
Journal of Applied Mathematics and Computation (JAMC), 2018, 2(10), 456-465 
https://www.hillpublisher.com/journals/JAMC/ 

ISSN Online:2576-0645 

ISSN Print:2576-0653 

DOI: 10.26855/jamc.2018.10.001 456 Journal of Applied Mathematics and Computation(JAMC) 

On Some Transformations of A 2 2 Summation 

Formula And Their Applications 

S. Ahmad Ali
1
, Aditya Agnihotri

1

1
 Department of Mathematics, Babu Banarasi Das University, Lucknow 226028 (India).  

How to cite this paper: Ahmad Ali, S., 
Agnihotri, A. (2018) On Some Transfor-

mat ions of A 2 2 Summation Formula And 

Their Applicat ions. Journal of Applied 

Mathematics and Computation, 2(10), 

456-465.

DOI: 10.26855/jamc.2018.10.001

*Corresponding author : S. Ahmad Ali, 

Department of Mathematics, Babu Banarasi

Das University, Lucknow 226028 (India).

Email: ali.sahmad@yahoo.com

Abstract 

In the present paper, we have established some new transformations of a known 

summation formula for basic bilateral hypergeometric series. These transformations 
are capable of further generalizations and contain many known as well as new iden-
tities as their special cases including those of q-gamma, q-beta and eta-functions. 
Some of the applications have been mentioned. 
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1. Introduction.

One of the most celebrated identity of Ramanujan is his 1 1 sum recorded in his Notebook [1]. In modern notation this 

formula is read as 

  (1.1) 

where            . Obviously, (1.1) is a bilateral generalization of q-binomial and was first discovered by 

Ramanujan. It was brought to the attention of mathematical world by Hardy [2] who described it as “a remarkable for-

mula with many parameters”. The Ramanujan's 1 1 identity has been extensively studied and have got numerous appli-

cations in many disciplines. For details one may refer to an elegant survey by Warnaar [3]. 

Recently, Adiga et al. [4], Anitha [5] and Ali et al. [6] have used (1.1) to develop some new transformation formulae and 

have produced a number of q-gamma and eta-function identities as an application of the new transformations of (1.1). In 

continuation of the works of Adiga et al. [4], Anitha [5] and Ali et al. [6], in the present work we have obtained the 

transformations of the following 2 2 sum [7] 

  (1.2) 

Throughout this paper, we have used the following notations and definitions [8]. The generalized basic hypergeometric 

series is defined by 
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where      ,       and a bilateral basic hypergeometric series is defined by 

 

where  
     

     

       ,      . Here (a; qk)n is q-shifted factorial and 

 
For k=1, we write 

 
Also 

 
where      . 

We also recall that the q-difference operator Dq and the q-shifted operator  are defined as 

 
and 

 
Chen and Liu [9,10] have constructed an operator   as 

 
and defined the following operator E(b ) 

 
The following identities hold for E(b ) [11, Theorem 1]. 

                              (1.3) 

                         (1.4) 

where           . 

Somashekara et al. [7] have obtained (1.2) by the method of parameter augmentation by using the identities (1.3) and 

(1.4) of the operator E(b ). The operator E(b ) along with (1.3) and (1.4) have also been used by Zhang and Wang [12] 

to discover many new q-series identities. 

In the next section, we shall also require the following transformations [6]. 

If              and      , then 
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                    (1.5) 

If              and          , then 

                (1.6) 

If          , then 

       (1.7) 

If              and      , then 

                    (1.8) 

If          , then 

       (1.9) 

If              and      , then 
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         (1.10) 

If              and      , then 

          (1.11) 

If              and          , then 

               (1.12) 

If              and              , then 

                (1.13) 

If              and              , then 

              (1.14) 

We shall also need the following transformations of 3 2 series [8] 

        (1.15) 
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        (1.16) 

2. Main Results 

In this section, we establish the following transformations of 2 2 which are true whenever the series involved have a 

meaning.  

            (2.1) 

       (2.2) 

           (2.3) 

             (2.4) 

          (2.5) 
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          (2.6) 

               (2.7) 

       (2.8) 

           (2.9) 

          (2.10) 

           (2.11) 

           (2.12) 
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           (2.13) 

Proof of (2.1): Employing Ramanujan's 1 1 summation formula, (1.5) can be written as 

 

  (2.14) 

Applying E(c ) on both sides with respect to b, we obtain 

 

Multiplying throughout by  and using (1.2), we obtain (2.1). 

Proofs of (2.2)-(2.9): Employing Ramanujan's 1 1 summation formula in each of the identities (1.6)-(1.8), (1.14) and 

(1.10)-(1.13) and writing them in the form (2.14). Next, by applying the operator E(c ) on both sides followed by multi-

plication by , we obtain (2.2)-(2.9) respectively. 

Proof of (2.10): We have 

           (2.15) 

Taking a = q, b = a, c = bc/azq, d = b and e = c in (1.15), we obtain 
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                  (2.16) 

Changing a to q, b to q/b, c to q/c, de/abc to q, d to q/a and e to q2az/bc in (1.16), we obtain 

         (2.17) 

Substituting the values from (2.16) and (2.17) in (2.15), we get (2.10). 

Proof of (2.11): Putting a = q, b = q/b, c = q/c, d = q/a and e = q2az/bc in (1.15), we obtain 

         (2.18) 

Taking a = q, b = a, c = bc/azq, d = b and e = c in (1.16), we obtain 

             (2.19) 

Substituting the values from (2.18) and (2.19) in (2.15), we get (2.11). 

Proof of (2.12): Putting the values from (2.16) and (2.18) in (2.15), we obtain (2.12). 

Proof of (2.13): Putting the values from (2.17) and (2.19) in (2.15), we obtain (2.13). 

3. Some Applications 

The results (2.1)-(2.13) can be used to reproduce a number of known summations, transformations and q-series identities 

as well as further new identities of unilateral and bilateral basic hypergeometric series. In this section, we mention only 

some of the consequences of the results of previous section. 

In (2.6), if we employ 2 2 sum (1.2) in L.H.S., and then putting a = q1/2; b =q; z = q1/2; c = q1/2, we obtain 

 
Change of base q to q2 and after simplification gives 

                                (3.1) 

In (2.5), if we employ 2 2 sum (1.2) in L.H.S., and then putting a = q; b = q2; z =q1/2; c = q and after changing the base 

q to q2, we obtain 

                                   (3.2) 

If we take c = q in (2.4) and then applying q Gauss summation formula in L.H.S., we obtain 

 
On taking z = 1/a, we get the following summation formula 

                            (3.3) 
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Applying 2 2 sum in (2.1) and then putting a = 1/q, b = q1/2; z = q1/2; c = q1/2, we obtain 

 
Changing the base q to q2 yields 

             (3.4) 

where 

 

is the Dedekind eta-function, where  and . 

Applying 2 2 sum in (2.2) and then putting a = 1/q, b = q1/2; z = q1/2; c = q3/2, we obtain 

 
Changing the base q to q2 yields 

           (3.5) 

Changing a to qa, b to qb, c to qc and z to qz in (2.13), we obtain 

 

  (3.6) 

where 

 
is the q-analogue of gamma function. 

which for     in (3.6) gives 

          (3.7) 

Taking c = 1 in (3.7) and after simplification, we obtain 
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                   (3.8) 
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