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Abstract 

In this study, taking particular solutions of non-homogeneous differential equations with 
constant coefficients in classical analysis as a basis, particular solutions of 
non-homogeneous differential equations in multiplicative analysis are obtained by using 
three methods namely operator method, the method of undetermined exponentials and 
the method of variation of parameters with constant exponentials. 
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1. Introduction

Michael Grossman and Robert Katz indicated in their work [1] that infinitely many calculi can be generated indepen-

dently. They also introduced a few of them namely geometric, anageometric, biogeometric and etc. This calculus also 
called non-Newtonian calculus. In non-Newtonian calculus, differentiation and integration are based on non-Newtonian 
operations instead of classical operations. 
Geometric calculus, which depends on the division and multiplication operations instead of subtraction and addition op-
erations for calculating differential and integral, was later named as multiplicative calculus by D. Stanley [2]. Then, 
some study with regard to multiplicative calculus is given by D. Campell [3]. The theoretical background of multiplica-
tive calculus was given by Bashirov et al in [4]. Recent studies on multiplicative analysis [5-11] showed that some 
science and engineering problems can be solved in a more practical way by using this analysis. 

This paper presents the particular solution for nonhomogeneous linear multiplicative differential equations with constant 
exponentials by using three methods namely operator method, the method of undetermined exponentials and the method 
of variation of parameters with constant exponentials. 

2. Multiplicative Derivatives and Multiplicative Integrals

Here, we will give some basic definitions and properties of the multiplicative derivative theory which can be found in 
[2–5]. 
Definition 2.1. Let 𝑓: 𝑅 → 𝑅+ be a positive function. The multiplicative derivative of the function 𝑓 is given by

𝑑∗𝑓

𝑑𝑡
𝑡 = 𝑓 ∗ 𝑡 = lim𝑕→0

𝑓 𝑡+𝑕 

𝑓 𝑡 

1

𝑕
. (1) 

Assuming that 𝑓 is a positive function and using properties of the classical derivative, multiplicative derivative can be 
written as  
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𝑑∗𝑓

𝑑𝑡
 𝑡 = 𝑓 ∗ 𝑡 = 𝑒

𝑓′  𝑡 

𝑓 𝑡 = 𝑒 ln∘𝑓 ′ 𝑡                         (2) 

for  ln∘ 𝑓  𝑡 = 𝑙𝑛 𝑓 𝑡   . 

Theorem 2.1. Let 𝑓 and 𝑔 be differentiable with the multiplicative derivative. If 𝑐  be arbitrary constant, then  

𝑐.𝑓, 𝑓.𝑔, 𝑓 + 𝑔, 𝑓 𝑔 , 𝑓𝑔  functions are differentiable with the multiplicative derivative and their multiplicative de-
rivatives can be shown as 

a)  𝑐.𝑓 ∗ 𝑡 = 𝑓 ∗ 𝑡 , 

b)  𝑓. 𝑔 ∗ 𝑡 = 𝑓 ∗ 𝑡 .𝑔∗ 𝑡 , 

c)  𝑓 + 𝑔 ∗ 𝑡 = 𝑓∗ 𝑡 
𝑓 𝑡 

𝑓 𝑡 +𝑔 𝑡 𝑔∗ 𝑡 
𝑔 𝑡 

𝑓 𝑡 +𝑔 𝑡 ,                                                   

  (3) 

d)  𝑓 𝑔  ∗ = 𝑓∗ 𝑡 𝑔∗ 𝑡  , 

e)  𝑓𝑔 ∗ 𝑡 = 𝑓∗ 𝑡 𝑔 𝑡 𝑓 𝑡 𝑔′(𝑡). 

Definition 2.2. A multiplicative integral is also defined in [4] for positive bounded functions and if 𝑓is Riemann integr-
able on [𝑎, 𝑏], then 

 𝑓 𝑡 𝑑𝑡𝑏

𝑎
= 𝑒𝑥𝑝   ln 𝑓 𝑡  𝑑𝑡

𝑏

𝑎
 = 𝑒  ln 𝑓 𝑡  𝑑𝑡

𝑏

𝑎 .                       (4) 

This multiplicative integral has the properties: 

a.   𝑓 𝑡 𝑘 𝑑𝑡𝑏

𝑎
=    𝑓 𝑡  

𝑑𝑡𝑏

𝑎
 
𝑘

, 𝑘 ∈ ℝ, 

b.   𝑓 𝑡 𝑔 𝑡  
𝑑𝑡𝑏

𝑎
=   𝑓 𝑡  

𝑑𝑡𝑏

𝑎
  𝑔 𝑡  

𝑑𝑡𝑏

𝑎
,                                                

  (5) 

c.   
𝑓 𝑡 

𝑔 𝑡 
 
𝑑𝑡𝑏

𝑎
=

  𝑓 𝑡  
𝑑𝑡𝑏

𝑎

  𝑔 𝑡  
𝑑𝑡𝑏

𝑎

 , 

d.  𝑓(𝑡)𝑑𝑡 =
𝑏

𝑎
 𝑓(𝑡)𝑑𝑡𝑐

𝑎
 𝑓(𝑡)𝑑𝑡𝑏

𝑐
, 𝑎 ≤ 𝑐 ≤  𝑏 

where 𝑓 and 𝑔 are multiplicative integrable on [𝑎,𝑏]. 

3. Multiplicative Linear Differential Equations 

Definition 3.1. Multiplicative linear differential equations can be defined in the form of 

 𝑦∗ 𝑛  
𝑎𝑛  𝑡 

 𝑦∗ 𝑛−1  
𝑎𝑛−1 𝑡 

… 𝑦∗∗ 𝑎2 𝑡  𝑦∗ 𝑎1 𝑡 𝑦𝑎0 𝑡 = 𝑓 𝑡 .                  (6) 

Here, 𝑓(𝑡) is a positive definite function. 
If, all of  𝑎𝑛 𝑡  exponentials are constants, equation (6) is called as multiplicative linear differential equations with 

constant exponentials. Otherwise, equation (6) is as called multiplicative linear differential equations with variable ex-
ponentials. In equation (6), if 𝑓(𝑡) = 1, equation (6) is called multiplicative homogeneous linear differential equations 

[11], otherwise it is called multiplicative nonhomogeneous linear differential equations.  
Definition 3.2. Let 𝑦1 ,𝑦2 ,… , 𝑦𝑛  be positive definite functions. Any expression of the form 

𝑦1
𝑐1𝑦2

𝑐2 …𝑦𝑛
𝑐𝑛                        (7) 

is called a multiplicatively linear combinations of 𝑦1 ,𝑦2 ,… ,𝑦𝑛  where 𝑐1, 𝑐2,… , 𝑐𝑛  are arbitrary constants. 
Definition 3.3. Let 𝑦1 ,𝑦2 ,… , 𝑦𝑛  be positive definite functions. Then, they are called multiplicatively linear dependent if 

there are not all zero constants 𝑐1, 𝑐2,… , 𝑐𝑛  with 
𝑦1 𝑡 

𝑐1𝑦2 𝑡 
𝑐2 …𝑦𝑛 𝑡 

𝑐𝑛 = 1                          (8) 

for all 𝑡. Otherwise, they are called multiplicatively linear independent. 
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4. Multiplicative Non-homogeneous Linear Differential Equations with Constant Exponentials 

Now, we analyze solutions of multiplicative non-homogeneous linear differential equation with constant exponentials.  
The most general linear multiplicative differential equations with constant exponentials is  

 𝑦∗ 𝑛  
𝑎𝑛

 𝑦∗ 𝑛−1  
𝑎𝑛−1

…  𝑦∗∗ 𝑎2  𝑦∗ 𝑎1𝑦𝑎0 = 𝑓 𝑡 ,                 (9) 

where 𝑦∗ 𝑛  𝑡 = 𝑒 ln∘𝑦  𝑛 (𝑡), 𝑛times, and the coefficients 𝑎0, 𝑎1,… ,𝑎𝑛−1  are real exponentials. The general solution 

of equation (9) is a product of a particular solution to the equation (9) and a general solution to the corresponding homo-
geneous equation. That is, if 𝑦𝑕  is general solution of the equation in homogeneous case [11] and 𝑦𝑝  is a particular 

solution to the equation (9), then general solution of the equation (9) is as; 
𝑦 = 𝑦𝑕𝑦𝑝 . 

In this work, we apply the operational method to derive a particular solution 𝑦𝑝  of (9). 

Lemma 4.1. Let 𝐿∗ 𝐷   is a linear operator with constant exponentials. Then, 

𝐿∗ 𝐷  𝑒𝑒𝑟𝑡
= 𝑒𝐿 𝑟 𝑒𝑟𝑡

. 

Where 𝑟 is real or complex constant and 
𝐿 𝑟 = 𝑝𝑛𝑟

𝑛 + 𝑝𝑛−1𝑟
𝑛−1 + ⋯+ 𝑝0. 

This 𝐿 𝑟  equation is called as characteristic equation of equation (9). 

Proof: For 𝑦 = 𝑒𝑒𝑟𝑡
, We get 

𝐷 𝑦 = 𝑒𝑟𝑒 𝑟𝑡

𝐷 2𝑦 = 𝑒𝑟2𝑒𝑟𝑡

⋮

𝐷 𝑛𝑦 = 𝑒𝑟𝑛 𝑒𝑟𝑡
.

 

Substituting 𝑦 = 𝑒𝑒𝑟𝑡
 and its multiplicative derivative in case homogeneous of equation (9), then 

𝐿∗ 𝐷   𝑒𝑒𝑟𝑡
 =  𝑒𝑒𝑟𝑡

 
𝐿 𝑟 

               (10) 

is obtained. Hence, the proof is completed. 

4.1 The Operator Method 

The multiplicative operator 𝐷  .   is defined as following [1]: 

𝐷  .  =
𝑑∗ .  

𝑑𝑡
. 

Inverse of operator 𝐷  is shown as 𝐷 −1 .  In this case,  𝐷 𝐷 −1 𝑦 = 𝑦. Because of we obtained 𝐷 −1 = 𝐼  , that is, op-

erator 𝐼  is multiplicative integral operator. Similarly, for 𝐿∗ 𝐷  𝑦 = 𝑓 𝑡   multiplicative differential equation, it is 

written that  

 
1

𝐿∗ 𝐷  
𝐿∗ 𝐷   𝑦 = 𝑦.Hence, if𝐿∗ 𝐷  =  𝐷 𝑛 

𝑎𝑛  𝐷 𝑛−1 
𝑎𝑛−1

… 𝐷 2 
𝑎2 𝐷  

𝑎1 𝐷 0 
𝑎0

, where 𝑎0, 𝑎1,… ,𝑎𝑛  are real expo-

nentials, then 

𝑦 =
1

𝐿∗ 𝐷  
𝑓 𝑡 . 

Theorem 4.1.1. Let 𝐿∗ 𝐷   be constant exponentials multiplicative operator and 𝐿 𝐷  be constant coefficients the 

classical operator. In this case, particular solution of the equation (9) is 

𝑦𝑝 =
1

𝐿∗ 𝐷  
𝑓 = 𝑒

1
𝐿 𝐷 ln 𝑓

. 

Proof: For 𝐿∗ 𝐷  𝑦𝑝 = 𝑓(𝑡), we can write  

                                  𝑦𝑝 =
1

𝐿∗ 𝐷  
𝑓 𝑡 .                        (11) 
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Let 
1

𝐿∗ 𝐷  
𝑓 𝑡 = 𝑢 𝑡 . Appling linear multiplicative operator to both sides, we get  

𝑓 𝑡 = 𝐿∗ 𝐷  𝑢 𝑡 . 

From property of multiplicative linear operator, we have 𝐿∗ 𝐷  𝑢 𝑡 = 𝑒𝐿 𝐷 ln 𝑢 . Hence we write 𝑓 𝑡 = 𝑒𝐿 𝐷 ln 𝑢  and 

ln𝑓 𝑡 = 𝐿 𝐷 ln𝑢. Hence, we get 

𝑢 = 𝑒
1

𝐿 𝐷 ln 𝑓 𝑡 
. 

Substituting the last equation in (11), we obtain 

𝑦𝑝 =
1

𝐿∗ 𝐷  
𝑓 𝑡 = 𝑒

1
𝐿 𝐷 ln 𝑓

. 

Theorem 4.1.2. If the characteristic equation 𝑝𝑛𝑟
𝑛 + 𝑝𝑛−1𝑟

𝑛−1 + ⋯+ 𝑝1𝑟 + 𝑝0 = 0  of equation (9) have roots 

𝑟1 ,𝑟2 ,… , 𝑟𝑛, then particular solution 𝑦𝑝  of equation (9) is 

𝑦𝑝 = 𝑒𝑒𝑟1𝑡  𝑒 𝑟2−𝑟1 𝑡  𝑒 𝑟3−𝑟2 𝑡… 𝑒  𝑟𝑛−𝑟𝑛−1 𝑡  𝑒−𝑟𝑛𝑡 ln 𝑓 𝑡  𝑑𝑡 𝑛. 

Proof: Because the characteristic equation 𝑝𝑛𝑟
𝑛 + 𝑝𝑛−1𝑟

𝑛−1 + ⋯+ 𝑝1𝑟 + 𝑝0 = 0   of equation (9) have roots 

𝑟1 ,𝑟2 ,… , 𝑟𝑛, equation (9) rewritten as following: 

𝐿∗ 𝐷  𝑦𝑝 = 𝑒𝐿 𝐷 ln 𝑦𝑝 = 𝑒  𝐷−𝑟1  𝐷−𝑟2 … 𝐷−𝑟𝑛   ln𝑦𝑝 = 𝑓 𝑡 . 

Hence we can write as 

  𝐷 − 𝑟1  𝐷 − 𝑟2 … 𝐷 − 𝑟𝑛−1  ln 𝑦𝑝 =
1

 𝐷−𝑟𝑛  
ln 𝑓 𝑡 . 

Because of 
1

 𝐷−𝑟𝑛  
ln𝑓 𝑡 = 𝑒𝑟𝑛𝑡𝐷−1 𝑒−𝑟𝑛 𝑡 ln 𝑓 𝑡  , we obtain 

  𝐷 − 𝑟1  𝐷 − 𝑟2 … 𝐷 − 𝑟𝑛−1  ln 𝑦𝑝 = 𝑒𝑟𝑛𝑡𝐷−1 𝑒−𝑟𝑛𝑡 ln𝑓 𝑡  . 

By continuing in this way; 

ln𝑦𝑝 = 𝑒𝑟1𝑡𝐷−1  𝑒 𝑟2−𝑟1 𝑡…𝐷−1  𝑒 𝑟𝑛−𝑟𝑛−1 𝑡𝐷−1 𝑒−𝑟𝑛𝑡 ln𝑓 𝑡     

is obtain. For 𝐷−1 = 𝐼, we have 

𝑦𝑝 = 𝑒𝑒𝑟1𝑡  𝑒 𝑟2−𝑟1 𝑡  𝑒 𝑟3−𝑟2 𝑡… 𝑒  𝑟𝑛−𝑟𝑛−1 𝑡  𝑒−𝑟𝑛𝑡 ln 𝑓 𝑡  𝑑𝑡 𝑛. 

Hence proof is completed. 

Theorem 4.1.3. If the characteristic equation 𝑝𝑛𝑟
𝑛 + 𝑝𝑛−1𝑟

𝑛−1 + ⋯+ 𝑝1𝑟 + 𝑝0 = 0 of equation (9) have distinct 
n-roots 𝑟1 , 𝑟2 ,… , 𝑟𝑛, then particular solution 𝑦𝑝  of equation (9) is 

𝑦𝑝 =  𝑒𝑁𝑘𝑒
𝑟𝑘 𝑡  ln𝑓 𝑡 𝑒−𝑟𝑘𝑡  𝑑𝑡 

𝑛

𝑘=1

. 

Where 𝑁1,𝑁2,… ,𝑁𝑛  provide equation
1

𝐿 𝐷 
=

𝑁1

𝐷−𝑟1
+

𝑁2

𝐷−𝑟2
+ ⋯+

𝑁𝑛

𝐷−𝑟𝑛
. 

Proof: Because the characteristic equation 𝑝𝑛𝑟
𝑛 + 𝑝𝑛−1𝑟

𝑛−1 + ⋯+ 𝑝1𝑟 +𝑝0 = 0 of equation (9) have distinct n-roots 

𝑟1 ,𝑟2 ,… , 𝑟𝑛, equation (9) rewritten as following: 

𝐿∗ 𝐷  𝑦𝑝 = 𝑒𝐿 𝐷 ln 𝑦𝑝 = 𝑒  𝐷−𝑟1  𝐷−𝑟2 … 𝐷−𝑟𝑛   ln 𝑦𝑝 = 𝑒 ln𝑓 𝑡 . 
Hence particular solution 𝑦𝑝  is 

𝑦𝑝 = 𝑒
1

  𝐷−𝑟1  𝐷−𝑟2 … 𝐷−𝑟𝑛  
ln 𝑓 𝑡 

. 

If we choose 𝑁1,𝑁2,… , 𝑁𝑛 as  
1

  𝐷−𝑟1  𝐷−𝑟2 … 𝐷−𝑟𝑛   
=

𝑁1

𝐷−𝑟1
+

𝑁2

𝐷−𝑟2
+ ⋯+

𝑁𝑛

𝐷−𝑟𝑛
 , then we obtain 

𝑦𝑝 =  𝑒
𝑁𝑘

𝐷−𝑟𝑘
ln 𝑓 𝑡 𝑛

𝑘=1 . 

Because of 
𝑁1

𝐷−𝑟1
ln 𝑓 𝑡 = 𝑁1𝑒

𝑟1𝑡𝐼 ln𝑓 𝑡 𝑒−𝑟1𝑡 , 
𝑁2

𝐷−𝑟2
ln𝑓 𝑡 = 𝑁2𝑒

𝑟2𝑡𝐼 ln𝑓 𝑡 𝑒−𝑟2𝑡 , …, 

𝑁𝑛

𝐷−𝑟𝑛
ln 𝑓 𝑡 = 𝑁𝑛𝑒

𝑟𝑛𝑡𝐼 ln𝑓 𝑡 𝑒−𝑟𝑛 𝑡 , the proof is completed.  
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Theorem 4.1.4. Let 𝐿∗ 𝐷   is a linear operator with constant exponentials. 

(1) If 𝑓 𝑡 = 𝑒𝑒𝑟𝑡
and 𝐿 𝑟 ≠ 0, then particular solution 𝑦𝑝  of (9) is 

𝑦𝑝 = 𝑒
1

𝐿 𝑟 
𝑒𝑟𝑡

. 

(2) If 𝑓 𝑡 = 𝑒𝑏𝑛 𝑡𝑝 +𝑏𝑛−1𝑡𝑝−1 +⋯+𝑏1𝑡+𝑏0, then particular solution 𝑦𝑝  of (9) is 

𝑦𝑝 = 𝑒
1

𝐿 𝐷 ln 𝑓 𝑡 
= 𝑒

1

𝐷𝑘
 1±∅ 𝐷 ± ∅ 𝐷  2 ± ∅ 𝐷  3 ±⋯ ln 𝑓 𝑡 

, 

where 
1

𝐿 𝐷 
=

1

 𝐷 𝑘

1

1±𝜙 𝐷 
 . 

(3) If 𝑓 𝑡 = 𝑒𝑔 𝑡 𝑒𝑟𝑡
, then particular solution 𝑦𝑝  of (9) is 

𝑦𝑝 = 𝑒
1

𝐿 𝐷 
𝑒𝑟𝑡 𝑔 𝑡 

= 𝑒𝑒𝑟𝑡
𝑒

1

𝐿 𝐷+𝑟 
𝑔 𝑡 

, 

Where 𝑟 is a real or complex constant. 

(4) If 𝐿 𝑟 = 0 for the function of 𝑓 𝑡 = 𝑒𝑒𝑟𝑡
, then particular solution 𝑦𝑝  of (1) is 

𝑦𝑝 = 𝑒
1

𝐿 𝐷 
𝑒𝑟𝑡

= 𝑒
𝑒𝑟𝑡

𝜓  𝑟 
.
𝑡𝑘

𝑘! , 

where 𝐿 𝐷 =  𝐷 − 𝑟 𝑘𝜓 𝐷 . 

(5) Let 𝐿 𝐷2   is a linear operation with constant coefficients of  𝐷 2. If 𝐿 − 𝑟2  ≠ 0  for 𝑓 𝑡 =  𝑒
sin 𝑟𝑡

𝑒cos 𝑟𝑡
   , then 

particular solution 𝑦𝑝  of (1) is 

𝑦𝑝 = 𝑒
1

𝐿 𝐷2 
 
sin 𝑟𝑡
cos 𝑟𝑡

 
= 𝑒

1

𝐿 −𝑟2 
 

sin 𝑟𝑡
cos 𝑟𝑡

 
, 

where 𝑟 is a real or complex constant. 

(6)If 𝐿 − 𝑟2  = 0 at for the functions of 𝑓 𝑡 =  𝑒
sin𝑟𝑡

𝑒cos 𝑟𝑡
  or if 𝑓 𝑡 = 𝑒𝑡𝑝  sin 𝑟𝑡+cos 𝑟𝑡  , then the relations 

𝑐𝑜𝑠 𝑟𝑡 =
𝑒𝑖𝑟𝑡 + 𝑒−𝑖𝑟𝑡

2
 

𝑠𝑖𝑛 𝑟𝑡 =
𝑒𝑖𝑟𝑡 − 𝑒−𝑖𝑟𝑡

2𝑖
 

use to determine particular solution 𝑦𝑝of (9). After, rule (3) apply it. 

Proof: Each rule of theorem 4.3 can prove as in classical calculus. Here, we prove only the rule (1) and the rule (4). 

(1) For 𝑦𝑝  is a solution, substituting 𝑦𝑝  in equation (1), we get 

𝐿∗ 𝐷  𝑦𝑝 = 𝑒𝑒𝑟𝑡
 

                                 𝑦𝑝 = 𝑒
1

𝐿 𝐷 
𝑒𝑟𝑡

                 (12) 

   

From the classical calculus, we have 
1

𝐿 𝐷 
𝑒𝑟𝑡 =

1

𝐿 𝑟 
𝑒𝑟𝑡  

where 𝐿 𝑟 ≠ 0. If we substitute the last equation in equation (12), we obtain 

𝑦𝑝 = 𝑒
1

𝐿 𝑟 
𝑒𝑟𝑡

. 

(4)                                  𝑦𝑝 =
1

𝐿∗ 𝐷  
𝑒𝑒𝑟𝑡

= 𝑒
1

𝐿 𝐷 
𝑒𝑟𝑡

= 𝑒
1

 𝐷−𝑟 𝑘𝜓  𝐷 
𝑒𝑟𝑡 .1

 

                                         𝑦𝑝 = 𝑒
𝑒𝑟𝑡

𝜓  𝑟 

1

 𝐷 𝑘
1

= 𝑒
𝑒𝑟𝑡

𝜓  𝑟 

𝑡𝑘

𝑘! 
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4.2 The Method of Undetermined Coefficients for Multiplicative Calculus 

In this section, we apply the method of undetermined coefficients to derivate the particular solution of equation (9). 

1) Let 𝑓 𝑡 = 𝑒𝐴𝑒𝑟𝑡
. In this case, proper form for particular solution 𝑦𝑝  is 

𝑦𝑝 = 𝑒𝛽𝑡𝑚 𝑒𝑟𝑡
, 

where 𝑚 is the smallest non-negative integer which was selected that differentiated every terms in complementary 

function 𝑦𝑕 , from every terms in particular solution 𝑦𝑝 . Coefficient    is found substituting multiplicative differen-

tial of 𝑦𝑝  and 𝑦𝑝  in equation (9). 

2) Let 𝑓 𝑡 = 𝑒𝑏𝑚 𝑡𝑚 +𝑏𝑚−1𝑡𝑚−1 +⋯+𝑏1𝑡+𝑏0 . In this case, proper form for particular solution 𝑦𝑝  is 

𝑦𝑝 = 𝑒𝐴𝑚 𝑡𝑚 +𝐴𝑚−1𝑡𝑚−1 +⋯+𝐴1𝑡+𝐴0. 

𝐴0 , 𝐴1,… ,𝐴𝑚  coefficients are found substituting multiplicative differential of 𝑦𝑝  and 𝑦𝑝  in equation (9). If  (zero) is 

𝑠 times a root, then proper form for particular solution 𝑦𝑝  is 

𝑦𝑝 = 𝑒𝑡𝑠 𝐴𝑚 𝑡𝑚 +𝐴𝑚−1𝑡𝑚−1 +⋯+𝐴1𝑡+𝐴0 . 

3) Let 𝑓 𝑡 = 𝑒𝑒𝑎𝑡  𝑏𝑚 𝑡𝑚 +𝑏𝑚−1𝑡𝑚−1 +⋯+𝑏1𝑡+𝑏0 . In this case, proper form for particular solution 𝑦𝑝  is 

𝑦𝑝 = 𝑒𝑡𝑠𝑒𝑟𝑡  𝐴𝑚 𝑡𝑚 +𝐴𝑚−1𝑡𝑚−1 +⋯+𝐴1𝑡+𝐴0 , 

where s  is the smallest non-negative integer which was selected that differentiable every terms in complementary 

function 𝑦𝑕 , from every terms in particular solution 𝑦𝑝 . 

4) Let 𝑓 𝑡 = 𝑒
𝑒𝑟𝑡  𝑏𝑚 𝑡𝑚 +𝑏𝑚−1𝑡𝑚−1 +⋯+𝑏1𝑡+𝑏0  

𝑠𝑖𝑛𝛼𝑡
𝑐𝑜𝑠𝛽𝑡  

. Then, proper form for particular solution 𝑦𝑝  is 

𝑦𝑝 = 𝑒𝑡𝑠  𝑒𝑟𝑡  𝐴𝑚 𝑡𝑚 +𝐴𝑚−1𝑡𝑚−1 +⋯+𝐴1𝑡+𝐴0 𝑐𝑜𝑠𝛽𝑡+𝑒𝑟𝑡  𝐵𝑚 𝑡𝑚 +𝐵𝑚−1𝑡𝑚−1 +⋯+𝐵1𝑡+𝐵0 𝑠𝑖𝑛𝛼𝑡  , 

where s  is the smallest non-negative integer which was selected that differentiable every terms in complementary 

function 𝑦𝑕 , from every terms in particular solution 𝑦𝑝 . 

4.3 Method of Variation of Parameters for Multiplicative Calculus 
In this section, we apply method of variation of parameters to derivate the particular solution of equation (9).  

Theorem 4.3.1. Let 𝑦𝑕 𝑡  be a function which is solution of homogenous case of equation (9) and given by 
                                𝑦𝑕 𝑡 =  𝑦𝑖 𝑡 

𝑐 𝑖𝑛
𝑖=1  .                          (13) 

Then particular solution of the equation (9) is 

𝑦𝑝 𝑡 =  𝑦𝑖 𝑡 
𝑐 𝑖  𝑡 

𝑛

𝑖=1

 

where 𝑐1 𝑡 , 𝑐2 𝑡 ,… , 𝑐𝑛 𝑡  provide following systems of equations 

 𝑦𝑖 𝑡 
𝑐 𝑖

′

𝑛

𝑖=1

= 1 

 𝑦𝑖
∗ 𝑡 𝑐 𝑖

′

𝑛

𝑖=1

= 1 

                                        (14) 

 𝑦𝑖
∗ 𝑛−2  𝑡 𝑐 𝑖

′

𝑛

𝑖=1

= 1 

 𝑦𝑖
∗ 𝑛−1 

 𝑡 𝑐 𝑖
′

𝑛

𝑖=1

= 𝑓 𝑡 
1
𝑎𝑛  

Proof: Now we shall seek the solution of the equation (9) in the form 
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𝑦𝑝 𝑡 =  𝑦𝑖 𝑡 
𝑐 𝑖  𝑡 

𝑛

𝑖=1

. 

If we calculate multiplicative derivative of 𝑦𝑝 𝑡 , then we get 

𝑦𝑝
∗ 𝑡 =   𝑦𝑖

∗ 𝑐 𝑖𝑛
𝑖=1   𝑦𝑖 

𝑐 𝑖
′𝑛

𝑖=1 . 

Let first condition is   𝑦𝑖 
𝑐 𝑖
′𝑛

𝑖=1 = 1. In this case, we obtain 

𝑦𝑝
∗ 𝑡 =   𝑦𝑖

∗ 𝑐 𝑖𝑛
𝑖=1 . 

If we calculate multiplicative derivative of 𝑦𝑝
∗ 𝑡 , then we get 

𝑦𝑝
∗∗ =   𝑦𝑖

∗∗ 𝑐 𝑖𝑛
𝑖=1   𝑦𝑖

∗ 𝑐 𝑖
′𝑛

𝑖=1 . 

Let second condition is   𝑦𝑖
∗ 𝑐 𝑖

′𝑛
𝑖=1 = 1. So, we have 

𝑦𝑝
∗∗ =   𝑦𝑖

∗∗ 𝑐 𝑖𝑛
𝑖=1 . 

By continuing in this way; 

𝑦𝑝
∗ 𝑛−1 =   𝑦𝑖

∗ 𝑛−1  
𝑐𝑖

𝑛

𝑖=1

  𝑦𝑖
∗ 𝑛−2  

𝑐𝑖
′

𝑛

𝑖=1

 

is obtained. Let  𝑛 − 1 𝑡𝑕condition is   𝑦𝑖
∗ 𝑛−2  

𝑐𝑖
′

𝑛
𝑖=1 = 1. Hence, it is obtained that 

𝑦𝑝
∗ 𝑛−1 =   𝑦𝑖

∗ 𝑛−1  
𝑐 𝑖𝑛

𝑖=1 . 

And finally, calculating multiplicative derivative of above equation, we can write the following equation 

𝑦𝑝
∗ 𝑛 =   𝑦𝑖

∗ 𝑛  
𝑐 𝑖𝑛

𝑖=1   𝑦𝑖
∗ 𝑛−1  

𝑐 𝑖
′

𝑛
𝑖=1  . 

If we substitute 𝑦𝑝 𝑡 , 𝑦𝑝
∗ 𝑡 , 𝑦𝑝

∗∗ …,𝑦𝑝
∗ 𝑛  in the equation (9), then we have 

   𝑦𝑖
∗ 𝑛  

𝑐 𝑖𝑛
𝑖=1   𝑦𝑖

∗ 𝑛−1  
𝑐𝑖
′

𝑛
𝑖=1  

𝑎𝑛

   𝑦𝑖
∗ 𝑛−1  

𝑐 𝑖𝑛
𝑖=1  

𝑎𝑛−1

…   𝑦𝑖
∗ 𝑐 𝑖𝑛

𝑖=1  𝑎1   𝑦𝑖 
𝑐 𝑖𝑛

𝑖=1  𝑎0 = 𝑓 𝑡 . 

Because 𝑦1 𝑡 ,𝑦2 𝑡 , … ,𝑦𝑛  𝑡  are solutions of equation (13), we get 

   𝑦𝑖
∗ 𝑛  

𝑐 𝑖𝑛
𝑖=1  

𝑎𝑛

   𝑦𝑖
∗ 𝑛−1  

𝑐𝑖𝑛
𝑖=1  

𝑎𝑛−1

. . .    𝑦𝑖
∗ 𝑐 𝑖𝑛

𝑖=1  𝑎1   𝑦𝑖 
𝑐 𝑖𝑛

𝑖=1  𝑎0 = 1. 

Hence, 

   𝑦𝑖
∗ 𝑛−1  

𝑐𝑖
′

𝑛

𝑖=1

 

𝑎𝑛

= 𝑓 𝑡  

is obtained. The last equation is 𝑛𝑡𝑕condition. The system of equations formed by these conditions is as (14) 

If 𝑐1 𝑡 , 𝑐2 𝑡 ,… , 𝑐𝑛 𝑡  provide system of equations which are built by conditions, then function  

𝑦𝑝 𝑡 =  𝑦𝑖 𝑡 
𝑐 𝑖 𝑡 𝑛

𝑖=1  is a particular solution of the equation (9). 

5. Numerical Examples 

Consider the following multiplicative differential equation 

y∗∗ 𝑦∗ 3𝑦2 = 𝑓 𝑡 . 
Find particular solution for each of the following 𝑓 𝑡  

a. 𝑓 𝑡 = 𝑒𝑒2𝑡
 

b. 𝑓 𝑡 = 𝑒2𝑡2 +𝑡−3 

c. 𝑓 𝑡 = 𝑒𝑒2𝑡 𝑡 

Solution: 
a)  

 The operator method:  

The linear operator is 𝐿 𝐷 = 𝐷2 + 3𝐷 + 2. Since 𝐿 2 = 12 ≠ 0, from Theorem 4.1.4 (1), the particular solution is 

obtained by 
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𝑦𝑝 = 𝑒
1

12
𝑒2𝑡

. 

 The undetermined exponentials method: 

The proper form for particular solution 𝑦𝑝  is 𝑦𝑝 = 𝑒𝛽𝑡𝑚 𝑒2𝑡
. If multiplicative differential of 𝑦𝑝  and 𝑦𝑝  in this equation 

substitute, then 

𝑒𝑒2𝑡 𝑡𝑚−2  𝛽𝑚 𝑚−1  +𝑒2𝑡 𝑡𝑚−1  7𝛽𝑚 +𝑒2𝑡 𝑡𝑚  12𝛽 = 𝑒𝑒2𝑡
 

is obtained. Because the last equation provide for 𝑚 = 0 that the smallest non-negative integer, we have 𝛽 =
1

12
. 

Hence, the particular solution is 

𝑦𝑝 = 𝑒
1

12
𝑒2𝑡

. 

 The method of variation of parameters: 

The system of equations which are built by conditions is 

 𝑒𝑒−2𝑡
 
𝑐1

′

 𝑒𝑒−𝑡
 
𝑐2

′

= 1 

 𝑒−2𝑒−2𝑡
 
𝑐1

′

 𝑒−𝑒−𝑡
 
𝑐2

′

= 𝑒𝑒2𝑡
. 

Solving the above system of equations, we get𝑐1
′ = −𝑒4𝑡, 𝑐2

′ = 𝑒3𝑡. Hence, 𝑐1 =
−1

4
𝑒4𝑡 and 𝑐2 =

1

3
𝑒3𝑡 . 

The particular solution 𝑦𝑝  is 

𝑦𝑝 = 𝑒
1

12
𝑒2𝑡

. 

b)  
 The operator method:  

 

𝐿∗ 𝐷  𝑦𝑝 = 𝑒𝐿 𝐷 ln 𝑦𝑝 = 𝑒 𝐷2 +3𝐷+2 ln 𝑦𝑝 = 𝑒2𝑡2 +𝑡−3. That is, 

𝑦𝑝 = 𝑒
1

𝐿 𝐷 ln 𝑓 𝑡 
= 𝑒

1
𝐷2 +3𝐷+2

 2𝑡2 +𝑡−3 
 

Applying Theorem 4.1.4 (2), we obtain; 

𝑦𝑝 = 𝑒

1

2 1+
𝐷2 +3𝐷

2
 
 2𝑡2 +𝑡−3 

 

                                      𝑦𝑝 = 𝑒
1

2
 1−

𝐷2+3𝐷

2
+ 

𝐷2+3𝐷

2
 

2

−⋯  2𝑡2 +𝑡−3 
 

 𝑦𝑝 = 𝑒
1
2
 2𝑡2 +𝑡−3− 

12𝑡+7
2

 +9 
 

                                      𝑦𝑝 = 𝑒𝑡2−
5𝑡

2
+

5

4 . 

 

 The undetermined exponentials method: 

The proper form for particular solution 𝑦𝑝  is 𝑦𝑝 = 𝑒𝐴2𝑡
2 +𝐴1𝑡+𝐴0 .If multiplicative differential of 𝑦𝑝  and 𝑦𝑝  in this eq-

uation substitute, then 

𝑒𝑡2 2𝐴2 +𝑡 6𝐴2+2𝐴1 +2𝐴2 +3𝐴1 +2𝐴0 = 𝑒2𝑡2 +𝑡−3 
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is obtained. By the last equation we get 𝐴2 = 1, 𝐴1 = −5
2  ve 𝐴0 = 5

4 . If this equations substitute in 𝑦𝑝 , we have 

𝑦𝑝 = 𝑒𝑡2−
5𝑡
2

+
5
4. 

 The method of variation of parameters: 

The system of equations which are built by conditions is 

 𝑒𝑒−2𝑡
 
𝑐1

′

 𝑒𝑒−𝑡
 
𝑐2

′

= 1 

 𝑒−2𝑒−2𝑡
 
𝑐1

′

 𝑒−𝑒−𝑡
 
𝑐2

′

= 𝑒2𝑡2 +𝑡−3 

If we solve this system of equations, we obtain 

𝑐1 =
−1

2
𝑒2𝑡 2𝑡2 + 𝑡 − 3 +

4𝑡 −1

4
𝑒2𝑡 

                                            𝑐2 = 𝑒𝑡 2𝑡2 − 3𝑡  

Hence, we obtain particular solution 𝑦𝑝  as following: 

𝑦𝑝 = 𝑒𝑡2−
5𝑡
2

+
5
4. 

c)  
 The operator method: 

 

𝐿∗ 𝐷  𝑦𝑝 = 𝑒𝐿 𝐷 ln 𝑦𝑝 = 𝑒 𝐷2 +3𝐷+2 ln 𝑦𝑝 = 𝑒𝑒2𝑡 𝑡 . That is, 

𝑦𝑝 = 𝑒
1

𝐷2 +3𝐷+2
 𝑒2𝑡 𝑡 

 

Applying Theorem 4.1.4 (3), we obtain; 

            𝑦𝑝 = 𝑒
𝑒2𝑡 1

 𝐷+2 2+3 𝐷+2 +2
𝑡
 

𝑦𝑝 = 𝑒
𝑒2𝑡 1

𝐷2 +7𝐷+12
𝑡
 

     𝑦𝑝  = 𝑒

𝑒2𝑡 1

12 1+
𝐷2 +7𝐷

12
 
𝑡

 

                                         𝑦𝑝  = 𝑒
𝑒2𝑡 1

12
 1−

𝐷2+7𝐷

12
+⋯ 𝑡

 

𝑦𝑝 = 𝑒𝑒2𝑡  
𝑡

12
−

7
144

 . 
 

 The undetermined exponentials method: 

The proper form for particular solution 𝑦𝑝  is 𝑦𝑝 = 𝑒𝑡𝑠𝑒2𝑡 𝐴1 𝑡+𝐴0  

.If multiplicative differential of 𝑦𝑝  and 𝑦𝑝  in this equ-

ation substitute, then 

𝑒𝑒2𝑡 𝑡𝑠+1  12𝐴1 +𝑒2𝑡 𝑡𝑠  12𝐴0+7𝐴1 𝑠+1  +𝑒2𝑡 𝑡𝑠−1  7𝐴0𝑠+𝐴1 𝑠+1 𝑠 +𝑒2𝑡 𝑡𝑠−2  𝐴0 𝑠−1 𝑠 

= 𝑒𝑒2𝑡 𝑡 

is obtained. Because the last equation provide for 𝑠 = 0 that the smallest non-negative integer, we get 𝐴1 = 1
12   and  

𝐴0 = −7
144  

𝑦𝑝 = 𝑒
𝑒2𝑡  

𝑡
12

−
7

144
 
. 
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 The method of variation of parameters: 

The system of equations which are built by conditions is 

 𝑒𝑒−2𝑡
 
𝑐1

′

 𝑒𝑒−𝑡
 
𝑐2

′

= 1 

 𝑒−2𝑒−2𝑡
 
𝑐1

′

 𝑒−𝑒−𝑡
 
𝑐2

′

= 𝑒𝑒2𝑡 𝑡 

If we solve this system of equations, we obtain 𝑐1 = −
1

4
𝑒4𝑡𝑡 +

1

16
𝑒4𝑡 and  𝑐2 =

1

3
𝑒3𝑡𝑡−

1

9
𝑒3𝑡 

Hence, we obtain particular solution 𝑦𝑝  as following: 

𝑦𝑝 = 𝑒
𝑒2𝑡  

𝑡
12

−
7

144
 
. 

6. Conclusion 

In this work, multiplicative linear differential equations are discussed and the theory of multiplicative non-homogeneous 
differential equations with constant exponentials is investigated. The concept of multiplicative differential operator and 
its properties are studied and we get the solutions of multiplicative non-homogeneous differential equations with con-
stant exponentials with the help of this operator (the operator method).As well as operator method we also give the par-
ticular solution in non-homogeneous case via the method of undetermined exponentials and the method of variation of 
parameters. We support the findings obtained in this study with numerical examples. As shown by numerical examples, 
results are consistent with each of these three methods. Further, it is appeared that the results obtained in this work cor-

respond to results which are obtained in ordinary case.  
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