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Abstract

Recent studies have demonstrated that textbook analysis is an essential method of
review in mathematics education. This study conducted a comparative analysis of
textbooks from America and China to evaluate how students are expected to learn
information pertaining to the Pythagorean theorem. This was accomplished using
the 5D model approach, specifically focusing on contents, mathematical activities,
complexity levels, answering forms, and contextual features. The results showed
that Chinese textbooks were slightly more complex, focused on proving the Py-
thagorean theorem, and presented students with real-life problems. In contrast,
American textbooks were mainly concentrated on basic mathematics concepts.
These findings suggest that American students should solve more items that re-

quire deep thinking, while Chinese students should improve their communication
skills by practicing open-ended questions. Future studies can add to the literature
by investigating other mathematics materials across a greater number of countries,
thus contributing to a more globalized conversation on relevant education meth-
ods.
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1. Introduction

The textbook analysis is a crucial method of review in mathematics education (Fan, 2013), which has a long history of
global application (Fan et al., 2004). According to a systematic literature review, a variety of studies have examined
mathematics textbooks to clarify their characteristics based on different localities, levels, and topics (Ismail & Rosli,
2022). It is important to understand these factors, as textbooks are the primary instructional tools for teaching mathematics
(Pepin et al., 2013), such that the contained materials influence teachers to portray certain contents and thereby support
students in their independent learning (Wardana & Kadah, 2021). In fact, the Third International Mathematics and Science
Study (TIMSS) reported that both teachers and students spend over half their teaching and learning time on textbooks
(Foxman, 1999). Although some American teachers may not strictly follow textbooks, they still implement listed activi-
ties, instructional features, and practice exercises. However, lessons are more focused on textbook contents than any
planned curricula (Howson & Hoemeke, 1996). By comparison, Chinese mathematics classrooms provide opportunities
to observe and discuss through the Teaching Research Group (TRG) and are also more textbook-based (Yang, 2009). To
further investigate these differences, this study compared the requirements and nature of textbooks in America and China
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to clarify how students progressively learn fundamental mathematics concepts.

This study specifically focused on content pertaining to the widely taught Pythagorean theorem (Bottema & Erne, 2008;
Posamentier, 2010). Today, it is frequently used in many scholarly and professional fields, including mathematics, archi-
tecture (Chiotis, 2021), and science (Kalanov, 2014). This analysis selected the Pythagorean theorem as a comparative
topic because the associated learning objectives are similar in China and America. Moreover, studies have shown that
Chinese and American students have identifiable strengths and weaknesses in different topics (Wang & Lin, 2009). For
example, Chinese students performed better in certain functions, fractions, and statistics, while American students did
better in reasoning, estimating, and computation. By comparing the expectations outlined in textbooks that are designed
to help students comprehend mathematics ideas, this study aimed to further identify effective activities and reveal ways
to improve deficiencies in current routines.

2. Literature Review
2.1 Textbook Analyses

This study used multiple frameworks to analyze the selected mathematics textbooks. Specifically, three methods were
adopted, including: (1) horizontal analysis to evaluate instructional components, (2) vertical analysis to evaluate mathe-
matics contents, and (3) contextual analysis to clarify uses in mathematics lessons (Rahimah & Visnovska, 2021). In
reference to other relevant research, Wang et al. (2017) created five understanding levels based on the TIMSS framework,
thus providing a clear way to compare textbooks from England and Shanghai.

Various studies have compared materials in other international contexts. For example, a previous data analysis sug-
gested that textbooks influenced learners from different countries to learn mathematics (Haggarty & Pepin, 2002). In
Nepal, lower degrees of cognitive demand were required for the majority of mathematics activities in textbooks (Basyal
et al., 2022). Glasnovic Gracin (2018) analyzed Croatian middle-school mathematics textbooks, thus demonstrating the
need to integrate more mathematics activities into the multidimensional framework. Another study compared Vietnamese
and German textbooks, finding that the latter focused more on encouraging students to explore information and practically
apply the contents (Chi, 2022). Considering the aspect of distribution, one study found that textbooks were more balanced
in Singapore than in Turkey (Toprak & Ozmantar, 2022). Finally, comparative investigations of American and Chinese
textbooks have shown that American textbooks tend to give students more opportunities to write arguments and present
a greater variety of problem requirements, while Chinese textbooks tend to offer students more opportunities to draw
links with real-world situations (Li, 2000; Lo et al., 2021). Overall, only a small number of studies have conducted text-
book analyses to show how students can improve their mathematics processing skills, which is a core subject in this paper.

2.2 Process Skills

There was widespread agreement on the need to define a collection of basic mathematics skills to supplement specialized
mathematics subjects, thus promoting overall learning (OCED, 2013). The Programme for International Student Assess-
ment (PISA) established a framework that modified this set of fundamental capabilities with factors of communication,
representation, reasoning and argument, mathematizing, devising strategies to solve problems, using symbolic, formal,
and technical language and operations, and using mathematics tools. The PISA framework has influenced numerous na-
tional mathematics curricula, including those in China (Qin et al., 2020) and America, where the Principles and Standards
for School Mathematics (NCTM) describes five process skills, including communication, problem-solving, representation,
reasoning, and connections (Kilpatrick et al., 2001). This study focused on a single content (the Pythagorean theorem)
based on the first four process skills.

2.3 Teaching and Learning the Pythagorean Theorem

A previous analysis found that student achievement was unaffected by teaching patterns (Hugener et al., 2009), whereas
classroom management, cognitive activation, and the amount of time spent studying the Pythagorean theorem have been
shown to immediately impact performance (Lipowsky et al., 2009). Several other research papers have focused on Py-
thagorean teaching. For example, Chinese instructors from a teaching research group analyzed the effectiveness of a
lesson featuring the Pythagorean theorem, focusing on how the activity was arranged by the teacher and completed by
students (Yang, 2009). With the aim of developing Pythagorean teaching, Moutsios-Rentzos et al. (2014) adopted phe-
nomenological principles by identifying and expressing links between figural signs, numerical signs, and geometrical
object. Another study investigated how prospective secondary mathematics instructors thought about evaluating whether
students understood a certain Pythagorean theorem demonstration (Zazkis & Zazkis, 2016). Other studies have offered
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methods to help mathematics instructors teach Pythagorean theorem proofs (Agarwal, 2020; Crawford, 2001). The earlier
research (Lo, Zhou, & Liu, 1968) separated proofs into four sections, including algebraic, geometric, quaternionic, and
dynamic. However, it is insufficient for teachers to solely focus on proving theories (Wittmann, 2020), which emphasizes
the need for real-life applications (Baki et al., 2009).

As outlined in the Common Core State Standards, American students are taught to use the Pythagorean theorem to
solve problems involving right triangles (G-SR.8). By comparison, Chinese schools focus more on the proof of the Py-
thagorean theorem (Huang, 2005; Li, 2019). Given these different approaches, this study established two research ques-
tions, which are presented in the next subsection.

2.4 Research Questions

Before conducting its comparison of mathematics textbooks to clarify how American and Chinese students improve their
knowledge of the Pythagorean theorem, this study established two clear research questions:

What similarities and differences exist between textbooks from America and China?

What process skills can students improve by using their respective textbooks?

3. Methodology
3.1 Selecting Textbooks

This study took a comparative case approach (Stake, 2000) to investigate how the Pythagorean theorem was treated in
American and Chinese mathematics textbooks. The Pythagorean theorem is commonly found in Chinese 8th-grade text-
books and American high school geometry textbooks. This study analyzed the American textbook titled Big Ideas Math:
Geometry (Larson & Boswell, 2019) and the Chinese nine-year compulsory education textbook: Mathematics Grade 8
(2012), which was published by People’s Education Press.

In China, textbooks must be authorized by the central government’s education system before they can be used in class-
rooms. Most regions are compelled to follow the national curriculum, and therefore use the same textbook according to
the national syllabus (Fan & Zhu, 2007). This textbook mostly indicates the standards that Chinese classrooms will use
to learn the Pythagorean theorem in Chapter 17. By contrast, a number of geometry textbooks are used in America. In
this study, we selected the textbook published by Big Ideas Math, which provides a comprehensive response to the Com-
mon Core State Standards. Moreover, the textbook was authored by Dr. Ron Larson and Dr. Laurie Boswell, who are
experienced mathematics educators with a thorough understanding of activities that are suitable for helping students meet
their required objectives. Here, it is important to acknowledge that this study took an exploratory case approach, meaning
that the Big ldeas Math textbook should not be generalized to other American mathematics textbooks.

3.2 Analytical Framework

This study adopted the 5D analytical framework established by Glasnovic Gracin (2018), therein focusing on five aspects,
including contents, mathematics activities, complexity levels, answering forms, and contextual features. In the contents
section, this paper discusses learning objectives (i.e., specific mathematics information that students should understand),
with reference to apposite sections in American and Chinese textbooks. This is followed by an analysis of the motivation
behind relevant mathematics activities. In turn, the complexity section describes the difficulty levels of skills that students
must use to complete exercises. Next, the answering forms section discusses whether questions are open-ended (i.e.,
several correct answers) or closed-ended (i.e., a single valid answer). In this context, open-ended questions are more
focused on communication abilities, while closed-ended questions are more focused on answers. Finally, the contextual
features section details how mathematics knowledge is linked to real-world experiences. In sum, this study used the 5D
framework to clarify how students develop mathematical process skills according to their respective textbooks.

4. Results
4.1 Contents

The Chinese textbook separates the relevant chapter into two parts, including the Pythagorean theorem and its converse.
Although both textbooks include the proofs of the Pythagorean theorem, they use different methods. The American text-
book begins by demonstrating the Pythagorean theorem via the simplest possible method (Ratner 2009), which involves
arranging four congruent right triangles into a large square. This is followed by another demonstration using the triangle
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similarity that Albert Einstein developed at 12 years of age (Agarwal, 2020). Apart from these two methods, the Chinese
textbook begins by presenting a historical description and showing the proof developed by Zhao Shuang, an ancient
Chinese mathematician (Agarwal, 2020). It also presents an idea for students to consider through extended reading;
namely, a proof with trapezoid by Garfield (Agarwal, 2020). Moreover, the Chinese textbook provides a historical reading
on Fermat’s Last Theorem to help students increase their range of knowledge.

The revision exercises in both textbooks concentrated on computational questions. Specifically, computation was re-
quired in 91.4% and 85.7% of exercises in the Chinese and American textbooks, respectively. This indicates that both
countries use computational exercises to help students gain proficiency with the Pythagorean theorem. Further, the Chi-
nese textbook provides a conclusion section that helps students consider whether they have mastered this material.

4.2 Mathematics Activities

Chinese mathematics lessons are teacher-centered. Some teachers first produce the theorem a2 + b2 = ¢2, then ask students
to read texts to justify the proposition (Yang, 2009). Groupwork is not allowed, as classes usually consist of around 40
students and teachers aim to keep quiet. By comparison, American classrooms are more student-centered. In this context,
teachers induce the thinking process by offering hints and describing step-by-step procedures, as is the case in the first
textbook activity. Students are thus able to develop problem-solving skills while building new mathematics knowledge
(Kilpatrick et al., 2001). The American textbook also includes a communication section that asks students to discuss
methods of proving the Pythagorean theorem, which promotes the organization and application of mathematical thinking
through mathematics language. In this regard, research has shown that it is essential to provide education settings that
encourage routine practice in various types of communication, as such applications develop vital life skills (Sammons,
2018).

4.3 Complexity Levels

The American textbook offers real-life questions by presenting right triangles in picture form. By contrast, the Chinese
textbook mainly encourages students to find right angles by themselves, thus enhancing their problem-solving and repre-
sentational skills. In addition, the Chinese textbook requires auxiliary lines to complete proofs for extended geometry
questions, which further improves their problem-solving skills. Overall, the Chinese textbook contains more difficult
materials than the American textbook.

4.4 Answering Forms

As mentioned above, Chinese classrooms are more likely to conduct lessons through lectures, with few open-ended ques-
tions in revision exercises. Although the American textbook mainly presents closed-ended questions, five multiple-choice
questions, and open-ended questions also exist.

4.5 Contextual Features

The American textbook contains five exercises and only one of them is about a real-life problem. While the Chinese
textbook contains four real-life problems, one computational question, and one extended question. The Chinese textbook
also contains 35 review exercises with 11 real-life questions, while the American textbook contains 42 revision exercises
with only six real-life questions. It is crucial for high-school students to connect mathematics with real-life situations
(Baki et al., 2009). As listed in the American textbook, real-life problems can also help students develop their reasoning
and problem-solving skills.

5. Conclusion and Discussion

This study compared two textbooks, including one each from America and China, to identify similarities and differences
in how students are expected to learn the Pythagorean theorem. The results clearly show that the textbooks employ similar
ideas, but also feature different proof methods and exercises due to various cultural and historical differences. The primary
distinction between works is that the American textbook emphasized fundamental mathematics concepts, whereas the
Chinese textbook emphasized theorem proving. These findings also indicate how each textbook may influence the devel-
opment of process skills. In this regard, Chinese students may benefit by practicing communication through open-ended
questions that require the application of mathematics language. In contrast, American students may benefit by practicing
more deep-thinking questions. Through these results, this study contributes to a better understanding of how textbooks
affect process skills in students. It also conducted the first comprehensive analytical investigation on chapters designed
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to teach the Pythagorean theorem. When generally considering the nature of progress in understanding, it is also important
to note a conceptual distinction in the way each country expects students to develop mathematics knowledge. In this
regard, American materials tend to focus on representations, while Chinese materials tend to focus on deeper applications.

This study also had some limitations. First, differentiation in teaching is widely used in both countries (Eikeland &
Ohna, 2022; He, 2022). Teachers can modify their instructional methods based on student performance, and may also
provide additional classroom materials that are useful in mathematics education. However, these issues were not covered
in this study. Second, students learn the Pythagorean theorem at different ages depending on the country (middle school
in China and high school in America), which reduces the potential to directly compare their performance. Third, this study
focused on one specific topic (i.e., the Pythagorean theorem), which limits generalizability to other mathematics topics.
Rather, each case should be analyzed individually. In turn, these limitations highlight some other areas that warrant in-
vestigation. For example, how will additional materials influence learning? As the current results show that textbooks
play important roles in mathematics education, especially depending on the national context, they should also contribute
to a more global conversation on relevant issues.
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