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Abstract

The Alon-Tarsi number A7(G) of a graph G is the least k£ for which there is an
orientation D of G with max outdegree k£ —1 such that the number of spanning Eu-
lerian subgraphs of G with an even number of edges differs from the number of
spanning Eulerian subgraphs with an odd number of edges. A graph G is said to
be chromatic-ATchoosable if y(G)= AT(G) . In this paper, it is shown that the
Alon-Tarsi number of the Mycielski graph M(G) is at most A(G) +2 , where A(G)
is the maximum degree of G. As a consequence, M(G) is (A(G)+2) -choosable.
Based on analysis of the structure of Mycielskigraphs, the exact values of the

Technology, Tianjin, China. Alon-Tarsi number of Mycielski graphs M (C,,)and M (T,) are obtained by the

method of the Alon-Tarsi orientation. It is proved that A/ (C,,)and M (T,) are

chromatic-AT choosable. On the other hand, we get that the Alon-Tarsi number of
MW,)equals 5 whenn ¢ {4, 6, 8} and4 < AT(M(W,)) < 5 otherwise.
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1. Introduction

Let G be an undirected graph, with vertex set /" and edge set E. A proper coloring is a functionz:V — {1,2,..., k}
such that z(u) # z(v) for eachuv € E . The smallest number of colors for which there exists a proper coloring of G is
called chromatic number, denoted by y(G) .

A list assignment to the graph G is a function L which assigns a finite set L(v) to each vertexvelV . A proper
L-coloring of G is a function ¢ : ¥ — U, L(v) satisfying, for everyu,v eV , (i) ¢(v) e L(v)and
(ii) uv e E — ¢(u) # ¢(v). The choice number of G, denoted by ch(G) , is the smallest integer k such that there is always
a proper L-coloring of G if L satisfies |L(v)| >k for everyve V.G to be k-choosable if it admits a proper L-coloring

whenever|L(v)| >k for allv e V', then ch(G) is the smallest integer & such that G is k-choosable.
In the classic article [1], an upper bound for the choice number and for some related parameters of graphs is obtained
by applying algebraic techniques, which was later called the Alon-Tarsi number of G, and denoted by AT (G) (see e.g.

Jensen and Toft (1995) [2]).
Define the Alon-Tarsi number AT (G) of the graph G as the minimal k for which there exists an orientation D of G with

max outdegree k — 1 such that the number of odd Eulerian subgraphs of G is not the same as the number of even Eulerian
subgraphs of G. In [3], X. Zhu proves that every planar graph G has AT(G) <5 by Alon-Tarsi polynomial method and
AT-orientation method. Grytczuk and X. Zhu have used the polynomial method to prove that every planar graph G has a
matching M such that A7T(G-M)<4in [4]. Let T, ,=C,, xC,be a toroidal grid, the first author et al. use the same
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method to show that the Alon-Tarsi number of 7, , equals 4 when m, n are both odd and 3 otherwise in [S]. Furthermore,
T. Abe et al. prove that fora K -minor-free graph G, AT(G) <5 [6], which generalizes the result of X. Zhu [3].
It is known that y(G) < ch(G) £ AT(G). Any graph G for which the extremal equality y(G) = AT(G) holds is said to

be chromatic-ATchoosable. If G is chromatic-ATchoosable, then G is chromatic-choosable. There are classes of graphs
that are known to be chromatic-ATchoosable. In [14], H. Kaul and J.A. Mudrock study the choice number of Cartesian
products of graphs through the Alon-Tarsi number and prove that the Cartesian product of an odd cycle and a path is

chromatic-ATchoosable. Given a graph G and a positive integer &, the power G* is the graph with vertex set V(G) in
which two distinct vertices « and v are adjacent if and only ifd; (1, v) < k . The authors show that for any cycles C, and
for any positive integer £, ;((C,I,‘) = AT (C,’,‘) [11]. In [13], Z. Li et al. prove that Halin graphs are chromatic-ATchoosable.

In addition, it is not hard to see that cycles, complete graphs, and trees are all chromatic-ATchoosable.
For a given graph G with V(G) = {v;, v,,..., v, } , the Mycielski graph M (G)[7] of G is defined as follows:

V(M(G))={vl’v2""9vn}U{ulau27"'9un}U{W} s
EM(G) =E@)Uu; vy, e EG)Ulyw:1<i<n}.

Note that the Mycielski graph M (G) of G contains G itself as a subgraph, we call G the base of M (G). For conven-
ience, let V ={v|,v,,...,v,}andU = {u;,u,,...,u,}.

The Mycielski graph of a graph G was introduced by J. Mycielski for the purpose of constructing triangle-free graphs
with an arbitrarily large chromatic number [8]. In [9], Allagan et al. give the upper bounds for the choice numbers of the
Mycielski graphs and put forward a conjecture that M (G) is chromatic-choosable whenever G is chromatic-choosable. It

is our purpose to study the Alon-Tarsi number of the Mycielski graphs.

The paper is structured as follows: in Section 2 we shall list a collection of basic definitions and theorems; obtain an
upper bound of the Alon-Tarsi number of the Mycielski graphs in Section 3; Section 4 is devoted to the study of the exact
results of the Alon-Tarsi number of the Mycielski graphs M (C,, ), M(T,) and M (W,,).

2. Preliminaries

Definition 2.1. ([1]) A subdigraph H of a directed graph D is called Eulerian if V(H)=V(G) and the indegree d; (v) of

every vertexv of H in H is equal to its outdegree d};(v) . Note that H might not be connected. For a digraph D, we denote
by £(D) the family of Eulerian subdigraphs of D. H is even if it has an even number of edges, otherwise, it is odd. Let
€,(D) and £,(D) denote the numbers of even and odd Eulerian subgraphs of D, respectively. Let diff(D)=
|5 e(D)| —|5 o (D)| . We say that D is Alon-Tarsi if diff(D) # 0. If an orientation D of G yields an Alon-Tarsi digraph, then

we say D is an Alon-Tarsi orientation (or an AT-orientation, for short) of G.

An acyclic orientation of an undirected graph is an assignment of a direction to each edge (an orientation) that does not
form any directed cycle and therefore makes it into a directed acyclic graph. For any graph G, any acyclic orientation D of
G is an AT-orientation of G.

Theorem 2.1. ([10]) If G is a connected graph and is neither a complete graph nor an odd cycle, then AT(G) < A(G),

where A(G) is the maximum degree of G.
Theorem 2.2. ([11]) For any graph G, AT(G) < A(G)+1.

3. An upper bound of the Alon-Tarsi number of the Mycielski graphs

Lemma 3.1. ([9]) For any graph G, y(M(G))= y(G)+1.
Lemma 3.2. ([9]) ch(M (G)) < A(G)+2 , the equality holds if and only if G is a complete graph or an odd cycle.

As a strengthening of the result of Lemma 3.2, we prove that
Lemma 3.3. For any graph G, AT(M (G)) < A(G)+2.

Proof Assume V(G) ={v;, vy, ..., v,} and V(M(G)) = {v, vy, ..., v, }Uluy, s, ..., u, JU{w}. N(v) denotes the set
of all vertices in the graph G that are adjacent to vertex v.

n
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Letk = A(G) +2 . The proof consists in the construction of the 4 T-orientation D of M(G) with A}, <k —1. By Theorem
2.2, Gis(k—1)-AT, suppose D' is an AT-orientation of G and d, (v) < k — 2 for each vertex of G. Let D be obtained from
D' by adding arcs (u;, z) , where1 <i<n,z e N(u;). Observe that no arc incident to ; is contained in a directed cycle of
D, so none of these arcs is contained in an Eulerian subdigraph of D, £(D) = £(D"). Under the orientation stated above,
dh(w)=0,d}(u;)<k-landd}(v;)=d}(v;),i=1,2, ..., n, so D is an orientation of M(G) in which each vertex has
outdegree at most k —1. Therefore, the proof is complete.

According to the above lemmas, we have
Corollary 3.4. If G is a complete graph or an odd cycle, then AT(M (G)) = A(G)+2.

4. On the Alon-Tarsi number of some Mycielski graphs

In this section, we present some results on the Alon-Tarsi number of the Mycielski graphs M (C,,),M(T,), and
MW,).

Theorem 4.1. IfC,,, is an even cycle, then AT(M(C,,)) = AT(C,,)+1=3.

Proof Assume V(M (C,,)) = {vl, Vs eees Vous Uly Upy ey Uny, w}. Let D be an orientation of M (C,,,)in which the
edges of M (C,,)are oriented in such a way by orientating the cycle C,,in clockwise and orientating edge v;u;,; as
(v;, u;y,), edgevu;_as(u;_y, v;), edgeu;was (u;, w), wherei=1,2, ...,2n ,u,,,; =u;andv,,,, =v, (see Figure 1 for
n=4). D has no odd directed cycle, so D has no odd Eulerian subgraph and hence D is an 4T-orientation with maximum
outdegree 2. Therefore AT (M (C,,)) <3.

We know that AT(M (C,,)) =3 since y(M(C,,)) =3 . This completes the proof.

U1 U2

v:
Us 3

V4
U7

Fig. 1. The AT-orientation of Cg and M (Cy).

Lemma 4.2. ([12]) In a tree, any two vertices are connected by exactly one path.
Lemma 4.3. ([12]) Every nontrivial tree has at least two leaves.

Theorem 4.4. If T,is a tree, then AT(M (T,)) = AT(T,,)+1 =3, where n is the number of vertices of tree.
Proof LetV (M (T,)) = {vl, Voy eney Vo Upy Upyeuey Uy, w}. The task is to find an 4T-orientation D and d},(v) < 2 for
every vertex v. The orientation will be divided into two steps. First, we construct an orientation D; of T,. By Lemma

4.2 and 4.3, pick a non-leaf vertex of T, as the root r, then orient every v;» -path to be a directed path from v, to », where

Y

v; €V \{r}. It is clear that D, is an 4 T-orientation and dz;] (v) <1for each vertex of T,,.
What is left is to orient the edge of E(M(7,))\ E(7,) . By definition, ifv,v; € E(T,), thenvu;,u;v; € E(M(T,)) .
Therefore, for each arc(v;, v;) € D,, there are arc(v;, u;)€ D and(u;, v;) € D. Finally, orienting the edgeu,was

(u;, w),i=12,..., n. All edges of M (T,) are oriented (see Figure 2 forn = 6). By the rule of the above orientation, D
does not contain a directed cycle, so D is an acyclic orientation. In addition, the outdegree of each vertex is at most 2, the
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result is complete.

Fig. 2. The AT-orientation of T, (r =v,)and M (T).
Lemma 4.5. ([13]) If W,(n=3) is a wheel, then

3, n=0(mod 2);

Z(Wn)=0h(Wn)=AT(W”)={4 n El(mOd 2)

where 7 is the number of outer vertices of W, .
According to Lemma 3.1, we have
4, n=0(mod 2);
ATM W) =2 x(MW,)) =

5, n=1(mod 2).

(@) (b)

Fig. 3. The4 T-orientation of W, and M (W5).

Theorem 4.6. AT(M(W,))=5, where ne N, \{4,6,8}.
Proof. LetV' (W,) = {vl, Voyeues Vs v}, ViMW,)) = {vl, Voyeues Vs
trary orientation of M (W),)). ng (x)= |A(D)| =7n+1 and |V(D)| =2n+3, by the pigeonhole principle, there are
xeV (D)
some vertices have outdegree at least 4 if n > 8 . In addition, according to Lemma 4.5, AT(M (W,)) 2 5 when n is odd. The
proof'is completed by showing that AT (M (W,)) <5 .

By Lemma 4.5, W, has an AT-orientation D' as the following way: orient the edgev,v;, as(v;, v,;), forl<i<n-1,

V, Uy, Uy, ooy Uy, U, w}. Assume D is an arbi-

the edgev,v,as (v, v,), and the edge v,v as (v;, v) for1 <i < n(see Figure 3(a) forn=3). It is easy to check that D' is an
acyclic orientation.
Next orient the edgeu;z as(u;, z) , where z € N(u;), the edgeuv;as(v;, u), the edgeuwas (u, w), 1<i<n. All the

edges of M (W,) are oriented (see Figure 3(b)). Define the new orientation as D and the following conditions hold:
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1) D isan acyclic orientation;

2) dp(v;)<dforl<i<n,

3) dp()<4for 1<i<n;

4) dy(v)=dj(w)=0andd}(u)=1.
The result is established.

According to Lemma 4.5 and Theorem 4.6, we get
Corollary 4.7. If ne{4,6,8},then 4< AT(M(W,))<5.

5. Conclusions

This paper proves that if G is a graph, then AT (M (G)) < A(G) +2 . Especially, the equality holds if and only if G is a

complete graph or an odd cycle. In [9], Allagan et al. give a conjecture that M(G) is chromatic-choosable whenever G is
chromatic-choosable. As is well known, C,, ,T,,and W, are chromatic-choosable. As a consequence, we have proved the

exact value of the Alon-Tarsi number of M (C,, ) and M (7,,) by the AT-orientation method. Obviously, M (C,,,) and M(T,)

are chromatic-ATchoosable. The results are consistent with Allagan's conjecture. In addition, we have showed that
AT(M(W,))=5ifn & {4,6,8},and 4 < AT(M (W,)) <5 ifn € {4, 6, 8}. Although the Alon-Tarsi number of M (W, ) has not

been determined yet, we conjecture that M (W,)) is chromatic-choosable.
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