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1. Introduction

Abstract

A new solution to Maxwell's differential equations is proposed. A new approach
for writing solutions to these equations under consideration uses quaternions. The
equations are written as a kind of generalization of the Cauchy-Riemann equations
and have a form of partial differential equation of first order. The Green's function
was found for direct (without potentials) solutions of Maxwell's equations. To cal-
culate Green's function, we use factorization of the d'Alembert operator and the fact
that Green's function for the d'Alembert operator is known. Three examples of de-
termining the electromagnetic field strength were considered. This is an example
of finding the strength of the electromagnetic field created by the charge ¢ mov-

ing with constant speed v along the axis x, . The example of finding the electric

field strength created by a uniformly charged thin rod at a point perpendicular to
the rod at a distance R from the rod. The example of finding the electric field
strength created by a dipole at a point located perpendicular to the middle of the
dipole at a distance R from the middle of the dipole.
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Maxwell's equations for the electromagnetic field

1 4
divE = 4ri, , divH =0, —0OE—rotﬂ=——”1,
C

1
—0,H+rotE=0,
c c

where E=(E ,E, E,), H=(H ,H, H;), I={(i,i,,i,),are the most famous equations of physics.
Over the course of a century and a half, many approaches and refinements have been proposed for solutions to these

equations.

In this note, we propose a new approach for writing solutions to these equations, which does not use potentials. The
approach under consideration uses quaternions, which are widely used in physics and mathematics [1-5]. We will show
how non-conventional notation leads directly to finding Green's function for these equations.

The starting point for this approach is Kuni Imaeda's paper Imaeda [6]

where D=180 —e0,—e,0,—e0,, 0,
c

ee, = —e,e, =ie; andso on.

DF (X)=—4xl , )

J

0 : . S
:67’ F(x)=Zej(Ej+ij), E,=H,=0, I=Zejlj, e =1, ef=1,
=0 =0

J

When the right side is zero, this entry represents a condition similar to the condition Cauchy-Riemann for a complex-
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valued function of a complex variable Dffz) =0, where D=0, +i0,, z=x+iy, f=u(xy)+iv(x,y).Inour case, we

3
will talk about a bivector of quaternions E +iH = Ze (E,+iH ) (classical Hamiltonian quaternions with complex co-
j=1

3
efficients) over a set constructed from the same quaternions with real coefficients x = ijej . Given this choice of x,
j=0

3 3 3
its norm is equal to \/(xo + Z(:)xjej )(x, — Z(:) xe, )= \/xg - Z(:)sz , which coincides with the relativistic interval and there-
Jj= j= j=

fore automatically ensures relativistic invariance.

Then this formal notation (1) breaks down into four equations, which are exactly Maxwell's equations. The right side of
these equations, namely, charges and currents represents the phenomenological part of Maxwell's equations. Equations
with the right side equal zero (that represents Maxwell equations in vacuum) are an exact analogue of Cauchy-Riemann
Equations. It is known that Caucy-Riemann equations are the definition of analytic or regular functions. Solutions for such
equations are written in the form of Further polynomials [7, 8].

Instead of breaking equation (1) into four notations, we will use a single notation of this hypercomplex system. Then, it
is clear that this is a partial differential equation of first order.

2. Calculation of Green's function

As is customary in such cases, we will look for a solution to the equation for the Green's function
DG(x)=0d(x)

with the right side in the form of a delta function.
These equations can be solved in a completely standard way. By Fourier-transform analysis and corresponding integra-
tion. However, we offer another solution by noting that the operator D factorizes the d'Alembert operator [
100 o o ¢ . .
=-——t—F5t—5+t—. Exactly, -DD =-D D=1],
c”ox, Ox; Ox; Ox3
where
. 10 0 0 0
D'=——+e—+e,—+e,—
c 0x, Ox, Ox, Ox,

This exactly corresponds to the factorization of the Klein-Gordon operator by the Dirac Hamiltonian.
Since, by definition, the Green's function G, is a solution to the equation

-DD" G =(x),
then for G=-D" G istrue DG(x)=6(x). Thus, the solution to Maxwell's equations will take the form
E-iH =4z[D" G (x—x )I(x )dx . Q)

After multiplication and integration, the result is organized by the imaginary unit to obtain a solution for electric £
and magnetic H fields. The answer very much depends on the specific form of the right side of equation [ .

Green's function G is known. However, it should be noted that if the kernel of the operator is non-trivial, then Green's
function is not unique. However, in practice, using the principle of symmetry, boundary conditions, or other additional
conditions allows you to determine a specific Green's function.

In general, the function G| can be chosen as a linear combination

o(cx, +r) o(—cx,+r)
G -G

G =—

B

Azr 4nr

where r=\x7 +x; +x;, ¢ tc,=1.

By calculating the operator D* from the function — G- we obtain the Green's function G for our problem.
To calculate we use the following equality
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%) o(*ex, +r) :_5(icx;0 +r)ex; te 5'(icx0 +r)'

Anzr r r / Anr

We get

. “(ex, + "(—ex, +
G=-D" G :Clé(cxo r)_czé( X, r)+
4zr 4zr

(€))

e o(cx, +r) e o(—cx, +r) T 0 (cx, +r) re, 0 (—cx, +r)} xe tx,e, +xe

1 2
dr’ 4mr® 4y 4zr r

So far, we proved the following:

Statement 1. The solution to Maxwell equation (1) can be formulated as equation (2) where D" G- is determined by
formula (3).

Now, after calculating the Green's function, we are able to consider three examples of determining the electromagnetic
field strength using formula (2) and the Green's function G defined by equation (3).

3. Example 1

Let us consider the problem of finding the strength of the electromagnetic field created by the charge ¢ moving with
constant speed v along the axis x, . In this case, function [ can be written

I(xy,x,,%,,%;, ) = qo(x, —vx, )o(x, —0)d(x, —0)[1+Xelj. 4)
c

The electromagnetic field strength is found using formula (2), where [ is given by equation (4).
To find the electromagnetic field strength, we first calculate

J-J(c(xo —x('))-i-r—r')
4717(}’—?")2

1(xy,x;, %5, X, )dx,dx, dx,dx; |

where r—r = \/(x, —x ), —x, ) (=X, )

For simplicity, we will consider calculating the electromagnetic field strength at a point on the X; axis. Therefore, after
integration over dx,dx,dx, we obtain the expression

—x, ) tx, —vx,) .
qe](l"_geljjé(C(xo X))+ x, VxO)de.

4r(x, — vx(') )2

(&)

To calculate the integral over x, of a function in expression (5), we find x;, , at which the delta function argument is
Zero.

.. : . . C X tex
From the condition ¢(x, —x, ) +x, —vx, =0, we get x, +cx, = x,(v+c) or x,=—"——-".

v+c
Then, allow us to obtain the equation

jé(c(xo—x(r))Jrr—r')

I(xy, %, %5, X; )dx,dx,dx,dx; =

dn(r—r )
2
| (1 +V)
v v c
qe, (1+_elj 7~ q¢ (1+_elj—2' (6)
¢ x, tex, ¢ )4n(x,—vx,)
4| X, —v—"
v+e
Let us now calculate
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J-é(—c(xo—x('))+r—r')

- I(x,,x,, X, %, Jdx,dx,dx,dx, .
477,'(}" —r )2 0¥ 222773 0" 2 3

After integration over dx,dx,dx, we obtain the equation

O(—c(xy—x, )+x, —vx,)
qej(l-i-zelj.[ CY) ,xlz vxo)dxo. (7
c 4m(x, —vx,y)

To calculate the integral over x, of a function in expression (7) we find x;, , at which the delta function argument is

L x —ex,
zero, namely x, =

. Thus, we obtain the following equation
v—c

I(xy,x,,%,,X; )dx,dx,dx,dx, =
2
v
-2
c

v 1 \J
2] 1oz .
¢ 4 [ X, —cx, c Jan(x,—vx,)
| x, —v

J-5(—C(xo —x)*tr-r)
dr(r—r )

v—c¢C

Let us now calculate

_I5'(C(xo—x5)+r—/)

- I(x,,x,, X, %, )dx,dx,dx,dx, .
471'(}”—]” )2 027¥2 22743 0 MM

After integration over dx,dx,dx, we obtain the expression

N 5x, (c(xy =X, )+ X, — VX, ) ’
qe, (H——elj 0 dx, .

dr(v+c)(x, —vx, )

By analogy with calculating the integral over x, in expression (5) we get

_J‘ér(c(xo —X, )+r—r")

1(x,y, %, %y, X; )dx,dx,dx,dx, =

dnr—r )
v vY
vge, (l-i-elj (l-i-]
c c
. 9
vtc dr(x, —vx, ) ©
Similarly, it can be shown that
O(=c(xy =X, )+r—r') . o
—J. (e, xO), 2r r )I(xo,xl,xz,x3 )dx,dx, dx,dx, =
4r(r—r )
v vY
vge, (lJrelj (1—)
c c
. 10
v—c 4m(x, —vx, ) (10)

From equations (6), (8) and (9), (10) we obtain that

JG(xO =Xy, X =X, Xy — X, Xy — X3 )I(3,, X%, Xy, X3 )dXodx, dx,dx, =
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2 2
vqel[l-i-‘c}elj (H_‘c}) vqel(l-l-ie'l) (l—zj
+c +

vte  dax -wx, ) © v—c 4z, —wx, )

vY vy’
) [-2)
v c v c v
-, | 1+ —c,| 1+ e|l+—e |=
l[ v+cj47r(x1—vx0)2 2( v—cj47z(xl—vx0)2 qj( c IJ

2 2 2 2
{—cl d (1+3) +e, Y (1—3j _CI(HLJ(HX] —cz(1+L)(1—3j :lx
v+e c v—cC c v+e c v—c c
qel(l+velj
c

Am(x, —vx, ) .

-

(11

When ¢ = %(1—5) , G = %(1 +E) , expression (11) will be written in the form

—4727'[ G(xy = Xo, X — X, Xy — Xy, X3 — X3 )I(x, X, X, , Xy )dxodx,dx,dx; =

q€1(1+velj 2
) [M_][Kﬂ] (12)

(x, —vx, )’ A le

v . .
At —<<1 coefficient for e, isequalto 4

and gives the value of the electric field along the axis x, . In this
c (x, —vx,

2

case, the value of the magnetic field is zero.

4. Example 2

Let us consider the problem of finding the electric field strength created by a uniformly charged thin rod at a point perpen-
dicular to the rod at a distance R from the rod.
Let us assume that the rod is directed along the x; axis, the linear charge density in the rod is equal to ¢ and the

considered point at the coordinates x, =0, x, = 0. In this case, the function I looks like
1(xy,%,,%,,%, ) = qo(x;, =0)o(x, —0) . (13)

The electric field strength is found using formula (2), where G and [ are determined by equations (3) and (13),
respectively.
In a cylindrical coordinate system

8 (ex, ++p° +2°) (5'(—cx0+\/p2+22)+

=c —-c

1 Ay p® +2° ’ dr\p* + 2
( 5(cx0+\/p2+zz) 5(—cx0+\/p2+22)+

—c —c

1 dn(p® +2*) ? dn(p® +2%)

5'(cx0+\/p2+22)+ 8 (cx, ++p* +2*)
c c
l Ay p* + 2 ’ 4r\p* + 2

)%
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peos(@ e, + psin( @ Je, + ze,
drrp® +2° .
[(xOJp’¢’Z) = qé(p - 0)5(¢7— 0) .

From formulas (2), (14), and (15) after integration over x,,p,¢ , we obtain that

z peos(@ e, + psin(p e, +(z—z )e, . .
F (xorp’¢’z):(cl+cz)I g : 2 Sdz .

ptiE-z) Jpi+@E-z )

Since the point under consideration has Z = 0 , we obtain that

< g  pcos(@)e +psin(ple,—ze, .
F (xo'p’w'o):(cl"_cz)]. p2 . : 2 2dz .

+E ) Jpi+E )

Because
J;;édz:O, _J; dz §= z 1—)% as z —>
(0’ +2)? 0 +2)% prp 2 )?
we get that
2(c, +c, ) .
F (x.p.9.0) = IT”’(pcos(co)el +psin(pJe, ).

For ¢, +c¢, =1, we get that
2q .
F (5..9.0) ==L (poos(p)e;  psin(p)es).
If the point is on the x, axis, then ¢=0,p=R and
F (xO,R,O,0)=2?qel ,

that is we get the value of the electric field along the x, axis is equal to %] .

If the point is on the x, axisthen ¢ = g p=R and

2
F (xO,R,%,O):%eZ,

2q

that is we get the value of the electric field along the x, axis is equal to e

5. Example 3

(14)

15)

Let's consider the problem of finding the electric field strength created by a dipole at a point located perpendicular to the
middle of the dipole at a distance R from the middle of the dipole. Let us assume that a dipole with a distance [ between

charges ¢ and —g directed along axis x, , and the point under consideration lies on the axis X, .

In this case, the function / has the form

1(xy,%;,%,,%; ) = qo(x, —0)d(x, —0)(5(x3 -l-é)—é(x3 —é)}

(16)

DOI: 10.26855/jamc.2024.09.008 277 Journal of Applied Mathematics and Computation



Savely Rabinovich, Victor Malyutin

The electric field strength is found using formula (2), where G and [ are determined by equalities (3) and (16),
respectively.
In a cylindrical coordinate system, G is determined by equation (14).

165y, 9.0,2) = 46(p—0)5( 0)[5& v -0 —é)j . (17)

From formulas (2), (14), and (17) after integration over x('), p,@ we obtain that

. ol
8E +5)-6E = ,
wq( (e 2)jpcos(¢)el+psin(<o)e2+(z—z)e3 R

Fppd=lare)| =5 V=27
e zZ—Zz P zZ—z

Since the point under consideration lies on the x; axis, then forit @ =0,p = R, . Then after integration over dz we
obtain that

[ [
q(e,R +583 —eR +Ee3)
3
232
{Rz +(lj J
2

gle,

3
2\2
(Rz + (lj J
2
For a point dipole (the distance / between charges is significantly less than the distance R to the point where the
field created by these charges is considered), we obtain

F"(x,,R,0,0)=(c, +¢,)

For ¢, +c¢, =1 we get that

F*(XO,R,O,O) =

qle;

R’

F (x,,R0,0)=

that is, the value of the electric field along the x; axis is Z—i .

6. Conclusion

In this note, we looked at a new approach to writing solutions to Maxwell's equations and showed how an unconventional
notation leads directly to finding Green's functions for these equations. It should be noted that this is not just a decorative
difference from previously used methods, which, generally speaking, required the calculation of potentials, scalar and
vector. Here, the calculation of the fields E,H is direct and simultaneous.

There is, however, one more extremely important difference. Previously electric and magnetic fields were transferred
from the physical reality and equations were compiled for them. Here the situation is fundamentally different since the
bivector E+iH is absolutely arbitrary, just like function under Cauchy-Riemann conditions. This makes equation (1) a
statement containing not physical but geometric aspect. Moreover, the fact that hypergeometric numbers from which we
take “derivatives” do not form a group hints at various possible generalizations. Since this corresponds to “physical realities”
unknown to us and other “Maxwell's equations” we decided to leave the discussion of this outside the scope of this work.
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