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Abstract 

In this paper, we study on error correcting perfect codes over  pA w with respect to the

Mannheim metric. 
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1. Introduction

Coding theorists and mathematicians have always been fascinated perfect codes since they are important in coding 
theory for theoretical and practical reasons. Some perfect codes in the Hamming metric are known [8]. Some perfect 
codes in the Lee metric was given in [9]. A survey of perfect binary codes can be found in [10]. A kind of classification 

of all perfect 1 error-correcting q  ary codes can be found in [11]. More recent perfect codes can be found in[12, 13, 

14, 15]. 

On the other hand, Hamming and Lee’s distances have been revealed to be inappropriate metrics to deal with quadrature 
amplitude modulation (QAM) signal sets and other related constellations. To solve this problem, different authors have 
constructed new errorcorrecting codes over fields or rings. For example, Huber discovered a new way to construct 
codes for twodimensional signals over Gaussian integers [2]. Huber’s method is to regard a finite field as a residue 
field of the Gaussian integer ring modulo a Gaussian prime and, by Euclidean division to get a unique element of the 
minimal norm in each residue class, which represents each element of the finite field. So, each element of these fields 
can be represented by a Gaussian integer with the minimal Euclidean norm in the residue class. These sets constructed 
by Gaussian integers are called constellation. Since the Galois norm of integral points on the complex plane coincides 

with the Euclidean metric, Huber’s constellation is of minimal energy. Moreover, Huber introduced the Mannheim 
weight by means of the Manhattan metric of the constellation, and defined one error correcting Mannheim codes. In [3], 
Huber developed his wonderful idea further to the Eisenstein integers, i.e., the algebraic integers of the cyclotomic field 
generated by the sixth roots of unity. Although Huber’s work constitutes a relevant contribution, unfortunately, the 
Mannheim distance is not a true metric as was proved in [5]. C. Martinez et al. obtained perfect codes for metrics in-
duced by circulant graphs in [4]. Later, T. P. da Nobrega Neto et al. in [1] discussed the algebraic integer rings of qua-

dratic fields which are the Euclidean norm, and proposed a new class of linear codes. In [1], codes over the ring  of 

Gaussian integers and codes over the ring  pA  of Eisenstein-Jacobi integers were presented. The metric used in [1] is 

inspired by Mannheim metric. In this study, we show that the metric defined in [1] is not a true metric. Also, we define a 

proper Mannheim metric and we obtain perfect codes over the finite fields  pA w with respect to this metric. One error

correcting perfect code was not obtained in [1]. In this study, we obtain perfect codes over  pA w with respect to the

Mannheim metric. 
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2. Mannheim Distance over  pA w  

In this Section, we show that the metric defined in [1] is not a true metric. Later, we define a proper Mannheim distance 

over  pA w . Here and there after w  will denote 21 3
, 1.

2

i
i


   

In [1], labeling procedure for the elements of  pA w  by elements of the Galois Field of order p ,  GF p , is given as 

follows: 

i) Given a prime p  that splits completely over
 

[ ]w , let a bw    be a solution of  N p    , where   

denotes the set of all integers, and   denotes the conjugate of  .  

ii) Let  be the only solution (in r ) to the equation  0 moda br p  , where 0 1r p    

iii) The element  l GF p  is the label of the point  if  modx sy l p   and  N   is mini-

mum. 

 

Example 1. Let 3d    and  7 1 mod6 .p    

i) A solution to the equation   2 21
7

4

d
N a ab b


     is given by    , 1,2 .a b   Thus, we can take 

1 2w   .  

ii) The only solution to the equation  1 2 0 mod7r   is 3, where 0 6r  . 

iii) The element l  is the label of the point , if  3 mod7x y l   and  N   is minimum. Hence, 

the set  7A w  is obtained as  20, 1, ,w w   . The set  7A w  is a finite field.  

 

Example 2. Let 3d    and  193 1 mod6 .p    

i) A solution to the equation   2 21
193

4

d
N a ab b


     is given by    , 7,9 .a b   Thus, we can take 7 9w   .  

ii) The only solution to the equation  7 9 0 mod193r   is 85, where 0 192r  . 

iii) The element l  is the label of the point , if  85 mod193x y l   and  N   is minimum. 

Some elements of the finite field  193A w
 
are   9 7 7 ,94 2 8 ,108 mod 7 9 .w w w w         

 

Definition1. [1] Given an element  px yw A w    , the Mannheim weight of   is defined as  

  .MW x y    

Also, the Mannheim distance between any two elements   and   in  pA w  is defined as  

   , ,M Md W    

where    mod , pA w        with  N   minimum.  

But,    ,M Md W    is not a true metric since it does not fulfill the triangular inequality.  

 

Example 3. Let 3d    and  193 1 mod6 .p    Then, 7 9w    and 85.r   Consider  193A w  and the ele-

ments 6 7 , 1,x w y     and 1 .z w   It should be verify that  

     , , , .M M Md x y d x z d z y   
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But this is not true: 

  , 14Md x y   since 7 7x y w     with minimum norm  7 7 49N w   ; 

  , 10Md x z   since 2 8x z w    with minimum norm  2 8 52N w  ; 

  , 1Md z y 
 

since z y w    with minimum norm   1N w  . 

Now, we define the Mannheim metric over  pA w . For this, we first give a modulo function from the Galois field 

 GF p to the  pA w .  

 

Definition 2. Let a bw    such that  2 2 1 mod6 ,p a ab b       where p  is a prime and , .a b We 

define the modulo function    : pGF p A w   by 

 
,

.,

x y x yx yw
l

x y x yx y w


   
 

     
 

Here, ( )x ry l mod p   and ,x yw x y w     where 0 ( ), 0 1.a br mod p r p      

 

Example 4. Let 7 1( 6)p mod  . Then, 1 2 .w   The only solution to the equation1 2 0 ( 7)r mod  is 3, 

where 0 6r  . Thus, we obtain the elements of 
7[ ]A w using by the modulo function  as 

(0) 0;

(1) 1;

(2) ;

(3) ;

(4) ;

(5) ;

(6) 1.

w

w

w

w



















 



 



 

 

Hence, we obtain  7[ ] 0, 1, , .A w w w   
 

 

Definition 3. Given an element x yw    or x yw  in  ,pA w  we define the Mannheim weight of   as 

( )mW x y    

with x y  minimum. Also, we define the Mannheim distance between any two elements   and   in  ,pA w as  

( , ) ( ),m md W    

where ( )mod     , [ ].pA w   

It should be noted that our Mannheim distance md  is not the same as the Mannheim distance Md  defined in [1]. To 

see this, consider the elements 
2w . The Mannheim weight defined in [1] of the elements 

2w  are  
2( ) 2.Md w   

The Mannheim weight of the same elements are 
2( ) 1md w 

 
since 

2w w   and 
2w w  . 

 

3. Single-Error-Correcting Perfect Codes 
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In this section,   will denote an element of order 6 1n p   such that n w  . Thus,  is a primitive element of 

 pA w . 

Let 6 1p n   be a prime in   which factors in [ ]w  as ,  where   is a prime in [ ].w  Let   denotes 

an element of  

   pA w w    

of order 6 .n  Hence 
n w  , and since   is a primitive element of  pA w , it can written  [ ] 0pA w   . 

Now let C  be the code defined by the parity-check matrix 

(1) 

2 1

7 14 7( 1)

6 1 6 1 2 6 1 ( 1)

1

1
,

1 ( ) ( )

n

n

t t t n

H

  

  

  





   

 
 

 
 
  
 



    



 

where t n . An n tuple  

   0 1 1, , , n

n pc c c c A w   

is a codeword of C  if and only if 0THc   , where 
Tc  denotes the transpose of c . If 

1

0
( )

n i

ii
c x c x




  is the as-

sociated code polynomial, we get 
6 1( ) 0,jc     for 0,1, ,j t  . 

The polynomial 7 6 1( ) ( )( ) ( )tg x x x x        is the generator polynomial of C , and ( )C g x  is an ideal 

of [ ][  ]p

nA w x x w . If multiplying a code polynomial ( )c x  by (mod( ))nx x w , we get  

2

0 1 1( ) ,n

nxc x c x c x c x     

which belongs to C . We know that 
nx w . Therefore, if ( )c x C , then ( )xc x C . Thus, multiplying ( )c x  by 

(mod( ))nx x w  means the following: 

 Shifting ( )c x  cyclically one position to the right; 

 Rotating the coefficient 1nc   by / 3  radians in the complex plane and substituting it for the first symbol of the 

new codeword. 

Therefore, code C  defined by the parity check matrix in (1) is an w  cyclic codes by considering a primitive root 

  such that .n w   
 

Theorem 1. Let C  be the code defined by the parity check matrix 

(2)                            7 11 .nH       

Then C  is able to correct any error pattern of the form ( ) i

ie x e x , where    1.m iW e   

Proof: Let ( ) ( ) ( )r x c x e x   be the received polynomial, where ( )c x  denotes the codeword polynomial 

( ) l

le x e x  denotes the error polynomial with .an

le    The vector corresponding to the polynomial ( )r x
 is 

r c e  . Then, the syndrome S  of r  is 

,T l an LS Hr      

where , ,0 1.L l l n     By reducing L  modulo ,n we determine the location l  of the error, and next a  is 

determined by   .a L l n 
 

Hence, we have the location and the value of the error. 
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Recall that the elements of Mannheim weight 1 of the alphabet  pA w
 
are 1, ,w w   . By sphere-packing we get 

1 1(6 1) .n n np n p p p     

Hence, the codes defined by the parity check matrix in (2) are perfect. 
 

Example 5. Let 13p  . Then, 3 , 10w r    . Using the procedure given in Def.2, we obtain the set  13A w  as 

    0, 1, , , 2 , 1 , 1 .w w w w w        

If we take 2w  , since  1 6 2p
w 


  , the code C  of the null space of the parity check matrix 

   1, 1, 2H w   

defines a single-error-correcting perfect code over  13A w . The code C  has 13  codewords. The number of the all 

words in the vector space 2

13[ ]A w
 

is 
213 . The elements of Mannheim weight 1 of the alphabet  pA w

 
are 

1, ,w w   . By sphere-packing we get 
2 1 213 (12 1) 13 .    
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