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1. Introduction

The space and time dependent Susceptible, Exposed, Infectious and Removed (SEIR) model was proposed and applied
to fit and then predict the space and time series of COVID-19 diffusive evolution observed in the last year till 4/30/2020
in various provinces and metropolises in China. The validated SEIR models which have responded differently to moni-
toring and mitigating COVID-19 so far, although these predictions contain high uncertainty due to the intrinsic change of
the maximum infected population and infection/removed rates within the different countries. Mathematical models are
among the necessary tools to quantify the COVID-19 dynamics and are the primary objective motivating this study. To
address the questions mentioned above, this study is organized as follows. However, the SEIR model is 4-dimension sys-
tem and it is unsuitable for analysis. As we canconsider that “E” implies almost equivalent to time delay of “I”, we em-
ploy the SIR model with finite time delay to infections. Section 2 proposes an updated SIR model for COVID-19, where
“S”, “I” and “R” stand for Susceptible, Infections and Removed people, respectively [cf. 1, 2, 3, 4 and 5]. This model is
then applied to fit and predict the COVID-19 spread in various provinces and major cities in China, resulting in abundant
datasets to derive the core characteristics of the COVID-19 dynamics of transmission/infection and remove, because it
change the term “E” stands for Exposed people to the term “I” with finite time delay.

In this paper, we shall consider the following diffusive system with boundary condition

S(t,x)I(t — h,x)

a9S
a(tl x) - dAS(t! X) - BN—l - uls(t; X) + b

t>0 x€q,
S(t,x)I(t — h,x)

N1 - (u'Z + )‘)I(tﬂ X)

ol
a(t, x) = dAI(t,x) + B
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t>0 x€eqQ

oR
a(t, x) = dAR(t, x) + AI(t,x) — ui3R(t,x) t>0,x € Q, €Y

aS a1 dR
a(t,x) = a(t,x) = a(t,x) =0 t>0,x€dq,

Where S(t,x) + I(t,x) + R(t,x) = N4 (t,x)denotes the total number of a population at time t and space x. Here Ais
the Laplacian in R3, Q@ c R3 is a bounded domain with smooth boundary 8Q and d/0n is the outward normal de-
rivative to  dQ. For the equation (1), 1 > d = mean{dg, d;, dg} > 0 that the diffusion coefficients of each {dg, d;, dg}
for {S,I, R} is average constants, because 1 > dg > d; > dg > 0. S := S(t,x) denotes the number of the population
susceptible to the disease, I := I(t,x) denotes the number of infectious individual and R := R(t,x) denotes the number
who have been removed from the possibility of infection through full immunity. It is assumed that all new-born is sus-
ceptible. The positive constantspy, lz = 4 + P, U3 = 14 + q, p and q are nonnegative constants, represent the death
rates of susceptible, infective and removed, respectively. It is biologically natural from the dates of COVID-19 in China
to assume that

Ky < min{ py, p3}.

In addition, the positive constants b and A represent the birth rate of the population and the remove rate of infective,
respectively. The positive constant f§ is the average number of contacts per infective per day. The nonnegative constant
h is the time delay of presented the symptoms of a disease. The term BS(t,x)I(t — h,x)/N;(t,X) can be considered as
the force of infection at time t and space X, respectively. For the detailed biological meanings, refer to [1, 6, 7], [3, 8, 9]
and [10, 11].

Historical Motivation. In 1979, for the ordinary differential equation (without time delay), Anderson and May [6]
have studied the asymptotic stability of the following SIR epidemic differential equation

ds
B~ —ps @10 — SO + 1
d
T2 = BSOIO - i - 1), @
dR(t)
o = M(® kRO, t=0

where b,B, p and A are positive constants. In (2), it assumes that the total number of the population N(t) is constant,
thatis N(t) = 1 forall t > 0, and that the birth and the death rates of population are the same value.

On the other hand, as the ordinary differential equation of SIR type with time delay, Takeuchi and Ma [10] have shown
the global asymptotic stability of the solution (S (v), I(v), R(t)) of

dz_(tt) = —BS(H)I(t —h) — u;S(t) + b,
d
%?=wmm—m_mmymmx 3
dR(t)
T Al(t) — p3R(), t=0,

which describe the spread within a population of infectious disease.

Recently, Hamaya and Arai [12] have studied the permanence of solution(S(t, x), I(t, x), R(t, X)) of the partial inte-
grodifferential equation with diffusion for equation (3).

To allow for possible sensitive rate for COVID-19 evolution [5], we revise model (2)

ds(t) S(HI(Y)
—a - PN HS(v),
dit) SOOI
ac P NOE M),
dR(t)

- MO - uRO,
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dfD(t)
def
where D represents the number of deaths which is one component in I and p is the rate of the removed individuals

returning to the susceptible status. We add the fractional-order differential equation containing the death probability of A

B
while the other patients are cured, S2 = —— [*225) (¢ _ g)~B ds, which is the Caputo fractional derivative [5] with

dtP ~ r(1-p)’0 as
order B(0 < B <1).

When the order = 1, equation reduces to the classical integer-order differential equation or the death evolution.

In this article, we consider the permanence and global asymptotic properties of the solution of diffusive equation (1)
with finite delay which based on [13 and cf. (12, 14-16)].

For equation (1), (S,I,R), (functions S,I,R € C([0, ) x Q,R)), is called a (classical) solution of (1) if 8S/ 8t,0S/
9x,02S/0x2,01/ at, 81/ 9x,021/0x?, dR/ 8t,0R/ dx and 82R/0x?2, belong to the space C((0,) x Q),8S/dn,d1/
on and OR/0n exist on (0,0) x 9Q and (1) is identically satisfied. From [17, Chapter 6] and [18], we can show that
the existence of solution is guaranteed for (1) whenever the initial function

$(0,x) =$,(0,x) >0, xeQ, 06€eC[-h0],
1(6,x) = ¢,(6,x) 20, x€Q, 6€C[-h0] 4
R(0,x) = ¢3(0,x) >0, x€Q, 0€eC[-h0]
where  ¢;(8,x) = ¢;(0,x) >0, 0 € C[-h,0], xeC(Q), (i=1,3),

and ¢2: = (I)Z(G,X) >0, 0¢€ C[_h, 0],X [S Cl(ﬁ)

For any parameters h,8,b,Aand w;(i = 1,2,3) itis easy to check that the equilibrium
solution(S(t, x), I(t, x), R(t, x)) of (1) with the initial condition (4) exists and is a unique for all t = 0.

(1) If b > 0, then equation (1) always has a disease-free equilibrium Egy = (S5,0,0) where S; =b/n,.

(ii) Furthermore, if B > p, + A, then there exists an Sg > S*and that, equation (1) also has a unique positive endemic
equilibrium E* = (8%, I*,R*). Here

. _ b(us +2)

H3B — m3(uz +2) + py(us +4)
b—pnS*
I*:$ and
Mz +A
A A(b — nS*

R I = ( 1yS")

s m(up )
We next observe that R(t,X) can be immediately obtained once I(t,X) are known, so the system (1) can be reduced
to

S(t,x)I(t — h,x)

as
ﬁ(t’ x) = dAS(t,x) — B N -mS(tx)+b
t> 0,x €qQ,
al S(t,x)I(t — h,
ﬁ(t’x) = dAI(t,x) + Bw — rI(t,x) — AI(t,x)
t>0,x €qQ,
aS ol
a(t,X)—a(t,X)—O t>0,x€dQ, (5)

where N := N(t,x) = S(t,x) + I(t,x).
Remark 1. It is clear for equation (5) that
(i') If b > 0, then equation (5) always has a disease-free equilibrium Eg; = (Sp,0), where Sg = b/py.
(ii") Furthermore, if
(Hy) B>mn; +4

then there exists an S* > 0 such that Sy > S* and that, equation (5) also has a unique positive endemic equilibrium
E* = (S*,I*). Here
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b
B+m — (”ﬁ + l)’s*
. ! .
and I_u2+l' (5%
In particular, for parameter b, we can only set from view of mathematical conditions as following, if b = 0, then
equation (1) always has a trivial equilibrium Eq = (0,0, 0).
In this paper, we do not need to treat this condition since our assumption is b > 0.
We discuss the large time behaviour of the solution of equation (1) (cf.[19]).
Definition 1. The equation (1) is said to have the property of permanence if there are positive constants v; and
M; (i =1,2,3) such that

S =

vi < lim inf mf S(t, x)] < lim sup [sup S(t,x)| < Mj,
o400 to+oo  Lxe

vy < lim inf mfl(t x)| < lim sup [sup I(t, x) | < M3,
todoo  IxeQ totoo  Lxe

v; < lim inf mf R(t, x)] < lim sup [sup R(t,x) [ < M3.
totoo to+o  LxeQ

hold for any solution of (1) with the initial condition (4). Here v; and M;(i = 1,2,3) are independent of (4).
Remark 2. Similarly, for the equation (5), we can define the property of permanence if there are positive constants v;
and M;(i = 1,2) such that

v; < llm 1nf [lnf S(t, x)] < lim sup [sup S(t,x)| < M,,

to>+o0 XEQ
v, < lim inf mfI(t x)| < lim sup [sup I(t,x) [ < M,.
to+o0 t—>+o0 XEQ

hold for any solution of (5) with the initial condition (4) except for R(0,x). Here v; and M;(i = 1,2) are independent
of (4) except for R(0,x). We now employ above definition as the rest of this article.

2. Preliminary lemmas and permanence

Before main theorem, we mention the following theorem (the strong maximum principle in [20]), and then the main
results of our paper are stated as follows.
Theorem A. Let w € C?(Dy) and that

w, —dV?w+cw >0 in D;=(0,T]xQ,
Bw=0 on S;=(0T]xaQ,
w(0,x) =0 in Q,

where B is Neumann type boundary condition and ¢ = c¢(t,x) is a bounded function in Dy. If wattains a maximum
valueMat some point in Dy, then w = M throughout Dr.

The following Theorem 1, 2 and 3 hold, if I(t,x) has no influence from past time and that we say the strong fading
memory property for timetand has follows.

(Hy) I1(t — h,x) < I(t,x)fort > 0,x € Q, for any finite time-delayh > 0.

Theorem 1. Under the above assumptions of parameters and(H,), for any time delay h > 0, if

b
Sg=—>5"% (6)
251
then the assumption (H;) satisfies, and for each nonnegative continuous initial function, equation (1) has the property of

permanence.
In the rest of this paper, we will report results only for system (5). Before the proof of Theorem 1, we prepare lemmas.

Lemma 1. The solution (S (t,x),I(t, x)) of equation (5) with (4) except for R(0,x) satisfies for t = 0, the follow-
ing inequality

b _
0 < N(t,x) < max{supN(0,x), } K, t>0,x€ Q, 7

x€Q

where N(t,x) =S(t,x) + I(t,x) and N(0,x) = Sy(x) + Io(x).
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Proof. For the first inequality of (7), it is sufficient to prove that if for any small € > 0,N (ty,x) > € forsome t; >0
and x € Q, then N(t,x) > €/2 for t > ty, x € Q. If it is not true, then

€ — € _
N(t,x) < 3 for t > t,x € Q and N(t;,x) = 3 for some t; > ty,x; € Q
with ¢; being the smallest among all such points (t1,%1). If we set wy(t,x) = N(t,x) —€/2, then wy(t,x) <
0(t > t1, x € Q), wy(ty,x1) =0 and sup,eq wo(ty,x) >0, hence the function wy(t,x) takes a nonnegative mini-
mum on [tg, t;] X Q. On the other hand, we have
dw,/ dt = AN/ ot
= dAN — u; S(t,x) — u1(t, x) + b — A(t, x)

€
and consequently

€
dAwy — 0w, /0t — Uy wy =Al+pl+u1§—b
€
S(A+p)N+u1§—b

€
S@+m+p)5-b<0

on (t;,00) X Q.Then there arises a contradiction by the strong maximum principle (cf. [12, 14, 15, 20, 21]). Indeed, if
x1 € Q, then d Awy — dwy/ 0t — pywy must be nonnegative at(t;,x;). This is a contradiction. We thus obtain that
x; € 0Q and wqy(t,x) > wy(ty,x1) for all (t,x) € [ty,t1] X Q, and hence dw,/ dn < Oat (t;,x;). This is a contra-
diction, again (cf.[20]). It is clear that, by the initial point N(0,x) = 0 and the reduction of the above, N(t,x) > 0 for
(t,x) € (0,ty) X Q. Therefore, we must have the first inequality. a

Let K <K, for some Ky > 0. We claim that N(¢,x) < K, [0,00) X Q. If it is true, by letting Ky — K, we hold the
second inequality of this lemma. If now this is not true, then there exists (t;,x;) € (0,0) X Q such that N(t,,x,) > K.
If we set w(t,x) = N(t,x) — K, then w(ty,x;) > 0and sup,eqgw(0,x) < 0,(t; > 0). Hence, the function w(t, x)
takes a positive maximum on [0, t,] X Q. On the other hand, we have

dw/ ot = ON/ at
=AN-uN+b—-@A+p)) by S=N—-1u; =y +p)
=dAw —uy (w+Ky) + (b — A+ p))
and consequently
dAw —ow/ ot —uyyw = (A +p)I + (i1 Ky — b) > 0,

by b/w < K < K,. Then there arises a contradiction by the strong maximum principle (cf.[12, 14,15, 20, 21]). Indeed, if
X, € Q, then d Aw — 0w/ 0t — yyw must be negative at (t,, x,). This is a contradiction. We thus obtain that x, € 9Q
and w(t,x) < w(ty,x,) for all (t,x) € [0,t,] X Q, and hence dw/ dn > 0 at (t,, x,). This is a contradiction, again
(cf.[20]). Therefore, we must have (7).

Lemma 2. Under the assumptions(H;) and (H,), the solution (S(t,x),I(t, x)) of equation (5) with (4) except for
R(0,x) satisfies the following inequality

lim inf in(f1 S(t, x)] > =v, >0. (8)
X E

t—oo

b
m+ B
Proof. For some t;3 > t;, we can show that

St) <S(t,x), t>t;, x€Q, 9

where S(t) is the solution of ordinary differential equation

ditﬁ(t) =—(W+PRSH +b—€  for €>0, t>t, (10)

S =5, S, > i > :
S(t;) =S; and S5 = J}rels_gS(tz,x) Z T8

To see this, we consider the function wy (¢, x) :== S(t,x) — S(t) on [ts, =) x Q. Then w;(0,x) = 5(0,x) — $(0) <
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0 for x € Q, and moreover, since S + I = N is bounded by Lemma 1, and Bw < B% < B% = BS by (H,),

ow,/ dt = dS/ at — dS(t)/dt
>dAS—BS—wuS+b—(—uS—BS+b—¢)
> dAw, —,B(W1 +§)—u1(wl +.§) +b— (—ylf‘—ﬁ§+b —6)
> dAw; — (B + u)wy + €.
Hence,
dAw; — 0w,/ 0t — (B+ pdw; < —€<0 on [tz, o) X Q.
Thus, by the strong maximum principle, we have a contradiction. Therefore, by the same reasoning as the one for

wy(t, x)of Lemma 1, One can see that wy(t,x) =0 on [t3,9) X Q. Thus, we must have (9). Moreover, by setting
M = py + Bin (10), we have

S=-MS+b-=e (11)

QU

t
By solving equation (11), we obtain that

and

Therefore, we have

b—e <S5, t=ts
w+B
for small € > 0. Thus, we obtain
b—e¢ <s
m+B

on t = t3, x € (). By taking infimum, ¢ — ocoand later letting € — 0 in the above inequality, we obtain

P < ll{rlgonf ;rel:’fz S(t, x)].

This completes the proof of Lemma 2.

Lemma 3. Under the assumptions(H;) and (H,), the solution (S (t,x),I(t, x)) of equation (5) with (4) except for
R(0,x) satisfies the following inequality

lim sup [sup I(t,x)| < M,, (12)

t—oo xX€Q
for some M, > 0.

Proof. For some t; > t,, we can show that
I(t,x) <I(t) t>t,x€q. (13)

Here, I(t) is the solution of ordinary differential equation

d . ) )
—1® = 3(1( - I(t)) — (L +NIO +e t>t, (14)

. ~ —~ B
I(ty) =1, and 0<I; <sup,cgl(ty,x) < T
where A=B+ (u, +A) >0 and B = BK + € > 0. To see this, we consider the function w,(t,x) = I(t,x) — I(t)
on [t4,00) X Q. Then w,(0,x) =1(0,x) —I(0) <0 for x € Q, and moreover, since BSI(t —h,x)/N < BSI(t,x)/
N <B(N—DI/N<B(N—IDN/N <BK — 1) by (Hy), we have

ow,/ dt = al/ at — dI(t)/dt
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= dAI + BSI(t = h,x)/N = (uy + DI = {B (K = 1(£)) = (uz + D) + €}

< AL+ BK = 1) — (uz + DI = (B (K - i(t)) — (up + DI®) + €}

< dAI — BI — (uy + DI+ BT+ (uy + DI — €.

Since w,(t,x) = I(t,x) — I(t),
Ow,/ ot < dAw, — B(wy +1) = (ug + D(wy + 1) + BT+ (uy + DI — €
= dAw, — Bwy — (uy + DHw, — €.

Hence,

dAw, —aw,/ 8t — (B + (ky + 1))w, = € > 0.
Therefore, by the same reasoning as the one for wy(t, x), of Lemma 1, one can see that w,(t,x) < 0 on [t4, ) X Q.

Thus, we must have (13). Moreover, from (14),

%f(t) =B+ @+ +pK +e

Here, for the simplicity, we use A and B > 0 in the above equation (14), then we obtain

d . R
—I[ =—-Al+B. 15
7 (15)
By solving equation (15), we have
. B
I =Z+ Cre ™t (16)

and

Therefore, we obtain
I(t) < I(t) (17)
for t > t,. By (13), (17), we have
I(t,x) < I(ty)
on [t4, ) X Q. By taking supremum, t — oo and later letting € = 0 in the above inequality, we obtain (12), i.e.

lim sup [sup I(t,x)| < M,,

t—oo x€QN
where the positive number M, = %, B' = BK. This completes the proof of Lemma 3.
Proof of Theorem 1. From Lemma 1, we have
N(t,x) <K,
where N(t,x) = S(t,x) + I(t,x). By Lemma 3,
lim sup [sup I(t,x)| < M,
t—oo x€N

for M, > 0, Thus, we hold that the solution (S(t,x),1(t,x)) of equation (5) with initial condition (4) except for
R(0,x) satisfies

lim sup |sup S(t,x)| < M; (18)

t—oo xX€EN
for some M; > 0.
We can next show that the solution (S (t,x),I(t, x)) of equation (5) with initial condition (4) except for R(0,x) sa-
tisfies

lim inf | inf I(¢,x)| = v,
tooo  LxeQ
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for some v, > 0 which does not depend on the initial function in (4). To see this, it is sufficient to prove

I(t,x)—»LK ast > o, x€Q, (19)
B+o
where o =, + A. We define the function
1(t,x) B
ft,x) = -
B +o)o

Then

of 1
5 < 5 (dAl+ BK — (B + o)D) (by (Hy))

ot
d +o
=—-Al - P I+ EK.
o o
We thus have the following differential inequality:
of
ESdAf—(ﬁ+a)f. (20)

Then, we can see that
f(t,x) >0 ast— o,x € Q.
If weset W(t) = W(f)(t) = [, f(t,x)dx,t = 0, then, W(t) = 0 and we have
dw(o [ o

2 | f=
dt R

<2 j f(dAf — (B + o)f)dx
Q

2

= —2df (g-i) dx—2(B+0)ff2 dx. 21)
Q Q

H; and H, be defined by the following
H; =2d, H,=2(f+0).
Then H; > 0 and H, > 0. It follows from (21) that for t > 0,

t 2 ¢
W(t) + H, fo L (af g‘;’x)> dxds + H, fo fﬂ F2(s, %) dxds < W(0). (22)

Since W (t) = 0, we have from (22) that

‘[ (af(s,0)° w(0)
L[L( o )dxlds< "

ft U fz(s,x)dx] ds < WI_EO). (23)
o l/a 2
Thus, we conclude from (21), (22) and (23) that W (t) € L'[0,0) and %ﬁ(t) € L'[0, ). By Barbalate's lemma [19,
Lemma 1.2.2.], we obtain W(t) - 0 and thus, f —» 0 in L? as t — oo, that is
llf &)z -0 as t = oo, (24)
where || - ||,z denotes the L%-norm of functions on Q. We next prove that
suplf(t,x)| >0 as t > oo, (25)

xX€Q

To do this (cf.[14]), we take notice of the boundedness of f(t,x) by (7) in Lemma 1. Thus, we see that the orbit for
meaning of differential equation (except for inequality:< ) in (20), that is, {f(t,-) |t = 0} has relatively compact. The
assertion (25) follows from this fact. Indeed, if (25) is not true, then there exist sequences {t, },t,, & o as n — o, and
{x,} € Q such that |f(t,,x,)| =€>0,n=12,for some € >0. We can assume that x,, = x, and f(t,,x,) =
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f(x¢) uniformly on Q for some x, € Q and f € C(Q)) as n — oo, if necessary taking a subsequence of these. In par-
ticular, we get | f (x0)| > &. This is a contradiction, because fﬂ F2(x) dx = lim, o ||f (tn,-)lliz = 0 by (24). Thus, we

must have (25). From the definition of f, we have (19), that is [ — B%K > 0. Thus, (18) holds. Moreover, we easily

have

0 < vs < lim inf[inf R(t, x)
t—>+oo Lxef)

for some v3 > 0. Thus, equation (1) has the property of permanence by Lemmas 1, 2 and 3. This proves Theorem 1.
3. Global attractor

Theorem 2. If S; < S*or ¢, = 0, the disease-free equilibrium of (5) satisfies

lim;_o [supl (t,x)| =0,

xXEQ
and

lim;_ [sup |S(t, x) — E” =0
x€Q 1251
whenever the assumption (H,) holds.
Proof. If b/p; < N(0,x) < K, then we can show that
N(t,x) <N(t) t>0,x€Q, (26)
where N(t) is the solution of ordinary differential equation
%ﬁ(t) = - N(t) + b, t>0
and
N(0) =K.
To see this, we consider the function w;(t,x) :== N(t,x) — N(t) on [0,00) X Q. Then w;(0,x) = N(0,x) —
N(0) <0 for x € O, and moreover
ows/ 9t = ON/ ot — dN(t)/dt
=dAN — N —pl+b—AM +N—b
=dAw; —y(ws + N) — A+ p)I + N
and hence
dAw; — 0w/ 0t — ywz = (A + p)I = 0.

Therefore, by the same reasoning as the one for w(t, x), one can see that w;(t,x) < 0. Thus, we must have (26).
Since N(t) = Ce ™1t + b/u;,C = K — b/yy, by letting t — oo in the above inequality (26), we obtain

b
lim sup |sup N (¢, x)] <—
t—>o0 X€Q H1

Hence for the discussion of the asymptotic behavior of solutions as t — +oco we can (without loss of generality) as-
sume that
N({t,x)<b/p, t>0,x€q. 7
We next define

flo ="

where 0 =y, + A. Since S5 < S*, we have L
H1  Btui—o
af 10l 1
— =—-— = —|dAl+8

. Then % < 1. Thus

SI(t — h,x) B 01)

at odt o N(t,x)
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< %AI + <§% - 1)1 (by (Hy))
s%m —%(,8 (1 —%))1

<Ia-Llo (b 7>1 and 18)
=3 5¢ Y 5 and (18)),
where Q" = Buyv,/b > 0. We thus have the following differential inequality of
aof

= S dAf = Q'f. (28)

Then, we can see that
ft,x) >0 as t-oox€Q,

by the same argument of the proof in Theorem 1. From the definition of f, we have

I(t,x) >0 as t—-oox€. (29)
Since S is bounded and [ has the strong fading memory property (H,) in theorem,
SI(t —h, —
M—)O as t—o oo,x €.
N
We next claim that
b —
S—>u— as t— oo,x €. (30)
1

By (29), for any small € > 0, there exists a large time t; > 0 such that I(t,x) < € for t > ts,x € Q. Then, it is
sufficient for (30) to prove

N(t,x) = N@{) t>t,x€Q, (31)

where N(t) is the solution of ordinary differential equation

d ~
EN(t) =—-iNt)+b—A+ple t>ts

~ — — b
N(ts) =Ns and 0 <Ng <supN(t5,x) <—.
X€Q 51
Then, we have
—~ b _
N < N(t,x) < o t>tg,x € Q.
1

Since N(t) = Ce ™t + b/wy — (A + p)e/py,C = e*15(Ns — b/py + (A + p)e/py ), by letting t — oo and later let-
ting € - 0 in the above inequality, we obtain

b
— < lim inf [sup N(t, x)] < tlim [sup N(t, x)

Hq =0 lyen x€Q
< lim [sup S(t,x)| + lim [sup[(t, x)] = lim [sup S(t, x)]
= lyen =0 lyeq t=o lyeq

b
< limsup |[supN(t,x)| < —.
t-oo  Lxeq 151

To see (31), we consider the function wy(t,x) :== N(t) — N(t,x) on [ts, ) X Q. Then w,(ts,x) = N5 — N(ts,x) <
0 for x € §, and moreover

ow,/ 0t = dN(t)/dt — ON/ ot
=—uN+b—QA+p)e—dAN + N —b+ (A+p)I
=ddw, + (N —wy) — N+ A+ p)T —€)

and hence, by I = v,,
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dAwy — 0w,/ 0t — pyw, < A+ p)(e—vy) <0.
Therefore, by the same reasoning as the one for w(t, x), one can see that w,(t,x) < 0, that is (31) holds. Thus, we
have (30). This completes the proof of Theorem 2.
We show also that the following theorem.
Theorem 3. If S5 > S* as the assumption (H;) and ¢, # 0, then, for each nonnegative continuous initial function,
there is a unique positive equilibrium (S*,I*) of (5) satisfies

lim [supll(t,x) — I*I] =0

t= lyeq

and
lim [supIS(t,x) — S*l] =0
oo Lyeq

whenever the assumption (H,) holds.

Proof of Theorem 3. In order to prove this theorem, we need the following Corollary in [8, pp.148-153]. As there are
complete comments and references of this result for ordinary differential equations in [cf. 8, pp.159-160], we omit the
proof of this corollary for simplicity.

Corollary. If S§ > S*, and I[j(x) # 0, then there is a unique positive endemic equilibrium (S*,I*).

Now, from N = S + I, the system (5) drives to

ON
e dAN — N — (A + p)I + b, (32)
a1 (N-D
— < dAI 1 - I
PP [ N ] (2 +2)
o
=dAl + BI [(N —-D/N _E] (33)
The system (5) has the positive equilibrium (S*,I*) where N* = S* + I*. We can rewrite (32) in the form
ON
E=dAN—ul(N—N*)—O\+p)(I—I*) (34)
because —pyN* — (A + p)I* + b = 0. Moreover, for the first equation of Sin (5), since
s .
_ﬁ N _IJ.]_S +b=0,

we have

*

S
ﬁN*=O\+H2)= o

by I* in (5%). Moreover, from (33),
ol
5; < M+ BI{N = D/N + (=N* +)/N"}

=dAl + BI{G(N) — (I — I*)/N}. (35)

Here,
N—N* (N—=N9)N* =1

N NN~

(V= NY)

=] NN

Then, G(N) >0 for N> N* and G(N) <0 for N < N*. We now define a function V(t) by
V(t) =V(N,I(t)

GIN) =

N
= [&[ 6ds+ -1 -1 1ogax,
Q N*

where & = %. Then V(N*,I*)(t) =0 and V(N,I)(t) > 0 for other admissible (N,I). Furthermore, we calculate
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dV /dt along the solution of (34) and (35).

av ON (71 61 d
v - [wean Gr+ 5 -1 ==

}dx
< [ BEM(@AN = iV = N) = A+ ) = 1)
Q
+dAI + BIG(N) — BI(I — I*)/N
_r {d g +BG(N) — B(I — 1) /N}] dx
- dEjANG(N)dx — &y J G(N)(N = N*)dx
Q 0

—E+p) f GV = IM)dx +d f Aldx

1(1—1)

+BJIG(N)d - sf

[*
—df dx—BfI*
Q I Q

= dzfANG(N)dx — & f G(N)(N — N*)dx
Q Q

—sf G — IM)dx + dj

+BfIG(N)dx—BfI*G(N)d —sf( _1)2

<0
whenever (N,I) # (N, I*). To drive this, we continue to estimate for (36) in more detail.

_([oN AN 0G(N)
dELANG(N)dx - dE{[EG(N)]Q - | 5 dx}
_ INOG(N) |
%) ox ox X

Here

N* N/

0G(N) _ 9 (. (N =N _[*6(1 1)_1*0N/0x
ax  0x NN* T ox NZ

Thus, expression (37) is

2
[@UF

—d&r*
Q
Moreover, we have
=&y f G(N)(N —N")dx <0,
Q

because G(N) >0 for N > N*and G(N) <0 for N < N*.
And moreover,

—BLG(N)(I — [)dx + BLIG(N)dx - BLI* G(NYdx = 0,

Similarly, we can check

deII dx—deI 1——*)dx—d[a (1—7 —dr f(az/a 9 e <
Q

0.

(36)

(37)
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Therefore, V(t) is non-increasing intthat is there exists a constant ¢; = 0 such that V(t) - ¢; as t — oo. From
Lemma 1 and Theorem 1, I(t,x) is uniformly bounded on [0,0) X Q. Thus, we see that for any h > 0, there exists
C(h) > 0 such that |I(t + h,-) —I(t,”)| < C(h) for t > 0. From (36), we have V(t) < —W(N,I)(t) <0 (included
equilibrium point case), where W (N, I)(t) is the function of right-hand side in (36). Suppose that V(t) # 0. For any
sequence{ty },t, = o0 as k — oo and some positive number v, there exists & > 0 such that

V(t) <—y 37)
if [I(t+¢t,)—1(t)] <6 0<t<§ and k is sufficient large. For regions [t,t, + 6], we can see that

to integral on [ty, t, + 6] for the both sides of (37). Since (38) is true for all large number k and lim,_ ., V (t) =¢; =
0, it contradicts by Y8 is positive. This shows that V(t) = 0. Then, we have W(N,I)(t) = 0. We thus obtain N —
N*and I — I"by continuity of V' and W. The asymptotic behavior of Snow follows from the above result on the beha-
vior of N and I. Thus, itis clear fromS = N — [ that S — S*. This completes the proof.

4. Example
We consider the following concrete example of equation (5);
Z_f(t’ x) = 0.1AS5(¢t, x) — 0.04255(¢t, x)I(t — 12.0,x)/N(t, x)
—0.01S(t,x) +0.8 t>0,x€q,
%(t, x) = 0.1AI(t, x) + 0.04255(t, x)I(t — 12.0,x)/N(t, x) — 0.04I(¢,x)

t>0,x€Q, (39)

where, in equation (5), d = 0.1, h =12, =0.0425, =0.01,n, =0.02,A= 0.02,b=08and c=p, +A =
0.04. Thus, we have

§* = =——— =64, th St > S
B+ — (g +A)  0.0125 erefore Sg

Eg; = (55,0) = (80,0) and E* =(5%1") = (644).

Here

b—wS* 0.8—0.01x 64
I'= = =4>0.
1y + A 0.04

The initial functions are
5(6,x) =d;(6,x) =10*>0, x€Q,
10,x) =¢,(08,x)=15>0, x€Q and
belong to the (8,x) € [—2,0] x C1(Q).

Conclusion. We obtain the results of Theorem 1, 2 and 3 that the asymptotic stability of the equilibrium point
Eg E *[cf. 22] and the property of permanence for equation (5), by using the method of the strong maximum principle,
the technique of Lyapunovfunctionals and others. Moreover, we have given the simple example for Theorem 3 that the
equilibrium-point E* of equation (39), that is equation (5), is the asymptotically stable by assumptions(H;), (H,) and
the strong maximum principle.

Figures. Figure 1 and Figure 2 denotes the asymptotic stability of the equilibrium point E*of equation (5) satisfying
our theorem 3, if assumptions (H;) and (H,) hold. In Figure 1, we denote measures of the susceptible individuals,
z = 5(t,x), y =time t passes to the left side for the future and x =space variable x, and also, Figure 2, the infectious
individual z = I(t,x) for the partner y =t passes to the left side for the future and x =space variable x. These are
the graph of the trajectory of equation (39). In the case of Example, the solutions of (39) approach the equilibrium
point(S*, I*).
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Figure 1. (t,x,z).

The Figure 2 is the phase space of (t, z)-plane in Figure 1.
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Figure 2. (t,z).

In the case of Example, the solutions of (39) approach the equilibrium point (S*,1*).

Figure 3. (t,x,2z).

DOI: 10.26855/jamc.2023.03.012 125 Journal of Applied Mathematics and Computation



Kaori Saito, Toshiyuki Kohno, Yoshihiro Hamaya

The Figure 4 is the phase space of (t,z)-plane in Figure 3.
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