HiLL

PUBLISHING

Journal of Applied Mathematics and Computation, 2023, 7(4), 443-454
https://www.hillpublisher.com/journals/JAMC/

ISSN Online: 2576-0653

ISSN Print: 2576-0645

Convection in the Earth-like Mantle with the
Influence of Strong Viscosity Variation

H. Goni, F. Khanom, T. S. Khaleque®

Department of Applied Mathematics, University of Dhaka, Dhaka, Bangladesh.

How to cite this paper: H. Goni, F.
Khanom, T. S. Khaleque. (2023) Convec-
tion in the Earth-like Mantle with the Influ-
ence of Strong Viscosity Variation. Journal
of Applied Mathematics and Computation,
7(4), 443-454.

DOLI: 10.26855/jamc.2023.12.003

Received: October 31, 2023
Accepted: November 29, 2023
Published: December 31, 2023

“Corresponding author: T. S. Khaleque,
Department of Applied Mathematics, Uni-
versity of Dhaka, Dhaka, Bangladesh.

Abstract

A unit aspect-ratio Rayleigh-Bénard convection model that represents the Earth’s
mantle is considered to strongly variable viscosity, internal heating, and viscous
dissipation. Investigation of the convection pattern at high Rayleigh number with
mixed convection, substantial viscosity change across the mantle depth, and viscous
dissipation is the primary goal of this study. The model is solved with temperature-
dependent, and temperature- and pressure-dependent Arrhenius full form of viscos-
ity function using finite element method. The numerical values of heat transfer rate,
i.e. Nusselt number and root mean square velocity are tabulated. The results of the
simulation are shown in the temperature distribution and streamline contour figures.
The tables and figures reveal that narrower convective cells are preferred for con-

vection when internal heating and dissipation are strong enough. It is also found
that the inclusion of internal heating and increase of viscous pressure number make
the convection stronger whereas viscous dissipation weakens the vigor of convec-
tion.

Keywords

Temperature and Pressure Dependent Viscosity, Viscous Dissipation, Viscous Pres-
sure Number, Internal Heating, Nusselt Number

1. Introduction

The layers under the Earth’s solid surface are not all static; heat is transmitted through the Earth’s mantle due to temper-
ature variations between the top and bottom layers. This heat transfer, which provides mobility across the layers, is known
as mantle convection, is the reason behind the majority of geophysical and chemical activities on the Earth’s surface and
interior. It is regarded to be the driving mechanics of plate tectonics, continental drift, volcanic eruptions, earthquakes, and
other geological phenomena.

Turcotte and Oxburgh [1] were the first to undertake to model mantle convection with constant viscosity using a bound-
ary layer analysis. Considering scale laws, Valencia et al. [2, 3] and Valencia and O’Connell [4] incurred that larger Ray-
leigh numbers are connected with mantle convection because greater masses result in higher Rayleigh numbers. In contrast
to this, the actual viscosity of Earth’s mantle varies. Convection results in static lid convection due to temperature-depend-
ent viscosity, which Morris and Canright [5] and Fowler [6] addressed theoretically, whereas Solomatov and Moresi [7, 8]
investigated numerically. Lenardic et al. [9] discussed the depth dependence of viscosity for the mantle. Later dependence
of viscosity on both temperature and pressure was examined by Shahraki and Schmeling [10], Khaleque et al. [11]. The
significant role of viscous dissipation in natural convection in vertical channels has been reported by Ostrach [12] and some
others, whereas Gebhart [13] have studied its impact on vertical heated plates.

The likelihood of mantle convection also depends on the heating mode. Two probable heat sources that induce mantle
convection are the principal sources of thermal energy. Internal heating from the radioactive isotopes’ decay and heat from
the core known as basal heating, are the main sources. Geochemical models of mantle composition suggest that the mantle
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and core cooling are responsible for about 50% of the surface heat flux (McDonough and Sun [14]) and radioactive de-
cay for only 50% or even less [15]. Van Heck and Tackley [16] compared the case of purely internal heating with the
case of purely base heating and suggested that a combination of both modes seems more appropriate. Stein et al. [17, 18]
observed that systems with high internal heating rates exhibit stagnant-lid convection in a simulated mantle convection
model. There are numerous essential characteristics that influence the convection process, however, previous studies
have mainly focused on certain aspects that have been shown to have a negative impact on the convection system. [19]
considered convection with internal heating whereas [20] investigated convection with viscous dissipation. The mixed
heating mode (both basal and internal) of mantle convection is studied in this paper, where the viscosity is dependent on
temperature only and also dependent on both temperature and pressure i.e. depth, and the impact of dissipation is also
observed. At a high Rayleigh number with a large viscosity variation (of order 10'* to 10°°) convection will be studied
to analyze the effect of the simultaneous presence of viscous dissipation and internal heating. The conventional parameter
values pertinent to the Earth indicate a viscosity contrast across the mantle of order 10°. In section 2 the governing
equations with the relevant stress-free boundaries for mantle convection in a square cell are provided and the Arrhenius
full form viscosity function is employed. After the non-dimensionalization, the dimensionless equations and the param-
eters are obtained. In section 3 the method of computation is described and to validate our code we have compared our
computed values to some benchmark values and some published values. Then in section 4, the governing model is solved
numerically for different values of vital parameters, and the results are presented through tables and figures. Finally,
some observations derived from the results are addressed in section 5. The novelty of this work lies in the implementation
of a mathematical model to predict the convection pattern in the Earth-like mantle, which means a geophysical problem
is addressed using numerical computation and simulation.

Table 1. Parameter values for convection in the Earth’s mantle

Parameters Symbols Values
Mantle depth of the Earth D 3 x 10m
Reference density Po 4 x 10%kgm™
Gravitational acceleration G 10ms™2
Thermal expansion coefficient A 2 x1075K!
Surface temperature Ts 300K
Core-mantle boundary temperature T» 3000K
Temperature difference AT 2700K
Thermal Conductivity K 4Wm—1K-1
Specific heat at constant pressure Gy 103Jkg 1K !
Activation energy E* 300 — 525kJmol !
Activation Volume Vo 6 x 10 m*mol™!
Gas law constant R 8.31Jmol 'K™!
Viscous rate constant Ae 10°MPa™'s™!
Thermal diffusivity K 1 x 1070m?s7!
Rayleigh number Ra 107 - 10°
Viscous temperature parameter £ 0.047 — 0.083
Viscous pressure number u 1.2-24
Boussinesq Number B 0.06
Dimensionless surface temperature 6o 0.1

2. Governing equation

A classical Rayleigh-Bénard convection model with fixed temperatures at the horizontal boundaries is taken into
account for this study. In an infinite horizontal layer, the convective cell is defined as part of a periodic structure. Ap-
plying Cartesian coordinates (x, z), the Boussinesq approximation is inferred, implying that density variation may be
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ignored in the buoyancy term, and therefore equation of continuity takes the form of the incompressibility requirement
[21]. The mechanical work produced by thermal convection typically balances the viscous dissipation in the mantle layer,
and if the viscosity change is significant enough, the dissipation in the cold boundary layer can be compared to that in
the interior region. Hence the extended Boussinesq approximation is employed in the energy equation where “extended
Boussinesq approximation” indicates that the fluid will be incompressible everywhere except the buoyancy force. The
governing equations guarantee mass, momentum, energy conservation, and an appropriate thermodynamic equation of
state. The motion is described by the Navier-Stokes equations

V.(pu) =0, (D
por=—Vp+V.T - pgk, @
The energy equation is
DT DP
pCpD—t - aTD—t = V.(kVT) + pQ + ¢. 3)

We express the stress tensor 7 as,

||T|| = 12 + 13, 4)

where 7, and 73 are the longitudinal and shear components, represented as,

Here p is the density, u is the fluid velocity, # is time, p is the pressure, g is the gravitational acceleration which is taken
as constant, T is the absolute temperature, H is the rate of internal heating per volume and ¢ is the viscous dissipation
function.

The Arrhenius viscosity function is considered as,

5)

1 E*+pV*
n= -1 €XP [ RT ]’
24c(c3+75) 2
where 4., n, E*, V *, and R have their usual meaning [22].
In this study, the free-slip condition is applied to the boundaries, the temperatures are fixed at the horizontal boundaries,
and the vertical sides are thermally insulated. Hence, we have

w=0,1t3=0 0onz=0,d.

T=T,onz=0,T=T; on z=d, 6)
aT
u—0,13—0,£—00nx—0,d.

Throughout this work, compressibility is neglected, thermal diffusivity is taken as a constant, and Newtonian rheology
is considered in the viscosity function. Since we are interested in investigating the effects of variable viscosity, viscous
dissipation, and internal heating on convection, we made these assumptions to make the model less complicated.

The model is nondimensinalized by ([23] and [24]).

1+u
K e« K
v2)=dx2, u=2a 1= Z—ACﬁ =nofl, T= %i

= _ d? - _ Nok

T=T,T, p=pop, t =—F, P=pogd(1-2) +5 @)
Using these in our governing equations and dropping the bar, we find that the dimensionless equations are,
V.u=0,
1 Du o~

EPE— —VP+V.1'—Ra(1—T)k, (8)

bT DT[BaP +B VP]—V2T+DT2+H

Dt Raat " T Ra™ - Ra 2n ’
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(1+u)(1—T)—,uz+uBP/Ra]
= ex . 9
n -1 p[ eT ©)
In the above equations the dimensionless quantities are,
Prandt]l number, r =22
Poko 5
. a Tpd
Rayleigh number, a= pong;:
0
. .. . agd
Viscous dissipation number, D= ~
P
Boussinesq number, B = aT,
. d
Internal heating number, H= %
b
. av*
Viscous pressure number, = %
RTyp

Viscous temperature parameter, = —->

Using the values that are given in Table 1, it is estimated that Pr = 10%, thus Pr can be taken as infinite and B/Ra can
be easily ignored for large Ra. Moreover, the stress dependence of viscosity is neglected by choosing n =1 and this gives
a Newtonian form of viscosity. Therefore, the dimensionless governing equations become

Vu=0,
VP =V.t — Ra(1 - T)k, (10)
E+DTw = V2T+Ei+H,
Dt Ra 2n
and viscosity relation becomes
n = exp (M;t)(i#) (11)
The associated boundary conditions are,
w =0, 73=0 on z=0,1

T=1onz=0,T=TT—S=00 on z=1,
b

u=0,7,=0, 2=0on x=0,1. (12)

Three dimensionless quantities which characterize the convection are mentioned here. Az is the viscosity contrast
across the mantle layer, defined as,

Ap = <1 — 6 — #90)
n N exp 890 ’
where 6, = 5
Tp
The heat transfer rate at the surface known as the Nusselt number Nu is estimated by
Nu = 1 tor 4
YT 100, ), 02"

The root means square velocity V., is defined by

1,1 3
Vims = U J- (u? + wz)zdxdz] ,
0 Jo

where u and w are the horizontal and vertical component of velocity respectively.
3. Methodology
3.1 Computational method

The set of dimensionless governing equations are solved using the software ‘Comsol Multiphysics 5.5’ which is a PDE
solved based on finite element method. The physics of creeping fluid flow, heat transfer in fluid, and Poisson’s equations
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are coupled to build the mathematical model in Comsol. The Poisson equation is used to describe the stream function-
vorticity relation as,

-V = w,

where y and w are the stream function and vorticity respectively. Following the application of the boundary conditions in
accordance with our governing equations, a suitable free triangular meshing is selected with some refining around the
boundaries, producing a total mesh of 18,200 elements. For creeping flow, Lagrangian P2-P1 elements are selected as basis
functions. Similarly, Lagrangian quadratic elements for both temperature and the stream function are chosen. This partic-
ular discretization finally produces 153,816 degrees of freedom (N4y). In the solver setting, the stationary solver is our
natural choice; however, to obtain an acceptable initial guess, we simulate the problem in the time-dependent solver first
with a low Rayleigh number and then use this solution as an initial guess in the stationary solver and ramp up Rayleigh
number. We have chosen the relative tolerance, 0.001 in the time-dependent solver and 107¢ for the stationary solver
throughout our computation throughout the simulation work.

3.2 Comparison with benchmark values and previous studies

The proposed mathematical model is first simulated in a square cell considering constant viscosity and without internal
heating and viscous dissipation, that is, setting viscosity, n = 1, internal heating H = 0, viscous dissipation D = 0, and
8, = 0. In Table 2, the Nusselt number Nu values and rms velocity V., are presented with the benchmark values. We
observe that the relative error is very low. Then again, we compared our computed values for the model with viscous
dissipation but without internal heating to some recently published values and presented them in Table 3. The values agree
very well with the previous study. From both Tables 2 and 3, we can see that the relative error is less than 0.1% in every
case. This confirms that our model is well built.

Table 2. Comparison of Nu and Vs with [25]* and [26]°

Ra This work Nu Previous work Relative Error This work Vrms Previous work Relative Error
10* 4.884409 4.884409“ 0.00000 42.86494912 42.864947¢ 0.000005
10° 10.534097 10.534095¢ 0.00002 193.214692 193.21454¢ 0.00008
10° 21.972498 21.972465¢ 0.00015 833.994889 833.98977¢ 0.00061
107 45.639359 45.62° 0.042 3633.826473

108 95.546518 16197.31093

10° 203.946807 75736.94839

Table 3. Comparison of Nu and Vius with values from [20]

Nusselt Number Vrms
H An € This Previous work Relative Error . Previous work Relative Error
study [20] (%) This study [20] (%)

101 0.369 2.454636 2.45665 0.08 292.37813 292.445 0.023

0.5 10%° 0.184 1.637598 1.63913 0.09 149.45921 149.557 0.065
103°  0.123 1.337289 1.33803 0.055 87.95457 87.966 0.013
1010 0.347 2.761748 2.76453 0.099 349.88780 350.050 0.046

1.0 102° 0.1737 1.933646 1.93551 0.096 214.12589 214.198 0.034
103°  0.1158 1.547594 1.54933 0.099 136.69597 136.766 0.05

4. Numerical results and discussion

After validating our computational method, we solved the dimensionless system of equations (10-12) varying both in-
ternal heating number H and viscous dissipation number D. To study the effect of two types of viscosity we take u = 0
for temperature-dependent viscosity n(T) and p # 0 for temperature and pressure-dependent viscosity 1(T, z). Through-
out the computation, we set 8, = 0.1 with Ra = 107 and the values of Nu and ¥, for different dissipation number D,
internal heating number H, the viscous pressure number x4 and viscous temperature parameter € are calculated.
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The numerical computation with H = 2.0, 3.0, 5.0 and Ra = 107 are performed for pressure numbers u = 0.0, 0.5, 1.0
with fixed D = 0.3. The calculated Nu and V}.,s values are shown in Table 4.

Table 4. Numerical values of Nu obtained for convection with #(7), and 5(7, z) with fixed viscous dissipation number D = 0.3
and various internal heating number H, and pressure number x at Ra =107 and 6o = 0.1

Nusselt number
Ay £ ©=0.0 & u=0.5 £ u=10

H=2 H=3 H=5 H=2 H=3 H=5 H=2 H=3 H=5

1010 0.39 3.8859 45860 5.1929 0369  4.5122 54428 59110 03474 53779 6.6373  6.9709
10*>  0.2606 3.1334  3.8305 4.6971 0246  3.8180 4.5249 53350 0.2316 4.9757 6.1350 6.7742
1020 0.195 2.6914 34112 44896 0.1846 3.9178 4.0541 5.0432 0.1737 47933 59408 6.8017
1025 0.156 24977 3.1706 43698 0.1477 3.5347 3.7847 49146  0.139 47176 58895  6.8879
103 0.1303  2.3655 3.0423 42923  0.123  3.2538 3.6040 4.8472 0.1158 4.6924 5.8999  7.0157

For a particular dissipation number D = 0.3 and for different pressure numbers, 4 we can see from Table 4 that for
each fixed value of H, the Nusselt number decreases generally as viscosity contrast gets larger (i.e. the temperature-
dependent parameter ¢ gets smaller). However, there is an exception for the case 4 = 0.5, H = 2, where the Nusselt
number decreases initially but increases at viscosity contrast 10?° and then decreases again. The reason for this jump will
be explained in the next section.

Table 5. Root mean square velocity (V:»s) computed for convection with (7 ) and »(7, z) with fixed viscous dissipation D = (.3
and various internal heating number H and pressure number u at Ra = 107, and 6o = 0.1

Vims
Ay ©=0.0 u=0.5 u=10
H=2 H=3 H=5 H=2 H=3 H=5 H=2 H=3 H=5

1010 265.2187 257.8313 200.2198 346.12120 357.1995 303.8937 453.4982 488.8905 452.4643
1015 190.4547 184.9872 157.1401 293.33178 298.4199 269.4123 444.4603 495.3584 494.8999
1020  135.4880 135.5581 140.4207 300.06693 263.1068 258.3447 446.5646 518.4488 556.7863
1025 104.1009 103.1746 131.6168 268.52134 240.9709 265.7705 451.3690 547.5143 626.1501
1030 80.2882 85.0717 126.8818 243.14986 225.6106 280.4710 453.9074 573.9276 701.8867

Table 5 shows that as the viscosity contrast Ay increases for both # = 0.0 and 0.5, the values of V., mostly drop.
However, for u = 1.0, V., generally increases as Az gets larger except for H = 2. So stronger viscous pressure number
influences the convection in a different way. To understand the effect of internal heating we can compare the Nusselt
number and V., from Tables 4 and 5, we can see that if we increase the internal heating numberH Nusselt number
increases at a fixed viscosity variation Az, however, V,,,; shows a different pattern. For x4 = 0.0, V,.,s decreases with the
increase of H till u < 10%, but for 4 >10%, V,,, increases with increasing H. For u = 0.5, V,,,; exhibits an irregular trend.
It seems the effect of strong internal heating number H, and high viscosity contrast influences V,.,; in an opposite way.
With strong pressure dependence in viscosity i.e (u = 1.0), and at high viscosity variations, Ay > 10%, V,,, increases
with the increase of H. We can also compare the effect of pressure number u by comparing the values for different
pressure numbers. The Nusselt number and V.., both increase with increasing pressure number u at a fixed Ay and
internal heating number H. Increase of Nu and V..., indicates stronger convection as u goes from 0 to 1.

The numerical computation with D = 0.3, 0.5, 0.6 and Ra = 107 are performed for different pressure number u = 0.0,
0.5, 1.0 at fixed internal heating number H = 2.0. The calculated Nu and Vs values for large viscosity variation from
10'° to 103 are tabulated in Tables 6 and 7.
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Table 6. Nusselt number (NVu) estimated for convection with (7' ) and #(7, z) at fixed internal heating number H = 2 for vari-
ous viscous dissipation numbers D and viscous pressure numbers x at Ra = 107, and 6o = 0.1

Nusselt number

Ay £ ©=0.0 e u=0.5 € u=10

D=0.3 D=0.5 D=0.6 D=0.3 D=0.5 D=0.6 D=0.3 D=0.5 D=0.6
1010 0.39 3.8858  3.2117 2.7806  0.369 45122 3.6100 3.0533 0.3474 53778 4.2189 3.2192
105 0.2606 3.1334  2.6961 23689 0.246 3.8180 2.9901 2.6074 02316 4.9756 3.6000 2.7649
102 0.195 2.6913 24393 22437 0.1846 3.9178 2.6791 2.4009 0.1737 4.7933  3.2355  2.5443
1025 0.156 24976 23138 2.1824 0.1477 3.5347 24988 23131  0.139  4.7175 3.0230  2.4379
103%  0.1303 23655 2.2475 2.1475  0.123 32538 23906 22630 0.1158 4.6923 2.8829  2.3878

For a fixed internal heating number H = 2.0 and different pressure numbers we can see from Table 6 that for each fixed
value of D, the Nusselt number decreases generally as viscosity contrast gets larger (i.e. the temperature-dependent param-
eter ¢ gets smaller) across the mantle. However, there is an exception for the case 4 = 0.5, D = 0.3 where the Nusselt number
decreases initially but increases at viscosity contrast 10%° and then decreases again. The reason for this jump will be
explained in the next section. In Table 7 and we can see that the values of V,,,; decrease as the viscosity contrast gets larger
at a fixed D (except for the case ¢ = 1, D = 0.3). To understand the effect of viscous dissipation we can compare Nusselt
numbers and V., from the tables and we can see that if we increase the viscous dissipation number D both Nusselt number
and Vs are decreased at a fixed viscosity contrast Az for all values of x. Similarly, we can also compare the effect of
pressure number u by comparing the values for different pressure numbers, The Nusselt number and Vs both increase
with increasing pressure number at a specific viscosity variation Ay and a fixed D.

Now we will present the figures for temperature distribution and stream function contours for various convection cells
with different parameters.

Table 7. Root mean square velocity (V,ms) computed for convection with (7 ) and #(7, z) with fixed internal heating number H
=2 and various viscous dissipation number D, and viscous pressure number u at Ra =107, and 6o = 0.1

Vims
An u=0.0 u=0.5 u=10
D=0.3 D=0.5 D=0.6 D=0.3 D=0.5 D=0.6 D=0.3 D=0.5 D=0.6

101°  265.2188 192.7229 141.1697 346.1212 253.6749 190.9842 453.4942 337.8061 237.7603
105 190.4540 121.9319 71.1442 293.3317 185.1566 125.5189 444.4603 292.4517 181.4827
1020 135.4890 78.9873 44.4325 300.0669 140.9685 87.5449 446.5646 262.5528 147.1869
10%5 104.1026 54.6992 28.5493 268.5213 109.9818 70.0642 451.3690 243.8647 129.2826
1030 80.2884 40.8825 16.6676 243.1498 89.2132 59.6741 453.9074 231.5664 121.8605

4.1 Observation from temperature distribution

In Figure 1, the temperature distribution of our simulation result is presented, with internal heating H = 3 viscous dissi-
pation D = 0.3 for different pressure numbers («) throughout. For each pressure number u, we present three figures at
different high viscosity contrasts where at the top of the cell, the blue color represents the cold thermal boundary layer, and
at the bottom red color represents the hot boundary layer. Also, a very thin warm yellow region has appeared just beneath
the cold lid. We find that the thickness of the cool thermal boundary layer increases as the viscosity contrast rises. Also if
we compare the graphs with the same viscosity contrast we can see that the thickness of the lid decreases with increasing
pressure number u in the viscosity function. As might be predicted, the temperature is higher near the core-mantle barrier,
and it also rises as the viscosity contrast widens. Yet, the temperature falls when the pressure number is higher.

4.2 Observation from streamfunction contours

In Figure 2 the streamlines are presented for different internal heating numbers H at fixed viscous dissipation number D
= 0.3 and in Figure 3 the stream function contours are shown for different viscous dissipation numbers D at fixed internal
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heating number H. In each case of streamline contour, the absence of streamlines confirms the presence of a immobile
lid, but the whole convection pattern changes significantly as viscosity gets larger and with the increase of viscous
dissipation or internal heating.

0.9|
0.|
07|
0.6|
0 02 0.4 06 08 1

02 04 06 08

0 0.2 04 0.6 08

(a) Ap=10" 1 = 0.0 (b) Ap=10% 11 =0.0 (©) Ay =10 41 =0.0

04

06 02 06 08

HAp=10°x=0.5

08

02

(d)Ap=10"x=05

04

(@) Ar=10"u=1 ) Ay=102u=1 @D Ag=102 =1
Figure 1. Thermal distribution of mantle convection with #(7) and »(7, 7) at various
An with 8= 0.1, Ra= 107, D = 0.3 and H = 3.

For D =0.3, and x4 = 0.5 we have presented the stream function distribution at internal heating number H =2, H =3,
and H =5 in three rows of Figure 2. In each row, we present the stream function contours for various viscosity contrasts
For H = 2 the single-cell convection pattern is preferred for viscosity contrast Ay < 10% but as the viscosity contrasts
get large the single-cell convection is not stable and a two-cell pattern appears. For H = 3, the single cell convection
disappears for Ay >10'* and a double cell pattern appears as a stable choice. Then the two-cell pattern is a stable choice
for a larger internal heating number (H = 5), no matter what the pressure number is or whatever the viscosity contrast.
The two-cell pattern has an aspect ratio of 1:2 with a height twice of width.

In Figure 3, for H =2, and x4 = 1.0 we have presented the stream function distribution at viscous dissipation D = 0.3,
D =0.5, and D = 0.6 for various viscosity variations. For D = 0.3 the single-cell pattern is preferred throughout i.e. even
at large variations of viscosity the unit aspect ratio convection cell persists. As the viscous dissipation number is in-
creased (D = 0.5), the two-cell convection pattern becomes prominent at low viscosity contrasts, the single cell is only
seen for Ay = 103, but for D=0.6, no matter what the viscosity contrast is, double cell pattern can be observed.

In Figure 4 we have represented the stream function contours at fixed viscosity contrast 102 to observe the effects of
pressure number u, viscous dissipation number D, and internal heating number H. If we compare the first and second
rows, we can see that increase in internal heating number causes a decrease in the lid thickness whereas from rows
number 2, and 3 we can see if we increase the viscous dissipation number the lid thickness increases. At a fixed viscosity
variation Ay = 10%°, the single cell pattern can be seen only for H =2, D = 0.3. But as H and D get stronger the two-cell
pattern seems like the usual stable choice. The influence of viscous pressure number x on convection cell pattern is not
very eminent here.

DOI: 10.26855/jamc.2023.12.003 450 Journal of Applied Mathematics and Computation



H. Goni, F. Khanom, T. S. Khaleque

40

17

geey 1027 s

1210 26

3670 s | 1

168 386

o300

H=5Ap=10° Ap=10" Ay =102 An=10%

Figure 2. Stream function distribution of mantle convection with #(7, z) at Ay and H with
00=0.1, 4= 0.5, Ra=107, and D = 0.3.

1910

B8

D=0.6 Ay = 10° Ay = 10" Ay =102 Ay = 10%

Figure 3. Stream function distribution of mantle convection with n(T,z) at Ay and D with
00=0.1,4=1.0, Ra =107, and H =2
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Figure 4. Streamline contours of mantle convection at different pressure number with viscosity contrasts Ay = 102, 6y = 0.1, Ra
=107, in three cases (a) D=0.3; H=3(b) D=0.3; H=2 and (¢) D =0.5; H=2.

5. Conclusion

The principal aim of this work is to look at the high Rayleigh number thermal convection with strong temperature-
dependent n(T) and both temperature and pressure-dependent viscosity 1(T, z), under the influence of viscous dissi-
pation and internal heating simultaneously. As this study is motivated by the Earth’s mantle whose viscosity contrast
can vary up to 10°° and the Rayleigh number lies between 107 to 10°, we considered high viscosity variation and take Ra
= 107 throughout. Since we have taken the viscosity is always temperature-dependent whether it is pressure-dependent
or not, by decreasing the temperature-dependent parameter (g) we studied viscosity contrast up to 10°°. According to
Jarvis and Mckenzie [27] the dissipation number is between 0.25 and 0.8, whereas D was estimated to be 0.5 to 0.7 by
Leng and Zhong [28]. Leitch and Yuen [29] proposed that the internal heating number at the upper mantle is 0.6 to 6
and at the lower mantle, 5 to 6. Stein et al. [18] utilized a scale of 1 to 40 for internal heating and mentioned H =5 as a
strong radiogenic heating rate. Based on these previous studies and in simulation work we considered H up to 5 and D
from 0.3 to 0.6.

By validating our model with some benchmarks values and previous studies, we consider the same dimensionless
model with the inclusion of viscous dissipation and mixed heating together. Considering both basal heating and internal
heating and by implementing the same procedure we numerically solve our dimensionless model for different values of
internal heating number H at a fixed viscous dissipation number D and also for different values of viscous dissipation
number D at a fixed internal heating number H. At the high Rayleigh number, we find the values of Nu and Vs, and
they are given in the Tables. We also observed all of the cases for two types of variable viscosity by taking viscous
pressure numbers u = 0.0, = 0.5, and u = 1.0. The results are presented by the temperature profiles, and stream function
contours.

The figures show that the inclusion of viscous dissipation (D) and internal heating (H) together promotes the convec-
tion into a stable two-cell pattern from one cell pattern. Previously Islam et al. [20], examined convection with variable
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viscosity and viscous dissipation without internal heating and they found the single convection cell pattern. Similarly,
Khaleque and Sayeed Motaleb [19] considered internal heating without viscous dissipation and observed unit aspect
ratio convection cell structure. However, our study finds that the inclusion of both internal heating, and dissipation make
the unit aspect ratio cell unstable. For a small heating number and small viscous dissipation number together, we can get
a stable one-cell pattern but the increase of any of these values turns the flow pattern into a narrower two-cell pattern. That
means the width of the cell is halved and two convection cells of aspect ratio 1:2 emerge. We observed that we get higher
Nu and V., for a larger value of internal heating number (H) and viscous pressure number x, so we can say that the increase
in internal heating number or the pressure number makes the convection stronger. And the hot thermal boundary layer
vanishes in the presence of internal heating. The results also imply that viscous dissipation weakens the convection process
since we get a thicker lid, lower temperature in the interior of the cell, and smaller values of Nu and V., for the increase
of viscous dissipation number D. It is hoped that this study gives us some useful directions for future investigations of
mantle convection.
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