (9).
Proof: For y = e€", We get

rt

Dty =e"¢",
Substituting y = e andits multiplicative derivative in case homogeneous of equation (9), then
~ rt rex L)
L' (D)(e") = (") (10)
is obtained. Hence, the proof is completed.

4.1 The Operator Method

The multiplicative operator D(.) is defined as following [1]:

- d*(.

Inverse of operator D is shownas D! . In this case, (DD')y = y. Because of we obtained D~! =1 , that is, op-

erator I is multiplicative integral operator. Similarly, for L*(E)y= f() multiplicative differential equation, it is
written that

L*gm L*(ﬁ))y = y.Hence, ifL*(D) = (D™)™ (D)™ ...(D?)* (D)™ (D°)™, where aq,ay, ..., a, are real expo-

nentials, then

1
y=rm/f®
Theorem 4.1.1. Let L*(D) be constant exponentials multiplicative operator and L(D) be constant coefficients the
classical operator. In this case, particular solution of the equation (9) is

1 1,
= f=clD",
W L*(D)f e
Proof: For L*(D)y, = f(t), we can write
1
% =55 O (11)

DOI: 10.26855/jamc.2018.01.003 29 Journal of Applied Mathematics and Computation



N. Yalgin, E. Celik

1

Let =5

f(@) = u(t). Appling linear multiplicative operator to both sides, we get

f@ =L (D)u®).

From property of multiplicative linear operator, we have L*(D)u(t) = e“®'"*, Hence we write f(t) = eX® "% and
Inf(t) = L(D)Inu. Hence, we get

Substituting the last equation in (11), we obtain

= ;f(t) = eﬂlmmf
Yo (D) :
Theorem 4.1.2. If the characteristic equation p,r™ + p,_;7™ > + -+ p;r +p, = 0 of equation (9) have roots

11,1y, .., T, then particular solution 1y, of equation (9) is
yp — eerltfe(rz—r1)tfe(r3—r2)t___fe(rn—rn—1)tfe—rnt lnf(t)(dt)".

Proof: Because the characteristic equation p,r™ + p,_17™ ' +-+pr+p, =0 of equation (9) have roots
1,7y, ..., Ty, €quation (9) rewritten as following:

L*('D')yp = L) Iny, _ e[(D—rl)(D—rz)...(D—rn)]lnyp — f(t)
Hence we can write as

[0 =)D =7) .. (D =1, _)lIny, = G2 In f(©).

D—ry,)
Inf(t) =e™D1(e ™ In f(t)), we obtain

[(D =)D =13)..(D =1, _]Iny, = ™ D (e Inf(t)).
By continuing in this way;

Iny, =e"D~! (e(rz‘rl)t ..D1 (e(rn‘rn—l)tD_l(e‘rnf lnf(t))>>
is obtain. For D~ = I, we have
Vo =

1
(D-ry)

Because of

eerlt J‘ e(rz—rl)t f e(r3—rz)rmfe(rn—rn_1)t fe—rnt lnf(t)(dt)".

Hence proof is completed.
Theorem 4.1.3. If the characteristic equation p,r™ + p,_17" 1 + -+ p;r +py = 0 of equation (9) have distinct
n-roots ry,7,, ..., 7, then particular solution y, of equation (9) is

n

y, = 1_[ eNkerktf]nf(t)e_rkt (dt)
A .

k=1
. .1 N; N, N
Where Ny,N,,...,N, provide equation; -~ = o, ot

Proof: Because the characteristic equation p, ™ +p,_17 ' + -+ pr +p, =0 of equation (9) have distinct n-roots
1,1, ..., Ty, €Quation (9) rewritten as following:
L*(D')yp — eL(D) Iny, _ e[(D—rl)(D—rz)...(D—rn)]lnyp — elnf(t).

Hence particular solution y, is
1

yp = e[(D—r1)(D—r2)...(D—rn)]]nf(t)_
1 N Ny Ny .
If we choose Ny,Ny,...,N, as (OO0 — b ooy T oo then we obtain
N
Yo = Miyer ™/ ©.
Because  of  —-Inf(t) =N;e"Inf()e ™), Inf(t) =N,e"Inf@®) e
- -2
Dli’; Inf(t) =N,e™" I(Inf(t) e "), the proof is completed.
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Theorem 4.1.4. Let L*(D) is a linear operator with constant exponentials.
@ IFf) =e” "and L(r) # 0, then particular solution y, of (9)is

rt

y = eL(r)

() If f(t) = ebnt’ tonat? " bortbytthy then partlcular solution y, of (9)is
len f(f) eDF [1i®(D)i[®(D)]2i[@(D)Pi-"]lnf(t)

here——L !
WHETE 70y = F 120 @)

(3) If £(t) = e9©@", then particular solution y, of (9) is

L ot ¢ 1
Yy = eL(D)e 9@ _ eer eL(D+r)g(t),

Where r is a real or complex constant.
(4) If L(r) =0 for the function of f(t) = e, then particular solution y, of (1) is
Yo = eﬁen = ew%t)%,
where L(D) = (D — r)*y(D). ‘
(5) Let L(D?) is a linear operation with constant coefficients of (D)2. If L[-(r?)] # 0 for f(t) = { C:;:tt , then

particular solution y, of (1) is
n Tt {sm rt }

S
y = el (o 25{50511 = el —rzicosrt
where r is a real or complex constant.

t .
(6)If L[—(r?)] =0 at for the functions of f(t) = {esm or if f(t) = et’ GinTt+cost) then the relations

ecosrt
ezrt + e—Lrt
cosrt =——
2
eirt _ e—irt
sinrt = ;
2i

use to determine particular solution y,of (9). After, rule (3) apply it.
Proof: Each rule of theorem 4.3 can prove as in classical calculus. Here, we prove only the rule (1) and the rule (4).
(1) For y, is a solution, substituting y, in equation (1), we get

L*(ﬁ)yp = e

1
ert

Y, = el (12)

From the classical calculus, we have
1 1

rto_ rt
L) "I
where L(r) # 0. If we substitute the last equation in equation (12), we obtain

1 n
yp = eLiTi .

1 1 rt

1 rt L rt PR —
= — = el = e@-rky ()
(4) Yy PG e eLo) e ®-rky

et 1 eTt ¢k

1
yp = V@O = ey@k
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4.2 The Method of Undetermined Coefficients for Multiplicative Calculus

In this section, we apply the method of undetermined coefficients to derivate the particular solution of equation (9).
1) Let f(t) = e In this case, proper form for particular solution y, is
m ,rt
yp — eﬁt e
where m is the smallest non-negative integer which was selected that differentiated every terms in complementary
function y,, from every terms in particular solution y,. Coefficient f is found substituting multiplicative differen-
tial of y, and y, in equatioql(g).
2) Let f(t) = ebm®" Homat™ 4 ¥bittho n this case, proper form for particular solution 1y, is
At A, T A A
Y =€ .
Ay, Ay, .., Ay, coefficients are found substituting multiplicative differential of y, and y, in equation (9). If 0 (zero)is
s times a root, then proper form for particular solution y, is
y, = ets(Amtm+Am_1tm_1+--~+A1t+A0)
A .

3) Let f(t) = " (bm t™ +by 1™ 7T H4bi t+bo) | this case, proper form for particular solution 1y, is

Y, = et’e” (Amtm+Am_1t'”_1+-~-+A1t+A0)’
where S is the smallest non-negative integer which was selected that differentiable every terms in complementary
function y;, from every terms in particular solution ;.

T (B € 4y _y bbby £y )| ) . .
e bt +b -y ! 0){wsﬁf}. Then, proper form for particular solution 1y, is

5[ (Apt™ +Ap 1t L+ A t+Ag)cosBt +eTt (B, t™ +B, 1t T+ 4Byt +Bg)sinat |
)

4) Let f(t) = e

b =€
where S is the smallest non-negative integer which was selected that differentiable every terms in complementary
function y,, from every terms in particular solution y;,.

4.3 Method of Variation of Parameters for Multiplicative Calculus
In this section, we apply method of variation of parameters to derivate the particular solution of equation (9).
Theorem 4.3.1. Let v, (t) be a function which is solution of homogenous case of equation (9) and given by

v @ =11 v (@ . (13)
Then particular solution of the equation (9) is

AGE 1_[ v () ®
i=1

where ¢, (t),c, (t), ..., ¢, (t) provide following systems of equations

: (14)
n
[ [#e 2w =1
i=1
n

, 1
ﬂyﬁ"‘”(tw = f(t)a

i=1

Proof: Now we shall seek the solution of the equation (9) in the form
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n
¥, () = 1_[ v (®)®.
i=1
If we calculate multiplicative derivative of y, (t), then we get
, vy () = [T ) T )
Let first condition is []/=,(y;)° = 1. In this case, we obtain
¥y @) =TI ()
If we calculate multiplicative derivative of y, (t), then we get
, ¥ = i ) T ()
Let second condition is []7-,(y;")‘t = 1. So, we have
/A | Y C7/ )

n n '
yp*(n—l) — H(yi*(n—l))ci H(yi*(n—Z))Ci
i=1 i=1

is obtained. Let (n — 1)*condition is [T™,(y,"® )" = 1. Henc, it is obtained that
*(n— *(n— Ci
3 0V = [ (" 0)°,
And finally, calculating multiplicative derivative of above equation, we can write the following equation

c; wln— c;
yp*(n) = H?=1(3’i*(n)) H?=1(Yi n 1)) :
If we substitute y,, (£), ¥ (£),,"" ..., 3,"™ in the equation (9), then we have
¢ PN wn—1)\Ci Y31 e )
(T2 O ) T o)) (M ) ) ™ AT Y0 ATy 0% = £ ).
Because y; (t),y,(t), ..., ¥, (t) are solutions of equation (13), we get

(H?:l(Yi*(n))Ci)an (H?=1(3’i*(n_1))q)an_l o (T ) (T, (7)) % = 1.

(H(yi*(“‘”)cz) =f(®)
i=1

is obtained. The last equation is n*"condition. The system of equations formed by these conditions is as (14)
If ¢, (t),c,(t),...,c,,(t) provide system of equations which are built by conditions, then function
¥,(®) =TT, ¥, (O is a particular solution of the equation (9).

By continuing in this way;

Hence,

5. Numerical Examples

Consider the following multiplicative differential equation
yrO)y = f©.

Find particular solution for each of the following f (t)

a. f(t)= e

b. f(t) = p2t?+t=3

c. f(t) =e"t
Solution:
a)

e The operator method:

The linear operator is L(D) = D%+ 3D + 2. Since L(2) = 12 # 0, from Theorem 4.1.4 (1), the particular solution is
obtained by
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e The undetermined exponentials method:

The proper form for particular solution y, is y, = eBtme™ i multiplicative differential of y, and y, in this equation
substitute, then

eeZttm_2 [Bm(m—1D)]+e2 t™ L [7pm]+e2 t™ [128] — eeZ‘

is obtained. Because the last equation provide for m = 0 that the smallest non-negative integer, we have 8 = £

12°
Hence, the particular solution is

1 2
y, = eT2

e The method of variation of parameters:
The system of equations which are built by conditions is
(™) (ee)* =1
(e_ze—Zt)Q (e_e—t )Cz _ eQZt.
4t

4t 3t

. . ' ' -1 1
Solving the above system of equations, we getc; = —e*t,c, = e3f. Hence, ¢, = “e and ¢, = €

The particular solution y, is

b)
e The operator method:

L*(ﬁ)yp — L) Iny, — ,[D*+43D+2lIny, — ,2t*+t=3 That is,
1 Inf(t) 1 _2-3)
Yy = elD) = eDZ+3D+2

Applying Theorem 4.1.4 (2), we obtain;

1 2
( ) +3D)(2t +t—3)

2(14/—222

yp =e 2
2 2 2
1[1 D7+3D +(m) —--~](2t2+t—3)
— 2 2 2

%= 1 1247

10,0, o (l2t+
Yy = Z[Zt +t-3 ( . )+9]

5t 5

e The undetermined exponentials method:

Aat* +A1t+Ao | multiplicative differential of ¥, and y, in this eq-

The proper form for particular solution y, is y, = e
uation substitute, then

etz (A +t(6A;+2A1)+2A,+341+24) — e2t2 +t—3
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is obtained. By the last equation we get A, =1, A; = _5/2 ve Ay = 5/4. If this equations substitute in y,, we have

5¢,5
2_5t
y, =e" 273,

e The method of variation of parameters:

The system of equations which are built by conditions is

(ee—Zt)Clr (ee—t )CZI -1
(e—z(.er)Cl' (e—e*f)czy — p2tP+t=3
If we solve this system of equations, we obtain
4t -1

-1
€= 7(32t(2t2 +t—-3)+ ) e?t

c, = et (2t? - 3t)
Hence, we obtain particular solution 1y, as following:
5t .5
Yy = etz—z 4,
c)
e The operator method:

L*(ﬁ)yp = oLl Iny, — ,[D?+3D+2lIny, — et That is,

1 2t
y, = eD773D72 ¢ Y

Applying Theorem 4.1.4 (3), we obtain;

Q21
Y, =e (D+2)2+3(D+2)+2

Q2L
YV =e D%2+7D+12
e’ 11)2 7D\
12(141—2)
Y =€
2t 1

2
o
=

yp = een(%TZ“l-)_

e The undetermined exponentials method:

. . . 2t(A1t+A0)
The proper form for particular solution y, is y, = e« """

ation substitute, then

_ s—2 _
eeZt(tS+1)[12Al]+ezz(:S)[12A0+7A1(s+1)]+e2t(fs D[740s+a1 (s+1)s) 42t () 40G-s]

If multiplicative differential of y, and y, in this equ-
— eeZtt

is obtained. Because the last equation provide for s = 0 that the smallest non-negative integer, we get A, = 1/ 1 and
Ao =""/144
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e The method of variation of parameters:

The system of equations which are built by conditions is
-2t C1’ —t Czl
(ec7) ()" =
(e—Ze_Zf)Cly (e_e—t)czl _ 362tt
3

. . . 1 1 1 1
If we solve this system of equations, we obtain ¢; = —e*t +—e* and c;=e’t—ce
Hence, we obtain particular solution 1y, as following:

|
(U

3t

t 7
Vp = eezt(ﬁm)_
6. Conclusion

In this work, multiplicative linear differential equations are discussed and the theory of multiplicative non-homogeneous
differential equations with constant exponentials is investigated. The concept of multiplicative differential operator and
its properties are studied and we get the solutions of multiplicative non-homogeneous differential equations with con-
stant exponentials with the help of this operator (the operator method).As well as operator method we also give the par-
ticular solution in non-homogeneous case via the method of undetermined exponentials and the method of variation of
parameters. We support the findings obtained in this study with numerical examples. As shown by numerical examples,
results are consistent with each of these three methods. Further, it is appeared that the results obtained in this work cor-
respond to results which are obtained in ordinary case.
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