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  Abstract 
In this paper, we discuss the existence of positive solutions of a coupled system of 
p-laplacian fractional differential equations with integral boundary conditions. In 
this paper, we show some necessary definitions and lemmas, with doubling measure 
and in (quasi-)Banach function spaces. We find that the properties of Banach func-
tion spaces and the condition are used to get the conclusion, which is just the same 
as the conditions of the estimate of the functions in Theorem 1.1. Particularly, the 
condition could be seen as a separation condition in combining the given lemmas, 
we obtain important properties of Green's function associated with the fractional 
BVP. Thus, by Theorem 3.2, the FBVP has no positive solution. According to the 
properties of Green's function, by using Guo-Krasnosel' skii fixed point theorem on 
cones, we prove the existence, uniqueness, multiplicity results, and nonexistence of 
positive solutions for fractional boundary value problems. Finally, an example is 
provided to illustrate our main result. 
 
Keywords 
Fractional differential equation, integral boundary conditions, coupled system, p-la-
placian operator, positive solutions 

 
1. Introduction 

In recent years, with the rapid development of science and technology, fractional differential equations have attracted 
wide attention, and have made a lot of achievements. Multipoint boundary value problems for differential equations have 
played an important role in mathematics. Due to the development of fractional order theory and the successful applications 
of the fractional order which are applied in many fields, such as signal analysis and processing, and medical image edge 
information detection, many results about the existence of solutions of coupled system fractional differential equation with 
integral boundary conditions have already published [1-5, 9]. What’s more, some academicians study the existence of 
solutions for nonlinear fractional differential equations with integral boundary conditions [6-8]. 

In particular, Zhang [1] studied fractional differential equations with integral boundary conditions. 
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+  is the standard Riemann-Liouville Fractional derivative. Using Guo-

Krasnosel' skii fixed point theorem on cones, it is proved to be the existence and nonexistence of positive solution. 
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Zhang [2] considered fractional differential equation with p-Laplacian 
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Where 1 2,0 1,α β< ≤ < ≤ 0D ,α
+ 0Dβ

+  is the standard Riemann-Liouville Fractional derivative. The p-Laplacian opera-

tor is defined as 2( ) , 1p
p s s s pϕ −= > , : (0,1) (0, ) [0, )f × +∞ → +∞ is continuous and ( )A s  is singular at 0,1t = and

0x = . By applying the method of upper and lower solutions and the schauder fixed point theorem, they established the 
conditions for the existence of at least one positive solution. 

Yang [3] obtained the existence and nonexistence of solutions for coupled system fractional differential equations with 
integral boundary conditions. 
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Where 1 , 2,α β< ≤ , ((0,1),[0, )),a b C∈ +∞ , ((0,1) [0, ),[0, ))f g C∈ × +∞ +∞ , 1, [0,1]Lϕ φ ∈ 0Dα
+ , 0Dβ

+  is the standard 
Riemann-Liouville Fractional derivative. 

Enlightened by the above works, we consider the existence, multiplicity and nonexistence of positive solutions for sys-
tem fractional differential equation with integral boundary conditions as follows. 
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where 1 2 1 22 , 3,1 , 2,α α β β< ≤ < ≤
1 2

0 1,λ µ
α α

< <， 1 2
0 0D ,Dα α
+ + , 1 2

0 0D ,Dβ β
+ +  is the standard Riemann-Liouville Fractional de-

rivative. The p-Laplacian operator is defined as ∅p(s)=|s|p−2s, p>1, 1 1 1
p q
+ = , , : [0,1] [0, ) [0, )f g × +∞ → +∞   

are continuous. Our results are based on the way of Guo- Krasnosel' skii fixed point theorem on cones. It is worth remarking 
here that we could study boundary problems with p-Laplacian operator in (1.1). 

2. Preliminaries 
Definition 2.1 (see [10]) The Riemann-Liouville fractional integral of the order 0α >  of a function is given by 
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provided the right hand is point-wise defined on ( )0,+∞ . 
Definition 2.2 (see [10]) The Riemann-Liouville fractional derivative of the order 0α >  of a function is given by 
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Lemma 2.1 (see [10]) Let 0α > , the fractional differential equation 0D ( ) 0u tα
+ =  has a solution 
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Lemma 2.3 Let 1[0,1]y L∈ , 2 3α< ≤ , 0 1λ
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Proof. We apply lemma 2.2 to reduce (2.1) to an equivalent integral equation 
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Proof. We apply lemma 2.2 to reduce (2.2) to an equivalent integral equation 
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0 1s τ≤ < ≤ , 
1 1

1 1
1 1

1 1

1 1

(1 ) 1 (1 )
( ) ( )

s s
β β

β βτ τ
β β

− −
− −−

≤ −
Γ Γ

. 

Lemma 2.6 Let X  be a cone of real Banach space P X⊂  , and let 1 2,Ω Ω  be two bounded 

open sets in X such that 1 20∈Ω ⊂ Ω ⊂ Ω , Let operator 2 1: ( )T P P∩ Ω −Ω →  be completely 
continuous operator. Suppose that one of the two conditions holds: 

1) If 1u P∈ ∩∂Ω , Tu u≤ ; if 2u P∈ ∩∂Ω , Tu u≥ . 

2) If 1u P∈ ∩∂Ω , Tu u≥ ; if 2u P∈ ∩∂Ω , Tu u≤ . 

Then T  has at least one fixed point in 2 1( )P∩ Ω Ω . 

3. Main Results 
In this section, we consider the existence and nonexistence of positive solution for FBVP by using fixed point theorem 

of cone expansion and compression type due to Avery et al. [1]. 
Le [ ]0,1E C= , B E E= × equipped with the norm ( ) ( ), , ,u v u v u v B= + ∈ , for (u, v) G B, where If 

[ ]0,1
max
t

u u
∈

= , 

[ ]0,1
max
t

v v
∈

=  , then B  is a Banach space. Define a cone P B⊂  by 

( ) ( ) [ ]
1 2 1 21 1 1 1

1 2 1 2

, ( ) , ( ) , ( ) ( ) min , , , 0,1
1 1 1 1

Kt Lt Kt LtP u v B v t v u t u v t u t u v t
K K K K

α α α α

α α α α

− − − −   = ∈ ≥ ≥ + ≥ ∈   
+ − + − + − + −   

 

where 
1 2

,K Lλ µ
α λ α µ

= =
− −

. 

We define the operator :T P B→ , where 

( )

1 1
1 10 0

1 1
2 20 0

1 2

( ) ( , ) ( ( , ) ( , ( ))d )d

( ) ( , ) ( ( , ) ( , ( ))d )d

( , ) ( ( ), ( )) ,

q

q

u t G t s H s f v s

v t G t s H s g u s

T u v T v T u u v B

ϕ τ τ τ τ

ϕ τ τ τ τ

 =

 =

= ∈

∫ ∫

∫ ∫
，

 

It's easy to see that the existence of a positive solution to the FBVP (1.1) is equipped to 
the existence of fixed point of the operator. 
Theorem 3.1 :T B B→  is completely continuous. 
Proof. From lemma 2.5, we get 

               ‖T1(v)‖ = max �� G1(t, s)∅q �� H1

1

0
(s, τ)f�τ, v(τ)�dτ� ds

1

0
�  ≤ �

K + α1 − 1

Γ(α)
s(1 − s)α1−1∅q �� H1

1

0
(s, τ)f�τ, v(τ)�dτ� ds

1

0
 

      minT1(v)(t) ≥
Ktα1−1

K + α1 − 1
�

K + α1 − 1

Γ(α)
s(1 − s)α1−1∅q �� H1

1

0
(s, τ)f�τ, v(τ)�dτ� ds

1

0
≥

Ktα1−1

K + α1 − 1
‖T1(v)‖  

Furthermore, we get 
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      minT2(u)(t) ≥
Ltα2−1

L + α2 − 1
‖T2(u)‖ 

Thus, ( )T P P⊂  

Assume BΩ∈  be bounded. there exists a positive constant h > 0 such that ( ),u v h≤ , for all ( ),u v ∈Ω  
Let 

{ }max ( , ( )) 1: 0 1,0M f t v t t v h= + ≤ ≤ ≤ ≤ ,  

{ }max ( , ( )) 1: 0 1,0N g t u t t u h= + ≤ ≤ ≤ ≤ ,  

( )
1

1
1 1

1
( ) ( 1) q

K α
α β −

+ −
Α =

Γ Γ +
, 

( )
2

1
2 2

1
( ) ( 1) q

L α
α β −

+ −
Β =

Γ Γ +
 

then we have 

1 1 1

1 1

1 1
1 1 10 0

1 11 1 11
0 0

1 1
1 1 (q-1)( 1) 11
0

( )( ) ( , ) ( ( , ) ( , ( ))d )d

1 1(1 ) ( (1 ) ( ( , ( )) )d )d
( ) ( )

(1 ) s d

q

q

q

T v t G t s H s f v s

K s s s s f v s

M s s

α β β

α β

φ τ τ τ τ

α
φ τ τ τ

α β
− − −

− − +−

=

+ −
≤ − −

Γ Γ

≤ Α −

∫ ∫

∫ ∫

∫

 

similarly, 2 2
1 1 (q-1)( 1) 11

2 0
( )( ) (1 ) s dqT u t N s sα β− − +−≤ Β −∫  

thus, ( ) { }1 1 2 2
1 11 (q-1)( 1) 1 1 (q-1)( 1) 11 1
0 0

, min (1 ) s d , (1 ) s dq qT u v M s s N s sα β α β− − + − − +− −≤ Α − Β −∫ ∫ . 

hence ( )T Ω  is uniformly bounded. 

Since 1 2 1 2, , , , ,f g G G H H   are continuous, then T is continuous. Thus, for a fixed [ ]0,1s∈  and for any 0ε > , there 

exists a constant 0δ > , such that for any [ ]1 2 2 1, 0,1 ,t t t t δ∈ <  we have 

1

1
1 2 1 1 (q-1)( 1)q-10

1

( , ) ( , ) ds
s

G t s G t s β

ε
β −− <∫ , 

2

1
2 2 2 1 (q-1)( 1)q-10

2

( , ) ( , ) ds
s

G t s G t s β

ε
β −− <∫  

therefore ( ) ( )2 2 2 1, ( ) , ( )T u v t T u v t ε− ≤  

Thus ( )T Ω  is equicontinuous. By the means of A-A theorem, we have that :T P P→  is uniformly continuous. The 
proof is completed. 

We list the following assumptions adopted in this paper: 
(H1) , : [0,1] [0, ) [0, )f g × +∞ → +∞  is continuous. 

(H2) 0 0[0,1] [0,1]0 0

( , ) ( , )lim inf min , lim inf min
( ) ( )t tv up p

f t v g t uf g
v uφ φ+ +∈ ∈→ →

= =  

(H3) 
[0,1] [0,1]

( , ) ( , )lim inf min , lim inf min
( ) ( )v t u t

p p

f t v g t uf g
v uφ φ∞ ∞→∞ ∈ →∞ ∈

= =  

(H4) 0 0

[0,1] [0,1]0 0

( , ) ( , )lim sup max , lim sup max
( ) ( )t tv up p

f t v g t uf g
v uφ φ+ +∈ ∈→ →

= =  

(H5) 
[0,1] [0,1]

( , ) ( , )lim sup max , lim sup max
( ) ( )v ut t

p p

f t v g t uf g
v uφ φ

∞ ∞

→∞ →∞∈ ∈
= =  

(H6) 
1

1
1 1 11 1

1 10 0
1

(1 ) ( ( , )d ) d
( )

qKt s s H s s
α

αν τ τ
α

−
− −= −

Γ ∫ ∫ , 
2

2
1 1 11 1

2 20 0
2

(1 ) ( ( , )d ) d
( )

qLt s s H s s
α

αν τ τ
α

−
− −= −

Γ ∫ ∫  
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(H7) 1 1
1 1 ( 1)( 1) 1

1 0
(1 ) dqs s sα βω − − − += Α −∫ , 2 2

1 1 ( 1)( 1) 1
2 0

(1 ) dqs s sα βω − − − += Β −∫  

Lemma 3.1 Suppose that (H1) (H2) (H5) holds, and the following conditions are satisfied: 

(a) 0
1

1f
ν

> , 
1

1f
ω

∞ < ; 0
2

1 ,g
ν

>
2

1g
ω

∞ < . 

Then FBVP (1.1) has at least one positive solution. 
Proof. Considering 0f  there exists 10, 0r ε> > , such that 0( , ) ( ) ( ) [0,1], [0, ]pf t v f v t v rε φ≥ − ∈ ∈， . 
Then for ( , ) ru v K∈∂ , we have 

( )
1

1

1
1

11 11
1 10 0

1
1 1 11

1 0 1 0 1 10 0
1

(1 ) ( ( , ) ( , ( ))d )d
( )

(1 ) ( ( , )( ) ( )d )d ( )
( )

q

q p

KtT v s s H s f v s

Kt s s H s f v s f v v

α
α

α
α

φ τ τ τ τ
α

φ τ ε φ τ ε ν
α

−
−

−
−

≥ −
Γ

≥ − − ≥ − ≥
Γ

∫ ∫

∫ ∫
 

Similarly, we obtain ( )2T u u≥  

Thus ( , ) ( , )T u v u v≥ ,for all ( , ) ru v P K∈ ∂  

Considering f there exists 20, 0R ε> >  such that 2( , ) ( ) ( ) [0,1] [ , )pf t v f v t u Rε φ∞≤ + ∈ ∈ +∞， ，  
Then for 

1
[0,1], ( , ) Rt u v K∈ ∈∂ , we have 

( )
1 1

1

1 1
1 1 10 0

1 11 111
2 2 10 0

1 1

( , ) ( ( , ) ( , ( ) )

1 (1 )(1 ) ( ( ) ( ))d )d ( )
( ) ( )

q

q p

T v G t s H s f v d ds

K s ss s f v s f v v
β β

α

φ τ τ τ τ

α
φ ε φ τ ε ω

α β

− −
− ∞ ∞

=

+ − −
≤ − − ≤ + ≤

Γ Γ

∫ ∫

∫ ∫
 

Similarly, we obtain ( )2T u u≤ . 

Thus ( , ) ( , )T u v u v≤ , for all 
1

( , ) Ru v P K∈ ∂ . Hence T  has a fixed point at 
1,( , ) r Ru v P K∈ ∂   

Lemma 3.2 Suppose that (H1) (H3) (H4) holds, and the following conditions are satisfied: 

(b) 
1

1f
ν∞ > , 0

1

1f
ω

< ; 
2

1 ,g
ν∞ >  0

2

1g
ω

< ,  

Then FBVP (1.1) has at least one positive solution. 
Lemma 3.3 Suppose that(H1) (H2) (H3) holds, and the following conditions are satisfied: 

(c) 0
1

1f
ν

> , 
1

1f
ω∞ > ; 0

1

1 ,g
ν

>  
1

1 ,g
ω∞ >  

(d) there exists 0b >  such that [0,1], [0, ]
1

max ( , ) ( )pt v R

bf t v φ
ω∈ ∈

<  and [0,1], [0, ]
2

max ( , ) ( )pt v R

bg t u φ
ω∈ ∈

<  

Then FBVP (1.1) has at least two positive solutions 1 1( , )u v , 2 2( , )u v , which satisfy 1 1 2 20 ( , ) ( , )u v b u v< < <  
Proof. We choose suitable ,r R  with 0 r b R< < <  

If 0
1

1f
ν

> , and 0
2

1 ,g
ν

>  

Then we have ( , ) ( , )T u v u v≥ , for all ( , ) ru v P K∈ ∂  

If 
1

1f
ν∞ > , and 

1

1f
ν∞ >  

Then we have ( , ) ( , )T u v u v≥ , for all ( , ) Ru v P K∈ ∂ . What' s more, together with (3.3.2), we have 
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( ) 1

1 1
1 1 1

1 111
1 10 0

1
1 11 1 11 ( 1)( 1) 11

20 0 0
1 1 1 1

1 (1 ) ( ( , ) ( , ( ) )
( )

1 (1 )(1 ) ( ( ) ( )d )d (1 ) d
( ) ( )

q

q
q p

KT v s s H s f v d ds

K s s b bs s f s s s s b

α

β β
α α β

α
φ τ τ τ τ

α

α
φ ε φ τ

α β ω ω

−

− −
− − − +∞

+ −
≤ −

Γ

+ − −
< − + ≤ Α − =

Γ Γ

∫ ∫

∫ ∫ ∫
 

Similarly, we have ( )2T u b< . 

Then we have ( , ) ( , )T u v u v< . for all ( , ) bu v P K∈ ∂ . Therefore T has a fixed point at ,( , ) r bu v P K∈ ∂ , and has 

a fixed point at ,( , ) b Ru v P K∈ ∂  
Thus, it follows that FBVP (1.1) has two positive solution 1 1( , )u v , 2 2( , )u v  which satisfy 1 1 2 20 ( , ) ( , )u v b u v< < <  
Lemma 3.4 Suppose that (Hl) (H4) (H5) holds, and the following conditions are satisfied: 

(e) 0

1

1
pf φ
ω
 

<  
 

, 且
1

1
pf φ
ω

∞  
<  

 
,  

  0

2

1
pg φ
ω
 

<  
 

, 且
2

1
pg φ
ω

∞  
<  

 
. 

(f) there exists D > 0 such that [0,1], [0, ]
1

max ( , ) ( )pt v R

bf t v φ
ω∈ ∈

<  and [0,1], [0, ]
2

max ( , ) ( )pt v R

bg t u φ
ω∈ ∈

<  Then, FBVP (1.1) 

has at least two positive solutions 1 1( , )u v , 2 2( , )u v . Which satisfy 

1 1 2 20 ( , ) ( , )u v b u v< < <  

Lemma 3.5 Assume that
1

( , ) ( )p
vf t v φ
σ

<  and [0,1], 0, 0t u v∈ > > , we have 

1 1
1 1 ( 1)( 1) 1

1 0
(1 ) dqs s sα βω − − − += Α −∫ , and

2

( , ) ( )p
ug t u φ
σ

< , 2 2
1 1 ( 1)( 1) 1

2 0
(1 ) dqs s sα βω − − − += Β −∫  

then FBVP (1.1) has no positive solution. 
Proof: because ( , )u v P∈ , and 0, 0 (0,1),u v t> > ∈，  

( )

1 1
1

1 1

1 1

1 1
1 10 0[0,1] [0,1]

1 11 111
0 0

1 1

1 1 11
1 0

1 1 1

( 1)( 1) 1

1

max max ( , ) ( ( , ) ( , ( ) )

1 (1 )(1 ) ( ( , ( ))d )d
( ) ( )

11 (1 ) ( ) d
( ) ( 1)

1 (1 ) d

qt t

q

q
q

q

u u G t s H s f v d ds

K ss s f v s

K s s s s v

s s

β β
α

α β

α β

φ τ τ τ τ

α τφ τ τ τ
α β

α
σ α β

σ

∈ ∈

− −
−

− −
−

− − +

= =

+ − −
≤ −

Γ Γ
+ −

< −
Γ Γ +

= Α −

∫ ∫

∫ ∫

∫

1

0
s v v=∫

 

similarly, we have v u<  
conflicting, proof complete. 

4. Example 
Example 4.1 Considering the following system of FBVP 
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1 1

2 2

3 5
2 2
0 0

3 5
2 2
0 0

1'
0 00

1'
0 00

D ( (D ( ))) ( ) 0, 0 1,

D ( (D ( ))) ( ) 0, 0 1,

2(0) (0) 0 (1) ( ) , D (0) ( (D (1))) 0
3
2(0) (0) 0 (1) ( ) , D (0) ( (D (1))) 0,
3

a
p

b
p

p

p

u t v t t

v t u t t

u u u u t dt u u

v v v v t dt v v

α α

α α

φ

φ

ϕ

ϕ

+ +

+ +

+ +

+ +


+ = < <


 + = < <

 = = = = =



= = = = =


∫

∫

，

，

 

where 1 22 2.5 3,α α< = = < 1 21 1.5 2,β β< = = <
2 20 1,0 1,
3 3

λ µ< = < < = < 0 1,t< <  

( ( )) ( ) 2,p u t u t pφ = =， ( , ( )) ( ) , ( , ( )) ( ) ,0 ,a bf t v t v t g t u t u t a b= = < < +∞  

By simple computation, we have 0 0 0,f g f g∞ ∞= = = = ∞ . Thus, by theorem3.2, the FBVP has no positive solution. 
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