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  Abstract 
In this note, we employ two identities from symbolic calculations and combine sev-
eral known series expansions for specific special functions. By utilizing these tools, 
we can generate numerous Euler-like sums that connect harmonic numbers, pi and 
zeta values, etc. These results are aesthetically pleasing and widely used in Euler-
like sums fields. The main step is to calculate some new Euler-like sums of the 
harmonic number by integration transformations. The definite integrals of some el-
ementary functions are first calculated by symbol software Mathematica. On the 
other hand, we can write these elementary functions in the form of Maclaurin series 
and then integrate them term by term and finally get the series containing harmonic 
numbers. In the process, we need to deal with the series, integrals, differentiating, 
and other operations skillfully. We can continue to use the integral transform in this 
paper to expand, or we can find another new integral transform to get more valuable 
results by using similar methods. 
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Introduction 
Campbell and Sofo have investigate many identities of Euler-like sums involving harmonic numbers and they obtained a 
lots of beautiful results. These results play very important roles in integral calculations and related fields. In this note, we 
study Euler-like sums containing binomial coefficients and harmonic numbers, which like 
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By introducing an integral transformation [1], 
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Campbell and Sofo obtained a series of identities of the Euler-like sums with the alternating harmonic numbers. It is 
wondering that whether some Euler-like sums can be obtained by this method. In this paper, by introducing two integral 
transformations 
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we get a series of new Euler-like sums identity. 

1. Some Lemmas 
Lemma 1 [3]. 
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Proof. By Mathematica. 
Lemma 3 [2]. 
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Proof. By Mathematica. 

2. Euler-like sums from 
1

1 2 22
0

( )(1 ) log(1 )f x x x dx− −∫  

Theorem 1.1. 

1 2
2

2
1

log 2 7 (3)1 .
16 2 16(2 1) (2 1)

n

n

H

n n
π ζ∞ +

=

= − + + +
− +∑                        (1) 



Xuefeng Zhou 

 

 
DOI: 10.26855/jamc.2024.09.004 220 Journal of Applied Mathematics and Computation 
 

Proof. It can be seen from Lemma 1 that 
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Proof. Integrating arcsin x : 
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Proof. Let 2( ) (arcsin )f x x= , then 
2 2 31

0 2

log(1 )(arcsin ) log 2 (3)
12 21

x x dx
x

π πζ−
= − −

−
∫ . 

From Lemma 3, 
2 21 1

2 20 2 0 0

log(1 )(arcsin ) 2 log 2
4( 1) 4( 1)1

n

n n

Hx x dx
n nx

π π∞ ∞
+

= =

−
= − −

+ +−
∑ ∑∫ , where 

3

2
0

2 log 2 log 2
124( 1)n n

π π∞

=

=
+∑ , we get the 

formula (14). 
Theorem 2.3. 

2
2

2
1

2

2(log 2)
32

n

n
n

n
H

n
n

π∞

=

 
 
  = +∑ .                              (15) 

Proof. Let 2( ) log(1 )f x x= − , then 
2 2 31 2

0 2

log(1 ) 2 (log 2)
61

x dx
x

π π−
= +

−
∫ . By Lemma 3,  

2 21

2 1 2 10 2 1 1

2 2
2 log 2

log(1 )
2 21

n

n n
n n

n n
H

n nx dx
n nx

π π
∞ ∞

+ +
= =

   
   −    = +

−
∑ ∑∫ , where 2

2 1
1

2
2 log 2

(log 2)
2 n

n

n
n

n

π
π

∞

+
=

 
 
  =∑ , so we get the formula (15). 

We can obtain the following theorems in the same way. 
Theorem 2.4. 

( )

2

0

2

1
16log 2

16
4

n

n
n

n
H

n
n π

∞

=

 
 
  = −

+∑  .                               (16) 

Theorem 2.5. 

( )

( ) ( ) ( )2
0

2
1

4log 2 4 2 log 2 4 2 log 2 2 4log 2 1
2 1

n
n

n
n

n
H

n
n

∞

=

 
−  

  = − − − − − −
+∑ .        (17) 

4. Euler-like sums from 
1 2 2
0

( )(1 ) log(1 )f x x x dx+ −∫  

Theorem 3.1. 

( )

( )( )22
1

2
2 1

44 16 4 4 log 2 4log 2
9 3 3 3 92 1 2 1

n

n
n

n
n H

n G
n n

π π∞

=

 
+ 

  = − + + − −
+ −

∑ . 

Proof. Let ( ) arcsinf x x= , the theorem can be proven. 
Theorem 3.2. 

( )

( )( )( )( )22
1

2
2 3

5911 24 8 6 log 2 12log 2
675 5 15 5 52 1 2 2 1 2 1

n

n
n

n
n H

n G
n n n n

π π∞

=

 
+ 

  = − + + − −
+ + + −

∑ . 

Proof.  Let 2 23 arcsin 1( ) 1 arcsin
4 4 2

xf x x x x x x= − + − + + , the theorem can be proven. 

In the same way, we can prove the following theorems. 
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Theorem 3.3. 

( )
2

2
0

2

4 log 2
22 1

n

n
n

n
H

n
nn

π∞

=

 
 
  = −

+∑ . 

Theorem 3.4. 

( ) ( )
( )( )

2 2

1

1 2 1 8 4 8log 2 log 2 4 log 2
1 2 1 3 3 12 3 3 3

n
n

n

n H G
n n n

π π π∞

=

− +
= − − + + − +

+ −∑ . 

Theorem 3.5. 

( )
( )

2
2

0

1
log 2

1 12

n
n

n

H
n n

π∞

=

−
= +

+∑ . 

Theorem 3.6. 

( )

( )( )

1 2 2
2

1

1
22 5 25log 2 4log 2

2 1 2 3 9 72 9 3

n

n

n H

n n n
π∞ +

=

+
= − − −

+ +∑ . 

Theorem 3.7. 

( )
( )

( )
2

2
1

2 1
2 3

61
n

n

n H
n n

πζ
∞

=

+
= +

+
∑ . 

Theorem 3.8. 

( )( )

1 2
2

1
log 2

2 1 2 1 8

n

n

H

n n
π∞ −

=

= −
− +∑ . 

Theorem 3.9. 

( )

( )( )

1
2

2
0

2
1

log 2
8 42 2 1 2 3

n

n
n

n
n H

n
n n

π π∞ +

=

 
+ 

  = +
+ +∑ . 

5. Conclusion 
In this note, using integral transformations, we established connections between the harmonic numbers and some special 
functions. Our methods is writing these elementary functions in the form of Maclaurin series and using integration of them 
to connect the harmonic numbers. Our methods can produce a series of new identities involving special constants and the 
harmonic numbers. 
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