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  Abstract 
Some mathematical epidemic equation of SIR with diffusion, which appears as a 
model of COVID-19 in China for the spread of disease-causing, is treated. While 
many studies have investigated the COVID-19 models, local asymptotic stability 
of equilibrium points and bifurcation of periodic solutions, we have not come 
across a paper that deals with the asymptotic stability criteria of equilibrium points 
with time delay and space-diffusion. The asymptotic properties of the diffusive 
equation have studied by applying the technique of strong maximum principle, 
strong fading memory property and a luxury Lyapunov functional. Moreover, we 
feel that our paper is real interested original result for COVID-19 models.  
 
Keywords 
Delayed SIR epidemic model of COVID-19 with diffusion, Global asymptotic sta-
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1. Introduction 

The space and time dependent Susceptible, Exposed, Infectious and Removed (SEIR) model was proposed and applied 
to fit and then predict the space and time series of COVID-19 diffusive evolution observed in the last year till 4/30/2020 
in various provinces and metropolises in China. The validated SEIR models which have responded differently to moni-
toring and mitigating COVID-19 so far, although these predictions contain high uncertainty due to the intrinsic change of 
the maximum infected population and infection/removed rates within the different countries. Mathematical models are 
among the necessary tools to quantify the COVID-19 dynamics and are the primary objective motivating this study. To 
address the questions mentioned above, this study is organized as follows. However, the SEIR model is 4-dimension sys-
tem and it is unsuitable for analysis. As we canconsider that “E” implies almost equivalent to time delay of “I”, we em-
ploy the SIR model with finite time delay to infections. Section 2 proposes an updated SIR model for COVID-19, where 
“S”, “I” and “R” stand for Susceptible, Infections and Removed people, respectively [cf. 1, 2, 3, 4 and 5]. This model is 
then applied to fit and predict the COVID-19 spread in various provinces and major cities in China, resulting in abundant 
datasets to derive the core characteristics of the COVID-19 dynamics of transmission/infection and remove, because it 
change the term “E” stands for Exposed people to the term “I” with finite time delay. 

In this paper, we shall consider the following diffusive system with boundary condition 
𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) = 𝐝𝐝∆𝐒𝐒(𝐭𝐭, 𝐱𝐱) − 𝛃𝛃
𝐒𝐒(𝐭𝐭, 𝐱𝐱)𝐈𝐈(𝐭𝐭 − 𝐡𝐡, 𝐱𝐱)

𝐍𝐍𝟏𝟏
− 𝛍𝛍𝟏𝟏𝐒𝐒(𝐭𝐭, 𝐱𝐱) + 𝐛𝐛 

 𝐭𝐭 >  0, 𝐱𝐱 ∈ 𝛀𝛀, 
𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) = 𝐝𝐝∆𝐈𝐈(𝐭𝐭, 𝐱𝐱) + 𝛃𝛃
𝐒𝐒(𝐭𝐭, 𝐱𝐱)𝐈𝐈(𝐭𝐭 − 𝐡𝐡, 𝐱𝐱)

𝐍𝐍𝟏𝟏
− (𝛍𝛍𝟐𝟐 + 𝛌𝛌)𝐈𝐈(𝐭𝐭, 𝐱𝐱) 
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𝐭𝐭 >  0, 𝐱𝐱 ∈ 𝛀𝛀, 

                                              
𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) = 𝐝𝐝∆𝐑𝐑(𝐭𝐭, 𝐱𝐱) + 𝛌𝛌𝛌𝛌(𝐭𝐭, 𝐱𝐱) − 𝛍𝛍𝟑𝟑𝐑𝐑(𝐭𝐭, 𝐱𝐱) 𝐭𝐭 > 0, 𝑥𝑥 ∈ 𝛀𝛀,                                                           (𝟏𝟏) 

𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) =
𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) =
𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) = 𝟎𝟎 𝐭𝐭 > 0, 𝑥𝑥 ∈ 𝛛𝛛𝛛𝛛, 

Where 𝐒𝐒(𝐭𝐭, 𝐱𝐱) + 𝐈𝐈(𝐭𝐭, 𝐱𝐱) + 𝐑𝐑(𝐭𝐭, 𝐱𝐱) ≡ 𝐍𝐍𝟏𝟏(𝐭𝐭, 𝐱𝐱)denotes the total number of a population at time t and space 𝐱𝐱. Here ∆is 
the Laplacian in 𝐑𝐑𝟑𝟑, 𝛀𝛀 ⊂ 𝐑𝐑𝟑𝟑 is a bounded domain with smooth boundary 𝛛𝛛𝛛𝛛 and 𝛛𝛛/𝛛𝛛𝛛𝛛  is the outward normal de-
rivative to  𝛛𝛛𝛛𝛛. For the equation (1), 𝟏𝟏 > 𝑑𝑑 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚{𝐝𝐝𝐒𝐒,𝐝𝐝𝐈𝐈,𝐝𝐝𝐑𝐑} > 𝟎𝟎 that the diffusion coefficients of each {𝐝𝐝𝐒𝐒,𝐝𝐝𝐈𝐈,𝐝𝐝𝐑𝐑} 
for {𝐒𝐒, 𝐈𝐈,𝐑𝐑} is average constants, because 𝟏𝟏 > 𝐝𝐝𝐒𝐒 > 𝐝𝐝𝐈𝐈 > 𝐝𝐝𝐑𝐑 ≫ 𝟎𝟎. 𝐒𝐒 ≔ 𝐒𝐒(𝐭𝐭, 𝐱𝐱) denotes the number of the population 
susceptible to the disease, 𝐈𝐈 ≔ 𝐈𝐈(𝐭𝐭, 𝐱𝐱) denotes the number of infectious individual and 𝐑𝐑 ≔ 𝐑𝐑(𝐭𝐭, 𝐱𝐱) denotes the number 
who have been removed from the possibility of infection through full immunity. It is assumed that all new-born is sus-
ceptible. The positive constants𝛍𝛍𝟏𝟏,𝛍𝛍𝟐𝟐 = 𝛍𝛍𝟏𝟏 + 𝐩𝐩,𝛍𝛍𝟑𝟑 = 𝛍𝛍𝟏𝟏 + 𝐪𝐪, 𝐩𝐩 and 𝐪𝐪 are nonnegative constants, represent the death 
rates of susceptible, infective and removed, respectively. It is biologically natural from the dates of COVID-19 in China 
to assume that 

𝛍𝛍𝟏𝟏 ≤ 𝐦𝐦𝐦𝐦𝐦𝐦{𝛍𝛍𝟐𝟐,𝛍𝛍𝟑𝟑}. 
In addition, the positive constants 𝐛𝐛 and 𝛌𝛌 represent the birth rate of the population and the remove rate of infective, 

respectively. The positive constant 𝛃𝛃 is the average number of contacts per infective per day. The nonnegative constant 
𝐡𝐡 is the time delay of presented the symptoms of a disease. The term 𝛃𝛃𝛃𝛃(𝐭𝐭, 𝐱𝐱)𝐈𝐈(𝐭𝐭 − 𝐡𝐡, 𝐱𝐱)/𝐍𝐍𝟏𝟏(𝐭𝐭, 𝐱𝐱) can be considered as 
the force of infection at time 𝐭𝐭 and space 𝐱𝐱, respectively. For the detailed biological meanings, refer to [1, 6, 7], [3, 8, 9] 
and [10, 11]. 

Historical Motivation. In 1979, for the ordinary differential equation (without time delay), Anderson and May [6] 
have studied the asymptotic stability of the following SIR epidemic differential equation 

𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= −𝛃𝛃𝛃𝛃(𝐭𝐭)𝐈𝐈(𝐭𝐭) − 𝛍𝛍𝛍𝛍(𝐭𝐭) + 𝛍𝛍, 

                                                                               
𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= 𝛃𝛃𝛃𝛃(𝐭𝐭)𝐈𝐈(𝐭𝐭) − 𝛍𝛍𝛍𝛍(𝐭𝐭) − 𝛌𝛌𝛌𝛌(𝐭𝐭),                                                                      (𝟐𝟐)  

𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= 𝛌𝛌𝛌𝛌(𝐭𝐭) − 𝛍𝛍𝛍𝛍(𝐭𝐭), 𝐭𝐭 ≥ 𝟎𝟎 

where 𝐛𝐛,𝛃𝛃, 𝛍𝛍 and 𝛌𝛌 are positive constants. In (2), it assumes that the total number of the population 𝐍𝐍(𝐭𝐭) is constant, 
that is 𝐍𝐍(𝐭𝐭) = 𝟏𝟏 for all 𝐭𝐭 ≥ 𝟎𝟎, and that the birth and the death rates of population are the same value. 

On the other hand, as the ordinary differential equation of SIR type with time delay, Takeuchi and Ma [10] have shown 
the global asymptotic stability of the solution �𝐒𝐒(𝐭𝐭), 𝐈𝐈(𝐭𝐭),𝐑𝐑(𝐭𝐭)� of  

𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= −𝛃𝛃𝛃𝛃(𝐭𝐭)𝐈𝐈(𝐭𝐭 − 𝐡𝐡) − 𝛍𝛍𝟏𝟏𝐒𝐒(𝐭𝐭) + 𝐛𝐛, 

                                                                         
𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= 𝛃𝛃𝛃𝛃(𝐭𝐭)𝐈𝐈(𝐭𝐭 − 𝐡𝐡) − 𝛍𝛍𝟐𝟐𝐈𝐈(𝐭𝐭) − 𝛌𝛌𝛌𝛌(𝐭𝐭),                                                                (𝟑𝟑)  

𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= 𝛌𝛌𝛌𝛌(𝐭𝐭) − 𝛍𝛍𝟑𝟑𝐑𝐑(𝐭𝐭), 𝐭𝐭 ≥ 𝟎𝟎, 

which describe the spread within a population of infectious disease. 
Recently, Hamaya and Arai [12] have studied the permanence of solution�𝐒𝐒(𝐭𝐭, 𝐱𝐱), 𝐈𝐈(𝐭𝐭, 𝐱𝐱),𝐑𝐑(𝐭𝐭, 𝐱𝐱)� of the partial inte-

grodifferential equation with diffusion for equation (3). 
To allow for possible sensitive rate for COVID-19 evolution [5], we revise model (2) 

𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= −𝛃𝛃
𝐒𝐒(𝐭𝐭)𝐈𝐈(𝐭𝐭)
𝐍𝐍(𝐭𝐭)

− 𝛍𝛍𝛍𝛍(𝐭𝐭), 

𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= 𝛃𝛃
𝐒𝐒(𝐭𝐭)𝐈𝐈(𝐭𝐭)
𝐍𝐍(𝐭𝐭)

− 𝛌𝛌𝛌𝛌(𝐭𝐭), 

𝐝𝐝𝐝𝐝(𝐭𝐭)
𝐝𝐝𝐝𝐝

= 𝛌𝛌𝛌𝛌(𝐭𝐭) − 𝛍𝛍𝛍𝛍(𝐭𝐭), 
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𝐝𝐝𝛃𝛃𝐃𝐃(𝐭𝐭)
𝐝𝐝𝐭𝐭𝛃𝛃

= 𝛌𝛌𝛃𝛃𝐈𝐈(𝐭𝐭) 𝐭𝐭 ≥ 𝟎𝟎, 

where 𝐃𝐃 represents the number of deaths which is one component in 𝐈𝐈 and 𝛍𝛍 is the rate of the removed individuals 
returning to the susceptible status. We add the fractional-order differential equation containing the death probability of 𝛌𝛌 
while the other patients are cured, 𝐝𝐝

𝛃𝛃𝐃𝐃
𝐝𝐝𝐭𝐭𝛃𝛃

= 𝟏𝟏
𝚪𝚪(𝟏𝟏−𝛃𝛃)∫

𝛛𝛛𝛛𝛛(𝐬𝐬)
𝛛𝛛𝛛𝛛

(𝐭𝐭 − 𝐬𝐬)−𝛃𝛃𝐭𝐭
𝟎𝟎 𝐝𝐝𝐝𝐝, which is the Caputo fractional derivative [5] with 

order 𝛃𝛃(𝟎𝟎 < 𝛽𝛽 ≤ 1). 
When the order 𝛃𝛃 = 𝟏𝟏, equation reduces to the classical integer-order differential equation or the death evolution.  
In this article, we consider the permanence and global asymptotic properties of the solution of diffusive equation (1) 

with finite delay which based on [13 and cf. (12, 14-16)]. 
For equation (1), (𝐒𝐒, 𝐈𝐈,𝐑𝐑), (functions 𝐒𝐒, 𝐈𝐈,𝐑𝐑 ∈ 𝐂𝐂([𝟎𝟎, �∞) × 𝛀𝛀��,𝐑𝐑)), is called a (classical) solution of (1) if 𝛛𝛛𝛛𝛛/ 𝛛𝛛𝛛𝛛,𝛛𝛛𝛛𝛛/

 𝛛𝛛𝛛𝛛,𝛛𝛛𝟐𝟐𝐒𝐒/𝛛𝛛𝐱𝐱𝟐𝟐,𝛛𝛛𝛛𝛛/ 𝛛𝛛𝛛𝛛, 𝛛𝛛𝛛𝛛/ 𝛛𝛛𝛛𝛛,𝛛𝛛𝟐𝟐𝐈𝐈/𝛛𝛛𝐱𝐱𝟐𝟐, 𝛛𝛛𝛛𝛛/ 𝛛𝛛𝛛𝛛,𝛛𝛛𝛛𝛛/ 𝛛𝛛𝛛𝛛 and 𝛛𝛛𝟐𝟐𝐑𝐑/𝛛𝛛𝐱𝐱𝟐𝟐, belong to the space 𝐂𝐂�(𝟎𝟎,∞) × 𝛀𝛀�,𝛛𝛛𝛛𝛛/𝛛𝛛𝛛𝛛,𝛛𝛛𝛛𝛛/
𝛛𝛛𝛛𝛛 and 𝛛𝛛𝛛𝛛/𝛛𝛛𝛛𝛛 exist on (𝟎𝟎,∞) × 𝛛𝛛𝛛𝛛 and (1) is identically satisfied. From [17, Chapter 6] and [18], we can show that 
the existence of solution is guaranteed for (1) whenever the initial function 

𝐒𝐒(𝛉𝛉, 𝐱𝐱) = 𝛟𝛟𝟏𝟏(𝛉𝛉, 𝐱𝐱) ≥ 𝟎𝟎, 𝐱𝐱 ∈ 𝛀𝛀� , 𝛉𝛉 ∈ 𝐂𝐂[−𝐡𝐡,𝟎𝟎], 
                                                  𝐈𝐈(𝛉𝛉, 𝐱𝐱) = 𝛟𝛟𝟐𝟐(𝛉𝛉, 𝐱𝐱) ≥ 𝟎𝟎, 𝐱𝐱 ∈ 𝛀𝛀� , 𝛉𝛉 ∈ 𝐂𝐂[−𝐡𝐡,𝟎𝟎],                                                                         (𝟒𝟒) 

𝐑𝐑(𝛉𝛉, 𝐱𝐱) = 𝛟𝛟𝟑𝟑(𝛉𝛉, 𝐱𝐱) ≥ 𝟎𝟎, 𝐱𝐱 ∈ 𝛀𝛀� , 𝛉𝛉 ∈ 𝐂𝐂[−𝐡𝐡,𝟎𝟎], 
where  𝛟𝛟𝐢𝐢(𝛉𝛉, 𝐱𝐱) = 𝛟𝛟𝐢𝐢(𝟎𝟎, 𝐱𝐱) > 𝟎𝟎,  𝜽𝜽 ∈ 𝐂𝐂[−𝐡𝐡,𝟎𝟎], 𝐱𝐱 ∈ 𝐂𝐂𝟏𝟏(𝛀𝛀�),  (𝐢𝐢 = 𝟏𝟏,𝟑𝟑),  

and  𝛟𝛟𝟐𝟐: = 𝛟𝛟𝟐𝟐(𝛉𝛉, 𝐱𝐱) ≥ 𝟎𝟎,  𝛉𝛉 ∈ 𝐂𝐂[−𝐡𝐡,𝟎𝟎], 𝐱𝐱 ∈ 𝐂𝐂𝟏𝟏(𝛀𝛀�). 
For any parameters 𝐡𝐡,𝛃𝛃,𝐛𝐛,𝛌𝛌 and 𝛍𝛍𝐢𝐢(𝐢𝐢 = 𝟏𝟏,𝟐𝟐,𝟑𝟑) it is easy to check that the equilibrium  

solution�𝐒𝐒(𝐭𝐭, 𝐱𝐱), 𝐈𝐈(𝐭𝐭, 𝐱𝐱),𝐑𝐑(𝐭𝐭, 𝐱𝐱)� of (1) with the initial condition (4) exists and is a unique for all 𝐭𝐭 ≥ 𝟎𝟎. 
(ⅰ) If 𝐛𝐛 > 0, then equation (1) always has a disease-free equilibrium 𝐄𝐄𝐒𝐒𝟎𝟎∗ = (𝐒𝐒𝟎𝟎∗ ,𝟎𝟎,𝟎𝟎) where 𝐒𝐒𝟎𝟎∗ = 𝐛𝐛/𝛍𝛍𝟏𝟏. 
(ⅱ) Furthermore, if 𝛃𝛃 > 𝛍𝛍𝟐𝟐 + 𝛌𝛌, then there exists an 𝐒𝐒𝟎𝟎∗ > 𝐒𝐒∗and that, equation (1) also has a unique positive endemic 

equilibrium 𝐄𝐄+ = (𝐒𝐒∗, 𝐈𝐈∗,𝐑𝐑∗). Here  

𝐒𝐒∗ =
𝐛𝐛(𝛍𝛍𝟑𝟑 + 𝛌𝛌)

𝛍𝛍𝟑𝟑𝛃𝛃 − 𝛍𝛍𝟑𝟑(𝛍𝛍𝟐𝟐 + 𝛌𝛌) + 𝛍𝛍𝟏𝟏(𝛍𝛍𝟑𝟑 + 𝛌𝛌), 

𝐈𝐈∗ =
𝐛𝐛 − 𝛍𝛍𝟏𝟏𝐒𝐒∗

𝛍𝛍𝟐𝟐 + 𝛌𝛌
 𝐚𝐚𝐚𝐚𝐚𝐚 

𝐑𝐑∗ =
𝛌𝛌
𝛍𝛍𝟑𝟑
𝐈𝐈∗ =

𝛌𝛌(𝐛𝐛 − 𝛍𝛍𝟏𝟏𝐒𝐒∗)
𝛍𝛍𝟑𝟑(𝛍𝛍𝟐𝟐 + 𝛌𝛌) . 

We next observe that 𝐑𝐑(𝐭𝐭, 𝐱𝐱) can be immediately obtained once 𝐈𝐈(𝐭𝐭, 𝐱𝐱) are known, so the system (1) can be reduced 
to 

𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) = 𝐝𝐝∆𝐒𝐒(𝐭𝐭, 𝐱𝐱) − 𝛃𝛃
𝐒𝐒(𝐭𝐭, 𝐱𝐱)𝐈𝐈(𝐭𝐭 − 𝐡𝐡, 𝐱𝐱)

𝐍𝐍
− 𝛍𝛍𝟏𝟏𝐒𝐒(𝐭𝐭, 𝐱𝐱) + 𝐛𝐛 

 𝐭𝐭 >  0, 𝑥𝑥 ∈ 𝛀𝛀, 
𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) = 𝐝𝐝∆𝐈𝐈(𝐭𝐭, 𝐱𝐱) + 𝛃𝛃
𝐒𝐒(𝐭𝐭, 𝐱𝐱)𝐈𝐈(𝐭𝐭 − 𝐡𝐡, 𝐱𝐱)

𝐍𝐍
− 𝛍𝛍𝟐𝟐𝐈𝐈(𝐭𝐭, 𝐱𝐱) − 𝛌𝛌𝛌𝛌(𝐭𝐭, 𝐱𝐱) 

 𝐭𝐭 >  0, 𝑥𝑥 ∈ 𝛀𝛀, 

                                                      
𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) =
𝛛𝛛𝛛𝛛
𝛛𝛛𝛛𝛛

(𝐭𝐭, 𝐱𝐱) = 𝟎𝟎 𝐭𝐭 > 0, 𝑥𝑥 ∈ 𝛛𝛛𝛛𝛛,                                                                                   (𝟓𝟓) 

where 𝐍𝐍 ≔ 𝐍𝐍(𝐭𝐭, 𝐱𝐱) = 𝐒𝐒(𝐭𝐭, 𝐱𝐱) + 𝐈𝐈(𝐭𝐭, 𝐱𝐱). 
Remark 1. It is clear for equation (5) that 
(i') If 𝐛𝐛 > 0, then equation (5) always has a disease-free equilibrium 𝐄𝐄𝐒𝐒𝟎𝟎∗ = (𝐒𝐒𝟎𝟎∗ ,𝟎𝟎), where 𝐒𝐒𝟎𝟎∗ = 𝐛𝐛/𝛍𝛍𝟏𝟏. 
(ii') Furthermore, if 

(𝐇𝐇𝟏𝟏)  𝛃𝛃 > 𝛍𝛍𝟐𝟐 + 𝛌𝛌, 
then there exists an 𝐒𝐒∗ > 𝟎𝟎 such that 𝐒𝐒𝟎𝟎∗ > 𝐒𝐒∗ and that, equation (5) also has a unique positive endemic equilibrium 

𝐄𝐄+ = (𝐒𝐒∗, 𝐈𝐈∗). Here  
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𝐒𝐒∗ =
𝐛𝐛

𝛃𝛃 + 𝛍𝛍𝟏𝟏 − (𝛍𝛍𝟐𝟐 + 𝛌𝛌), 

                                                                                                  𝐚𝐚𝐚𝐚𝐚𝐚 𝐈𝐈∗ =
𝐛𝐛 − 𝛍𝛍𝟏𝟏𝐒𝐒∗

𝛍𝛍𝟐𝟐 + 𝛌𝛌
.                                                                           (𝟓𝟓∗) 

In particular, for parameter 𝐛𝐛, we can only set from view of mathematical conditions as following, if 𝐛𝐛 = 𝟎𝟎, then 
equation (1) always has a trivial equilibrium 𝐄𝐄𝟎𝟎 = (𝟎𝟎,𝟎𝟎,𝟎𝟎). 

In this paper, we do not need to treat this condition since our assumption is 𝐛𝐛 > 0. 
We discuss the large time behaviour of the solution of equation (1) (cf.[19]). 
Definition 1. The equation (1) is said to have the property of permanence if there are positive constants 𝛎𝛎𝐢𝐢∗ and 

𝐌𝐌𝐢𝐢
∗(𝐢𝐢 = 𝟏𝟏,𝟐𝟐,𝟑𝟑) such that 

𝛎𝛎𝟏𝟏∗ ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐢𝐢𝐢𝐢𝐢𝐢
𝐭𝐭→+∞

�𝐢𝐢𝐢𝐢𝐢𝐢
𝐱𝐱∈𝛀𝛀�

𝐒𝐒(𝐭𝐭, 𝐱𝐱)� ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐬𝐬𝐬𝐬𝐬𝐬
𝐭𝐭→+∞

�𝐬𝐬𝐬𝐬𝐬𝐬
𝐱𝐱∈𝛀𝛀�

𝐒𝐒(𝐭𝐭, 𝐱𝐱)� ≤ 𝐌𝐌𝟏𝟏
∗ , 

𝛎𝛎𝟐𝟐∗ ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐢𝐢𝐢𝐢𝐢𝐢
𝐭𝐭→+∞

�𝐢𝐢𝐢𝐢𝐢𝐢
𝐱𝐱∈𝛀𝛀�

𝐈𝐈(𝐭𝐭, 𝐱𝐱)� ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐬𝐬𝐬𝐬𝐬𝐬
𝐭𝐭→+∞

�𝐬𝐬𝐬𝐬𝐬𝐬
𝐱𝐱∈𝛀𝛀�

𝐈𝐈(𝐭𝐭, 𝐱𝐱)� ≤ 𝐌𝐌𝟐𝟐
∗ , 

𝛎𝛎𝟑𝟑∗ ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐢𝐢𝐢𝐢𝐢𝐢
𝐭𝐭→+∞

�𝐢𝐢𝐢𝐢𝐢𝐢
𝐱𝐱∈𝛀𝛀�

𝐑𝐑(𝐭𝐭, 𝐱𝐱)� ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐬𝐬𝐬𝐬𝐬𝐬
𝐭𝐭→+∞

�𝐬𝐬𝐬𝐬𝐬𝐬
𝐱𝐱∈𝛀𝛀�

𝐑𝐑(𝐭𝐭, 𝐱𝐱)� ≤ 𝐌𝐌𝟑𝟑
∗ . 

hold for any solution of (1) with the initial condition (4). Here 𝛎𝛎𝐢𝐢∗ and 𝐌𝐌𝐢𝐢
∗(𝐢𝐢 = 𝟏𝟏,𝟐𝟐,𝟑𝟑) are independent of (4). 

Remark 2. Similarly, for the equation (5), we can define the property of permanence if there are positive constants 𝛎𝛎𝐢𝐢 
and 𝐌𝐌𝐢𝐢(𝐢𝐢 = 𝟏𝟏,𝟐𝟐) such that  

𝛎𝛎𝟏𝟏 ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐢𝐢𝐢𝐢𝐢𝐢
𝐭𝐭→+∞

�𝐢𝐢𝐢𝐢𝐢𝐢
𝐱𝐱∈𝛀𝛀�

𝐒𝐒(𝐭𝐭, 𝐱𝐱)� ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐬𝐬𝐬𝐬𝐬𝐬
𝐭𝐭→+∞

�𝐬𝐬𝐬𝐬𝐬𝐬
𝐱𝐱∈𝛀𝛀�

𝐒𝐒(𝐭𝐭, 𝐱𝐱)� ≤ 𝐌𝐌𝟏𝟏, 

𝛎𝛎𝟐𝟐 ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐢𝐢𝐢𝐢𝐢𝐢
𝐭𝐭→+∞

�𝐢𝐢𝐢𝐢𝐢𝐢
𝐱𝐱∈𝛀𝛀�

𝐈𝐈(𝐭𝐭, 𝐱𝐱)� ≤ 𝐥𝐥𝐥𝐥𝐥𝐥 𝐬𝐬𝐬𝐬𝐬𝐬
𝐭𝐭→+∞

�𝐬𝐬𝐬𝐬𝐬𝐬
𝐱𝐱∈𝛀𝛀�

𝐈𝐈(𝐭𝐭, 𝐱𝐱)� ≤ 𝐌𝐌𝟐𝟐. 

hold for any solution of (5) with the initial condition (4) except for 𝐑𝐑(𝟎𝟎, 𝐱𝐱). Here 𝛎𝛎𝐢𝐢 and 𝐌𝐌𝐢𝐢(𝐢𝐢 = 𝟏𝟏,𝟐𝟐) are independent 
of (4) except for 𝐑𝐑(𝟎𝟎, 𝐱𝐱). We now employ above definition as the rest of this article. 

2. Preliminary lemmas and permanence 
Before main theorem, we mention the following theorem (the strong maximum principle in [20]), and then the main 

results of our paper are stated as follows. 
Theorem A. Let 𝑤𝑤 ∈ 𝐶𝐶1,2(𝐷𝐷𝑇𝑇) and that 

𝑤𝑤𝑡𝑡 − 𝑑𝑑∇2𝑤𝑤 + 𝑐𝑐𝑐𝑐 ≥ 0      𝑖𝑖𝑖𝑖       𝐷𝐷𝑇𝑇 = (0,𝑇𝑇] × Ω, 
𝐵𝐵𝐵𝐵 = 0    𝑜𝑜𝑜𝑜     𝑆𝑆𝑇𝑇 = (0,𝑇𝑇] × ∂Ω, 

𝑤𝑤(0, 𝑥𝑥) ≥ 0     𝑖𝑖𝑖𝑖    Ω�, 
where 𝐵𝐵 is Neumann type boundary condition and 𝑐𝑐 ≡ 𝑐𝑐(𝑡𝑡, 𝑥𝑥) is a bounded function in 𝐷𝐷𝑇𝑇. If 𝑤𝑤attains a maximum 
value𝑀𝑀at some point in 𝐷𝐷𝑇𝑇, then  𝑤𝑤 ≡ 𝑀𝑀 throughout 𝐷𝐷𝑇𝑇. 

The following Theorem 1, 2 and 3 hold, if 𝐼𝐼(𝑡𝑡, 𝑥𝑥) has no influence from past time and that we say the strong fading 
memory property for time𝑡𝑡and ℎas follows. 

(𝐻𝐻2) 𝐼𝐼(𝑡𝑡 − ℎ, 𝑥𝑥) ≤ 𝐼𝐼(𝑡𝑡, 𝑥𝑥)𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 > 0, 𝑥𝑥 ∈ Ω�, for any finite time-delayℎ ≥ 0. 
Theorem 1. Under the above assumptions of parameters and(𝐻𝐻2), for any time delay ℎ ≥ 0, if  

                                                                                                         𝑆𝑆0
∗ ≡

𝑏𝑏
𝜇𝜇1

> 𝑆𝑆∗,                                                                                      (6) 

then the assumption (𝐻𝐻1) satisfies, and for each nonnegative continuous initial function, equation (1) has the property of 
permanence. 

In the rest of this paper, we will report results only for system (5). Before the proof of Theorem 1, we prepare lemmas. 
Lemma 1. The solution �𝑆𝑆(𝑡𝑡, 𝑥𝑥), 𝐼𝐼(𝑡𝑡, 𝑥𝑥)� of equation (5) with (4) except for 𝑅𝑅(0, 𝑥𝑥) satisfies for 𝑡𝑡 ≥ 0, the follow-

ing inequality  

                                            0 < 𝑁𝑁(𝑡𝑡, 𝑥𝑥) ≤ max{ sup
𝑥𝑥∈Ω�

𝑁𝑁(0, 𝑥𝑥) ,
𝑏𝑏
𝜇𝜇1

} ≔ K, t > 0, 𝑥𝑥 ∈Ω,����                                                         (7)  

where 𝑁𝑁(𝑡𝑡, 𝑥𝑥) = 𝑆𝑆(𝑡𝑡, 𝑥𝑥) + 𝐼𝐼(𝑡𝑡, 𝑥𝑥) and 𝑁𝑁(0, 𝑥𝑥) = 𝑆𝑆0(𝑥𝑥) + 𝐼𝐼0(𝑥𝑥). 
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Proof. For the first inequality of (7), it is sufficient to prove that if for any small ϵ >  0,𝑁𝑁(𝑡𝑡0, 𝑥𝑥) > ϵ for some 𝑡𝑡0 > 0 
and 𝑥𝑥 ∈ Ω�, then 𝑁𝑁(𝑡𝑡, 𝑥𝑥) > ϵ/2 for 𝑡𝑡 > 𝑡𝑡0, 𝑥𝑥 ∈ Ω�. If it is not true, then 

𝑁𝑁(𝑡𝑡, 𝑥𝑥) <
ϵ
2

  for  t > t1, x ∈ Ω�  𝑎𝑎𝑎𝑎𝑎𝑎  𝑁𝑁(𝑡𝑡1, 𝑥𝑥1) =
ϵ
2

  𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  𝑡𝑡1 > 𝑡𝑡0, 𝑥𝑥1 ∈ Ω� 
with 𝑡𝑡1  being the smallest among all such points (𝑡𝑡1, 𝑥𝑥1). If we set 𝑤𝑤0(𝑡𝑡, 𝑥𝑥) = 𝑁𝑁(𝑡𝑡, 𝑥𝑥) − ϵ/2, then 𝑤𝑤0(𝑡𝑡, 𝑥𝑥) <
0(𝑡𝑡 > 𝑡𝑡1, 𝑥𝑥 ∈ Ω�), 𝑤𝑤0(𝑡𝑡1, 𝑥𝑥1) = 0 and sup𝑥𝑥∈Ω� 𝑤𝑤0(𝑡𝑡0, 𝑥𝑥) > 0, hence the function 𝑤𝑤0(𝑡𝑡, 𝑥𝑥) takes a nonnegative mini-
mum on [𝑡𝑡0, 𝑡𝑡1] × Ω�. On the other hand, we have 

∂𝑤𝑤0/ ∂𝑡𝑡 = ∂𝑁𝑁/ ∂𝑡𝑡 
= 𝑑𝑑∆𝑁𝑁 − 𝜇𝜇1𝑆𝑆(𝑡𝑡, 𝑥𝑥) − 𝜇𝜇2𝐼𝐼(𝑡𝑡, 𝑥𝑥) + 𝑏𝑏 − 𝜆𝜆𝜆𝜆(𝑡𝑡, 𝑥𝑥) 

= 𝑑𝑑∆𝑤𝑤0 − 𝜇𝜇1 �𝑤𝑤0 +
𝜖𝜖
2
� − 𝑝𝑝𝑝𝑝 + (𝑏𝑏 − 𝜆𝜆𝜆𝜆) 

and consequently 

𝑑𝑑∆𝑤𝑤0 − 𝜕𝜕𝑤𝑤0/𝜕𝜕𝜕𝜕 − 𝜇𝜇1𝑤𝑤0 = 𝜆𝜆𝜆𝜆 + 𝑝𝑝𝑝𝑝 + 𝜇𝜇1
𝜖𝜖
2
− 𝑏𝑏  

≤ (𝜆𝜆 + 𝑝𝑝)𝑁𝑁 + 𝜇𝜇1
𝜖𝜖
2
− 𝑏𝑏 

≤ (𝜆𝜆 + 𝜇𝜇1 + 𝑝𝑝)
𝜖𝜖
2
− 𝑏𝑏 < 0 

on (𝑡𝑡1,∞) × Ω.Then there arises a contradiction by the strong maximum principle (cf. [12, 14, 15, 20, 21]). Indeed, if 
𝑥𝑥1 ∈ Ω, then 𝑑𝑑Δ𝑤𝑤0 − ∂𝑤𝑤0/ ∂𝑡𝑡 − μ1𝑤𝑤0 must be nonnegative at(𝑡𝑡1, 𝑥𝑥1). This is a contradiction. We thus obtain that 
𝑥𝑥1 ∈ ∂Ω and 𝑤𝑤0(𝑡𝑡, 𝑥𝑥) > 𝑤𝑤0(𝑡𝑡1, 𝑥𝑥1) for all (𝑡𝑡, 𝑥𝑥) ∈ [𝑡𝑡0, 𝑡𝑡1] × Ω, and hence ∂𝑤𝑤0/ ∂𝑛𝑛 ≤ 0at (𝑡𝑡1, 𝑥𝑥1). This is a contra-
diction, again (cf.[20]). It is clear that, by the initial point 𝑁𝑁(0, 𝑥𝑥) ≥ 0 and the reduction of the above, 𝑁𝑁(𝑡𝑡, 𝑥𝑥) > 0 for 
(𝑡𝑡, 𝑥𝑥) ∈ (0, 𝑡𝑡0) × Ω�. Therefore, we must have the first inequality. 

Let 𝐾𝐾 < 𝐾𝐾0 for some 𝐾𝐾0 > 0. We claim that 𝑁𝑁(𝑡𝑡, 𝑥𝑥) ≤ 𝐾𝐾0, [0,∞) × Ω�. If it is true, by letting 𝐾𝐾0 → 𝐾𝐾, we hold the 
second inequality of this lemma. If now this is not true, then there exists (𝑡𝑡2, 𝑥𝑥2) ∈ (0,∞) × Ω� such that 𝑁𝑁(𝑡𝑡2, 𝑥𝑥2) > 𝐾𝐾0. 
If we set 𝑤𝑤(𝑡𝑡, 𝑥𝑥) = 𝑁𝑁(𝑡𝑡, 𝑥𝑥) − 𝐾𝐾0, then 𝑤𝑤(𝑡𝑡2, 𝑥𝑥2) > 0and 𝑠𝑠𝑠𝑠𝑝𝑝𝑥𝑥∈Ω�𝑤𝑤(0, 𝑥𝑥) ≤ 0, (𝑡𝑡2 > 0). Hence, the function 𝑤𝑤(𝑡𝑡, 𝑥𝑥) 
takes a positive maximum on [0, 𝑡𝑡2] × Ω�. On the other hand, we have 

∂𝑤𝑤/ ∂𝑡𝑡 =  ∂𝑁𝑁/ ∂𝑡𝑡 
= ∆𝑁𝑁 − 𝜇𝜇1𝑁𝑁 + (𝑏𝑏 − (𝜆𝜆 + 𝑝𝑝)𝐼𝐼)     (𝑏𝑏𝑏𝑏  𝑆𝑆 = 𝑁𝑁 − 𝐼𝐼, 𝜇𝜇2 = 𝜇𝜇1 + 𝑝𝑝) 

= 𝑑𝑑∆𝑤𝑤 − 𝜇𝜇1(𝑤𝑤 + 𝐾𝐾0) + (𝑏𝑏 − (λ + 𝑝𝑝)𝐼𝐼) 
and consequently 

𝑑𝑑∆𝑤𝑤 − ∂𝑤𝑤/ ∂𝑡𝑡 − 𝜇𝜇1𝑤𝑤 = (𝜆𝜆 + 𝑝𝑝)𝐼𝐼 + (𝜇𝜇1𝐾𝐾0 − 𝑏𝑏) > 0, 
by 𝑏𝑏/μ1 ≤ 𝐾𝐾 < 𝐾𝐾0. Then there arises a contradiction by the strong maximum principle (cf.[12, 14,15, 20, 21]). Indeed, if 
𝑥𝑥2 ∈ Ω, then 𝑑𝑑Δ𝑤𝑤 − ∂𝑤𝑤/ ∂𝑡𝑡 − μ1𝑤𝑤 must be negative at (𝑡𝑡2, 𝑥𝑥2). This is a contradiction. We thus obtain that 𝑥𝑥2 ∈ ∂Ω 
and 𝑤𝑤(𝑡𝑡, 𝑥𝑥) < 𝑤𝑤(𝑡𝑡2, 𝑥𝑥2) for all (𝑡𝑡, 𝑥𝑥) ∈ [0, 𝑡𝑡2] × Ω, and hence ∂𝑤𝑤/ ∂𝑛𝑛 > 0 at (𝑡𝑡2, 𝑥𝑥2). This is a contradiction, again 
(cf.[20]). Therefore, we must have (7). 

Lemma 2. Under the assumptions(𝐻𝐻1) and (𝐻𝐻2), the solution �𝑆𝑆(𝑡𝑡, 𝑥𝑥), 𝐼𝐼(𝑡𝑡, 𝑥𝑥)� of equation (5) with (4) except for 
𝑅𝑅(0, 𝑥𝑥) satisfies the following inequality 

                                                                       lim inf
𝑡𝑡→∞

� inf
𝑥𝑥∈Ω�

𝑆𝑆(𝑡𝑡, 𝑥𝑥)� ≥
𝑏𝑏

𝜇𝜇1 + 𝛽𝛽
≡ 𝜈𝜈1 > 0.                                                                      (8) 

Proof. For some 𝑡𝑡3 > 𝑡𝑡0, we can show that  
                                                                              𝑆̂𝑆(𝑡𝑡) ≤ 𝑆𝑆(𝑡𝑡, 𝑥𝑥), 𝑡𝑡 > 𝑡𝑡3, 𝑥𝑥 ∈ Ω�,                                                                           (9) 
where 𝑆̂𝑆(𝑡𝑡) is the solution of ordinary differential equation 

                                        
𝑑𝑑
𝑑𝑑𝑑𝑑
𝑆̂𝑆(𝑡𝑡) = −(μ1 + β)𝑆̂𝑆(𝑡𝑡) + 𝑏𝑏 − ϵ, 𝑓𝑓𝑓𝑓𝑓𝑓   ϵ > 0, 𝑡𝑡 > 𝑡𝑡3,                                                             (10) 

𝑆̂𝑆(𝑡𝑡3) = 𝑆𝑆3�    𝑎𝑎𝑎𝑎𝑎𝑎   𝑆𝑆3� ≥ inf
𝑥𝑥∈Ω�

𝑆𝑆(𝑡𝑡2, 𝑥𝑥) ≥
𝑏𝑏

𝜇𝜇1 + 𝐵𝐵
. 

To see this, we consider the function 𝑤𝑤1(𝑡𝑡, 𝑥𝑥) ≔ 𝑆𝑆(𝑡𝑡, 𝑥𝑥) − 𝑆̂𝑆(𝑡𝑡) on [𝑡𝑡3,∞) × Ω�. Then 𝑤𝑤1(0, 𝑥𝑥) = 𝑆𝑆(0, 𝑥𝑥) − 𝑆̂𝑆(0) ≤
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0 for 𝑥𝑥 ∈ Ω�, and moreover, since 𝑆𝑆 +  𝐼𝐼 =  𝑁𝑁 is bounded by Lemma 1, and β 𝑆𝑆𝑆𝑆(𝑡𝑡−ℎ ,𝑥𝑥)
𝑁𝑁

≤ β 𝑆𝑆𝑆𝑆
𝑁𝑁
≤ β 𝑆𝑆𝑆𝑆

𝑁𝑁
= β𝑆𝑆 𝑏𝑏𝑏𝑏 (𝐻𝐻2), 

∂𝑤𝑤1/ ∂𝑡𝑡 = ∂𝑆𝑆/ ∂𝑡𝑡 − 𝑑𝑑𝑆̂𝑆(𝑡𝑡)/𝑑𝑑𝑑𝑑 
≥ 𝑑𝑑Δ𝑆𝑆 − 𝛽𝛽𝛽𝛽 − 𝜇𝜇1𝑆𝑆 + 𝑏𝑏 − �−𝜇𝜇1𝑆̂𝑆 − 𝛽𝛽𝑆̂𝑆 + 𝑏𝑏 − 𝜖𝜖� 

≥ 𝑑𝑑Δ𝑤𝑤1 − 𝛽𝛽�𝑤𝑤1 + 𝑆̂𝑆� − 𝜇𝜇1�𝑤𝑤1 + 𝑆̂𝑆� + 𝑏𝑏 − �−𝜇𝜇1𝑆̂𝑆 − 𝛽𝛽𝑆̂𝑆 + 𝑏𝑏 − 𝜖𝜖� 
≥ 𝑑𝑑Δ𝑤𝑤1 − (𝛽𝛽 + 𝜇𝜇1)𝑤𝑤1 + 𝜖𝜖. 

Hence, 
𝑑𝑑Δ𝑤𝑤1 − ∂𝑤𝑤1/ ∂𝑡𝑡 − (β + μ1)𝑤𝑤1 ≤ −ϵ < 0    𝑜𝑜𝑜𝑜   [𝑡𝑡3,∞) × Ω�. 

Thus, by the strong maximum principle, we have a contradiction. Therefore, by the same reasoning as the one for 
𝑤𝑤0(𝑡𝑡, 𝑥𝑥)of Lemma 1, One can see that 𝑤𝑤1(𝑡𝑡, 𝑥𝑥) ≥ 0 on [𝑡𝑡3,∞) × Ω�. Thus, we must have (9). Moreover, by setting 
𝑀𝑀 = μ1 + βin (10), we have  

                                                                                         
𝑑𝑑
𝑑𝑑𝑑𝑑
𝑆̂𝑆 = −𝑀𝑀𝑆̂𝑆 + 𝑏𝑏 − ϵ.                                                                                    (11) 

By solving equation (11), we obtain that 

𝑆̂𝑆 =
𝑏𝑏 − ϵ
𝑀𝑀

+ 𝐶̂𝐶𝑒𝑒−𝑀𝑀𝑀𝑀  

and 

𝐶̂𝐶 = 𝑒𝑒𝑀𝑀𝑡𝑡3 �𝑆𝑆3� −
𝑏𝑏 − ϵ
𝑀𝑀

�. 

Therefore, we have 
𝑏𝑏 − 𝜖𝜖
𝜇𝜇1 + 𝛽𝛽

≤ 𝑆̂𝑆, 𝑡𝑡 ≥ 𝑡𝑡3 

for small ϵ >  0 . Thus, we obtain 
𝑏𝑏 − 𝜖𝜖
𝜇𝜇1 + 𝛽𝛽

≤ 𝑆𝑆 

on 𝑡𝑡 ≥ 𝑡𝑡3, 𝑥𝑥 ∈ Ω. By taking infimum, 𝑡𝑡 → ∞and later letting ϵ → 0 in the above inequality, we obtain 
𝑏𝑏

𝜇𝜇1 + 𝛽𝛽
≤ lim inf

𝑡𝑡→∞
� inf
𝑥𝑥∈Ω�

𝑆𝑆(𝑡𝑡, 𝑥𝑥)�. 

This completes the proof of Lemma 2. 
Lemma 3. Under the assumptions(𝐻𝐻1) and (𝐻𝐻2), the solution �𝑆𝑆(𝑡𝑡, 𝑥𝑥), 𝐼𝐼(𝑡𝑡, 𝑥𝑥)� of equation (5) with (4) except for 

𝑅𝑅(0, 𝑥𝑥) satisfies the following inequality 

                                                                               lim sup
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω

𝐼𝐼(𝑡𝑡, 𝑥𝑥)� ≤ 𝑀𝑀2,                                                                                   (12) 

for some 𝑀𝑀2 > 0. 
 
Proof. For some 𝑡𝑡4 > 𝑡𝑡0, we can show that  

                                                                     𝐼𝐼(𝑡𝑡, 𝑥𝑥) ≤ 𝐼𝐼(𝑡𝑡) 𝑡𝑡 > 𝑡𝑡4, 𝑥𝑥 ∈ Ω�.                                                                                         (13) 
Here, 𝐼𝐼(𝑡𝑡) is the solution of ordinary differential equation 

                                                            
𝑑𝑑
𝑑𝑑𝑑𝑑
𝐼𝐼(𝑡𝑡) = β �𝐾𝐾 − 𝐼𝐼(𝑡𝑡)� − (μ2 + λ)𝐼𝐼(𝑡𝑡) + ϵ, 𝑡𝑡 > 𝑡𝑡4,                                                       (14) 

𝐼𝐼(𝑡𝑡4) = 𝐼𝐼4�  and  0 < 𝐼𝐼4� ≤ 𝑠𝑠𝑠𝑠𝑝𝑝𝑥𝑥∈Ω�𝐼𝐼(𝑡𝑡4, 𝑥𝑥) ≤
𝐵𝐵
𝐴𝐴

, 

where 𝐴𝐴 = β + (μ2 + λ) > 0 and 𝐵𝐵 =  β𝐾𝐾 + ϵ > 0. To see this, we consider the function 𝑤𝑤2(𝑡𝑡, 𝑥𝑥) ≔ 𝐼𝐼(𝑡𝑡, 𝑥𝑥) − 𝐼𝐼(𝑡𝑡) 
on [𝑡𝑡4,∞) × Ω� . Then 𝑤𝑤2(0, 𝑥𝑥) = 𝐼𝐼(0, 𝑥𝑥) − 𝐼𝐼(0) ≤ 0 for 𝑥𝑥 ∈ Ω� , and moreover, since β𝑆𝑆𝑆𝑆(𝑡𝑡 − ℎ, 𝑥𝑥)/𝑁𝑁 ≤ β𝑆𝑆𝑆𝑆(𝑡𝑡, 𝑥𝑥)/
𝑁𝑁 ≤ β(𝑁𝑁 − 𝐼𝐼)𝐼𝐼/𝑁𝑁 ≤ β(𝑁𝑁 − 𝐼𝐼)𝑁𝑁/𝑁𝑁 ≤ β(𝐾𝐾 − 𝐼𝐼) by (𝐻𝐻2), we have 

∂𝑤𝑤2/ ∂𝑡𝑡 = ∂𝐼𝐼/ ∂𝑡𝑡 − 𝑑𝑑𝐼𝐼(𝑡𝑡)/𝑑𝑑𝑑𝑑 
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= 𝑑𝑑∆𝐼𝐼 + 𝛽𝛽𝛽𝛽𝛽𝛽(𝑡𝑡 − ℎ, 𝑥𝑥)/𝑁𝑁 − (𝜇𝜇2 + 𝜆𝜆)𝐼𝐼 − {𝛽𝛽 �𝐾𝐾 − 𝐼𝐼(𝑡𝑡)� − (𝜇𝜇2 + 𝜆𝜆)𝐼𝐼(𝑡𝑡) + 𝜖𝜖} 

≤ 𝑑𝑑∆𝐼𝐼 + 𝛽𝛽(𝐾𝐾 − 𝐼𝐼) − (𝜇𝜇2 + 𝜆𝜆)𝐼𝐼 − {𝛽𝛽 �𝐾𝐾 − 𝐼𝐼(𝑡𝑡)� − (𝜇𝜇2 + 𝜆𝜆)𝐼𝐼(𝑡𝑡) + 𝜖𝜖} 

≤ 𝑑𝑑∆𝐼𝐼 − 𝛽𝛽𝛽𝛽 − (𝜇𝜇2 + 𝜆𝜆)𝐼𝐼 + 𝛽𝛽𝐼𝐼 + (𝜇𝜇2 + 𝜆𝜆)𝐼𝐼 − 𝜖𝜖. 
Since 𝑤𝑤2(𝑡𝑡, 𝑥𝑥) = 𝐼𝐼(𝑡𝑡, 𝑥𝑥) − 𝐼𝐼(𝑡𝑡), 

∂𝑤𝑤2/ ∂𝑡𝑡 ≤ 𝑑𝑑∆𝑤𝑤2 − 𝛽𝛽�𝑤𝑤2 + 𝐼𝐼� − (𝜇𝜇2 + 𝜆𝜆)�𝑤𝑤2 + 𝐼𝐼� + 𝛽𝛽𝐼𝐼 + (𝜇𝜇2 + 𝜆𝜆)𝐼𝐼 − 𝜖𝜖 
= 𝑑𝑑Δ𝑤𝑤2 − 𝛽𝛽𝑤𝑤2 − (𝜇𝜇2 + 𝜆𝜆)𝑤𝑤2 − 𝜖𝜖. 

Hence,  
𝑑𝑑Δ𝑤𝑤2 − ∂𝑤𝑤2/ ∂𝑡𝑡 − �β + (μ2 + λ)�𝑤𝑤2 ≥ ϵ > 0. 

Therefore, by the same reasoning as the one for 𝑤𝑤0(𝑡𝑡, 𝑥𝑥), of Lemma 1, one can see that 𝑤𝑤2(𝑡𝑡, 𝑥𝑥) ≤ 0 on [𝑡𝑡4,∞) × Ω�. 
Thus, we must have (13). Moreover, from (14), 

𝑑𝑑
𝑑𝑑𝑑𝑑
𝐼𝐼(𝑡𝑡) = −�𝛽𝛽 + (𝜇𝜇2 + 𝜆𝜆)�𝐼𝐼 + 𝛽𝛽𝛽𝛽 + 𝜖𝜖. 

Here, for the simplicity, we use 𝐴𝐴 and 𝐵𝐵 > 0 in the above equation (14), then we obtain  

                                                                                     
𝑑𝑑
𝑑𝑑𝑑𝑑
𝐼𝐼 = −𝐴𝐴𝐼𝐼 + 𝐵𝐵.                                                                                                       (15) 

By solving equation (15), we have 

                                                                                𝐼𝐼 =
𝐵𝐵
𝐴𝐴

+ 𝐶̂𝐶∗𝑒𝑒−𝐴𝐴𝐴𝐴                                                                                                              (16) 

and 

𝐶̂𝐶∗ = 𝑒𝑒𝐴𝐴𝑡𝑡4 �𝐼𝐼4 −
𝐵𝐵
𝐴𝐴
�. 

Therefore, we obtain 
                                                                                                       𝐼𝐼(𝑡𝑡) ≤ 𝐼𝐼(𝑡𝑡4)                                                                                             (17) 
for 𝑡𝑡 ≥ 𝑡𝑡4. By (13), (17), we have 

𝐼𝐼(𝑡𝑡, 𝑥𝑥) ≤ 𝐼𝐼(𝑡𝑡4) 
on [𝑡𝑡4,∞) × Ω�. By taking supremum, 𝑡𝑡 → ∞ and later letting ϵ → 0 in the above inequality, we obtain (12), i.e. 

lim sup
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝐼𝐼(𝑡𝑡, 𝑥𝑥)� ≤ 𝑀𝑀2, 

where the positive number 𝑀𝑀2 = 𝐵𝐵′

𝐴𝐴
, 𝐵𝐵′ = β𝐾𝐾. This completes the proof of Lemma 3. 

Proof of Theorem 1. From Lemma 1, we have 
𝑁𝑁(𝑡𝑡, 𝑥𝑥) ≤ 𝐾𝐾, 

where 𝑁𝑁(𝑡𝑡, 𝑥𝑥) = 𝑆𝑆(𝑡𝑡, 𝑥𝑥) + 𝐼𝐼(𝑡𝑡, 𝑥𝑥). By Lemma 3, 

lim sup
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝐼𝐼(𝑡𝑡, 𝑥𝑥)� ≤ 𝑀𝑀2 

for 𝑀𝑀2 > 0, Thus, we hold that the solution �𝑆𝑆(𝑡𝑡, 𝑥𝑥), 𝐼𝐼(𝑡𝑡, 𝑥𝑥)� of equation (5) with initial condition (4) except for 
𝑅𝑅(0, 𝑥𝑥) satisfies 

                                                                                                      lim sup
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝑆𝑆(𝑡𝑡, 𝑥𝑥)� ≤ 𝑀𝑀1                                                                 (18) 

for some 𝑀𝑀1 > 0. 
We can next show that the solution �𝑆𝑆(𝑡𝑡, 𝑥𝑥), 𝐼𝐼(𝑡𝑡, 𝑥𝑥)� of equation (5) with initial condition (4) except for 𝑅𝑅(0, 𝑥𝑥) sa-

tisfies 

lim inf
𝑡𝑡→∞

� inf
𝑥𝑥∈Ω�

𝐼𝐼(𝑡𝑡, 𝑥𝑥)� ≥ 𝜈𝜈2 
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for some ν2 > 0 which does not depend on the initial function in (4). To see this, it is sufficient to prove 

                                                                            𝐼𝐼(𝑡𝑡, 𝑥𝑥) →
𝛽𝛽

𝛽𝛽 + 𝜎𝜎
𝐾𝐾 𝑎𝑎𝑎𝑎 𝑡𝑡 → ∞, 𝑥𝑥 ∈ Ω�,                                                               (19) 

where σ = μ2 + λ. We define the function 

𝑓𝑓(𝑡𝑡, 𝑥𝑥) =
𝐼𝐼(𝑡𝑡, 𝑥𝑥)
σ

−
𝛽𝛽

(𝛽𝛽 + 𝜎𝜎)𝜎𝜎
𝐾𝐾. 

Then 
∂f
∂t

 ≤  
1
σ

(dΔI + βK − (β + σ)I)�by  (H2)� 

=
d
σ
ΔI −

β + σ
σ

I +
β
σ

K. 

We thus have the following differential inequality: 

                                                                                       
∂𝑓𝑓
∂𝑡𝑡

≤ 𝑑𝑑Δ𝑓𝑓 − (𝛽𝛽 + 𝜎𝜎)𝑓𝑓.                                                                                   (20) 

Then, we can see that 
𝑓𝑓(𝑡𝑡, 𝑥𝑥) → 0 𝑎𝑎𝑎𝑎 𝑡𝑡 → ∞, 𝑥𝑥 ∈ Ω�. 

If we set 𝑊𝑊(𝑡𝑡) ≔𝑊𝑊(𝑓𝑓)(𝑡𝑡) = ∫ 𝑓𝑓2(𝑡𝑡, 𝑥𝑥)𝑑𝑑𝑑𝑑Ω , 𝑡𝑡 ≥ 0, then, 𝑊𝑊(𝑡𝑡) ≥ 0 and we have 

dW(t)
dt

= 2� f
∂f
∂t

dx
Ω

 

≤ 2� f(dΔf − (β + σ)f)dx
Ω

 

                                                                           = −2d� �
∂f
∂x
�

2

dx
Ω

− 2(β + σ)� f 2

Ω
dx.                                                              (21)  

𝐻𝐻1 and 𝐻𝐻2 be defined by the following  
𝐻𝐻1 = 2𝑑𝑑, 𝐻𝐻2 = 2(𝛽𝛽 + 𝜎𝜎). 

Then 𝐻𝐻1 > 0 and 𝐻𝐻2 > 0. It follows from (21) that for 𝑡𝑡 >  0 , 

                                                     𝑊𝑊(𝑡𝑡) + 𝐻𝐻2 � � �
𝜕𝜕𝜕𝜕(𝑠𝑠, 𝑥𝑥)
𝜕𝜕𝜕𝜕

�
2

Ω

𝑡𝑡

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 + 𝐻𝐻2 � � 𝑓𝑓2(𝑠𝑠, 𝑥𝑥)

Ω

𝑡𝑡

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≤ 𝑊𝑊(0).                        (22)  

Since 𝑊𝑊(𝑡𝑡) ≥ 0, we have from (22) that 

� �� �
∂𝑓𝑓(𝑠𝑠, 𝑥𝑥)
∂𝑥𝑥

�
2

Ω
𝑑𝑑𝑑𝑑� 𝑑𝑑𝑑𝑑

𝑡𝑡

0
<
𝑊𝑊(0)
𝐻𝐻1

, 

                                                                                 � ��𝑓𝑓2(𝑠𝑠, 𝑥𝑥)𝑑𝑑𝑑𝑑
Ω

� 𝑑𝑑𝑑𝑑
𝑡𝑡

0
<
𝑊𝑊(0)
𝐻𝐻2

.                                                                         (23)  

Thus, we conclude from (21), (22) and (23) that 𝑊𝑊(𝑡𝑡) ∈ 𝐿𝐿1[0, �∞)� and 𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

∈ 𝐿𝐿1[0,∞). By Barbalate's lemma [19, 
Lemma 1.2.2.], we obtain 𝑊𝑊(𝑡𝑡) → 0 and thus, 𝑓𝑓 → 0 in 𝐿𝐿2 as 𝑡𝑡 → ∞, that is  
                                                                        ‖𝑓𝑓(𝑡𝑡,⋅)‖𝐿𝐿2 → 0          𝑎𝑎𝑎𝑎          𝑡𝑡 → ∞,                                                                          (24)  
where ‖ ⋅ ‖𝐿𝐿2  denotes the  𝐿𝐿2-norm of functions on Ω. We next prove that 
                                                              sup
                                                                                         𝑥𝑥∈Ω�

|𝑓𝑓(𝑡𝑡, 𝑥𝑥)| → 0      𝑎𝑎𝑎𝑎          𝑡𝑡 → ∞.                                                                                      (25) 

To do this (cf.[14]), we take notice of the boundedness of 𝑓𝑓(𝑡𝑡, 𝑥𝑥) by (7) in Lemma 1. Thus, we see that the orbit for 
meaning of differential equation (except for inequality:< ) in (20), that is, {𝑓𝑓(𝑡𝑡,⋅) |𝑡𝑡 ≥ 0 } has relatively compact. The 
assertion (25) follows from this fact. Indeed, if (25) is not true, then there exist sequences {𝑡𝑡𝑛𝑛}, 𝑡𝑡𝑛𝑛 → ∞ as 𝑛𝑛 → ∞, and 
{𝑥𝑥𝑛𝑛} ⊂ Ω� such that |𝑓𝑓(𝑡𝑡𝑛𝑛 , 𝑥𝑥𝑛𝑛)| ≥ ϵ > 0,𝑛𝑛 = 1,2,⋯for some 𝜖𝜖 > 0. We can assume that 𝑥𝑥𝑛𝑛 → 𝑥𝑥0 and 𝑓𝑓(𝑡𝑡𝑛𝑛 , 𝑥𝑥𝑛𝑛) →
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𝑓𝑓(𝑥𝑥0) uniformly on Ω� for some 𝑥𝑥0 ∈ Ω� and 𝑓𝑓 ∈ 𝐶𝐶(Ω�) as 𝑛𝑛 → ∞, if necessary taking a subsequence of these. In par-
ticular, we get �𝑓𝑓(𝑥𝑥0)� ≥ ε. This is a contradiction, because ∫ 𝑓𝑓2(𝑥𝑥)Ω 𝑑𝑑𝑑𝑑 = lim𝑛𝑛→∞‖𝑓𝑓(𝑡𝑡𝑛𝑛 ,⋅)‖𝐿𝐿2

2 = 0 by (24). Thus, we 
must have (25). From the definition of 𝑓𝑓, we have (19), that is 𝐼𝐼 → β

β+σ
𝐾𝐾 > 0. Thus, (18) holds. Moreover, we easily 

have 

0 < ν3 ≤ lim inf
𝑡𝑡→+∞

� inf
𝑥𝑥∈Ω�

𝑅𝑅(𝑡𝑡, 𝑥𝑥)� 

for some 𝜈𝜈3 > 0. Thus, equation (1) has the property of permanence by Lemmas 1, 2 and 3. This proves Theorem 1. 

3. Global attractor 
Theorem 2. If 𝑆𝑆0

∗ < 𝑆𝑆∗or ϕ2 ≡ 0, the disease-free equilibrium of (5) satisfies 

𝑙𝑙𝑙𝑙𝑚𝑚𝑡𝑡→∞ �sup
𝑥𝑥∈Ω

𝐼𝐼 (𝑡𝑡, 𝑥𝑥)� = 0, 

and 

𝑙𝑙𝑙𝑙𝑚𝑚𝑡𝑡→∞ �sup
𝑥𝑥∈Ω

�𝑆𝑆(𝑡𝑡, 𝑥𝑥) −
𝑏𝑏
𝜇𝜇1
�� = 0 

whenever the assumption (𝐻𝐻2) holds. 
Proof. If 𝑏𝑏/μ1 ≤ 𝑁𝑁(0, 𝑥𝑥) ≤ 𝐾𝐾, then we can show that  

                                                                           𝑁𝑁(𝑡𝑡, 𝑥𝑥) ≤ 𝑁𝑁�(𝑡𝑡) 𝑡𝑡 > 0, 𝑥𝑥 ∈ Ω�,                                                                                     (26) 
where 𝑁𝑁�(𝑡𝑡) is the solution of ordinary differential equation 

𝑑𝑑
𝑑𝑑𝑑𝑑
𝑁𝑁�(𝑡𝑡) = −μ1𝑁𝑁�(𝑡𝑡) + 𝑏𝑏,  𝑡𝑡 > 0 

and 
𝑁𝑁�(0) = 𝐾𝐾. 

To see this, we consider the function 𝑤𝑤3(𝑡𝑡, 𝑥𝑥) ≔ 𝑁𝑁(𝑡𝑡, 𝑥𝑥) −𝑁𝑁�(𝑡𝑡)  on [0,∞) × Ω� . Then 𝑤𝑤3(0, 𝑥𝑥) = 𝑁𝑁(0, 𝑥𝑥) −
𝑁𝑁�(0) ≤ 0 for 𝑥𝑥 ∈ Ω�, and moreover  

∂𝑤𝑤3/ ∂𝑡𝑡 = ∂𝑁𝑁/ ∂𝑡𝑡 − 𝑑𝑑𝑁𝑁�(𝑡𝑡)/𝑑𝑑𝑑𝑑 
= 𝑑𝑑∆𝑁𝑁 − μ1𝑁𝑁 − 𝑝𝑝𝑝𝑝 + 𝑏𝑏 − λ𝐼𝐼 + μ1𝑁𝑁� − 𝑏𝑏 

= 𝑑𝑑∆𝑤𝑤3 − μ1�𝑤𝑤3 + 𝑁𝑁�� − (λ + 𝑝𝑝)𝐼𝐼 + μ1𝑁𝑁� 
and hence 

𝑑𝑑∆𝑤𝑤3 − ∂𝑤𝑤3/ ∂𝑡𝑡 − μ1𝑤𝑤3 = (λ + 𝑝𝑝)𝐼𝐼 ≥ 0. 
Therefore, by the same reasoning as the one for 𝑤𝑤(𝑡𝑡, 𝑥𝑥), one can see that 𝑤𝑤3(𝑡𝑡, 𝑥𝑥) ≤ 0. Thus, we must have (26). 

Since 𝑁𝑁�(𝑡𝑡) = 𝐶̂𝐶𝑒𝑒−μ1𝑡𝑡 + 𝑏𝑏/μ1,𝐶̂𝐶 = 𝐾𝐾 − 𝑏𝑏/μ1, by letting  𝑡𝑡 → ∞ in the above inequality (26), we obtain 

lim sup
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝑁𝑁(𝑡𝑡, 𝑥𝑥)� ≤
𝑏𝑏
𝜇𝜇1

. 

Hence for the discussion of the asymptotic behavior of solutions as 𝑡𝑡 → +∞ we can (without loss of generality) as-
sume that 
                                                                                      𝑁𝑁(𝑡𝑡, 𝑥𝑥) ≤ 𝑏𝑏/μ1 𝑡𝑡 > 0, 𝑥𝑥 ∈ Ω�.                                                                      (27) 

We next define 

𝑓𝑓(𝑡𝑡, 𝑥𝑥) =
𝐼𝐼(𝑡𝑡, 𝑥𝑥)
σ

, 

where σ = μ2 + 𝜆𝜆. Since 𝑆𝑆0
∗ < 𝑆𝑆∗, we have 𝑏𝑏

μ1
< 𝑏𝑏

β+μ1−σ
. Then β

σ
< 1. Thus 

∂𝑓𝑓
∂𝑡𝑡

 =  
1
σ
∂𝐼𝐼
∂𝑡𝑡

 =  
1
σ
�𝑑𝑑∆𝐼𝐼 + 𝛽𝛽

𝑆𝑆𝑆𝑆(𝑡𝑡 − ℎ, 𝑥𝑥)
𝑁𝑁(𝑡𝑡, 𝑥𝑥) − σ𝐼𝐼� 
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≤  
𝑑𝑑
σ
∆𝐼𝐼 + �

𝛽𝛽
𝜎𝜎
𝑆𝑆
𝑁𝑁
− 1� 𝐼𝐼            �𝑏𝑏𝑏𝑏 (𝐻𝐻2)� 

≤
𝑑𝑑
σ
∆𝐼𝐼 −

1
σ
�𝛽𝛽 �1 −

𝑆𝑆
𝑁𝑁
�� 𝐼𝐼 

≤
𝑑𝑑
σ
∆𝐼𝐼 −

1
σ
𝑄𝑄∗𝐼𝐼      �𝑏𝑏𝑏𝑏  

𝜎𝜎
𝛽𝛽

> 1   𝑎𝑎𝑎𝑎𝑎𝑎  (18)�, 

where 𝑄𝑄∗ = βμ1ν2/𝑏𝑏 > 0. We thus have the following differential inequality of 

                                                                                       
∂𝑓𝑓
∂𝑡𝑡

≤ 𝑑𝑑∆𝑓𝑓 − 𝑄𝑄∗𝑓𝑓.                                                                                             (28) 

Then, we can see that  
𝑓𝑓(𝑡𝑡, 𝑥𝑥) → 0       𝑎𝑎𝑎𝑎  𝑡𝑡 → ∞, 𝑥𝑥 ∈ Ω�, 

by the same argument of the proof in Theorem 1. From the definition of 𝑓𝑓, we have 
                                                                     𝐼𝐼(𝑡𝑡, 𝑥𝑥) → 0        𝑎𝑎𝑎𝑎      𝑡𝑡 → ∞, 𝑥𝑥 ∈ Ω.�                                                                                 (29) 

Since 𝑆𝑆 is bounded and 𝐼𝐼 has the strong fading memory property (𝐻𝐻2) in theorem, 
𝛽𝛽1𝑆𝑆𝑆𝑆(𝑡𝑡 − ℎ, 𝑥𝑥)

𝑁𝑁
→ 0 𝑎𝑎𝑎𝑎    𝑡𝑡 → ∞, 𝑥𝑥 ∈ Ω�. 

We next claim that 

                                                                               𝑆𝑆 →
𝑏𝑏
μ1
 𝑎𝑎𝑎𝑎 𝑡𝑡 → ∞, 𝑥𝑥 ∈ Ω�.                                                                                (30) 

By (29), for any small 𝜖𝜖 > 0, there exists a large time 𝑡𝑡5 > 0 such that 𝐼𝐼(𝑡𝑡, 𝑥𝑥) ≤ 𝜖𝜖 for 𝑡𝑡 ≥ 𝑡𝑡5, 𝑥𝑥 ∈  Ω�. Then, it is 
sufficient for (30) to prove 
                                                                        𝑁𝑁(𝑡𝑡, 𝑥𝑥) ≥ 𝑁𝑁�(𝑡𝑡) 𝑡𝑡 ≥ 𝑡𝑡5, 𝑥𝑥 ∈ Ω�,                                                                                  (31) 
where 𝑁𝑁�(𝑡𝑡) is the solution of ordinary differential equation 

𝑑𝑑
𝑑𝑑𝑑𝑑
𝑁𝑁�(𝑡𝑡) = −𝜇𝜇1𝑁𝑁�(𝑡𝑡) + 𝑏𝑏 − (λ + 𝑝𝑝)ϵ, 𝑡𝑡 > 𝑡𝑡5, 

𝑁𝑁�(𝑡𝑡5) = 𝑁𝑁5� 𝑎𝑎𝑎𝑎𝑎𝑎 0 < 𝑁𝑁5� ≤ sup
𝑥𝑥∈Ω�

𝑁𝑁(𝑡𝑡5, 𝑥𝑥) ≤
𝑏𝑏
μ1

. 

Then, we have 

N�(t) ≤ N(t, x) ≤
𝑏𝑏
𝜇𝜇1
 t ≥ t5, x ∈ Ω�. 

Since 𝑁𝑁�(𝑡𝑡) = 𝐶̃𝐶𝑒𝑒−μ1𝑡𝑡 + 𝑏𝑏/μ1 − (λ + 𝑝𝑝)ϵ/μ1,𝐶̃𝐶 = 𝑒𝑒μ1𝑡𝑡5�𝑁𝑁5� − 𝑏𝑏/μ1 + (λ + 𝑝𝑝)ϵ/μ1�, by letting  𝑡𝑡 → ∞ and later let-
ting ϵ → 0 in the above inequality, we obtain 

𝑏𝑏
𝜇𝜇1
≤ lim inf

𝑡𝑡→∞
�sup
𝑥𝑥∈Ω�

𝑁𝑁(𝑡𝑡, 𝑥𝑥)� ≤ lim
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝑁𝑁(𝑡𝑡, 𝑥𝑥)� 

≤ lim
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝑆𝑆(𝑡𝑡, 𝑥𝑥)� + lim
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝐼𝐼(𝑡𝑡, 𝑥𝑥)� = lim
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝑆𝑆(𝑡𝑡, 𝑥𝑥)� 

≤ lim sup
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

𝑁𝑁(𝑡𝑡, 𝑥𝑥)� ≤
𝑏𝑏
𝜇𝜇1

. 

To see (31), we consider the function 𝑤𝑤4(𝑡𝑡, 𝑥𝑥) ≔ 𝑁𝑁�(𝑡𝑡) −𝑁𝑁(𝑡𝑡, 𝑥𝑥) on [𝑡𝑡5,∞) × Ω�. Then 𝑤𝑤4(𝑡𝑡5, 𝑥𝑥) = 𝑁𝑁5� −𝑁𝑁(𝑡𝑡5, 𝑥𝑥) ≤
0 for 𝑥𝑥 ∈  Ω�, and moreover 

∂𝑤𝑤4/ ∂𝑡𝑡 = 𝑑𝑑𝑁𝑁�(𝑡𝑡)/𝑑𝑑𝑑𝑑 − ∂𝑁𝑁/ ∂𝑡𝑡 
= −μ1𝑁𝑁� + 𝑏𝑏 − (λ + 𝑝𝑝)ϵ − 𝑑𝑑∆𝑁𝑁 + μ1𝑁𝑁 − 𝑏𝑏 + (λ + 𝑝𝑝)𝐼𝐼 

= 𝑑𝑑∆𝑤𝑤4 + μ1�𝑁𝑁� − 𝑤𝑤4� − μ1𝑁𝑁� + (λ + 𝑝𝑝)(𝐼𝐼 − ϵ) 
and hence, by 𝐼𝐼 ≥ ν2, 
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𝑑𝑑∆𝑤𝑤4 − ∂𝑤𝑤4/ ∂𝑡𝑡 − μ1𝑤𝑤4 ≤ (λ + 𝑝𝑝)(ϵ − ν2) < 0. 
Therefore, by the same reasoning as the one for 𝑤𝑤(𝑡𝑡, 𝑥𝑥), one can see that 𝑤𝑤4(𝑡𝑡, 𝑥𝑥) ≤ 0, that is (31) holds. Thus, we 

have (30). This completes the proof of Theorem 2. 
We show also that the following theorem. 
Theorem 3. If 𝑆𝑆0

∗ > 𝑆𝑆∗ as the assumption (𝐻𝐻1) and ϕ2 ≢ 0, then, for each nonnegative continuous initial function, 
there is a unique positive equilibrium (𝑆𝑆∗, 𝐼𝐼∗) of (5) satisfies 

lim
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

|𝐼𝐼(𝑡𝑡, 𝑥𝑥) − 𝐼𝐼∗|� = 0 

and 

lim
𝑡𝑡→∞

�sup
𝑥𝑥∈Ω�

|𝑆𝑆(𝑡𝑡, 𝑥𝑥) − 𝑆𝑆∗|� = 0 

whenever the assumption (𝐻𝐻2) holds. 
Proof of Theorem 3. In order to prove this theorem, we need the following Corollary in [8, pp.148-153]. As there are 

complete comments and references of this result for ordinary differential equations in [cf. 8, pp.159-160], we omit the 
proof of this corollary for simplicity. 

Corollary. If 𝑆𝑆0
∗ > 𝑆𝑆∗, and 𝐼𝐼0(𝑥𝑥) ≠ 0, then there is a unique positive endemic equilibrium (𝑆𝑆∗, 𝐼𝐼∗). 

Now, from 𝑁𝑁 =  𝑆𝑆 +  𝐼𝐼, the system (5) drives to 

                                                                                
∂𝑁𝑁
∂𝑡𝑡

= 𝑑𝑑∆𝑁𝑁 − 𝜇𝜇1𝑁𝑁 − (λ + 𝑝𝑝)𝐼𝐼 + 𝑏𝑏,                                                                      (32) 

∂𝐼𝐼
∂𝑡𝑡
≤ 𝑑𝑑∆𝐼𝐼 + 𝛽𝛽𝛽𝛽 �

(𝑁𝑁 − 𝐼𝐼)
𝑁𝑁

� − (μ2 + λ)𝐼𝐼 

                                                                          = 𝑑𝑑∆𝐼𝐼 + 𝛽𝛽𝛽𝛽 �(𝑁𝑁 − 𝐼𝐼)/𝑁𝑁 −
𝜎𝜎
𝛽𝛽
� .                                                                                    (33) 

The system (5) has the positive equilibrium (𝑆𝑆∗, 𝐼𝐼∗) where 𝑁𝑁∗ = 𝑆𝑆∗ + 𝐼𝐼∗. We can rewrite (32) in the form 

                                                                        
∂𝑁𝑁
∂𝑡𝑡

= 𝑑𝑑Δ𝑁𝑁 − μ1(𝑁𝑁 − 𝑁𝑁∗) − (λ + 𝑝𝑝)(𝐼𝐼 − 𝐼𝐼∗)                                                            (34) 

because −μ1𝑁𝑁∗ − (λ + 𝑝𝑝)𝐼𝐼∗ + 𝑏𝑏 = 0. Moreover, for the first equation of 𝑆𝑆in (5), since 

−𝛽𝛽
𝑆𝑆∗𝐼𝐼∗

𝑁𝑁∗ − μ1𝑆𝑆∗ + 𝑏𝑏 = 0, 

we have 

𝛽𝛽
𝑆𝑆∗

𝑁𝑁∗ = (λ + μ2) =  𝜎𝜎 

by 𝐼𝐼∗ in (5∗). Moreover, from (33), 
∂𝐼𝐼
∂𝑡𝑡
≤ 𝑑𝑑Δ𝐼𝐼 + 𝛽𝛽𝛽𝛽{(𝑁𝑁 − 𝐼𝐼)/𝑁𝑁 + (−𝑁𝑁∗ + 𝐼𝐼∗)/𝑁𝑁∗} 

                                                                         = 𝑑𝑑Δ𝐼𝐼 + 𝛽𝛽𝛽𝛽{𝐺𝐺(𝑁𝑁) − (𝐼𝐼 − 𝐼𝐼∗)/𝑁𝑁}.                                                                              (35) 
Here, 

𝐺𝐺(𝑁𝑁) =
𝑁𝑁 −𝑁𝑁∗

𝑁𝑁
−

(𝑁𝑁 −𝑁𝑁∗)(𝑁𝑁∗ − 𝐼𝐼∗)
𝑁𝑁𝑁𝑁∗  

= 𝐼𝐼∗
(𝑁𝑁 − 𝑁𝑁∗)
𝑁𝑁𝑁𝑁∗ . 

Then, 𝐺𝐺(𝑁𝑁) > 0 for 𝑁𝑁 > 𝑁𝑁∗ and 𝐺𝐺(𝑁𝑁) < 0 for 𝑁𝑁 < 𝑁𝑁∗. We now define a function 𝑉𝑉(𝑡𝑡) by  
𝑉𝑉(𝑡𝑡) = 𝑉𝑉(𝑁𝑁, 𝐼𝐼)(𝑡𝑡) 

= � {ξ� 𝐺𝐺(𝑠𝑠)𝑑𝑑𝑑𝑑
𝑁𝑁

𝑁𝑁∗Ω
+ (𝐼𝐼 − 𝐼𝐼∗) − 𝐼𝐼∗ log

𝐼𝐼
𝐼𝐼∗

}𝑑𝑑𝑑𝑑, 

where ξ = β
λ+𝑝𝑝

. Then 𝑉𝑉(𝑁𝑁∗, 𝐼𝐼∗)(𝑡𝑡) = 0 and 𝑉𝑉(𝑁𝑁, 𝐼𝐼)(𝑡𝑡) > 0 for other admissible (𝑁𝑁, 𝐼𝐼). Furthermore, we calculate 
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𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 along the solution of (34) and (35). 
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

= � {ξ𝐺𝐺(𝑁𝑁)
∂𝑁𝑁
∂𝑡𝑡Ω

+
∂𝐼𝐼
∂𝑡𝑡
− 𝐼𝐼∗

∂𝐼𝐼/ ∂𝑡𝑡
𝐼𝐼

}𝑑𝑑𝑑𝑑 

≤ � [ξ𝐺𝐺(𝑁𝑁)�𝑑𝑑∆𝑁𝑁 − μ1(𝑁𝑁 − 𝑁𝑁∗) − (λ + 𝑝𝑝)(𝐼𝐼 − 𝐼𝐼∗)�
Ω

 

+𝑑𝑑∆𝐼𝐼 + β𝐼𝐼𝐼𝐼(𝑁𝑁) − β𝐼𝐼(𝐼𝐼 − 𝐼𝐼∗)/𝑁𝑁 

−𝐼𝐼∗ �𝑑𝑑
∆𝐼𝐼
𝐼𝐼

+ β𝐺𝐺(𝑁𝑁) − β(𝐼𝐼 − 𝐼𝐼∗)/𝑁𝑁}� 𝑑𝑑𝑑𝑑 

= 𝑑𝑑ξ�Δ𝑁𝑁𝑁𝑁(𝑁𝑁)𝑑𝑑𝑑𝑑
Ω

− ξμ1 �𝐺𝐺(𝑁𝑁)(𝑁𝑁 − 𝑁𝑁∗)𝑑𝑑𝑑𝑑
Ω

 

−ξ(λ + 𝑝𝑝)�𝐺𝐺(𝑁𝑁)(𝐼𝐼 − 𝐼𝐼∗)𝑑𝑑𝑑𝑑
Ω

+ 𝑑𝑑�Δ𝐼𝐼𝐼𝐼𝐼𝐼
Ω

 

+β� 𝐼𝐼𝐼𝐼(𝑁𝑁)𝑑𝑑𝑑𝑑
Ω

− β�
𝐼𝐼(𝐼𝐼 − 𝐼𝐼∗)

𝑁𝑁
𝑑𝑑𝑑𝑑

Ω
 

−𝑑𝑑�
𝐼𝐼∗Δ𝐼𝐼
𝐼𝐼

𝑑𝑑𝑑𝑑
Ω

− β� 𝐼𝐼∗
Ω

𝐺𝐺(𝑁𝑁)𝑑𝑑𝑑𝑑 + 𝐼𝐼∗β�
𝐼𝐼 − 𝐼𝐼∗

𝑁𝑁
𝑑𝑑𝑑𝑑

Ω
 

= 𝑑𝑑ξ�Δ𝑁𝑁𝑁𝑁(𝑁𝑁)𝑑𝑑𝑑𝑑
Ω

− ξμ1 �𝐺𝐺(𝑁𝑁)(𝑁𝑁 − 𝑁𝑁∗)𝑑𝑑𝑑𝑑
Ω

 

−β�𝐺𝐺(𝑁𝑁)(𝐼𝐼 − 𝐼𝐼∗)𝑑𝑑𝑑𝑑
Ω

+ 𝑑𝑑�Δ𝐼𝐼
Ω

𝐼𝐼 − 𝐼𝐼∗

𝐼𝐼
𝑑𝑑𝑑𝑑 

+β�𝐼𝐼𝐼𝐼(𝑁𝑁)𝑑𝑑𝑑𝑑
Ω

− β�𝐼𝐼∗
Ω

𝐺𝐺(𝑁𝑁)𝑑𝑑𝑑𝑑 − β�
(𝐼𝐼 − 𝐼𝐼∗)2

𝑁𝑁
𝑑𝑑𝑑𝑑

Ω
 

                                                                                                           < 0                                                                                                   (36) 
whenever (𝑁𝑁, 𝐼𝐼) ≠ (𝑁𝑁∗, 𝐼𝐼∗). To drive this, we continue to estimate for (36) in more detail. 

𝑑𝑑ξ�Δ𝑁𝑁𝑁𝑁(𝑁𝑁)𝑑𝑑𝑑𝑑
Ω

= 𝑑𝑑ξ ��
∂𝑁𝑁
∂𝑥𝑥

𝐺𝐺(𝑁𝑁)�
Ω
− �

∂𝑁𝑁
∂𝑥𝑥

∂𝐺𝐺(𝑁𝑁)
∂𝑥𝑥

𝑑𝑑𝑑𝑑
Ω

� 

                                                                                         = −𝑑𝑑ξ�
∂𝑁𝑁
∂𝑥𝑥

∂𝐺𝐺(𝑁𝑁)
∂𝑥𝑥

𝑑𝑑𝑑𝑑
Ω

.                                                                                (37) 

Here 
∂𝐺𝐺(𝑁𝑁)
∂𝑥𝑥

=
∂
∂𝑥𝑥

�𝐼𝐼∗
(𝑁𝑁 −𝑁𝑁∗)
𝑁𝑁𝑁𝑁∗ � = 𝐼𝐼∗

∂
∂𝑥𝑥

�
1
𝑁𝑁∗ −

1
𝑁𝑁
� = 𝐼𝐼∗

∂𝑁𝑁/ ∂𝑥𝑥
𝑁𝑁2 . 

Thus, expression (37) is 

−𝑑𝑑ξ𝐼𝐼∗ �
(∂𝑁𝑁/ ∂𝑥𝑥)2

𝑁𝑁2 𝑑𝑑𝑑𝑑
Ω

< 0. 

Moreover, we have  

−ξμ1 �𝐺𝐺(𝑁𝑁)(𝑁𝑁 − 𝑁𝑁∗)𝑑𝑑𝑑𝑑
Ω

≤ 0, 

because 𝐺𝐺(𝑁𝑁) > 0 for 𝑁𝑁 > 𝑁𝑁∗and 𝐺𝐺(𝑁𝑁) < 0 for 𝑁𝑁 < 𝑁𝑁∗. 
And moreover, 

−β�𝐺𝐺(𝑁𝑁)(𝐼𝐼 − 𝐼𝐼∗)𝑑𝑑𝑑𝑑
Ω

+ β� 𝐼𝐼𝐼𝐼(𝑁𝑁)𝑑𝑑𝑑𝑑
Ω

− β� 𝐼𝐼∗
Ω

𝐺𝐺(𝑁𝑁)𝑑𝑑𝑑𝑑 = 0. 

Similarly, we can check 

𝑑𝑑� Δ𝐼𝐼
𝐼𝐼 − 𝐼𝐼∗

𝐼𝐼
𝑑𝑑𝑑𝑑

Ω
= 𝑑𝑑�Δ𝐼𝐼

Ω
�1 −

𝐼𝐼∗

𝐼𝐼
� 𝑑𝑑𝑑𝑑 = 𝑑𝑑 �

∂𝐼𝐼
∂𝑥𝑥

�1 −
𝐼𝐼∗

𝐼𝐼
��
Ω
− 𝑑𝑑𝐼𝐼∗ �

(∂𝐼𝐼/ ∂𝑥𝑥)2

𝐼𝐼2 𝑑𝑑𝑑𝑑
Ω

< 0. 
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Therefore, 𝑉𝑉(𝑡𝑡) is non-increasing in𝑡𝑡that is there exists a constant 𝑐𝑐1 ≥ 0 such that 𝑉𝑉(𝑡𝑡) → 𝑐𝑐1 as 𝑡𝑡 → ∞. From 
Lemma 1 and Theorem 1, 𝐼𝐼(𝑡𝑡, 𝑥𝑥) is uniformly bounded on [0,∞) ×  Ω�. Thus, we see that for any ℎ >  0, there exists 
𝐶𝐶(ℎ) > 0 such that |𝐼𝐼(𝑡𝑡 + ℎ,⋅) − 𝐼𝐼(𝑡𝑡,⋅)| ≤ 𝐶𝐶(ℎ) for  𝑡𝑡 ≥ 0. From (36), we have 𝑉̇𝑉(𝑡𝑡) ≤ −𝑊𝑊(𝑁𝑁, 𝐼𝐼)(𝑡𝑡) ≤ 0 (included 
equilibrium point case), where 𝑊𝑊(𝑁𝑁, 𝐼𝐼)(𝑡𝑡) is the function of right-hand side in (36). Suppose that 𝑉̇𝑉(𝑡𝑡) ≠ 0. For any 
sequence{𝑡𝑡𝑘𝑘}, 𝑡𝑡𝑘𝑘 → ∞ as 𝑘𝑘 → ∞ and some positive number γ, there exists δ >  0 such that 
                                                                                               𝑉̇𝑉(𝑡𝑡) < −γ                                                                                                 (37) 
if |𝐼𝐼(𝑡𝑡 + 𝑡𝑡𝑘𝑘 ,⋅) − 𝐼𝐼(𝑡𝑡,⋅)| ≤ δ, 0 ≤ 𝑡𝑡 ≤ 𝛿𝛿 and 𝑘𝑘 is sufficient large. For regions [𝑡𝑡𝑘𝑘 , 𝑡𝑡𝑘𝑘 + δ], we can see that  
                                                                                 𝑉𝑉(𝑡𝑡𝑘𝑘 + δ) ≤ 𝑉𝑉(𝑡𝑡𝑘𝑘) − γδ                                                                                      (38) 
to integral on [𝑡𝑡𝑘𝑘 , 𝑡𝑡𝑘𝑘 + δ] for the both sides of (37). Since (38) is true for all large number 𝑘𝑘 and lim𝑡𝑡→∞ 𝑉𝑉 (𝑡𝑡) = 𝑐𝑐1 ≥
0, it contradicts by γδ is positive. This shows that 𝑉̇𝑉(𝑡𝑡) = 0. Then, we have 𝑊𝑊(𝑁𝑁, 𝐼𝐼)(𝑡𝑡) = 0. We thus obtain 𝑁𝑁 →
𝑁𝑁∗and 𝐼𝐼 → 𝐼𝐼∗by continuity of 𝑉𝑉 and 𝑊𝑊. The asymptotic behavior of 𝑆𝑆now follows from the above result on the beha-
vior of 𝑁𝑁 and 𝐼𝐼. Thus, it is clear from 𝑆𝑆 = 𝑁𝑁 − 𝐼𝐼 that 𝑆𝑆 → 𝑆𝑆∗. This completes the proof. 

4. Example 
We consider the following concrete example of equation (5); 

∂𝑆𝑆
∂𝑡𝑡

(𝑡𝑡, 𝑥𝑥) = 0.1∆𝑆𝑆(𝑡𝑡, 𝑥𝑥) − 0.0425𝑆𝑆(𝑡𝑡, 𝑥𝑥)𝐼𝐼(𝑡𝑡 − 12.0, 𝑥𝑥)/𝑁𝑁(𝑡𝑡, 𝑥𝑥) 

−0.01𝑆𝑆(𝑡𝑡, 𝑥𝑥) + 0.8 𝑡𝑡 > 0, 𝑥𝑥 ∈ Ω, 
∂𝐼𝐼
∂𝑡𝑡

(𝑡𝑡, 𝑥𝑥) = 0.1Δ𝐼𝐼(𝑡𝑡, 𝑥𝑥) + 0.0425𝑆𝑆(𝑡𝑡, 𝑥𝑥)𝐼𝐼(𝑡𝑡 − 12.0, 𝑥𝑥)/𝑁𝑁(𝑡𝑡, 𝑥𝑥) − 0.04𝐼𝐼(𝑡𝑡, 𝑥𝑥) 

                                                                                          𝑡𝑡 > 0, 𝑥𝑥 ∈ Ω,                                                                                                (39) 
where, in equation (5),  𝑑𝑑 =  0.1, ℎ = 12, β = 0.0425, μ1 = 0.01, μ2 = 0.02, λ =  0.02, 𝑏𝑏 = 0.8 and σ = μ2 + λ =
0.04. Thus, we have 

𝑆𝑆0
∗ =

𝑏𝑏
μ1

=
0.8

0.01
= 80, 

𝑆𝑆∗ =
𝑏𝑏

β + μ1 − (μ2 + λ) =
0.8

0.0125
= 64,   𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  𝑆𝑆0

∗ > 𝑆𝑆∗. 

𝐸𝐸𝑆𝑆0
∗ = (𝑆𝑆0

∗, 0) = (80,0)  and     𝐸𝐸+ = (𝑆𝑆∗, 𝐼𝐼∗) = (64,4). 

Here 

𝐼𝐼∗ =
𝑏𝑏 − μ1𝑆𝑆∗

μ2 + λ
=

0.8 − 0.01 × 64
0.04

= 4 > 0. 

The initial functions are 
𝑆𝑆(θ, 𝑥𝑥) = ϕ1(θ, 𝑥𝑥) ≡ 104 > 0, 𝑥𝑥 ∈ Ω�, 

𝐼𝐼(θ, 𝑥𝑥) = ϕ2(θ, 𝑥𝑥) ≡ 15 > 0, 𝑥𝑥 ∈ Ω�      𝑎𝑎𝑎𝑎𝑎𝑎 
𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑡𝑡𝑡𝑡 𝑡𝑡ℎ𝑒𝑒   (θ, 𝑥𝑥) ∈ [−2,0] × 𝐶𝐶1(Ω�). 

Conclusion. We obtain the results of Theorem 1, 2 and 3 that the asymptotic stability of the equilibrium point 
𝐸𝐸𝑆𝑆0

∗,𝐸𝐸+[cf. 22] and the property of permanence for equation (5), by using the method of the strong maximum principle, 
the technique of Lyapunovfunctionals and others. Moreover, we have given the simple example for Theorem 3 that the 
equilibrium-point 𝐸𝐸+ of equation (39), that is equation (5), is the asymptotically stable by assumptions(𝐻𝐻1), (𝐻𝐻2) and 
the strong maximum principle. 

Figures. Figure 1 and Figure 2 denotes the asymptotic stability of the equilibrium point 𝐸𝐸+of equation (5) satisfying 
our theorem 3, if assumptions (𝐻𝐻1) and (𝐻𝐻2) hold. In Figure 1, we denote measures of the susceptible individuals, 
𝑧𝑧 = 𝑆𝑆(𝑡𝑡, 𝑥𝑥), 𝑦𝑦 =time 𝑡𝑡 passes to the left side for the future and 𝑥𝑥 =space variable 𝑥𝑥, and also, Figure 2, the infectious 
individual 𝑧𝑧 = 𝐼𝐼(𝑡𝑡, 𝑥𝑥) for the partner 𝑦𝑦 = 𝑡𝑡 passes to the left side for the future and 𝑥𝑥 =space variable 𝑥𝑥. These are 
the graph of the trajectory of equation (39). In the case of Example, the solutions of (39) approach the equilibrium 
point(𝑆𝑆∗, 𝐼𝐼∗). 
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Figure 1. (𝒕𝒕,𝒙𝒙, 𝒛𝒛). 

The Figure 2 is the phase space of (𝑡𝑡, 𝑧𝑧)-plane in Figure 1. 

 
Figure 2. (𝒕𝒕, 𝒛𝒛). 

In the case of Example, the solutions of (39) approach the equilibrium point (𝑆𝑆∗, 𝐼𝐼∗). 

 
Figure 3. (𝒕𝒕,𝒙𝒙, 𝒛𝒛). 
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The Figure 4 is the phase space of (𝑡𝑡, 𝑧𝑧)-plane in Figure 3. 

 
Figure 4. (𝒕𝒕, 𝒛𝒛). 
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