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Abstract

We derive simple formulas for the matrix elements of the resolvent operator (also
known as, the Green’s function) in any finite set of square integrable basis. These
formulas are suitable for numerical computations whether the basis elements are
orthogonal or not. The formulas are written in terms of the eigenvalues and normal-
ized eigenvectors of the matrix representation of the associated operator on the said
basis. To reduce the computational cost, we also present a version of the same for-
mulas using only matrix eigenvalues without the need for the sumptuous calculation
of normalized eigenvectors. A byproduct of our findings is an expression for the
normalized eigenvectors of a matrix in terms of its eigenvalues. We give a physical
application of how useful these results can be. As an illustration, we use our find-

ings to locate the resonances of a quantum mechanical system, obtain its bound
states energies, and plot its energy density of states.

Keywords

Resolvent operator; basis sets; eigenvalues and eigenvectors; Green’s function

1. Introduction

The resolvent operator, crucial in various scientific and engineering fields, lacks a concise technical treatment in the liter-
ature suitable for use in practical numerical calculations [1-3]. This study fills this gap, providing a detailed yet brief
treatment suitable for researchers and practitioners familiar with linear algebra and matrix manipulations.

In many branches of science and engineering, one frequently comes across various operators that represent certain pro-
cesses and/or actions in some space. An important object associated with such an operator is the resolvent that captures its
spectral property. If we designate the operator as L , then its resolvent is written formally as the inverse operator

(,C -zT )71 where 7 is the identity and z is generally a complex number. It should be obvious that there exist a set of
numbers in the complex z-plane on which the resolvent operator cannot be defined or realized. Such a set of values, {§ } ,

are those where the action of the operator on an element of its domain |¢> becomes L: |¢> & |¢> The set {cf} is

called the “spectral set” of L, which can be discrete or continuous, or a combination of both. Moreover, the discrete set
can either be finite or countably infinite whereas the continuous set generally consists of several disconnected but contin-
uous regions of space in the complex plane. These regions might be curves or areas. However, the intersection of all of
these spectral sets is null. Nonetheless, if the set {cf} is “too large” then one may not be able to find a region in the
complex plane in which the resolvent could be realized. However, in this work, we will assume that such a scenario does
not occur and we’ll be able to define a resolvent for £ in some large enough region of the complex plane and thus gain
knowledge about its spectral property. A physical example is the Hamiltonian operator in quantum mechanics with z being

the energy, {5} the energy spectrum and {|¢>} the discrete bound states or continuous scattering states. For such
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systems, the resolvent is usually referred to in the physics literature as the “Green’s function”.
In the following section, we take L to be a self-adjoint operator whose action on a discrete set {| v, )} is well-defined.
Then, we derive the matrix elements of the resolvent on the conjugate set {|(/7,,>} . In Section 3, we obtain an alternative

but equivalent representation of the resolvent that is more suitable numerically because it reduces the computational cost.
In Section 4, we derive expressions for the normalized eigenvector of a matrix in terms of its eigenvalues. In Section 5, we
present a physical application where our findings prove to be very useful in locating resonance energies of a given quantum
mechanical system, obtaining its bound states energies and the density of states. Finally, we conclude in Section 6.

2. Theoretical Framework and Matrix Representation

Let {l//n}:: , be a complete set of square-integrable functions in configuration space that supports a Hermitian matrix

representation for a self-adjoint operator H. The conjugate space is spanned by {1/7,,}:;0 , where

<l/7n l//m> = <W" l/7m> = 5"‘7" and Zn V7'7><V/” = Zn| l//”><(/7’l
nality” relation and the second the “completeness” statement. The resolvent, which is also known as the Green’s function
G(z), is formally defined by G(z)(H - z) =1 where z is a real number. Since the matrix elements of H are given in the

=1. The first of these two relations is called the “orthogo-

basis {y, }j: , as H, = (l//n H |1//m ), then those of G(z) are given in the conjugate basis as follows:

G,.(2)=(7,|H-2)"|7,) (1

Now, numerical manipulation of the resolvent, which involves taking the inverse of operators, is carried out most appro-

priately and efficiently in an orthonormal basis set { ;(”}::O (i.e., ( X ;(m> =0, ) in which the representation of those

operators is diagonal. That is to say, we start by solving the eigenvalue problem
Hl|z,)=¢,%) )

From now on, we work in a finite subspace of dimension N and obtain the finite N-dimensional representation of the
Green’s function G (z) where G,, (z)=1lim G" (z).Since the matrix representations of the relevant operators are in
? N—oow

n,m n,m

the basis {y/n} rather than { ;(n} , then we can rewrite Eq. (2) as follows

N-d N-1

z(l//m|H|W/\><l/7k Zn>:gnz<l//m

k=0 k=0
where we have used the completeness property of the basis in the finite N dimensional subspace,

Zk:|‘/’k><‘/7k|=;|‘/7k><'/’k|=lﬁ 4)

and /is the N xN unit matrix. In matrix notation, Eq. (3) reads

l//k><l/7k Zn) ;n!m:Osls“;N_l (3)

N-1 N-1
SH, T, =650, T, nmm=01.,N-1 (5)
k=0 k=0

1

v, ). Thus, {Fkﬂﬂ}Ni is the

k=0

where T, = <1/7k ;(n> and Q is the basis overlap matrix whose elements are Q, , = (1//”

generalized eigenvector associated with the generalized eigenvalue ¢, . This is so because Eq. (5) could be written in
matrix notation as the following generalized eigenvalue equation in the {y/n} basis

H|T,)=¢Q|T,). (6)

Moreover, Eq. (5) reads (HT)

comes

=¢,(QI),,, which when multiplied from left by I'", where I'T, == ( ya

l/7m> > be_

m,n
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(THT),, =&,(IQD),,  ;nm=0,1,,N-1 )

m,n

Being the generalized eigenvectors associated with the matrices H and (), the normalized eigenvector matrix I" simul-
taneously diagonalizes H and Q. That is,

(T"HT),, =1,5,, and (T'QT),, =0,5 (8)

n,m n,m

Henceforth, we deduce that &, =7, /o, and equation (1) could be written as

ORI AP A CEE NPT

=0

N-l ©)
_ -1 T
- rn,i {r;r,k |:(H - ZQ) ]k 1 rlal‘ } r/vm
i,j.k,1=0 ’
Now,
N-1 0. . 1 O .
S [H-z"] T = (10)
k=0 Mg -zop o8-z
Therefore, we can write (9) as follows
NT L. N1 1 [T .
G:’m (Z) — Z n,i— m,i — _ n,i= m,i . (1 1)
' i=0 1; = 20; =0 0; &~z

For orthonormal basis (when ¥, =y, ) the overlap matrix Q is just the unit matrix /, hence o, =1, 7, =¢,. In this
orthonormal basis, we can write

N-1 . .
L "% (in orthonormal basis) (12)
i=0 5‘[ -z

G, (2)=

The terms “orthonormal” and “non-orthogonal” in the language of bases correspond (in the language of matrix equations)
to the terms “eigenvalue equation” and “generalized eigenvalue equation”, respectively.

3. Computationally Efficient Representation

To avoid the sumptuous calculation of eigenvectors of matrices and reduce the computational cost, it is preferred that we
work with eigenvalues of matrices rather than their eigenvectors. Here we give an alternative formula to (11) and (12)

where only eigenvalues are involved. Let H"™ and Q""" bethe (N—1)x(N—1) submatrices of H and Q obtained

by deleting row n and column m, respectively. The eigenvalue equation and generalized eigenvalue equation in the trun-
cated space, which parallel equations (2) and (6), are

H"" | 7) =& | Z) (13)
H" [P =g mQ |, ), (14)
where k£ =0,1,.,N-2 and 1:1.’ ;= <1/7,. | ;Zj> . Moreover, the matrix of the normalized eigen-vectors, I, simultaneously

diagonalizes H"™ and Q"™ . Thatis,

J

- (n,m) T~ _ . (nm) - (n,m) T~ _ __(n,m)

[TH Fl,/- =3, and [ITQ r]m =o""s5, . (15)
with g™ =5 [c("™ _ An identity for an NxN non-singular matrix C, which is very useful in such calculation
reads

N-2
C(",m) Ci(n,m)
(€)= (=D g YT e (16)
C.
J=0
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1

where we have also used the determinant identity for C that reads |C| |ATC A| N:0 ¢, with {c, }j;l being the set of

L N-1 . . . .. o
its eigenvalues and {Am} " the corresponding normalized eigenvectors. Then, it is easy to show that the following is

an alternative but equivalent form for G .(2) in anon-orthogonal basis

Q(n Jm)

(=D e [ﬁ( - )/ﬁ(sj—z)}

=0 j=0

(in non-orthogonal basis) 17
=(- 1)n+m |:H z_(n Jm) ( glmm Z)/]‘__[Tj (gj — Z):|

j=0

N-1

-2 . . .
where {r j} - and { () } , are the eigenvalues of the overlap matrices Q and Q"™ | respectively. For an orthonor-
J i=

mal basis, Q"™ =71"" and (17) is not valid if n#m because then "™ is singular. However, a valid formula for
orthonormal bases that replaces Eq. (17) is obtained using the identity (16) and reads

N-2

[Te" ()
GY,(z2)=(-1)""-2———, (in orthonormal basis) (18)
[ -=

Jj=0

N=-2
where {a)[(”””) (z)}_i0 are the eigenvalues of the matrix function H"™ —zI"™ For n=m, Eq. (18) becomes

N=2

H g(n n) _z

G) (z)="S=————. (in orthonormal basis) (19)

&~

Jj=0

For n# m, an alternative formula to (18) is preferred to avoid the functional dependence of the eigenvalue ™" (z)
that greatly increases the computational cost. Due to the fact that 7™ is singular for n # m , a formula similar to (19)

is not possible. However, because of the product H &, —z in the denominator of G .(z) as shown in (18), we can

N-1 A(n,m)
recast G, ,(z) asthesum G (z)=) ~*—, where
k=0 Sk —Zz
N-2
H wi(n,m) (gk)
A]En,m) — (_1))1+m 1:1(3]_1 , (20)
ng -&
J=0
Jj#k

which is obtained by multiplying (18) by ¢, —z then evaluating at z = ¢, . Therefore, we obtain the following formula
in an orthonormal basis

N-1 N-2 g.(n,m)
G’i/m (Z) — (_1)n+m Z Hi:O Nﬁ;»]‘
k=0 (gk _Z)Hj:tk (&, -&)

N-2 . .
where {g(j‘{ " ="M (g, )}. , arcthe N -1 eigenvalues of the matrix H"™ —g "™  For n=m, one can use the
i

,  (in orthonormal basis) 21

equivalent but simpler formula (19).
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4. Deriving Normalized Eigenvectors from Eigenvalues

A by-product of formulas (12) and (18) is an interesting recipe for calculating the square of the elements of the normalized
eigenvectors of a square Hermitian matrix in terms of its set of eigenvalues (i.e., where H | Fn> =g, Fn> with Q=17)as

follows

N-2 ( )
n,m
I I 81.’,{

L, =E)""=———, (in orthonormal basis) (22)

N-1

[1z -
j=0
Jj#k

which is obtained by multiplying (12) and (18) by ¢, —z then evaluating at z =¢, . However, for n=m , we can use
(19) instead of (18) to write

Iy, =- (in orthonormal basis) (23)

This formula has been rediscovered recently by D. Mitnik and S. Mitnik [4]. However, we have been utilizing it since
the early days of the J-matrix method (see, for example, Ref. [5] and citations therein). A version of (22) for non-orthogonal

basis (i.e., for generalized eigenvectors where H |Fn> = gnQ|1"n>) could be obtained by combining (11) and (17) where

we get

N-2 (nm)
n,
|Q(n,m)| I |gizm —8k
i=0

L, =)0, |Q| N (in non-orthogonal basis) (24)
[1¢ -4
j=0
J#k
Moreover, for n=m, this gives
N-2
Tl(" n) (gi(n,n) 8()
o, . .
r, = z'_k = . (in non-orthogonal basis) (25
“ Il (‘9«/ _gk)
=0
J#k

5. Physical Application

As an example, we use the matrix representation of the Green’s function derived above to calculate the scattering matrix
of a given physical system, obtain its resonance energies, bound state energies, and compute the energy density of states.
We consider a system with the Hamiltonian H = H +V where H, stands for the Hamiltonian operator associated with

the Coulomb problem in three dimensions, which has the following realization in the radial coordinate »

2
H() :ld_2+€(/—21)+£
2dr 2r r

, (26)

where ¢=0,1,2,... is the angular momentum quantum number, Z € R is the electric charge coupling, and we have
adopted the atomic units =M =e=1 in which distances are measured in units of the Bohr radius 4r ,. The added
potential J is taken as a non-singular short-range radial function such that ¥ (» > R) = 0, where R is some finite range.

l//n (r) — % (lr)Ml e*ﬂr/ZL’ijJrl (ﬂ«r) , (27)
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where I2*'(x) is the Laguerre polynomial and A is a real scale parameter of inverse length dimension. The orthogo-

nality of the Laguerre polynomials gives 7, (r) =(Ar)"'w,(r) and the three-term recursion relation gives

v, )=2(n+0+1)8,, —\In(n+20+1)6, ., —\/(n+l)(n+2£+2)é' (28)

n,m-12

Q,, =,

making € a tridiagonal symmetric matrix. Moreover, using the differential equation of the Laguerre polynomial, its
differential property, and recursion relation we obtain the following matrix elements of H,,

(H, )n,m = (‘/’n

2 2
+%1 [n(n+20+1)5, ., +% (n+1)(n+20+2)6, .,

Therefore, the matrix elements of H in the basis {y,} is H,, =(H, )n . +V,,, andsince the potential function V' (r)

H,ly, )= {/12+%2(n+€+1)}5m
(29)

is short-range, then its matrix elements V, = (1//”

n,m

14 | l//m> ~ 0 if n and/or m is greater than or equal to some large enough
integer N that depends on the dimensionless range AR . Consequently, the infinite Hermitian matrix A will consist of an
NxN block on the top-left corner that represents H,+) and an infinite tridiagonal symmetric tail representing H,,.
That is, the matrix representation of A will look like the following
X X X X X X X

X X X X X X X

H={x x x x x x x by, , (30)

by, Gy, X
X X X
X X X

where an:lZ+%2(n+€+l) and b,,:%?\/(nﬂ)(mzuz).

The solution of the wave equation H | CD) =F | CD) for all energies (discrete bound states and continuous scattering states)
in such a configuration is handled more effectively by using the J-matrix method [6]. In this method, the solution is written
as |CD> = Z::o /o |l//n> and one obtains the coefficients { fn} that depend on {E VA ,A} and the parameters of the po-

tential V. The asymptotic coefficients {f,}”

v, are solutions of the reference wave equation where V' =0 . They satisfy

the following symmetric three-term recursion relation that results from the infinite tail of the matrix wave equation
(Hy,—EQ)|®)=0 and reads

[a,~2E(n+0+1)]f, +(1+i—§)bﬂ71ﬁ171 +(1+i—'§)bn];+l -0, G1)

for n=N,N+1,N+2,.... This recursion relation has two independent solutions, which we call ¢, (£) and s,(E), and

/., (E) becomes a linear combination of both with energy dependent factors [5, 6]. The boundary conditions give
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S (B) = [e,(B)=is, (B)] = [¢, (E) +is, (E)] o)

El

for n=N-1,N,N+1,.. andwhere O(F) isthe scattering phase shift angle. This phase shiftandthe N —1 coefficients

{ £ }’}:/:_02 are determined from the solution of the remaining N equations (after removing the infinite tail from the matrix

wave equation) that read

X x o x x x x x\[ f 0

X X X X X X X 1 0

X X X X X X X X X

X X X X X X X X = x (33)
X X X X X X X X X

X X X X X X X foz 0

x x x x x x xJ|fy, ~IyanSv

where the NxN symmetric matrix on the left side is (H,+V -EQ) and J,,(E)= (H,-EQ) . We multiply

both sides of Eq. (33) by the inverse of this matrix which is the finite Nx N Green’s functional matrix (H —E Q)f1 (ie.,
the resolvent of H). The last row (row N —1) of the resulting matrix equation gives a special relation that determines
O(E) byusing f,(E) and f,_(E) from Eq. (32) and reads

1+ Gy v (E) v (E)Ry (E)

QH9E) _ T, (E) v
I+ Gy i (B)yy n (E)Ry (E)

€]

c,(E)—is,(E) and R*(E)= c,(E)tis, (E)

where L) = By vis, () o (B) 215 (E)

. To calculate these coefficients, we start with T,(E)

and R’(E) then use the recursion relation (31) to obtain the rest'. Now, since the basis set {1//n} with the elements

given by Eq. (27) are not orthogonal, then the finite Green’s function G,]\,V_L v (E) are obtained by using either formula

(11) or formula (17). Thus, we can write

N-2
v v, 1ata-£)
— -1j _ =
Gy (E) = Z— R , (35)
09 € Z',(g.—E)
J J
Jj=0
where 7, =7z¥ 'V and g =gV,

2i5(E)

Figure 1 is a plot of |1—S(E)

, where S(E) is the scattering matrix e associated with the short-range potential

V(r)=1.5r"¢" for /=0 and Z=0.We took the computational parameters A=1.0 and N =60. The figure clearly
shows a resonance activity near E =3.4. Figure 2 is a plot of the real part (solid curve) and imaginary part (dashed curve)
of S(E) for the same system. Figure 3 is a zoom plot of Figure 2 showing that the imaginary part peaks at £ =3.425,
which agrees well with the findings in the literature [7-11] where E__ =3.426-10.0128.

o i
2ig (+1+it 2F1(—f—1t,1,€+2—1t,e' )

Using Eq. (A26) in the Appendix of Ref. [6], we can write Ty(E)=e - o
f+1—1t2ﬂ(—4+it,1;z+2+iz;e“9)

and

NI 2FI(J+it,2;€+3+iz;e’2i'9)
C+2+it zﬂ(—z+iz,1;z+2+it;e*2i9)

8E— A7

RY(E)= , where = Z/\/ZE and cosf = SEi i with 0< 6 <7 .However, we had to take care of the
+

normalization of the basis element adopted in [6] that differs from ours in Eq. (27).
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2
- S(E)|
1.5
1 |
0.5
o 3 5
1 2 E 3 4 s

Figure 1. Plot of ‘1 - S(E)‘ for the system associated with V' (r)=7.5%¢" for (=0 and Z =0.We took the computational
parameters A=1 and N =60. The figure shows a resonance activity at £=34.

Re[S(E)] ——
Im[S(E)] ———--

-
e

T T

33 3325 335 3375 34 3425 345 3475 35

Figure 3. Zoom plot of Figure 2 showing that the imaginary part peaks at £ =3.425, which agrees well with the location of
this resonance found elsewhere [7-11]. The horizontal axis is the energy in atomic units.

Figure 4 is a plot of |I-S(E)| associated with the short-range potential ¥ (r)= 539 _ 8o "5 for 1=0 and
Z =0. We took the computational parameters 4 =20 and N =20. The figure clearly shows resonance activities near
E=22 and E =4.6. Figure 5, which is a zoom plot of the real and imaginary parts of S(£) with N =100, gives a
better resolution showing that these resonances occur at £ =2.2524 and E =4.51. These are in good agreement with
the findings in the literature [8, 11, 12] where E  =2.2524-10.00005913 and E,, =4.5010-1i0.12398 . Figure 6

shows six zoom plots of S(E) for the same system with ¢=0,1,2 and Z =+1. The six resonance energies are in good

agreement with the findings in Ref. [12] as shown in Table 1.
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1-S(E)| .
/

0.5

0
2 3 4 5 6
E

Figure 4. Plot of \1 - S(E)\ associated with the short-range potential V' (r) = 5e""'3'5)2/ 4 8e"2/ > for (=0 and Z=0.We
took the computational parameters A =20 and N =20. The figure shows resonance activitiesat £=2.2 and E=4.6.

- ————

1

el T Ty y——

I ’

—-05

-0.5

-
il T -

43 44 45 4.6

47 48

2253 - 142

_2].252 22522 2.2524 2.2526 22528

Figure 5. Zoom plots of Figure 4 for the real and imaginary parts of S(£) showing resonance activities at £ =2.2524 and
E =4.51. We took the computational parameters 1 =20 and N =100. The horizontal axis is the energy in atomic units.

]
1
]
]
]
]
]
]
i
1
'
[
1
1}
]

| L — 1
124712 124713 124714 1.24715 1.24716 288

o

0.5

-03

-0 v
30475 3048 30485

1
3045 30455 3046 30465 3.047

1.63856

L6355

~-

1.63854

b

1
0272858105 027283811 0272858115 163853

1
0.2728581
Figure 6. Zoom plots of the real and imaginary parts of S(E) for the system associated with the potential

V(r)= 5(3’(”3'5’2/4 —Se”z/5 for Z=-1 (toprow)and Z=+1 (bottom row). The angular momenta were taken as /=0,1,2

(from left to right columns). The horizontal axis is the energy in atomic units.
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Table 1. Resonance energies associated with the potential V' (r) = 56’“’3'5)2/ 4 Se”'z/ 3 for the given electric charge and angular
momentum. These results are obtained from Figure 6 and compared to those in the Table of Ref. [12]. Uncertainty in the num-
bers obtained from Figure 6 is in the last decimal digit. The smaller the imaginary part of the resonance energy, the sharper
the resonance, and the larger the number of significant digits.

z / Re(E,,) (Fig.6) E,, (Ref [12])
0 1.247137 1.247137679 — i0.0000023985
-1 1 2.889 2.889663069 —i0.0014603245
2 1.69273 1.692732086 — i0.000006761
0 0.272858107 0.272858107 — i0.0000000006
+1 1 1.638546 1.638545711-10.000000971
2 3.0467 3.046808400 — i0.000100441

Finding the bound states energies, on the other hand, is much easier than resonances and requires much less calculation
cost. For example, we can choose any desired (n,m) component of the Green’s function and just plot Gi’m (E)| for

E < 0. The plot will show very sharp divergences at the bound state energies even for small N. Increasing N will increase

the accuracy. This is so, because the poles of G, (E) are at the eigenvalues {e, }Nfl

., Of the Hamiltonian matrix that get

more accurate and stable at the bound state energies by increasing N. Figure 7 is such a plot for |G]]VV_L Nl (E)| associated

with the potential ¥(r)=5¢ "9 _ 8¢ for 1=0, Z=0,and N=5. The plot shows bound state energies at

E=-46 and E =-0.8.Increasingthebasissizeto N =15 andzooming into the figure, we obtain £ =-4.571182831
and E =-0.8842806 which agrees very well with the results in [11] and [12].

|G2.(D)

Figure 7. Plot of G,Q’fLNfl(E) for the system with V()= 5e7 394 g5 andfor £=0 , Z=0 and N =5.The plot
blows up at the two bound state energies: £=-4.6 and E=-0.8.

Finally, we calculate the energy density of states p(F) using its definition as the discontinuity of the (0,0) compo-
nent of the Green’s function across the real axis in the complex energy plane. That is,

P(E) :L_lim[GOO(EJrig)-GOO(E—ig)] = llmG0 J(E+ig). (36)
2rie>0- 7 ’ V4 ’

Several techniques have been developed to obtain a good approximation of p(E) using this definition but with the

finite Green’s function G(fo (E) . See, for example, the three techniques outlined in Ref. [13]. For this calculation, we use

an alternative orthonormal basis set with the elements.
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24T (n+1)

1) 712,'2/2L4’+% 227 37
F(}’l+»€+%J( }") e n ( }") ( )
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In this orthonormal basis, the finite Green’s function is written using either formula (12) or formula (19) as follows

N-2 00)
N N-1 ]"(2)’[ g g —E
Gy (E) = 3=y : (38)
i=0 &; Hg(. _E

J
-0

~

Figure 8 shows p(E) for the system corresponding to the potential V(r)=7.5¢’¢” with Z=0 and (=0,1,2

(left to right) obtained by employing the analytic continuation procedure. In that procedure, G&’O (z) 1is evaluated using

(38) in the upper half of the complex energy plane far away from the discontinuity where it is fitted to a complex analytic
function F(z). Subsequently, the function F(z) is analytically continued to the real energy axis to replace G, ,(z) in

(36) for evaluating p(E) .

30 T T T T T 15 T 0.6 T T
20t g 1of e 0.4 g
1or b 0.5 B 0.2k i
0 ! ! 0 L L o 1 I I 1

33 335 34 345 35 355 36 3.0 4.0 5.0 6.0 7.0 2 3 4 5 6 7 8 9

Figure 8. Energy density of states p(£) for the system corresponding to V' (r)= 7.5r%¢" with Z=0 and (=0,1,2 (from
left to right). The horizontal axis is the energy E in atomic units.

In closing this section, we add a few technical notes. The first is about calculating the matrix elements of the potential
function, V, , = <l//" |V|l//m> , which is needed for the evaluation of the total Hamiltonian matrix H,,, =(H, )n a4

n,m n,m*

We have used Gauss quadrature integral approximation associated with the Laguerre polynomials (see, for example, Sec-
tion 2 of Ref. [14] for details of this technique). The second note is that physical results do not change significantly (within
the desired accuracy) if the scale parameter A varies within a certain range of values called the “plateau of stability”. The
size of this plateau increases with the size of the basis N becoming infinite when N — o (i.e., physical results will then
be independent of A ). The third note is about the calculation of deep resonances (those with large negative imaginary

parts). One could use complex scaling/rotation where the scale parameter A is replaced by Ae ™ with

P —%arg(E ) but such that ¢ < 7z/4.

res

6. Conclusion

In this work, we made a detailed and complete calculation of the finite matrix representation of the resolvent operator in
any square-integrable basis. The work is useful for scientist and engineers who are looking for such treatment in one place
and whether the basis chosen is orthogonal or not. Formulas (17) and (21) are particularly valuable because of the associated
reduction in computational cost. An interesting byproduct of this study is an expression for the elements of the normalized
eigenvectors (generalized eigenvectors) in terms of its eigenvalues (generalized eigenvalues) as given by (23) and (25),
respectively.

As a physical application, we showed how to use these findings is calculating the resonance structure, bound state ener-
gies, and density of states in quantum mechanics.
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