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1. Introduction.

One of the most celebrated identity of Ramanujan is his 11, sum recorded in his Notebook [1]. In modern notation this
formula is read as

>0

Ln(azbiq.z) Z (@)n n  (g.bfa,az,q/az)

n=-00 ('b)”‘v - (b.q/a,z,blaz)s 1.1)

where |b/a| < |z| < 1. Obviously, (1.1) is a bilateral generalization of g-binomial and was first discovered by
Ramanujan. It was brought to the attention of mathematical world by Hardy [2] who described it as “a remarkable for-
mula with many parameters”. The Ramanujan's 11, identity has been extensively studied and have got numerous appli-
cations in many disciplines. For details one may refer to an elegant survey by Warmaar [3].

Recently, Adiga et al. [4], Anitha [5] and Ali et al. [6] have used (1.1) to develop some new transformation formulae and
have produced a number of g-gamma and eta-function identities as an application of the new transformations of (1.1). In
continuation of the works of Adiga et al. [4], Anitha [5] and Ali et al. [6], in the present work we have obtained the
transformations of the following 1, sum [7]

i (@)n(be/azq)n _, _ (a2)so(@)oo(q/a%)o0(b/ @)oo (c/a) oo (be/azq) o

= (b)n(c)n (2)o0(0) oo (€)oo (b/az) oo (c/az) oo (q/a) s 12

Throughout this paper, we have used the following notations and definitions [8]. The generalized basic hypergeometric
series is defined by
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by by .. b,

, ( ay, az .. QGpr41y iz ) s ((11)71((12)71..((1r+1)n_,n
r+1Pr = Z <

(Q)n (bl)n--(br)n
where |z|] < 1, |gq| <1 and abilateral basic hypergeometric series is defined by

n=0

ay, as .. ap; ¢z \ _ - (a1)n(az)n..(ar)n ,
( bu b2 . by )_ 2 (b)) (b

n—=——oo

where %| <|z| <1, |ql| < 1. Here (a; ¢), is g-shifted factorial and
1Ay

(a:qk)n =(1—a)(l— aqk)(l _ aq%) _____ (1— aqk(n—l))

For k=1, we write
(_G: Q')n — (a)n-

Also
(@)ae = (a:q)oe = [J (1= aq™).
n=0
where |g| < 1.

We also recall that the g-difference operator D, and the g-shifted operator G are defined as

_ f(a) — flag)

a

Dy f(a)

and
((fa)) = flaq).
Chen and Liu [9,10] have constructed an operator 6 as
0=( 1D,
and defined the following operator E(b6)
o0 k k(k—1)/2
E(bf) = M
— (@)n
The following identities hold for E(b&) [11, Theorem 1].

E(bf)(at: q) e = (at,bt;q) 0,

(as,at,bs,bt:q)eo
(abst/q: q) oo

E(bf)(as,at; q) s

where |abst/q| < 1.

(L3)

(1.4)

Somashekara et al. [7] have obtained (1.2) by the method of parameter augmentation by using the identities (1.3) and
(1.4) of the operator E(b6). The operator E(b@) along with (1.3) and (1.4) have also been used by Zhang and Wang [12]

to discover many new g-series identities.
In the next section, we shall also require the following transformations [6].
If |q/z] <|z| <1 and |q| < 1 then
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S @Dn o (2.02)e §2 B/Da()n
T b ) Z(Maz«)nq

(4/7)00 o= (La)ulbfa)n
b/a/_ nz:;] nl(q/a)n (a/2)" (L5
If |q/b|l <|z| <1 and |qaz/b| < 1 then
(q/b.gb/az)s (b/a)n(b/az)p
(¢/a.b/az)e Z% (q)n(bg/az)n et (16)
If |q| <|z| <1, then
S RS MR N (T N E
H_Zm (D)~ T o) 2 (@)n(az)
(/) = Ofaln o, (w.0/azb/0)e 5 _(blahn_,
T/ 2 @Enla/an T (a/abjaz 2)ee 2 @nlafaz)n wn
If lg/bl < |zl <1 and |gq| <1 then
— (@n L (4:02) a0 = (/@)n(2)n
DI e R (e W9 Wy =
(9/b,qb/az)ee b/a} (b/az)n n
(¢/a.b/az)e = nlgqb/az), (a/6)", L9
If |q] <|z| <1, then
S (aiani_ (qa‘:/b}oo S (b/a}n q™
2w T . Z( n(ba/az)
(g,az,b/a)x (2)n (b/a)n 4
" {boazbaz)w Z NrERe 1/ }mz (42)nla/@)n”
(¢.9/az.b/a)os <~ (b/az)n o
(@)nla/az)n (1.9)

+
(q/a,blaz, z)s —

If [b/al <|z| <1 and |q| < 1 then
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S @y (oo Z qba/ a)n )
n=— (b)n b x‘ n=0

+(q/z)ooz (b/a)y, ;e (q.q/az.b/a) e = (b/az), .

(1/2)ec = (g2)nlq/a)n (¢/a.bjaz. z)ec “= (q)n(q/az)n

(1.10)
If |[b/al <|z| <1 and |q| < 1 then
— ([ @Dn o (qaz/b)ee o~ (bfa)n
n;m B T (02 /hee 2 Glalba/a)n
L (bfa,afaz)x nl(q/b)n n
* afarbjas)m Z e 0fa)
(q.az,b/a)s
(b2, b/az)os Z (1.11)
If b/al < |zl <1 and |q] < |z < 1 then |
— ()0 o _ (’/ff 02 )o0 o Q~a/ n
2 o T . Z mn ~(b/a)
(q/2) — 1/({ (b/a)n N
* janre 2 @nigiam oo
If |[b/al <|z| <1 and |qaz/b| < |z| < 1 then
- (a)n o (qaz/b)oo = (b/QJR(b/a)n az /b
D et v e Dl o mment (Ul
(b/a,q/az)es o= (4/2)n(a/b)n e
* (@fabjar)m Z( (afaz)n w1
If |q/z] <|z| <1 and |qaz/b| < |z| < 1 then
o (@n 902/ D)oo 5™ O/ b/@)n
D e iy = e Dy v Ul
(9/7)oo . (1/a)n(b/a)n A\n
T 0/ar)e 25 @ntafan ) 10
We shall also need the following transformations of s, series [8]
(@
2 a(@ne) 2"
B e/a de /be) oo In( d/b) (d/c)n n
~ (e.de/abe) o Z (q)n(d)n(de/bec)y, (e/a)",
(1.15)
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_ ~ (b.de/ab.de/bc) Z /b (d/b)n(de/abe)y,
(d,e,de/abe)s nl(de/ab)y(de/bc)y (1.16)
2. Main Results

In this section, we establish the following transformations of i), which are true whenever the series involved have a
meaning.

oo

(@lbe/azg)n o (befara.6/.0.05)0 = (Dalb/2)n
Z D))y * (bye,z,bclazq?) o Z az)p !

n=—oo n=0

(q/z.c/labefazq)oe ~m (L/a)n(b/a)n o
(bc/(fq-.b/(LZ.C/a,:)oc Z (q}n(q/a}n (Q/"‘) :

h 1)
3 (et gy (O 5 000 e
e ) > el 2)
> W - (?;“Z:i_‘*é?ff;;éfi“ > Gt
o 2 ey
+EZ;Z?Z'}‘JZZ‘ZZi?;ij‘fi‘}‘izizi(q)(j{;;;;nqn. ~

(q/b; gb/az,be/azq, ¢/a)o b/a} (b/az)n
’ (Q/a b/a‘, C/(I‘, bc/aq Z qb/a‘, /b

2.4)
o (@nlbe/azq)n o (qaz/b)e o (5/9 n(b/a)n
R U C D D AR
(q/z,bcfazq, cla)s 1/(1}ﬂ b/a)y .
+ Z (g/2)".
(b/az,c/az,be/ag)e <= n(q/a)n 25)
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i (a)n(be/azq)n o . (az,bla,c/a,befazq) Z aqx,/b (b/a)"

- ((I/.,

(b)n(c)n - i ( b,c, b(‘/a%,q

n=—oo n=0

RUENS ST

(1/2)e0 2= (gmla/am
N (q,q/az,bla,cla, befagz) o i( (b/az)y

(q/a.bjaz, z,bclag, c/az)e Dnla/a)n 08
’ gbb//qf/b/// . Z (qq/)n) . /‘ff’ (b/a)"
o ;j"(b;j;‘jifﬁf Ly e N
3 e e 5 ii:éi o

e S G

3 it = e 3 O e
e ey > e o N

X e < 5 O ”(“q“i D /gy
SRR,
anz;a/l/)zqqgm i (Z//(;)) (Eq/j))f (agz/be)” 2.11)
+E§“2f?2ﬁ; =3 ij;; L0 e o
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= (a)n(be/azq)p (a,be/aq, g o o= (b/a)p(c/a)n(2)n
— " =1 m
Z + Z;] e a

N (b)n(c)n c (b,c,z) [aq)n(2q)n
(q/b.qz/c.q2)oe o (b/a)n GQ~/c
= (q/b)"
(q/a,q?az/bec.q)oe =2 (q2/C)nlq2)n 213
Proof of (2.1): Employing Ramanujan's ;i1 summation formula, (1.5) can be written as
(a2) o0 ()oo(4/a7) 00 (b/ @)oo
‘*)oo(g/a-)oo
VNP () N G N (2)nd" i
— {(b)oo(l/ /-)oc}Jr (Z)oo — an(a.z)n(an—l)oo{(b/ "‘) (Z/I) }
—_ (1/a)a(g/=)"
q/%) s b fos) b/a oo [+
" L G e e O

Applying E(c8) on both sides with respect to b, we obtain
(a2)oo(@)oo(g/a2)oc(b/a)os(c/a)oe  (B)os(b/az)ss(c)ao(c/az)a

(%) 00 (q/0) 00 o (be/azq) s
)oo (b/az)oo(b/q)oc(c/a2) o0 (c/q) oo
Z (q)n(az) bqn 1)oo { (bC/fMJ )oo J

+(q/z) ooz (1/a)n(a/z) {(b)OO(b/G)oo(C')OC(C/a)OC}.

(@)n(q/a)n(bg"/a)s (be/aq) oo

(be/azq) o
Multiplying throughout by  (8-6/@%:¢:¢/a2)= " and using (1.2), we obtain (2.1).

Proofs of (2.2)-(2.9): Employing Ramanujan's 11, summation formula in each of the identities (1.6)-(1.8), (1.14) and

(1.10)-(1.13) and writing them in the form (2.14). Next, by applying the operator E(c6) on both sides followed by multi-
(be/azq)

plication by  (b:b/a2.c:¢/az)oc \e obtain (2.2)-(2.9) respectively.

Proof of (2.10): We have

>~ (a)n(bc/azq)n T
Z (b)n(c)n )

L -~ (a)n(bc/azq)n , = (q/c)nlq/b)n .
B 1+; (O)n(€)n . +T§(q/a)n(q2a;/bc)nj ’

(2.15)
Takinga =q, b =a, ¢ =bc/azq, d=b and e =c in (1.15), we obtain
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) (a)n(be/azq)n n _ (c/q.9%)o = (b/a)n(azq/c)n o
Z (b)n(c)n T (€, 2) oo (D)n(qz)n (c/q)".

n=0 1=0 (216)
Changing a to g, b to g/b, ¢ to g/c, de/abc to g, d to g/a and e to g*az/bc in (1.16), we obtain
—  (@/D)ala/c)n . (a/bigz/c.qz)e <= W/a)nlazq/c)n, o,
Z (2-;..(1_ 202 /b, q) Z Dolqz/c) (q/b)".
‘ (q/a)n(q?az/bc)y, (q/a,q?az/be, q) oo — (q2)n qz/c)n 247)
Substituting the values from (2.16) and (2.17) in (2.15), we get (2.10).
Proof of (2.11): Puttinga=q,b=q/b, c=qgfc,d=g/aand e = qzaz/bc in (1.15), we obtain
i (q/b)n(q/c)n (n _ ((lq‘/bf‘ 4% ) se Z (b/a)n( /a n (aq;/bc]n.
(¢/a)n(q?az/be (¢*az/be, q) o (¢/a)n(qz) 218)
Takinga =q, b =a, ¢ = bc/azg, d =band e =c in (1.16), we obtain
i (a)n(bc/azq)n ., _ (a,bc/aq.qz)oo = (b/a)n(c/a)n(z)n
o (b)n(c)n (b, ¢, %) oo s (n(befaq)n(qz)n 2.19)

Substituting the values from (2.18) and (2.19) in (2.15), we get (2.11).
Proof of (2.12): Putting the values from (2.16) and (2.18) in (2.15), we obtain (2.12).
Proof of (2.13): Putting the values from (2.17) and (2.19) in (2.15), we obtain (2.13).

3. Some Applications

The results (2.1)-(2.13) can be used to reproduce a number of known summations, transformations and g-series identities
as well as further new identities of unilateral and bilateral basic hypergeometric series. In this section, we mention only
some of the consequences of the results of previous section.

In (2.6), if we employ 20, sum (1.2) in L.H.S., and then putting a = q*2; b =q; z = q%; ¢ = g*?, we obtain

i qn 1/(]1/2

(@) (1)

n=>0
Change of base q to g° and after simplification gives

i " (g—1)

= (3:4%)n q 3.)
In (2.5), if we employ ), sum (1.2) in L.H.S., and then putting a = q; b = ¢?; z =q*; ¢ = q and after changing the base
g to g°, we obtain

i (% ¢*)nd" |
(¢*:¢*)n

n=0 3.2
If we take ¢ = g in (2.4) and then applying q Gauss summation formula in L.H.S., we obtain 2
= (b/a)n(b/az)n o (b/a) (a‘- (q/az)eo(b/a)se  (q/az)oc(b/a)ss
2 atbafazte Y = O et T (/b
On taking z = 1/a, we get the following summation formula
S Yanlhn i (a:b/a)e
— (q)n(bg)n (bg,q/b) (3.3
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Applying ,0, sum in (2.1) and then putting a = 1/q, b = q¥%; z = g“%; ¢ = g% we obtain

(4o (6% o0(0*)oc (@) _ (@@ o0 5~ (20 7
(42) o0 (@) o0 (@) 50 (q*/?) oo (/%) oc (¢"/?) (¢)n
) ) ) & q/>nﬂﬂ
T (@mcz 2

Changing the base q to g° yields

A(r) (1—q)g** . g Y1 — )% (¢* ) Z (g; q 7

n*(27) L+q (L+q)(q:¢%)oo
PRl g) (¢ )(3 fi
1Aq 2)2@ 'n:O q n (34)
where
7_) — meT/12 H(l o 6_27171'11') _ q1/24(q:q)oo
is the Dedekind eta-function, where 4 = ™7 and Imr >0,
Applying »1, sum in (2.2) and then putting a = 1/g, b = q%%; z = q“%; ¢ = g*2 we obtain
(4 7)o0(¢*?) oo (4°/*) o0 (4%/*) 0 _ e ) oo (4%%) 2 (¢°/?) Z (q )n 2.
(@) oc (4?) e (¢2) e (gM/?) (¢0)oo (4?) e (
Changing the base g to g*yields
n(m) PP 4 (P q2)oc Z (¢ q
n?(27) (1+9)(*:¢®)e  1+4q(a%q%)scl(qt q?) (3.5)
Changing atoq? bto g°, cto g°and z to of in (2.13), we obtain
Lg(2)Lq(b)Ty(c)Ty(b—a—=)Ty(c —a—=z)Ty(1—a)
Ly(a+ )Fq(b—a)F (1—a—z2)T4(c—a)ly(b+c—a—=z—1)
i Ty (0)Ty(c)Ty(2) (=) na= @) on
(JP(b+c—a——nrﬂl—z)mﬂ(@nmwfﬂ“wnmﬂﬂm
T (1 b)Fq(l - c.)rq( + ‘,-) = (") (g )n ' 36)
where
T, (x) = Wos (=2 g cg<t
(%) oo
is the g-analogue of gamma function.
which for g = 1 in (3.6) gives
LI (e)l'(b—a—z)T'(c—a—z)I(1—a)
TMNa+2)T(1—a—z)T(b—a)T(c—a)l(b+c—a—z—1)
_ ['(z)L(b)L(c) —  (b—a)p(c—a)n(2)n
= T(a)T(1+2)T(b+c—a—1) HZ:% nlb+c—a—1),(1+2) a7)

Taking ¢ = 1in (3.7) and after simplification, we obtain
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I'(z)T(b) . (—a)
T(a+2)T(b—a) 7l+ (a) F(bfa Z n!(z +n)

n=0 (3.8)
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