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  Abstract 

Let 𝐺 be a finite group. Define 𝐸(𝐺) to be the expected number of elements of 

𝐺 which have to be drawn at random with replacement from 𝐺 before a set of 

generators is found. The purpose of this paper is to compute 𝐸(𝐺) for certain 

nilpotent groups. This paper is divided into six sections. The first section is an in-

troduction. In the second section we present the definition 𝜆𝑛(𝐺) the probability 

that 𝑛 elements drawn at random, with replacement from a finite group 𝐺 gener-

ate 𝐺, and the definition 𝐸(𝐺) the expectation of the group 𝐺, that is the expected 

number of elements of 𝐺 which have to be drawn at random, with replacement, 

before a set of generators is found. In the third section we present some preliminar-

ies and earlier results e.g if 𝐺 is a group and Φ(𝐺) is its Frattini subgroup. Then, 

𝜆𝑛(𝐺) = 𝜆𝑛(𝐺/Φ(𝐺)). In section four, we computed 𝐸(𝐺) for certain nilpotent 

groups such as ℤ𝑝4, ℤ𝑝 × ℤ𝑝, ℤ𝑝3 × ℤ𝑝 and ℤ𝑝2 × ℤ𝑝2. In section five, we com-

puted 𝐸(𝐺) for a non-trivial example. The last section is a conclusion. 
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1. Introduction 

In [1], V. Acciaro computed the probability of generating some common families of finite groups and the function 𝐸(𝐺) 

for some common classes of groups, starting from the 𝑝-groups and the groups which are the direct product of groups of 

coprime order and also analyzed the class of nilpotent groups. The expectation function 𝐸(𝐺) is of great importance in 

describing certain algorithms for testing whether a group 𝐺 generated by a given set of 𝑚 permutations of degree 𝑛 is 

regular 𝑖. 𝑒 if its order and degree are equal. A survey of algorithms and the expected execution time of these algorithms 

to handle permutation groups has been studied in [2]. In this paper, we compute 𝐸(𝐺) for certain nilpotent groups. For 

more information refer to [3, 5, 7]. 

2. Definition 

The following definitions have been taken from [4]. 

Definition 1. An ordered set (𝑥1, . . . , 𝑥𝑛) of 𝑛 elements of a group 𝐺, not necessarily distinct which generates 𝐺 is 

called an 𝑛-basis of 𝐺. 

Definition 2. The 𝑛 − 𝑡ℎ Eulerian function 𝜙𝑛(𝐺) is the number of distinct 𝑛-basis of 𝐺. 

Note 3. If the group 𝐺 cannot be generated by 𝑛 elements, then 𝜙𝑛(𝐺) = 0 and if 𝐺 is cyclic of order 𝑛 then 

𝜙1(𝐺) = 𝜙(𝐺), where 𝜙(𝑛) is the ordinary Eulerian function of an integer. 

Note 4. Let (𝑔1, … , 𝑔𝑛)  be an 𝑛 − tuple of 𝐺 . Then either 𝐺 = ⟨𝑔1, … , 𝑔𝑛⟩  or 𝐻 = ⟨𝑔1, … , 𝑔𝑛⟩  where 𝐻  is a 

subgroup of 𝐺. Hence one has the following fundamental identity 
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|𝐺|𝑛 = ∑𝐻≤𝐺 𝜙𝑛(𝐻). 

Definition 5. Let 𝜆𝑛(𝐺) denote the probability that 𝑛 elements drawn at random, with replacement from 𝐺 generate 

𝐺. Then one obtains 

𝜆𝑛(𝐺) =
𝜙𝑛(𝐺)

|𝐺|𝑛
. 

Definition 6. Let 𝐸(𝐺) denote the expected number of elements of 𝐺  which have to be drawn at random, with 

replacement, before a set of generators is found. 

The expectation function 

𝐸(𝐺) = ∑

∞

𝑑=1

𝑑(𝜆𝑑(𝐺) − 𝜆𝑑−1(𝐺)) 

where 𝜆𝑑(𝐺) − 𝜆𝑑−1(𝐺) is the probability that 𝐺 = ⟨𝑔1, . . . , 𝑔𝑑⟩ and 𝐺 ≠ ⟨𝑔1, . . . , 𝑔𝑑−1⟩. 

3. Preliminaries and earlier results 

Note 7. The following basic combinatorial identity that we will use to simplify the computation of 𝐸(𝐺). 

∑

∞

𝑑=1

𝑥
𝑑

𝑑−1 = (
𝑥

𝑥 − 1
)2, 

where 𝑥 is a real number greater than 1. 

Lemma 8. 

1. If 𝐺 is a group and Φ(𝐺) is its Frattini subgroup. Then 

𝜆𝑛(𝐺) = 𝜆𝑛(𝐺/Φ(𝐺)). 

2. If 𝐺 is a 𝑝-group with minimal number of generators 𝑑, then 

𝜆𝑛(𝑃𝑛) = 𝜆𝑛(𝐺), 

where 𝑃 is an elementary abelian group isomorphic to 𝐺/Φ(𝐺) of onder 𝑝𝑑. 

3. If 𝐺 and 𝐻 are two finite groups of coprime order, then 

𝜆𝑑(𝐺 × 𝐻) = 𝜆𝑑(𝐺). 𝜆𝑑(𝐻). 

4. If 𝐺 is nilpotent group of order 𝑝1
𝑒1 , . . . , 𝑝𝑘

𝑒𝑘, then 

𝜆𝑑(𝐺) = ∏

𝑘

𝑖=1

𝜆𝑑(𝐺𝑝𝑖
), 

where 𝐺𝑝𝑖
 is the 𝑝𝑖-Sylow subgroup of 𝐺. 

Proof. See [3, problems 8.7, 8.26 and 8.22]. 

Lemma 9. 

𝑖) If 𝐺 is a 𝑝-group with minimal number of generators 𝑑, then 

(a) 𝜆𝑑(𝐺) = ∏𝑑
𝑖=1 (1 − 𝑝−𝑖) 

(b) If 𝑘 ≤ 0, the 𝜆𝑑+𝑘(𝐺) = 𝜆𝑑(𝐺) ∏𝑘
𝑖=1

𝑝𝑖−𝑝−𝑑

𝑝𝑖−1
 

𝑖𝑖) If 𝐺 is a cyclic group of order 𝑛, then 

𝜆𝑑(𝐺) = ∏

𝑝|𝑛

(1 −
1

𝑝𝑑
) 

𝑖𝑖𝑖) If 𝐺 is a 𝑝-group of order 𝑝2, then 

𝜆𝑑(𝐺) = {

𝑝𝑑 − 1

𝑝𝑑
if 𝐺 is cyclic

1 − 𝑝−𝑑+1 + 𝑝1−2𝑑 − 𝑝−𝑑 if 𝐺 is elementary abelian
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𝑖𝑣) If 𝐺 is a group of order 𝑝𝑞 with 𝑝, 𝑞 primes and 𝑞 < 𝑝, then 

(a) 𝜆𝑑(𝐺) = {
(

𝑝𝑑−1

𝑝𝑑 )(
𝑞𝑑−1

𝑞𝑑 ) if𝑞 ∤ 𝑝 − 1

1 −
1

𝑝𝑑 − 𝑝𝑑−1 +
𝑝𝑑−1

𝑞𝑑 if𝑞|𝑝 − 1
 

Proof. See [1]. 

Note 7. The following basic combinatorial identity that we will use to simplify the computation of 𝐸(𝐺). 

∑

∞

𝑑=1

𝑥
𝑑

𝑑−1 = (
𝑥

𝑥 − 1
)2, 

where 𝑥 is a real number greater than 1. 

Lemma 8. 

1. If 𝐺 is a group and Φ(𝐺) is its Frattini subgroup. Then 

𝜆𝑛(𝐺) = 𝜆𝑛(𝐺/Φ(𝐺)). 

2. If 𝐺 is a 𝑝-group with minimal number of generators 𝑑, then 

𝜆𝑛(𝑃𝑛) = 𝜆𝑛(𝐺), 

where 𝑃 is an elementary abelian group isomorphic to 𝐺/Φ(𝐺) of onder 𝑝𝑑. 

3. If 𝐺 and 𝐻 are two finite groups of coprime order, then 

𝜆𝑑(𝐺 × 𝐻) = 𝜆𝑑(𝐺). 𝜆𝑑(𝐻). 

4. If 𝐺 is nilpotent group of order 𝑝1
𝑒1 , . . . , 𝑝𝑘

𝑒𝑘, then 

𝜆𝑑(𝐺) = ∏

𝑘

𝑖=1

𝜆𝑑(𝐺𝑝𝑖
), 

where 𝐺𝑝𝑖
 is the 𝑝𝑖-Sylow subgroup of 𝐺. 

Proof. See [[3], problems 8.7, 8.26 and 8.22]. 

Lemma 9. 

𝑖) If 𝐺 is a 𝑝-group with minimal number of generators 𝑑, then 

(a) 𝜆𝑑(𝐺) = ∏𝑑
𝑖=1 (1 − 𝑝−𝑖) 

(b) If 𝑘 ≤ 0, the 𝜆𝑑+𝑘(𝐺) = 𝜆𝑑(𝐺) ∏𝑘
𝑖=1

𝑝𝑖−𝑝−𝑑

𝑝𝑖−1
 

𝑖𝑖) If 𝐺 is a cyclic group of order 𝑛, then 

𝜆𝑑(𝐺) = ∏

𝑝|𝑛

(1 −
1

𝑝𝑑
) 

𝑖𝑖𝑖) If 𝐺 is a 𝑝-group of order 𝑝2, then 

𝜆𝑑(𝐺) = {

𝑝𝑑 − 1

𝑝𝑑
if 𝐺 is cyclic

1 − 𝑝−𝑑+1 + 𝑝1−2𝑑 − 𝑝−𝑑 if 𝐺 is elementary abelian

 

𝑖𝑣) If 𝐺 is a group of order 𝑝𝑞 with 𝑝, 𝑞 primes and 𝑞 < 𝑝, then 

(a) 𝜆𝑑(𝐺) = {
(

𝑝𝑑−1

𝑝𝑑 )(
𝑞𝑑−1

𝑞𝑑 ) if𝑞 ∤ 𝑝 − 1

1 −
1

𝑝𝑑 − 𝑝𝑑−1 +
𝑝𝑑−1

𝑞𝑑 if𝑞|𝑝 − 1
 

Proof. See [1]. 

4. Main results 

In this section, we compute 𝐸(𝐺) for certain abelian groups 𝐺 of order 𝑝4 namely 𝐺 ≅ ℤ𝑝4, 𝐺 ≅ ℤ𝑝2 × ℤ𝑝2 and these 

groups are nilpotent as they are abelian. 
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Proposition 10. Let 𝐺 ≅ ℤ𝑝4. Then 𝐸(𝐺) =
𝑝

𝑝−1
. 

Proof. By Lemma 9(ii), 𝜆𝑑(ℤ𝑝4) =
𝑝𝑑−1

𝑝𝑑  and hence by Definition 6 

𝐸(ℤ𝑝4) = ∑

∞

𝑑=1

𝑑(𝜆𝑑(𝐺) − 𝜆𝑑−1(𝐺)) 

= ∑

∞

𝑑=1

𝑑(
𝑝𝑑 − 1

𝑝𝑑
−

𝑝𝑑−1 − 1

𝑝𝑑−1
) 

= ∑

∞

𝑑=1

𝑑

𝑝𝑑−1
(
𝑝𝑑 − 1

𝑝
− 𝑝𝑑−1 + 1) 

= ∑

∞

𝑑=1

𝑑

𝑝𝑑−1
(
𝑝 − 1

𝑝
) =

𝑝 − 1

𝑝
(

𝑝

𝑝 − 1
)2, 

using the basic combinatorial identity in Note 7 

=
𝑝

𝑝 − 1
(Compare with 4.11) 

Proposition 11. Let 𝐺 ≅ ℤ𝑝 × ℤ𝑝, then 𝐸(𝐺) =
2𝑝2+𝑝

𝑝2−1
. 

Proof. By Lemma 9(iv), 𝜆𝑑(𝐺) = 1 − 𝑝−𝑑+1 + 𝑝1−2𝑑 − 𝑝−𝑑 and hence by Definition 6 one has: 

𝐸(𝐺) = ∑

∞

𝑑=1

𝑑(1 − 𝑝−𝑑+1 − 𝑝−𝑑 + 𝑝1−2𝑑) − (1 − 𝑝−𝑑+1 − 𝑝−𝑑+1 + 𝑝3−2𝑑) 

= ∑

∞

𝑑=1

𝑑𝑝−𝑑(𝑝2 − 1) + ∑

∞

𝑑=1

𝑑𝑝1−2𝑑(1 − 𝑝2) 

= 𝑝−1(𝑝2 − 1) ∑
𝑑

𝑝𝑑−1
+ 𝑝−1(1 − 𝑝2) ∑

∞

𝑑=1

(
𝑑

𝑝2𝑑−2
)

𝑝(𝑝2 − 1)

(𝑝 − 1)2
−

𝑝(𝑝2)

𝑝2 − 1
 

using the basic combinatorial identity in Note 7 

=
2𝑝2 + 𝑝

𝑝2 − 1
. (Compare with 4.21) 

Proposition 12. Let 𝐺 ≅ ℤ𝑝2 × ℤ𝑝, then 𝐸(𝐺) =
2𝑝2+𝑝

𝑝2−1
. 

The group 𝐺 is a 𝑝-group with minimal number of generators equal to two, that is 𝐺 ≅ ⟨𝑏𝑝, 𝑎⟩ or 𝐺 ≅ ⟨𝑎𝑝, 𝑎𝑖𝑏⟩, 𝑖 =

0.1. . . . . 𝑝 − 1. Therefore, the behavior of these groups is the same as the elementary abelian group ℤ𝑝 × ℤ𝑝 of order 𝑝2. 

Hence by Proposition 11, the claim follows 

Remark 13. The group 𝐺2 = ℤ𝑝2 × ℤ𝑝2 has the following subgroups: 

1. It has 𝑝 + 𝑙 cyclic subgroups of order 𝑝 namely 

ℤ𝑝 ≅ ⟨𝑎𝑝, 𝑏𝑖𝑝⟩, 𝑖 = 1,2, . . . , 𝑝. 

ℤ𝑝 ≅ ⟨𝑏𝑝⟩. 

2. It has 𝑝2 + 𝑝 cyclic subgroups of order 𝑝2 namely: 

ℤ𝑝
2 ≅ ⟨𝑎𝑏𝑖⟩, 𝑖 = 1,2, . . . , 𝑝2. 

ℤ𝑝
2 ≅ ⟨𝑎𝑝𝑏𝑗⟩, 𝑗 = 1, . . . , 𝑝 − 1. 

ℤ𝑝
2 ≅ ⟨𝑏⟩ 

and one elementary abelian group of order 𝑝2 that is ℤ𝑝 × ℤ𝑝 = ⟨𝑎𝑝𝑏𝑝⟩ 
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3. It has 𝑝 + 1 subgroups of order 𝑝3 of the form 

ℤ𝑝2 × ℤ𝑝 ≅ ⟨𝑎𝑝, 𝑎𝑖𝑏⟩, 𝑖 = 0,1, . . . , 𝑝 − 1. 

ℤ𝑝2 × ℤ𝑝 ≅ ⟨𝑏𝑝, 𝑎⟩. 

4. It has also two trivial subgroups. 

For the above remark, see [3]. 

Proposition 14. Let 𝐺 ≅ ℤ𝑝2 × ℤ𝑝
2 , then 

𝜆𝑑(𝐺) = 1 − 𝑝−4𝑑[1 − (𝑝 + 1)(𝑝𝑑 − 1) − (𝑝2+𝑑 − 𝑝𝑑+1)(𝑝𝑑 − 1) − (𝑝 + 2)(𝑝2𝑑 − 𝑝𝑑+1 − 𝑝𝑑 + 𝑝)]. 

Proof. By applying the identity |𝐺|𝑑 = ∑𝐻≤𝐺 𝜙𝑑(𝐺) in Note 4, Remark 13 and Lemma 9, one obtains 

𝜙𝑑(ℤ𝑝2 × ℤ𝑝2) = 𝑝4𝑑 − 1 − (𝑝 + 1)(𝑝𝑑 − 1) − (𝑝2 + 𝑝)(𝑝𝑑)(𝑝𝑑 − 1) − 

(𝑝2𝑑 − 𝑝𝑑+1 − 𝑝𝑑 + 𝑝) − (𝑝 + 1)(𝑝2𝑑 − 𝑝𝑑+1 − 𝑝𝑑 + 𝑝) 

which implies 

𝜆𝑑(ℤ𝑝2 × ℤ𝑝2) =
𝜙𝑑(ℤ𝑝2 × ℤ𝑝2)

𝑝4𝑑
 

and hence the claim. 

Theorem 15. Let 𝐺 ≅ ℤ𝑝2 × ℤ𝑝2. Then 

𝐸(𝐺) = (𝑝2 + 𝑝 − 1 −
1

𝑝2
−

1

𝑝3
)(

𝑝4

𝑝4 − 1
)2 + (3 −

2

𝑝2
+ 2𝑝 + 𝑝2)(

𝑝2

𝑝2 − 1
)2 + (

5

𝑝2
+

2

𝑝
+ 3 + 4𝑝)(

𝑝3

𝑝3 − 1
)2 

Proof. Apply Definition 6 and Proposition 14, one has 

𝐸(𝐺) = ∑

∞

𝑑=1

𝑑[(1 − 𝑝−4𝑑 − 𝑝−4𝑑(𝑝 + 1)(𝑝𝑑 − 1) − 𝑝−4𝑑(𝑝2+𝑑 + 𝑝𝑑+1)(𝑝𝑑 − 1) 

−(𝑝 + 2)(𝑝2𝑑 − 𝑝𝑑+1 − 𝑝𝑑 + 𝑝)𝑝−4𝑑) − (1 − 𝑝−4𝑑+4 − 𝑝−4𝑑+4(𝑝 + 1)(𝑝𝑑−1 − 1) 

−𝑝−4𝑑(𝑝2𝑑 + 𝑝𝑑+1)(𝑝𝑑 − 1) − (𝑝 + 2)(𝑝2𝑑 − 𝑝𝑑+1 − 𝑝𝑑 + 𝑝)𝑝−4𝑑)] 

= ∑

∞

𝑑=1

𝑑𝑝−4𝑑(𝑝4 − 1) − ∑

∞

𝑑=1

𝑑𝑝−3𝑑(𝑝 + 1) + ∑

∞

𝑑=1

𝑑(𝑝 + 1)𝑝−4𝑑 − 

∑

∞

𝑑=1

𝑑𝑝−2𝑑(𝑝2 + 𝑝) + ∑

∞

𝑑=1

𝑑𝑝−3𝑑(𝑝2 + 𝑝) − ∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−2𝑑 + 

∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−3𝑑+1 + ∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−3𝑑 − ∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−4𝑑+1 + 

∑

∞

𝑑=1

𝑑(𝑝 + 1)𝑝−3𝑑+3 − ∑

∞

𝑑=1

𝑑(𝑝 + 1)𝑝−4𝑑+4 + ∑

∞

𝑑=1

𝑑(𝑝 + 1)𝑝−2𝑑+3 − 

∑

∞

𝑑=1

𝑑(𝑝 + 1)𝑝−4𝑑+4 + ∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−2𝑑+2 − ∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−3𝑑+4 + 

∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−2𝑑+2 − ∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−3𝑑+4 − ∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−3𝑑+3 + 

∑

∞

𝑑=1

𝑑(𝑝 + 2)𝑝−4𝑑+5 = 𝐴 ∑

∞

𝑑=1

𝑑𝑝−4𝑑 + 𝐵 ∑

∞

𝑑=1

𝑑𝑝−2𝑑 + 𝐶 ∑

∞

𝑑=1

𝑑𝑝−3𝑑 

where 
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𝐴 = 𝑝6 + 𝑝5 − 𝑝4 − 𝑝2 − 𝑝 

𝐵 = 3𝑝2 + 2𝑝3 + 𝑝4 − 2 

𝐶 = 𝑝5 + 4𝑝4 + 3𝑝3 + 2𝑝2 + 5𝑝 + 2 

Hence 

𝐸(𝐺) = 𝐴𝑝−4 ∑

∞

𝑑=1

𝑑

(𝑝4)𝑑−1
+ 𝐵𝑝−2 ∑

∞

𝑑=1

𝑑

(𝑝2)𝑑−1
+ 𝐶𝑝−3 ∑

∞

𝑑=1

𝑑

(𝑝3)𝑑−1
 

= 𝐴𝑝−4(
𝑝4

𝑝4 − 1
)2 + 𝐵𝑝−2(

𝑝2

𝑝2 − 1
)2 + 𝐶𝑝−3(

𝑝3

𝑝3 − 1
)2, 

using the basic combinatorial identity in Note 7. Hence the claim follows. 

Remark 16. The abelian group 𝑮 ≅ ℤ𝒑𝟑 × ℤ𝒑 has 𝟑𝒑 + 𝟓 subgroups and these are 𝒑 + 𝟏 cyclic groups ℤ𝒑 of order 

𝒑. There are 𝒑 + 𝟏 𝒑-subgroups ℤ𝒑𝟐 or ℤ𝒑 × ℤ𝒑, 𝒑 + 𝟏 subgroups of type ℤ𝒑𝟑 or ℤ𝒑𝟐 × ℤ𝒑 and the trivial two sub-

groups G itself and the identity {𝒆}. The computation 𝑬(𝑮) is similar to that of of 𝑬(ℤ𝒑𝟐 × ℤ𝒑𝟐) in Theorem 15, as 𝝀𝒅(𝑯) 

for the subgroup 𝑯 of 𝑮 ≅ ℤ𝒑𝟑 × ℤ𝒑 is similar to that of 𝑮 ≅ ℤ𝒑𝟐 × ℤ𝒑𝟐, except the subgroup ℤ𝒑𝟑 × ℤ𝒑 which is a 𝒑-

group with minimal number of generators is 𝟑, hence its behavior is the same as ℤ𝒑𝟑 [by Lemma 8 (ii), (iii)]. 

5. A non-trivial example 

We conclude this paper with the computation of 𝐸(𝐺), where 𝐺 is a nilpotent group, 𝐺 ≅ 𝐺𝑝1
× 𝐺𝑝2

× 𝐺𝑝3
, 𝐺𝑝𝑖

 is a 𝑝𝑖-

Sylow subgroup of 𝐺. So 

𝜆𝑑(𝐺) = ∏

3

𝑖=1

𝜆𝑑(𝐺𝑝𝑖
) = ∏

3

𝑖=1

(1 −
1

𝑝𝑖
𝑑) = 1 − ∑

3

𝑑=1

1

𝑝𝑖
𝑑 + ∑

3

1≤𝑖<𝑗≤3

1

𝑝𝑖
𝑑𝑝𝑗

𝑑 −
1

𝑝1
𝑑𝑝2

𝑑𝑝3
𝑑 

𝐸(𝐺) = ∑

∞

𝑑=1

𝑑(𝜆𝑑(𝐺) − 𝜆𝑑−1(𝐺)) 

= ∑

∞

𝑑=1

𝑑((1 − ∑

3

𝑑=1

1

𝑝𝑖
𝑑 + ∑

3

1≤𝑖<𝑗≤3

1

𝑝𝑖
𝑑𝑝𝑗

𝑑 −
1

𝑝1
𝑑𝑝2

𝑑𝑝3
𝑑) − (1 − ∑

3

𝑑=1

1

𝑝𝑖
𝑑−1 + ∑

3

1≤𝑖<𝑗≤3

1

𝑝𝑖
𝑑−1𝑝𝑗

𝑑−1 −
1

𝑝1
𝑑−1𝑝2

𝑑−1𝑝3
𝑑−1)) 

= ∑

3

𝑖=1

(∑

∞

𝑑=1

𝑑

𝑝𝑖
𝑑−1 (1 −

1

𝑝𝑖
)) − ∑

3

1≤𝑖<𝑗≤3

(∑

∞

𝑑=1

𝑑

𝑝𝑖
𝑑−1𝑝𝑗

𝑑−1 (1 −
1

𝑝𝑖𝑝𝑗
)) + (∑

∞

𝑑=1

𝑑

𝑝1
𝑑−1𝑝2

𝑑−1𝑝3
𝑑−1 (1 −

1

𝑝1𝑝2𝑝3
) 

= ∑

3

𝑖=1

(1 −
1

𝑝𝑖
)(

𝑝𝑖

𝑝𝑖 − 1
)2 − ∑

1≤𝑖<𝑗≤3

(1 −
1

𝑝𝑖𝑝𝑗
)(

𝑝𝑖𝑝𝑗

1 − 𝑝𝑖𝑝𝑗
)2 + (1 −

1

𝑝1𝑝2𝑝3
)(

𝑝1𝑝2𝑝3

1 − 𝑝1𝑝2𝑝3
)2. 

So, if |𝐺| = 30, then 𝐺 = 𝐺2 × 𝐺3 × 𝐺5 and 

𝐸(𝐺) = (1 −
1

2
)(4)2 + (1 −

1

3
)(

3

2
)2 + (1 −

1

5
)(

5

4
)2 − (1 −

1

6
)(

6

5
)2 − (1 −

1

10
)(

10

9
)2 − (1 −

1

15
)(

15

14
)2 + (1 −

1

30
)(

30

29
)2 

≃ 1.470. 

6. Conclusion 

This study shows that the methodology we have used to compute 𝐸(𝐺) is mainly, based on the the work of Acciaro, 

Eulerian function 𝜙(𝐺) and the basic combinatorial identity 

∑

∞

𝑑=1

𝑑

𝑥𝑑−1
= (

𝑥

𝑥 − 1
)2 

Also, this study shows that the computations 𝐸(𝐺) for nilpotent groups requires to have good information about the 
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subgroup constructions of these groups in order to compute their Eulerian functions and then their 𝜆𝑛(𝐺) and 𝐸(𝐺). 
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