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Abstract

Let G be a finite group. Define E(G) to be the expected number of elements of
G which have to be drawn at random with replacement from G before a set of
generators is found. The purpose of this paper is to compute E(G) for certain
nilpotent groups. This paper is divided into six sections. The first section is an in-
troduction. In the second section we present the definition A,,(G) the probability

that n elements drawn at random, with replacement from a finite group G gener-
ate G, and the definition E(G) the expectation of the group G, thatis the expected
number of elements of G which have to be drawn at random, with replacement,
before a set of generators is found. In the third section we present some preliminar-
ies and earlier results e.g if G isagroup and ®(G) is its Frattini subgroup. Then,
A,(G) = 2,(G/D(G)). In section four, we computed E(G) for certain nilpotent
groups such as Zs, Z, X Ly, Z,3 X Z, and Z,z X Z,2. In section five, we com-

puted E(G) for a non-trivial example. The last section is a conclusion.
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1. Introduction

In [1], V. Acciaro computed the probability of generating some common families of finite groups and the function E(G)
for some common classes of groups, starting from the p-groups and the groups which are the direct product of groups of
coprime order and also analyzed the class of nilpotent groups. The expectation function E(G) is of great importance in
describing certain algorithms for testing whether a group G generated by a given set of m permutations of degree n is
regular i.e if its order and degree are equal. A survey of algorithms and the expected execution time of these algorithms
to handle permutation groups has been studied in [2]. In this paper, we compute E(G) for certain nilpotent groups. For
more information refer to [3, 5, 7].

2. Definition

The following definitions have been taken from [4].

Definition 1. An ordered set (x,,...,x,) of n elements of a group G, not necessarily distinct which generates G is
called an n-basis of G.

Definition 2. The n — th Eulerian function ¢,,(G) is the number of distinct n-basis of G.

Note 3. If the group G cannot be generated by n elements, then ¢,(G) =0 and if G is cyclic of order n then
$1(G) = ¢p(G), where ¢(n) is the ordinary Eulerian function of an integer.

Note 4. Let (gy,..,g,) be an n—tuple of G. Then either G =(gy,..,gn) Of H =(g4,...,9,) Where H is a
subgroup of G. Hence one has the following fundamental identity
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1GI" = Xuse $u(H).
Definition 5. Let 4,(G) denote the probability that n elements drawn at random, with replacement from G generate
G. Then one obtains

¢ (G)
IGI™
Definition 6. Let E(G) denote the expected number of elements of G which have to be drawn at random, with

replacement, before a set of generators is found.
The expectation function

A (G) =

E@G) = ) d(a(6) = 24-1(6)
d=1

where 1,;(G) — A4_1(G) is the probability that G = (g4,...,94) and G #{gy,-..,9a—1)-
3. Preliminaries and earlier results

Note 7. The following basic combinatorial identity that we will use to simplify the computation of E(G).

[ee]

_a_ X .,
d-1 =
Zx ' (x—l)'

a=1

where x is a real number greater than 1.
Lemma 8.
1. If G isagroupand ®(G) is its Frattini subgroup. Then

A (G) = 2, (G/D(G)).
2.1f G isa p-group with minimal number of generators d, then
A (P™) = 2n(G),
where P is an elementary abelian group isomorphic to G/®(G) of onder p<.
3.1f G and H are two finite groups of coprime order, then

4. If G is nilpotent group of order pfl,...,p;k, then

k
2@ = [ [ 26y,

where G, isthe p;-Sylow subgroup of G.
Proof. See [3, problems 8.7, 8.26 and 8.22].
Lemma 9.
i) If G isa p-group with minimal number of generators d, then

@ 2(6) =TI, 1—p™)

i_,—d
(b) I k< 0, the A4 (6) = 24(0) [Ty =25
ii) If G isacyclic group of order n, then
1
@ =]]a--p
p
pln
iii) If G isa p-group of order p?, then
pt—1 G s cvcli
—_— 1 1S Cyclic
A4(G) =y p®

1—p 91 4 pl-2d —p=@ ifG is elementary abelian
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iv) If G isagroup of order pq with p,q primesand g < p, then
EHE? ifq +p— 1
@ 2@ =1 ° -1
1_p_d_pd_1 +q_d lfqlp— 1
Proof. See [1].
Note 7. The following basic combinatorial identity that we will use to simplify the computation of E(G).

o)

_a_ X o
d-1 =
Zx ' (x—l)'

d=1

where x is a real number greater than 1.
Lemma 8.
1.1f G isagroupand ®(G) is its Frattini subgroup. Then

A (G) = (G /P(G)).
2.1f G isa p-group with minimal number of generators d, then
A (P™) = A, (G),

where P is an elementary abelian group isomorphic to G/®(G) of onder p<.
3.1f G and H are two finite groups of coprime order, then

Aa(G X H) = 24(G). 14 (H).
4.1f G is nilpotent group of order pfl,...,p,f", then

k
1@ = [ | 246,
i=1

where G, isthe p;-Sylow subgroup of G.

Proof. See [[3], problems 8.7, 8.26 and 8.22].
Lemma 9.
i) If G isa p-group with minimal number of generators d, then

(@) Aq(6) =TIL, A—p™H) L
(b) I k <0, the 24,4 (6) = 2a(6) TTiea i
i) If G isacyclic group of order n, then

1
@ =] la--3

pln
iii) If G isa p-group of order p?, then
p’ -1
24(G) = p?
1—p %1 4 pl-2d —p=¢ if( is elementary abelian

if G is cyclic

iv) If G isagroup of order pq with p,q primesand g < p, then
pd—l qd—l .
G ifgtp—1

1 _ pd—l
1-a—p' T+ g
Proof. See [1].

(@) 44(6) =
ifqglp—1

4. Main results

In this section, we compute E(G) for certain abelian groups G of order p* namely G = Z,s, G = Z,2 X Z,> and these
groups are nilpotent as they are abelian.
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Proposition 10. Let G = Z,s. Then E(G) = pl.
-1 and hence by Definition 6

E(Z,) = Z d(Aa(6) = 241 (6))

Proof. By Lemma 9(ii), A4(Z,+) =

- pi-1 piti-1
Zd( )
d=1

—p¥t 41

v

d=

[oe]

d p—1. p—-1 p
= ==ty
~p p p P

using the basic combinatorial identity in Note 7

% (Compare with 4.11)

Proposition 11. Let G = Z, X Z,, then E(G) = 21’2—?
Proof. By Lemma 9(iv), 14(G) =1 —p~*! + p'=24 — p=4 and hence by Definition 6 one has:

E(G) — Z d(l _ p—d+1 _ p—d + pl—Zd) _ (1 _ p—d+1

Z dp - 1) +Z dp*2(1 - p?)

-1 2
. _1)2 p(®@*—-1) p®?)

_1 _ _
(1 p ) E ( Zd 2) (p _ 1)2 pz _ 1
using the basic combinatorial identity in Note 7

2p +p
2 . (Compare with 4.21)

_ p—d+1 + p3—2d)

Proposition 12. Let G = Z,2 X Z,, then E(G) = 2”2 +1p
is G =(bP,a) or G = (aP,a'b), i =

Thegroup G isa p-group with minimal number of generators equal to two, thatis G
0.1..... p — 1. Therefore, the behavior of these groups is the same as the elementary abelian group Z, X Z,, of order p

Hence by Proposition 11, the claim follows
Remark 13. The group G, = Z,2 X Z, has the following subgroups

1.1thas p + [ cyclic subgroups of order p namely
(o)~

Zy =(b p)
2. 1thas p? + p cyclic subgroups of order p? namely:
7% = (ab'),i =12,...,p?
7% = (a’bi),j=1,...p—1.
7% = (b)

and one elementary abelian group of order p? thatis Z, x Z, = (aPb?)
Journal of Applied Mathematics and Computation
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3.Ithas p + 1 subgroups of order p3 of the form
L,z X L, = (aP,a'b),i = 0,1,...,p — 1.
Z,2 X L, = (bP,a).

4. It has also two trivial subgroups.
For the above remark, see [3].
Proposition 14. Let G = Z,» x Z, then

2@ =1-p™1-@+DE*-1)-@E**-p*HE*-1) - @ +2)@** - p*™' -p? +p)].
Proof. By applying the identity |G|¢ = ¥ ,<c $4(G) in Note 4, Remark 13 and Lemma 9, one obtains
$a(Zye X L2) =p** —1—(p+D@@*-1) - @*+p)@EHEP*-1) -
@* —p*' —p?+p) - @+ DE* —p*™ -p? +p)
which implies

Z,2 X 7L
ey = P T

p4—d
and hence the claim.
Theorem 15. Let G = Zpz X Ly2. Then
1 1. pt 2 p? 5 2 p3
E — 2 _ 1 . 2 o 2 2y N2 _ _ 4 2
@ =@ +p-1-5 -G+ B -5+ 2+  + (o +3+4p)—

Proof. Apply Definition 6 and Proposition 14, one has
EG) = ) dl(1—p™* = p~(p + D¢ = 1) = pp> +pt )¢ - 1)
d=1

@+ 2@ —p™ —pt+pp ) - A —pT - pT M+ DT - D)
—-p M @* +pT (L - 1) — (p + 2)(P** — pt* —p? + p)p~*)]

>

1

dp™ @t —1) = Y dp P+ D+ ) dp+ DpH -
d=1 d=1

d=
D dp @t tp)+ Y dp @R p) - Y dp+ 2+
d=1 d=1

d=1

d(p+2p 1+ ) d@p+2)p7 = Y d(p+2)p T+
1 a=1 a=1

D18 30

d(p + 1)p—3d+3 _ Z d(p + 1)p—4d+4 + Z d(p + 1)p—2d+3 _

da a=1

I
g

d(p+2)p—3d+4+

i §

d(p+ Dp~ @+ > d(p +2)p~ 4 -
d=1

d(p +2)p~* +

D5 5
NGk

d(p + 2)p—2d+2 _ Z d(p + z)p—3d+4 _
d

QU

1

1
oo

=1
z d(p + 2)p~*4+5 = 4 Z dp~* + B Z dp=2? 4 C Z dp~3
d=1 d=1 d=1

d=1

where
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A=p°+p°—p'-p*-p
B=3p?+2p3+p*-2
C=p°+4p*+3p3+2p2+5p+2

oo d o) d 0 d
E(G) = AP_4Z W"'BP_ZZ (p2)d-1 + Cp_3z (p3)a-1
~ @ p —= P
3

=Ap

Hence

using the basic combinatorial identity in Note 7. Hence the clalm follows.
Remark 16. The abelian group G = L3 X Ly has 3p + 5 subgroups and these are p + 1 cyclic groups Z,, of order

p. There are p + 1 p-subgroups Z,2 or Z, X Z,, p + 1 subgroups of type Z,3 or Z,2 X Z, and the trivial two sub-
groups G itself and the identity {e}. The computation E(G) issimilar tothatof of E(Z,2 X Z,2) in Theorem 15, as 4,(H)
for the subgroup H of G = Lz X Ly is similar to that of G = Ly X L2, except the subgroup Lz X Ly which is a p-
group with minimal number of generators is 3, hence its behavior is the same as L3 [by Lemma 8 (ii), (iii)].

5. A non-trivial example

We conclude this paper with the computation of E(G), where G isanilpotentgroup, G = Gy, X Gy, X Gp,, Gp, iSa p;-
Sylow subgroup of G. So
3 3
24(G) = 1_[/1(6)1_[(1 )1zl+z ! !
d d - - - od odyd od,d,d
=i Pl S bipP; DP1D2D3
EG) = Z d(4a(6) = 24-1(6))
[e3) 3 3
- -3 - o Y )
s & pf pip! " oii? piipf Tt piipd s

1<i<j<3

Z Zpd s _%))_ Z (Z piipit _p_p,)) (dz pi- 1p;1pd 1(1_29110121?3)

t 1<i<j<3 d=

d= 1<L<]<3

piv; ., 1 P1iP2P3 .,
=Y a-DICE - Y AR (- R
; Pi pivj” 1 —pip; P1P2Ps” 1 = P1Paps

1<i<j<3
So, if |G| = 30, then G = G, X G3 X G5 and
E@) =(1-D@?+1-D02+ -2 -1 -5 - (-2 -1 - 5B+ - 22
2 372 574 6°'5 10”9 15714 30729
~ 1.470.
6. Conclusion

This study shows that the methodology we have used to compute E(G) is mainly, based on the the work of Acciaro,
Eulerian function ¢(G) and the basic combinatorial identity

[oe]

Z%z(xil)z

d=1
Also, this study shows that the computations E(G) for nilpotent groups requires to have good information about the
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subgroup constructions of these groups in order to compute their Eulerian functions and then their 1,(G) and E(G).
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