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1. Introduction

In recent years, with the rapid development of science and technology, fractional differential equations have attracted
wide attention, and have made a lot of achievements. Multipoint boundary value problems for differential equations have
played an important role in mathematics. Due to the development of fractional order theory and the successful applications
of the fractional order which are applied in many fields, such as signal analysis and processing, and medical image edge
information detection, many results about the existence of solutions of coupled system fractional differential equation with
integral boundary conditions have already published [1-5, 9]. What’s more, some academicians study the existence of
solutions for nonlinear fractional differential equations with integral boundary conditions [6-8].

In particular, Zhang [1] studied fractional differential equations with integral boundary conditions.

DZ u(t)+h(t) f(t,u(t)) =0, 0<t<l,
u(0)=u (0)=u (0) =0,
u(0) = 2" u(s)ds,

a

Where 3<a<4,0<7<1,0<

A1 <1, Dg, is the standard Riemann-Liouville Fractional derivative. Using Guo-
a

Krasnosel' skii fixed point theorem on cones, it is proved to be the existence and nonexistence of positive solution.
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Zhang [2] considered fractional differential equation with p-Laplacian
=D/ (4,(Dix(1) = A [ (t,x(1)), 0<t<],
x(0)=0, Dg x(0)=0, x(1)= Lj x(s)dA(s),

Where 1<a<2,0<B<1, Dy, DY is the standard Riemann-Liouville Fractional derivative. The p-Laplacian opera-

tor is defined as ¢, (s) :|s|p72 s,p>1, f:(0,1)x(0,+00) —[0,+0) is continuous and A(s) is singular at 7=0,1 and

x =0. By applying the method of upper and lower solutions and the schauder fixed point theorem, they established the
conditions for the existence of at least one positive solution.

Yang [3] obtained the existence and nonexistence of solutions for coupled system fractional differential equations with
integral boundary conditions.

Dg,u(t)+a() f(t,v(#)=0, 0<zt<l
Df u(t)+b(t)g(t,v(t) =0, 0<t<l

u(©0) =0, u() = [ JOu(t)dr,
W0) =0, v(1)= [ poviat,

Where 1<a,f<2, a,beC((0,1,[0,+20)), f,g € C((0,)x[0,40),[0,40)) , ¢, ¢ € L'[0,1] D, , Df, is the standard

0+ >
Riemann-Liouville Fractional derivative.
Enlightened by the above works, we consider the existence, multiplicity and nonexistence of positive solutions for sys-
tem fractional differential equation with integral boundary conditions as follows.

DJL (4, (DgLu) + f (1, v(1) =0, 0<r<],
D2 (¢, (DGv()) + g(tu(t) =0, 0<t<l,

. 1 . . (1.D
w(0)=u'(0)=0, u(l)=Af u()di, Dfu(0)=(4,(D5u(1)=0,
' 1 a a
v(0)=v'(0)=0, v(l)=puf v(ydi, Div(0) = (4, (Div(1)) =0,
where 2<a,,a, <3,1<f,5,<2,0< i,i <1, D¢ ,D¢2 , DA, D/ s the standard Riemann-Liouville Fractional de-
o &

rivative. The p-Laplacian operator is defined as 2,(s)=[s|"~?s, p>1,%+$ =1, f,g:[0,1]x[0,+0) —>[0,+00)

are continuous. Our results are based on the way of Guo- Krasnosel' skii fixed point theorem on cones. It is worth remarking
here that we could study boundary problems with p-Laplacian operator in (1.1).

2. Preliminaries

Definition 2.1 (see [10]) The Riemann-Liouville fractional integral of the order & >0 of a function is given by
1

7 [ (=5 p(s)ds

Ig+y(t) =

provided the right hand is point-wise defined on (0, +oo) .

Definition 2.2 (see [10]) The Riemann-Liouville fractional derivative of the order « >0 of a function is given by

DYy =—t (&

fo—a @ [ =5y y(s)ds

provided the right hand is point-wise defined on (0,+). Where n—1<a <n, n=[a]+].
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Lemma 2.1 (see [10]) Let o > 0, the fractional differential equation Dj,u(f) =0 has a solution
u(t) =ct* "+t 7+t 0"

where ¢, eR, i=12,..,n, n=[a]+].
Lemma 2.2 (see [10]) Assume that & >0 then

12 D8 u(t) =u(t) +ct” " +eyt® +o vt
Where ¢, eR, i=1,2,.,n, n=[a]+]1.

A . . .
Lemma 2.3 Let ye'[0,1], 2<a <3, 0<<1, then unique solution of following FBVP
a

Di.u(®)+y()=0, 0<zt<l1

: | 2.1)
u(0)=u'(0)=0, wu(l)= /1[0 u(t)dt,

is given by
u(t) = [ G(t.5)y(s)ds
where
ZLoz—l (1_S)a—1 ~ (t_S)a—l B ltq—l (1 _s)a—l
1-Hr@ @
a
tafl (l_s)afl - lta—l (1 _S)a—l
1-Hr@)  al-Hr@)
o o

g , 0<s<r<1
a(l-—)'(a)

G(t,s) = @

0<t<s<l1

Proof. We apply lemma 2.2 to reduce (2.1) to an equivalent integral equation

u(t)———j (t=5)""y(s)ds+c "+t + et

[(a)
u(0)=u(0)=0,

From u(0)=u (0)=0, wehave u(0)=u (0)=0, then

u(r) __ﬁ [ =" p(s)ds + e
From u(1) = A[ u(t)dt , we have
u(l) ——ﬁj (1=9)"y(s)ds+¢,
A[ u(tydr = - r( 1 j [ =5y p(s)dsdt +,A [, 1 dt
=Tk j j (t—s)"" ‘y(s)dtds+cl,1j *7dt
= r(a)j A= syas+
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therefore
¢ = 1&y(s)ds —/lfliy(s)ds
0 A 0 A
(I- ;)F(a) (I- ;)al"(a)

Thus, the unique solution of (2.1) is

u(t) =_L: (t—s)"’ly(s)derJ'; (1_Sﬂ)vailta71y(s)ds—ﬁ.[l (1-9)*¢*" J(s)ds

I(a) (1- (@) (1-Hyal(a)
(04 (94
_ . (I_Sﬂ)va—lta—l B (t;s)a—l ~ 1(1 _;)Ol tll*1 (S)ds+Jt1 (]—S/’i)vailtail _ )b (1 _;)a ta% (S)dS
1-5r@ @ 21-Hr) 1-5r@) % (1-5r(a)
(94 a (04 (04
= [ G(t.5)¥(s)ds

Lemma 2.4 Let ye L'[0,1], 2< o <31< 5,52, 0< i <1, then following FBVP
a,

DJ (4, (Dgtu()) + f(1,v(1) =0, 0<r<],
(2.2)

| a

u(0)=u'(0)=0, u(l)=4 j;u(t)dt, DZu(0) = ¢, (Dt u(1)) = 0

has a unique solution

u(t) = [, G, (t,)8, (], H,(s,7)f (z,¥(x))d7)ds

Where
ar—1 -1 a-1 -1 -1
t (/11—S)1 _(fl:S)1 M (;_S)l , 0<s<t<l,
(1-(ey) (@) o (1-—)(a,)
a @
Gl (t; S) = tal a (l B s)al 1 ﬂ[al -1 (1 _ S)al -1
7 — 7 R 0<t<s<l,
1-9(e) & 1-)(a)
a, (o
Bi-11 _ \A- _\A-1
s” lgl(ﬁf))l _(Sr(fﬁ))l , 0<r<s<l,
H,(s,7) = A1 (] | i1 l
R kS 0<s<r<l,
rB)

Proof. We apply lemma 2.2 to reduce (2.2) to an equivalent integral equation

¢, (Dyiu(t)) = _%ﬂl) jo (=) fov@)dr + e th T + ey th? (2.3)
a a 1 (l - z-)ﬂl B
From Dglu(0) =(g,(Dgu(1))) =0, we have ¢, = IO Wf(r, v(t))dt, ¢, =0

Take ¢,,c, into (2.3), we get
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8, (DStu(r) = j(’rg; ST+ Io%f(m(r))df
= [} H.(t.0)f (.v(e))de

thus, D{u(t)+4, (j H,(s,7)f (,9(1))d7) = 0
BVP (2.2) equal to
Dtu(t)+4, (j H,(s,7)f (t,v(t))d7r) =0, 0<t<]l,
u(0)=u'(0)=0, u(l)=A[ u(t)dr
Therefore BVP (2.2) has a unique solution
u(t) = [, G, (.94, (], H,(s,0)f (z.())d7)ds)
In the same way,
D2 (¢, (D2 v() + g(t,u(1)) =0, 0<r<I,

2.4)
v(0)=v'(0)=0, V(1)=ﬂJOV(t)dt, Dg:v(0) = (¢, (Dg:v(1)) =0

BVP (2.4) has a unique solution v(r) = [} G, (1.5)g, (], H,(s.7)g(z.u(r))d7)ds)
Lemma 2.5 Assume the Green's function G,(7,s) and H,(s,7) satisfy the following inequalities on [0,1]x[0,1]:
1) G(t,s)=20, H(s,7)20, t,5,7€ [0,1]

G A

2) G,(t,5)= s(1-5)7",t,5 €[0,1],K =
@) Gi9)> L os0-9 00K =2

K+a, -1
3) Gl(t,s)s%s(l—s)“l'l, H,(5,7) < —— A (1=p)A™, t,5,7€[0,1]

(o) L'(B)
Proof. (1)(2)
G (t,5)> fg;) s(1=5)" > 0,1,5 €[0,1, K = al’i 7
when 0<s<¢<I1, we have
R N (R K T T I ot Ao S A=)
2 TTw@) 7 =— [(1-5) —(1—;)(1—7) T]
(1-—)T(er) ! o(1-—)(e) (1-—)'() ! !
o o o
s ey -y A
(1-(er,) % o
a,
! A A K
- —[—(1 $) T == (1=5)" = ——1"s(1-5) 7 20
(-5 “ Ha)

Q

when 0<7<s<1,wehave
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A=), A

R R PL Y W 1 | L A=) (1_7)“1 o 00 | |
> _ ; =— (7 (1=s) 71— - 1= ' = (=)™
(1-)(e) o(1-)(a) A= *)1“(0!1) ! (1- *)F(%)
Q; a Q, a;
p-20=y (1—7 .
> Iﬂ al—l(l_s)al—l =m1‘arls(l—8)a‘71 >0
(1—;1)1"(0!1) !

H (s,7)20, when 0<7<s<1, wehave

Sﬂl—l(l_z_)ﬁl—l_(s_z.)ﬂl—l: Sﬂl—l (1_ A e j ﬂl EVERPEEVE
T(4) rp) Tl e ? r(ﬂl)(( -t =0

Al _ A1
s (1-1) S

(8)

when 0<s<7<1, wehave

(€)
K+o -1 o
Gl(t,s)STs(l S)

aq
When 0<s<t<1, wehave

) R O R A ()
1-Sre) @ ga-Are)
Q Q,

S YR S E I R SR R W
(04 a.

1=yt 1 !

@
gl L 1 = T =T )
(-"Il@) 4 % o

@

1

| K B ) S A (RO
e N CA “ “ “
)

- = =) ) - 1 =)

1-(e) 5
Q,
€l e D] ) = )
1-e) A
Q,

= ;[(l—i)(al —Dr 2 (1-5)"2s(1 —t)+it""1s(1 —5) ™
[0

-l :

Q
< ;[(l —i)(a1 —D(1=5)"2s(1-5)+ is(l —5)™]
(1-)(e) A %

Q

< +[(l —i)(a1 —D(1-5)"""s +is(1 -5
1-Sr(@) % %
Q
_ K4 -1
= ) s(1—s)
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when 0<7¢<s<1,wehave

7 1-s) T T (1—s)® ! wo _ K+a —1 oot
ﬂ, - ﬂ, < ﬂ, (1—S) Sms(l—S)
(1 - 7)F(a1) a, (1 - 7)F(a1) (1 - 7)F(0‘1) !
Q) Q) a
H(s,7) < M,
I'(B)

S k3 S k3 LS BV R TRV
r'(s) rsy T

A1 \NA-

s (=) < 1
LB) L(s)

Lemma 2.6 Let X be acone of real Banach space P X ,andlet Q,,Q, be twobounded

open sets in X such that 0 e Q Qc Q,, Letoperator 7: PN (62 —-Q,)—> P be completely
continuous operator. Suppose that one of the two conditions holds:
) If uePnoQ, |Tu|<|u|;if uePnoQ,, |Tu|=|u|.

2) IfuePnoQ,, ||Tu||2||u||;if uePNoQ,, |Tu||£||u||

when 0<7<s<1, we have

sATA-)A

0<s<7r<l,

Then T has at least one fixed pointin PN (52 /Ql) .

3. Main Results

In this section, we consider the existence and nonexistence of positive solution for FBVP by using fixed point theorem
of cone expansion and compression type due to Avery et al. [1].

Le E= C[O,l] , B =ExFE equipped with the norm ”(u,v)" = ||u||+||v ,(u,v) € B, for (u, v) G B, where If ||u|| = max|u| ,

1€[0,1]

||v|| = {n[:c)vl(] |v| ,then B is a Banach space. Define a cone P — B by

Ko™ L™ ) Ko™ L™
P= {(M,V) eB V(t) Zm"\/",u(l) Zm"M",V(I)‘Fu([) > 1'1'111’1{]{4_0!1 _1,K+a2 _I}H(M,V)”,l € [0,1]}
where K = A L= ol

o -1 a,—u
We define the operator 7 : P — B, where

1 1
u(t) = [ Gi(t,9), (], H,(s,0)/ (2, v(z))d7)ds
1 1
v(t) = [, G, (t,5)¢, ([, H, (s, 0)g (7, u(r))d7)ds
T(u,v)= (L), T, ) (u,v) € B
It's easy to see that the existence of a positive solution to the FBVP (1.1) is equipped to

the existence of fixed point of the operator.
Theorem 3.1 7:B — B is completely continuous.

Proof. From lemma 2.5, we get

f 6t < f G r)f(r,v(r))dr> os| < f KL gania, ( f 60 v(r))dr) ds
0 0 0 0

M)

ITa (I = max

o —1

) Kta=l 1K+ —1 - 1 Kt
minT,(v)(t) = Kt o= 1]; e s(1—s)utg, <f0 Hy (s, T)f(T,V(T))dT) ds > m [T

Furthermore, we get
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) Ltaz—l
minT, (u)(t) = To—1 T2 Wl
Thus, T(P)c P
Assume Qe B be bounded. there exists a positive constant h > 0 such that "(u,v)" <h, for all (u,v) eQ
Let

M =max{|f(t,v(1)|+1:0<1<1,0<v <A},
N = max{|g(t,u(t)|+1:0<¢<1,0<u <h},

K+a -1 B L+a,-1

= , B= —
T(e) (DB +D) T(a,)(T(B, +1))’

then we have

L)) = \ [ G(t.9),(J, H,(s.0)f (. v(r))dr)ds\
< _[1 K+a -1
" T(a) r(ﬂl

< M”"AI; (1—5)8 ' s@DADH g

s(1-9)"" ¢(f0 s 1=5)7(| £ (@) d)ds

similarly, |T2(u)(;)| <N'B J'; (1—s)2 7 @D DA g
thus, "T(u,v)” < min {Mq_lA.[; (1 — S)arl S(q’l)(ﬁl’l)“ds’ N‘I—lBJ; (1 _ S)azfl s(qfl)(ﬁzfl)ﬂds} )

hence T(Q) is uniformly bounded.
Since f,g,G,,G,,H,,H, are continuous, then T is continuous. Thus, for a fixed s € [0,1] and for any & >0, there

exists a constant & >0, such that for any 1,7, €[0,1 |t t1| <0 we have

1 & 1 &
[1G\(t:.)-G,(1,,9)|ds < e I0|G2(t2,s)—G2(tl,s)|ds<W
1 2

therefore |T2 (u,v) (1) =T, (u,v)(1, )| <e
Thus 7(Q) is equicontinuous. By the means of A-A theorem, we have that T: P — P is uniformly continuous. The

proof is completed.
We list the following assumptions adopted in this paper:
(H1) f,g:[0,1]x[0,+00) —[0,+0) is continuous.

f(t,v) HED)

H2) f, = 11%1 inf trer[lérllw (||v||)’ ulirg inf trer[lérllw (||u||)

B f(t,v) D)

(H3) fo=lminCmit g b & = o™ C Ry )
) fa o g(t,u)
(10 7= oo g, b & = PN g,
LAV R g(t,u)

g” = lim supmax

(HS) /” =lim supmax ot pte[0,1]¢ ()

Kt a1 /! -l L™
(H6) vlzral)fos(l—s) (J, H, (s, 7M7) ds,, v =T b

js(l $)%” (jH (s,7)d7) " ds
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H7) o = AJ‘; (1—s)@gADaDHgg o, = BJ'; (1—5) " sP DDA g

Lemma 3.1 Suppose that (H1) (H2) (H5) holds, and the following conditions are satisfied:
1 0 1 1 © 1

@ fo>—, [f<—; g>—, 8" <—.
Vi 2 vy @,

Then FBVP (1.1) has at least one positive solution.

Proof. Considering f, there exists r>0,& >0, such that f(z,v) > (f, —£)g,(|v

Then for (u,v) € 0K, , we have

), te[0,1],ve[0,r].

T (V) 2 _[; Ilfzc;_) s(1—s)™" 4, (J'Ol H, (s,7)f (z,v(r))d7)ds
> Iriol) J;s(l—s)al_l ¢, (IO' H,(s,0)(fy —&)¢, (MPdr)ds = (f, —&)v, ||v|| > “v”

Similarly, we obtain 7, (u) > |jul|

Thus ||T(u,v)|| > ||(u,v)|| Jorall (u,v)e P(OK,

Considering f there exists R>0, g, >0 suchthat f(z,v)<(f" +¢,)4, (||v||), t€[0,1), u €[R,+o)
Then for ¢<[0,1], (u,v) 6KRI , we have

T,(v) = [, G (t.5), ([, H,(s.0) f (r.v(x)d7)ds

A1 (1 _S)ﬂI’I

< I‘Ms(l —5)"! ¢q(-[<1 : r'(4)

=0 T(ay) (/7 =)0, (M) < (7 + &) V] <[]

Similarly, we obtain 7, (u) < ||u|| .
Thus ||T(u,v)|| < ||(u,v)|| ,forall (u,v)e PMOK, .Hence T has afixed pointat (u,v)e P(10K,

Lemma 3.2 Suppose that (H1) (H3) (H4) holds, and the following conditions are satisfied:
1 1 1 1
(b) foc>_’ f0<_; 80> > g0<_7
Vi @ Va @,
Then FBVP (1.1) has at least one positive solution.
Lemma 3.3 Suppose that(H1) (H2) (H3) holds, and the following conditions are satisfied:
1 1

1 1
© fo>—s fo>—: &>—, & >—,
Vi 2] Vi 2]

. b b
(d) there exists b >0 such that max, o o) fv)<g, (;) and max, oo g(tu)<g, (a)_)
1 2

Then FBVP (1.1) has at least two positive solutions (u,,v,), (u,,v,), which satisfy 0< ||(u1 V) )|| <b< ||(u2,v2)||

Proof. We choose suitable »,R with 0<r<b<R

If £, >i,and 2o >L,
Vi vy
Then we have ||T(u,v)|| > ||(u,v)|| , forall (u,v)e PNoK,
If £, >i,and f. >i
Vi 4

Then we have |T'(u,v)| > |(u,v)|, forall (u,v)e PNAK, . What's more, together with (3.3.2), we have
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Im)<] Kra -l )7, ([ Hy(5.0) f (r.v(x)d7)ds

¢ Ia)
1K+a -1 -1 T § ) U i b b 1 @ (A-Dg-1)+1
<joTal)s(1—s) @(joTﬂl)(f +62)¢p(;1)dr)dsSZlAIO(l—s) sADEDH g p

Similarly, we have ||T2 (u)" <b.

Then we have ||T (u,v)" < ||(u,v)|| .forall (u,v)e PNOK,. Therefore T has a fixed point at (u,v) € P 0K ,», and has
a fixed point at (u,v) € P[) OKb.x

Thus, it follows that FBVP (1.1) has two positive solution (u,,,), (u,,v,) which satisfy 0 <|\(u;,v,)||<b <|(,.v,)|

Lemma 3.4 Suppose that (HI) (H4) (H5) holds, and the following conditions are satisfied:

© f°<¢,,(wi} Hf°°<¢,,[aﬂ,

el weeof2)

. b b
(f) there exists D > 0 such that max, o o7 ftv)<g, (Z) and max o0 7 g(t,u)<g, (a)_) Then, FBVP (1.1)
1

2
has at least two positive solutions (u,,v,), (u,,v,). Which satisfy

0< "(u1 ,Vl)" <b< ||(u2av2 )"

Lemma 3.5 Assume that f(£,v) <@, (L) and ¢ €[0,1],u >0,v>0, we have
o

o = A'fol (1-s5) s A0V and g(t,u) < 4, (O_i) , 0, = B_[; (1—5)22" g abHgg
2

then FBVP (1.1) has no positive solution.
Proof: because (u,v) e P,and u>0, v>0, t<(0,1),

Jue| = max|u| = max [ G, (t.5), ([, H,(s.7) f (r.v()d7)ds

te[0,1] te[0,1]
<I1K+a1 - At (1—g)hi!

1 -1 s
N () s(1-s) ¢q(f0 T8 f(z,v(r))d7)ds

1 K+a —1 |
i 1 1—5)4 pi-1 q—lds
< o Tt (T8 +l))q_] IO( §)s(s"7) IVl

= AL ] =

similarly, we have ||v|| < ||u||

conflicting, proof complete.

4. Example
Example 4.1 Considering the following system of FBVP
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D3, (¢,(D3,u(t)) +v()" =0, 0<t<I,
D3, (¢, (D3 () +u(®)’ =0, 0<t<l,
u(0) =4 ©) =0, u() == [ u(tdt, DLu(0) =, (DFu(1) =0
W0)=v(0)=0, W)= % [Iv(t)dr,  DEv(0) = (¢, (DE2v(1) =0,

2 2
where 2<a,=a,=25<3,1<f, =4,=15<2, 0</1:§<1,0<,u:§<1,0<t<1,

@, (@) =u(®), p=2, f(t,V0) =v(t)", g(t,u(t) = u(?)’,0 < a,b < +oo

By simple computation, we have f° =g’ =0, . = g, =0 . Thus, by theorem3.2, the FBVP has no positive solution.
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