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  Abstract 

It is found a classical solution to a mixed problem for an inhomogeneous wave 

equation of bounded string in the case of time-dependent coefficients and 

non-characteristic partial second order derivatives in boundary modes. A correct-

ness criterion (necessary and sufficient conditions) according to Adamard (unique 

and stable everywhere solvability) is derived in the set of classical solutions with-

out extensions of the problem data (the right-hand side of the equation, initial and 

boundary data) outside the sets of their specification. The correctness criterion for 

this problem includes the smoothness requirements and matching conditions on the 
mixed problem data. Therefore, the proved theorem is called the global correctness 

theorem. These results were obtained by Lomovtsev F.E., "method of auxiliary 

mixed problems for wave equations on the half-line”. First, the upper half-band of 

the plane is divided into rectangles of height equal to the passage time of the for-

ward and backward waves. Then, by mathematical induction, the restrictions to 

these rectangles are taken of the previously established classical solution formula 

and correctness criterion for a similar non-characteristic mixed problem for a 

semi-bounded string. 

 

Keywords 

Mixed problem, non-stationary boundary mode, non-characteristic second deriva-
tives, classical solution, correctness criterion, smoothness requirement, matching 

condition 

 

1. Introduction 

Using the method of “auxiliary mixed problems for a semi-bounded string (wave equation on a half-line)” from [1], in 

this paper we find an explicit classical solution and identify a correctness criterion (necessary and sufficient conditions) 

for Adamard (existence, uniqueness and stability on the problem data) in the set of classical solutions to the linear mixed 

problem. This mixed problem have a general ( 1 2a a ) forced vibration equation of a bounded string with non-stationary 

(with time-dependent coefficients) non-characteristic second derivatives in boundary modes. The correctness criterion 

includes necessary and sufficient smoothness requirements and two matching conditions on the problem data (the 

right-hand side of the equation, initial and boundary data), which guarantee its unique and stable everywhere solvability 

in the set of twice continuously differentiable functions. These global (complete and final) results are obtained by the 

above method from the explicit classical solution and the correctness criterion for an auxiliary mixed problem in the first 

quarter of the plane from [2]. The necessary smoothness of the right-hand side of the wave equation is provided by the 
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correction method of test solutions in [3]. Article [4] was devoted to a particular case of non-characteristic second deriva-

tives in the boundary mode for the simplest ( 1 2a a ) vibrations equation of a semi-bounded string. A mixed problem for 

the general ( 1 2a a ) vibration equation of a semi-bounded string with some factorized non-characteristic second deriva-

tives in the boundary mode was studied in [5]. Earlier in the dissertation [6], the same method was used to establish the 

global correctness theorem to a mixed problem for the simplest ( 1 2a a ) vibration equation of a bounded string and for 

non-characteristic first oblique derivatives in boundary modes. A mixed problem for the general forced vibration equa-

tion of a semi-bounded string with non-stationary characteristic second derivatives in the boundary regime in the quarter 

of the plane was studied in [7]. 

2. Auxiliary mixed problem with non-characteristic second derivatives at the end 

In the first quarter of the plane [0, ] [0, ]G      it is solved and investigated the correctness of the mixed prob-

lem. 

1 2 1 2( , ) ( ) ( , ) ( , ) ( , ), ( , ) ,tt xt xxu x t a a u x t a a u x t f x t x t G                           (1) 

0 0
( ), ( ), [0, ],tt t

u x u x x d 
 
                                   (2) 

  0( ) ( ) ( ) θ( ) ( ) ( ) ( ) ( ), 0,tt xt xx t x xГ t u t u t u t u t u t u t u t t                         (3) 

where , , , , , , , , ,f            are given bounded functions of the above independent variables x and ,t  

1 20, 0a a   are real constants. 

Let ( )kС   be a set of real k times continuously differentiable functions on a subset 2 ,    
0( ) ( ).C C    

Definition 1. The classical solutions of the mixed problem (1)-(3) are the functions 
2 ( ),u C G

 

[0, ] [0, ],G      satisfying the equation (1) on G
  in the usual sense, and the initial conditions (2) and the boun-

dary mode (3) in the sense of the limits of the values of the corresponding differential expressions from ( , )u x t  at inter-

nal points ( , )x t G   at x x  and t t  for all specified boundary points ( , )x t  of the set .G  
It is known that equation (1) has two different characteristic families: 1 1 2 2 1, ,x a t C x a t C C      

2 [ , ].C     It is assumed that in the boundary mode (3) the second derivatives are not characteristic, i.e. the di-

rections of the second derivatives do not coincide with the characteristic direction of 1x a t  for all 0.t   

Definition 2. Characteristic 1 ,x a t  where 1 0,a   is called critical for equation (1) in the first quarter of the plane. 

In order to mathematically express the characteristics of the second partial derivatives in the boundary mode (3), first we 

calculate the second derivative in the direction 1{1, }v a


 along the critical characteristic 1x a t
 

of the function u [2] : 

    
2

2 2

1 1 1 12
( 1) 1 ,t x t x

u
a a u a u grad u a u v

vv

 
      



 
                         (4) 

     2

1 1 1 1 1 1, , 1, .tt xt tx xx tt xt tx xxu a u u a u a u a u a u a u        

Then we equate the value of the characteristic determinant to zero: 

( )

( ) 1

0

t

t



  1

1

( )t

a

a


2

1 1 1

2

1

( )

0 ( ( ) ( ) ( )) 0, [0, ,

t

a a t a t t t

a



       ]                       (5) 

where the first line are the coefficients for the second derivatives in the boundary mode (3) and the next two lines are the 

coefficients for the corresponding second derivatives in the direction of the vector 1{1, }v a


 from (4). 

Definition 3. [2] The determinant   on the left side of the expressions (5) is called characteristic for the boundary 

mode (3) and the equation (1); the boundary mode (3), for which the determinant ( )t  turns to zero for all 0,t   is 

called characteristic and the second partial derivatives in the boundary mode (3) are called characteristics. 
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Critical characteristic 
1 1, 0,x a t a  divides the set G

 into two sets 1{( , ) : , 0},G x t G x a t t    
 

1{( , ) : , 0}.G x t G x a t x      For classical solutions 
2 ( )u C G  from the equation (1) and conditions (2), (3) ob-

vious necessary smoothness requirements follow 

2 1( ), [0, ], [0, ], [0, ].f C G C C C                                   (6) 

Below, we'll derive additional necessary smoothness conditions for all problem data. Assuming 0t   in the boundary 

mode (3) and calculating the values of the traces of the terms using the initial conditions (2) at 0x   and equation (1) at 

0, 0,x t   we find the necessary matching condition 

2 1 1 2(0)[ (0,0) ( ) (0) (0)] (0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0).Y f a a a a                             (7) 

In the following theorem, we use the notations: 

2

1

( )

0 ( )1 2

1
( , ) ( , ) ,

x a tt

x a t

F x t f s dsd
a a





 
 

 




 
2

1 2 2

1 2 0

( , ) ( ) (0) ( )
1

,

x a t

x t a x a t a s sd
a

Ф
a

  
   




  
    

2 2

1

( ) ( ) ( )

0 ( , ) ( ) ( )1 2

1
( , ) ( , ) ( , ) ,

i

i i

t x x a t x a tt

i
x t t x x a t

F x t f s dsd f s dsd
a a

 

 

   
   

 

 
   

   
                      (8) 

1

( ) ( 1) ,i

i

x
t x t

a

 
   

 
  2 1 1 2( , ) 1 ( 1) ( / ) 1 ( )i

ix t a a x a t a         ,

 

1, 2,i 

 

 2( ) ( ) Г( ) Ф( , ) ( , ) ,P t t t x t F x t  
 

1

1 2

1 1

exp ( ) , (
( ) ( )

( , ) .
( ) (

)
) ( )

a

b
t a t

a b a
a

s d
t a

s
t

t
t

  



 




  


 


  
 

 
Particular classical solutions 

2

1 2, ( )F F С G   from (8) to the equation (1) are obtained by the correction method in 

[3]. 

By modification of the characteristic method from [8] is proved 

Theorem 1. [2] Let the coefficients , , , , , [0, ]C        be continuous, the boundary mode (3) is  

not-characteristic: 
2

1 1( ) ( ) ( ) 0, [0, ],a t a t t t        and there is a classical solution 
2[0, ], ( ) 0,v C v   

( ) 0, [0, ],v       of the ordinary differential equation 

 2

1 1 1 1 1 1 1 1 1([ ( / ) ( / ) ( / )] () ( ) ( ) 0./ ) ( / ) ( / )a a a a a v a a a v a v                           (9) 

Problem (1)–(3) in G
  has a unique and stable by , , ,f     classical solution 

2 ( )u C G  if and only if it is true 

the conditions (6), (7), 

1

1 2
0

( , ) ( ( ), ) ( ),
t

J x t f x a t d C G      
 

( )

12

1 1

1 0 ( )

( , ) 1 ( 1) 1 ( ( , ), ) ( ( ), ) ( ), 1,2.
i

i

t x t

i

i i

t x

a
J x t f x t d f x a t d C G i

a
 

  
          
   

             (10) 

Classic solution of the mixed problem (1)-(3), respectively, for ( , )x t G  and ( , )x t G
 
serves functions: 

2

1

1 2 2 1

1 2

1
( , ) ( ) ( ) ( ) ( , ),

x a t

x a t

u x t a x a t a x a t s ds F x t
a a







  
      

   
                   (11) 

 
 2 2( ) ( )2

1 21 1

1 2 2 2

1 21 1 1 10 0 0

2

(0) (0) (0)( ) ( , ) ( ) ( ,0)
( ) ,

( ) ( ) ( ) ( )
, ( ) ( , )

( )

t x t xs a v aa v a P
v a t x d ds ds

s s
u x t Ф x,t F x t

a av a s a a v a s


  
   

 
 





 
  

     


     

(12) 
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3. Basic mixed problem with non-characteristic second derivatives at the ends 

In the upper half-band of the plane [0, ] [0, ]G d   , a mixed problem for a wave equation is investigated: 

1 2 1 2( , ) ( ) ( , ) ( , ) ( , ), ( , ) ,tt xt xxu x t a a u x t a a u x t f x t x t G     
                       

(13) 

0 0
( ), ( ), [0, ],tt t

u x u x x d 
 
                               (14) 

  ˆ( ) ( ) θ ( ) ( ) ( ) ( ) ( ), 1, 2, 0,
i

i i tt i xt i xx i t i x i ix d
u t u t u t u t u t u t u t i t


                      (15) 

where , , , , , , , , , , 1, 2,i i i i i i if i           are the given bounded functions of their independent variables x  and 

,t  
1 20, 0a a   are the real constants, and ˆ ( 1) , 1, 2.id i d i    

Definition 4. Classical solutions to the mixed problem (13)-(15) are called functions 2 ( )u C G  
that satisfies the 

equation (13) on G  point wise in the usual sense, and initial conditions (14) and boundary modes (15) in the sense of 

limits from within the values of the corresponding differential expressions of ( , )u x t  in all internal points ( , )x t G   at 

x x and t t for all boundary points ( , )x t  of the set .G  

To solve problem (13)-(15), using theorem 1 by the method of auxiliary mixed problems on a semi-bouned string, we 

replace the upper half-band G with a time-expanding by t  set of closed rectangles 
1[0, ] [0, ],n nQ d d    where

1 2( 1) / ( ),nd n d a a   1, 2, ...n   We divide the rectangles nQ
 
into smaller rectangles 1[0, ] [ , ],k k kG d d d  

 

1, ,k n  with the height 1 2/ ( )d a a  (see Figure 1). 

 

Figure 1. Rectangles nQ  expanding in time t  and exhausting the upper half-band G . 

We divide each rectangle kG  by the critical characteristics of equation (13) into three triangles: 

 3 2 1 2 1( , ) : , , [0, ], [ , ] ,k k k k kx t x a t x a t d x d t d d         

 3 1 1 1 2 1( , ) : , [0, ], [ , ] ,k k k kx t x a t x a d t d d       

 3 2 1 2 1( , ) : , [ , ], [ , ] , , 1, , 1,2,...k k k k k kx t x a t d x a d d t d d t t d k n n           

The formulas of unique and stable solution and the necessary and sufficient correctness conditions of the mixed prob-

lem (13)-(15) in the set of classical solutions are given in the following theorem, in which we use the functions and nota-

tions: 
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2 2 2

2 2 2 1

( ) ( ) ( )

(1)

2, 2

1 2 1[ ( ) ] ( ) ( )

1
( , ) ( , ) ( , ) , ( ) ,

k

t x x a t x a tt

k

d a t x t x x a t

x
F x t f s dsd f s dsd t x t

a a a

   

  

 
    

  
   

 

 

   

2 1 2 2

1 12

( ) [ ( ) ] ( )
(2)

2,
( ) ( )( )1 2

1
( , ) ( , ) ( , ) ,

k

t x d a t x x a tt

k
d x a t x a tt x

F x t f s dsd f s dsd
a a

 

 

   

 



   

   

 
   
   
   

*

2

2

( ) ,
d x

t x t
a


 

 

1, ,k n

 2

1

1 2 2 2 1 1

1

3 1

1

3

2 20

( , ) ( ) (0) ( ) , ( , ) ( ) ( ) (
1

)Ф Ф ,
1k

k

x a

k

t d

k k k k k k k k

x a t

kx t a x a t a s ds x t a x a t a d s ds
a a a a







     
 

     
    

      
      

 

 
1

( )

3 2 3 2 2, 2

( 1) ( ) ( )
( ) ( ) Г ( ) Ф ( , ) exp ( ) ,( , ) , ( , ) .

( ) ( 1 )
(

) ( ) (
)

b i

i i i i

k i i i k i k i i i

i ia i

i

i i

is ds t
t a t

P t t t x t F x t a b a
a t a t t



   

   
 

 
    

    



  




 

 Theorem 2. Let the boundary mode coefficients , , , , , [0, [, 1,2,i i i i i i C i          be continuous; boundary 

modes (15) be not-characteristics: 2 ( ) ( 1) ( ) ( ) 0, [0, [, 1, 2,i

i i i i ia t a t t t i         and there are solutions  
2[0, ],iv C   2[0, [, ( ) 0, ( ) 0, [0, [,i i iv C v v         

to the ordinary differential equations 

2[ ( / ) ( 1) ( / ) ( / )] ( ( 1) ( / )) ( ) ( )( / ) ( ,) , 1 2./ 0i i i i

i i

i i i i i i i i i i i i i ia a a a a v a a a v a iv                         

(16)
 

The mixed problem (13)–(15) has a unique and stable classical solution 2 ( )nu C Q  if and only if, it is true the 

smoothness requirements: 

2 1

1 2 1( ), [0, ], [0, ], , [0, [,nf C G C d C d C d                            (17) 

( ) 1

1, 3( , ) ( ( 1) ( ), ) ( ), 1,2,
k

t
p p

k p k
d

J x t f x a t d C G p                          (18) 

 
( ) (2 )2

( ) 12

2, , 1 3 2 3 1

1 ( ) (2 )2

( , ) 1 ( 1) 1 ( , ), ( ( ), ) ( ),
i k

k i k
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with the functions 

 , 2 1 1 (2 ) 2 (2 )( , ) 1 ( 1) ( / ) 1 ( ) ,i

i k i k i kx t a a x a t a  
         , 1 2( , ) 1 ( 1) ( / ) 1i

i kx t d a a        

2 (2 ) 1 (2 )( ) ,i k i kx a t d a      1, 2i   

and it is true the matching conditions: 

3 1 2
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i i i i i i i i i i i i i i i i if d a a d a a d d d d d d             
               

(21) 

with the constants ˆ ( 1) , 1, 2.id i d i    Classical solution 
2 ( )nu C Q  to the mixed problem (13)-(15) is a function 
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where 
1 2( 1) / ( ),kd k d a a   ,k kt t d 

 
the functions 

3k lu   
are the restrictions of the classical solution u  for the 

problem (13)-(15) to the triangles 
3 , 0, 1, 2,k l l   and the intermediate recurrence initial data are equal to 

1 1( ) ( ), ( ) ( ), [0, ],x x x x x d       

3 4 3 4 1 2 1 2 2( ) , ( ) , [ , ( ) ], 0,1, 2, , 2, 3,...
k k

k k j k t k jt d t d
x u x u x ja d a ja d j k n n    
          

Proof. 1. In the first step of mathematical induction for the problem (13)-(15), we derive the formulas of the classical 

solution 2

1( )u C Q  with the necessary and sufficient conditions for its existence and uniqueness in the rectangle 
1.Q

To do this, we first take the restriction to a trapezoid 
1 2   of the unique and stable classical solution of the auxiliary 

mixed problem (1)-(3) for the semi-bounded string from formulas (11) and (12) of theorem 1 with 1 1, ,    
 

1 , 
 1 1 1, ,       

 
and we get the formulas of the classical solution: 
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
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                         (26) 

where 
2

1 [0, ]С    is the solution of equation (16) at 1i   from theorem 2. The formulas (25) and (26) derived from 

theorem 1 coincide, respectively, with formulas (22) and (23) at 1n k   in the case of Theorem 2, because 
(1)

2 2 2,1 1 1 2( , ) ( , ), ( , ) ( , ), ( ) ( ), ( , ) ( , ), ( ) ( )x t x t F x t F x t t t a b a b P t P t          on the triangle 2 .  

We take the restriction of the smoothness (6), (10) from the theorem 1 to the trapezoid 1 2   and get the smooth-

ness (17)–(19) at 1, 1k p  : 
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The matching condition (7) from theorem 1 at coefficients 
1 1 1 1 1 1, , , , ,       instead of coefficients  

, , , , ,      becomes a matching condition (21) in the theorem 2 at 1i  . Therefore, the solution 
2

1 2( ),u C    

because the functions 1u  and 2u  are twice continuously differentiated not only respectively in the triangles 1  and 

2 ,
 
but also on the general segment 1x a t  of the characteristic due to this matching condition (21) at 1.i   

To calculate the solution and correctness criterion of the problem (13)–(15) in a trapezoid 1 3  , we reduce this 

problem only with the boundary mode at x d  from (15) by non-degenerate replacement of variables ,t t x d x   
 

relative to the function ( , ) ( , ) ( , )u x t u d x t u x t      to the equivalent mixed problem: 

1 2 1 2 1 2( , ) ( ) ( , ) ( , ) ( , ), ( , ) ,tt xt xxu x t a a u x t a a u x t f x t x t      
                            (28) 

0 0
( ), ( ), [0, ],tt t

u x u x x d 
 
                                       (29) 

2 2 2 2 2 2 0 2 2( ) [ ( ) ( ) ( ) ( ) ( ) ( ) ] ( ), [0, ],tt xt xx t x xt u t u t u t u t u t u t u t t d           
                        (30) 

in a trapezoid 
1 2    with the triangles  1 1 2( , ) : , , [0, ] ,k kx t x a t x a t d x d     

 

 2 1 1 2( , ) : , [0, ] ,kx t x a t x a d   
1[ , ],k kt d d  1, ,k n  because derivatives ( , ) ( , )x xu x t u x t   

 
and  

( , ) ( , ).xx xxu x t u x t   We find a unique and stable classical solution to a mixed problem (28)–(30) in the trapezoid 
1 2    

according to formulas (11) and (12) from the theorem 1 for  semi-bounded string with the right-hand side of the 

equation ( , ) ( , ) ( , )f x t f d x t f x t     and initial data ( ) ( ) ( ),x d x x       ( ) ( ) ( ).x d x x       Inplace of 

boundary coefficients ( ), ( ), ( ),t t t   ( ), ( ),t t  ( )t and boundary given ( )t
 

we use boundary coefficients 2 ( ),t

2 ( ),t 2 ( ),t 2 ( ),t 2 ( ),t 2 ( )t
 
and 

2 ( ),t  and also mutually replace the coefficients 
1a

 
respectively by 

2 .a  

Theorem 1 assumes the existence of a solution 2

2 2[0, ], ( ) 0,v C d v  2 ( ) 0, [0, ],v d     for an equation 

 2

2 2 2 2 2 2 2 2 2 22 2 2 2 2 22 2([ ) (( / ) ( / ) ( / )] ( / ) ( / ) () ) ( ) 0./a a a a a v a a a v a v                    

Then in the trapezoid 
1 2   , by virtue of the above coefficient replacements in the boundary mode and the expres-

sions from the formulas (11) and (12) of theorem 1, respectively, we have a unique and stable classical solution 
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x a t

x a t

u x t a x a t a x a t s ds F x t x t
a a





  
       

   






                         (31) 

2
2( )

2 2

2 2 2 2

2

2
00 2 2 2 2 2 2

( )
,

( , ) ( )
( )

)
( )

( ) ( ( ) ( )

t x s v
x

a Pa
v a t x d ds

v a s a a

s
u t

   


     




 
  

 
  

 

 
  2 ( )

2 2 1

22

1 2 2 20

2

(0) (0) (0) ( ,0)
, ( , ) ,Ф( ) ( , )

( )

t x
a v a

ds x t
a a v a s

s
x,t F x t

 
  





 

 
 

 



    

                (32)

 
where the following functions and symbols are used: 
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In the resulting formulas (31) of the solution 1( , )u x t   in 
1

  and (32) of the solution 2 ( , )u x t   in 2
  we return to 

the old one variable x  by inverse substitution .x d x   As a result, in a triangle 1  we get a classic solution 
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This solution 

1û  coincides with the formula (21) at 1n k   the solution 
1u  in 

1. This can be verified by re-

placing the integration variable d s    in (33) 
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In a triangle 

3  from (32) we find the unique solution by replacement x d x   
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     


     

 
  

 
   

  
 



 



 

       (35) 

since by replacing the integration variable d s    we make sure that 

1

2

2

31 1

1

( , ) ( ) ( ) (
1

,Ф ( , ))

d x a t

d

x t a x a t a d d s ds
a a

x t

   
    

 


 

 
   

 

2 1 1

1 2
1

22

( ) ( )
(2)

2 2,1
0 ( )1 2 ( ) ( )

1
( , ) ( , ) ( , ) ( , )

d x
t

a d x a t d x a tt

a d x d x a t
tx d a t

aa

F x t f d s dsd f d s dsd F x t
a a

 




   




     

   
  

 
 
 

      
    

    

 
2 1 2 2

1 1

2

( ( ) ) ( )

1 2 0 ( ) ( )

1
( , ) ( , ) ,

d x
t

a d a t x x a tt

d xx a t x a t
t

a

f d d f d d
a a






   

   


 
 

  
  

 

   
 

 

       

 
 (2)

2 2 3 2,1 3( ) ( ) Г ( ) Ф ( , ) ( , ) ( ),P t t t x t F x t P t   

2 2 2

2 22

2 2 2 2

2

2

( ) ( )
( ), ( , )

( ) (
( ) exp ( ) ( , )

) (
.

)
a

b
t a t

tt s ds aa b a
a t a t t

b
  


 

  


 
  

 
 





 

  

This formula (35) coincides with formula (24) at 1n k   of the solution 3u  in 3 .  For problem (28)–(30) on the 

trapezoid 1 2    from Theorem 1 by mutual replacements 1a  and 2a
 

we derive necessary and sufficient smoothness 

requirements 

2 1

1 2 2 2( ), [0, ], [0, ], [0, ],f C C d C d C d             

1

1 1 1 2
0

( , ) ( ( ), ) ( ),
t

J x t f x a t d C             

2

( 1)

1 1

2 1
02 2

1 ( 1) 1 1 ( 1) 1 ( ) ,

i x
t

a
i ia a

f x a t a d
a a

  

  
  
  
 

                                     
       





   

2

1

2 1 1 2

( 1)

( ( ), ) ( , ) ( ), 1, 2.

i

t

i

x
t

a

f x a t d J x t C i

 
   

 

       


                            (36) 

By replacing x d x   smoothness (36) in 
1 2    becomes smoothness (17), (18), (20) in 1 3  at 1,k 

2 :p   
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2 1

1 3 2 2( ), [0, ], [0, ], [0, ],f C C d C d C d         

(2) 1

1,1 1 1 3
0

( , ) ( ( ), ) ( ),
t

J x t f x a t d C         

2

( 1)

1 1

2 1

2 20

1 ( 1) 1 1 ( 1) 1 ( ) ,

i d x
t

a

i ia a
f d x a t d a d

a a

 
   

         
                            

     

2

( ) 1

2 3,1 1 3

( 1)

( ( ), ) ( , ) ( ),

i

t

i

d x
t

a

f x a t d J x t C
 

   
 

          1, 2,i                       (37) 

since by definition of the replacement x d x  the right-hand sides are 
1 1( ( ), ) ( ( ), )f x a t f d x a t           

1( ( ), ),f x a t    
2 2 2( ( ), ) ( ( ), ) ( ( ), ).f x a t f d x a t f x a t                Thus, we see that the smoothness re-

quirements (27) and (37) coincide with the smoothness requirements (17) – (20) at 1n k   on a rectangle 1.Q  

In boundary mode (3) the above replacements of coefficients ( ), ( ), ( ),t t t   ( ), ( ),t t  ( )t  and given ( )t
 

by coef-

ficients 2 2 2 2 2 2( ), ( ), ( ), ( ), ( ), ( )t t t t t t      
 
and given 

2 ( ),t  as well as mutual replacements of coefficients 
1a  

respectively by 
2a

 
from matching condition (7) of theorem 1 in 

1 2   derive the matching condition 

2 1 2 1 2(0)[ (0,0) ( ) (0) (0)]Y f a a a a         2 2 2 2 2 2(0) (0) (0) (0) (0) (0) (0) (0) (0) (0) (0).                       

After reverse replacement x d x  , this is a necessary and sufficient matching condition, which provides twice con-

tinuous differentiation 1u  and 2u  from (31) and (32) on characteristic 2x a t  in 
1 2 ,   passes into a necessary 

and sufficient matching condition (21) at 2i   on characteristics 2x a t d   in 
1 3.   

From the coincidence in (34) of the functions 1 1
ˆ ( , ) ( , )u x t u x t  on 1  we get the two-continuous differentiation of 

functions 1 2 3, ,u u u  from (22) to (24) at 1n k   on the rectangle 1 1G Q  because of doubly continuous differentia-

tion of functions 1 2 3, ,u u u  on the general segments of the characteristics 1 2, .x a t x a t d    

So, for the mixed problem (13)–(15) in 1Q  we obtain formulas (22)–(24) at 1n k   of a unique and stable classic-

al solution 
2

1( )u C Q  with smoothness criteria (17)–(20) and matching condition (21) from theorem 2. 

2. Now we will derive the explicit formulas of a unique and stable classical solution and a correctness criterion of the 

mixed problem (13)–(15) in a rectangle 2 3[0, ] [0, ].Q d d   First we will investigate the equation (13) with the initial 

conditions 
2 22 2( ), ( ),t d t t du x u x    [0, ],x d  and boundary modes (15) in the rectangle 2 2 3[0, ] [ , ].G d d d 

 

We reduce this problem in 2G
 

by a non-degenerate replacement
 2,x x t t d  

 
to an equivalent mixed problem for 

the function 2( , ) ( , ) ( , )u x t u x t d u x t   
 
in a rectangle 1 2[0, ] [0, ]G d d  : 

1 2 1 2 1 2( , ) ( ) ( , ) ( , ) ( , ), ( , ) ,xxt t xt
u x t a a u x t a a u x t f x t x t       

                           (38) 

2 20 0
( ), ( ), [0, ],

tt t
u x u x x d

 
   

                              (39) 

ˆ( ) ( ) θ ( ) ( ) ( ) ( ) ( ),
i

i i i i xx i i x i itt xt t x d
u t u t u t u t u t u t u t


            
                                  (40) 

2
ˆ[0, ], ( 1), 1,2,it d d d i i     

for problem data 
2( , ) ( , ) ( , ),f x t f x t d f x t    

2( ) ( ) ( )i i it t d t      
 

and coefficients  

2( ) ( ) ( ),i i it t d t       2 2 2( ) ( ) ( ), θ ( ) θ ( ) θ ( ), ( ) ( ) ( ),i i i i i i i i it t d t t t d t t t d t                   

2( ) ( ) ( ),i i it t d t     
2( ) ( )i it t d      ( ), 1,2.i t i  

 

According to the assumptions of theorem 2, ordinary differential equations of the form (16) with these coefficients of 

boundary modes (40) have non-trivial solutions 
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2( ) ( ( )) ( ), 1, 2.i i i i i iv a t v a t d v a t i                               (41)
 

Based on the fact that above for a rectangle 
1 1G Q  we have already proved the existence of unique and stable clas-

sical solution to a mixed problem (13)-(15), then in a rectangle 
1G  unique and stable classical solution of a mixed 

problem (38)-(40) is expressed by formulas (22)-(24) at 1n k   and with initial data 
2 2,  , respectively, instead of 

initial data , :   

2

1

4 1 2 2 2 2 1 2 4

1 2

1
( , ) ( ) ( ) ( ) ( , ), ( , ) ,

x a t

x a t

u x t a x a t a x a t s ds F x t x t
a a





  
       

   






                    (42)

 

 1 12
1 1 2 2 21 1 1 1 2 1

5 1 1 2 22

1 21 1 1 10 0 1 1

/

1

/

01 1

(0) (0) (0)( ) ( , ) ( ) ( ,0)
( , ) ( )

( ) ( ) ( ) (( ) )

t x a t x a
a v aa v a P

u x t v a t x d d d
a av a v aa a

   
    

   
  

   
  

   

        
  

      

 
(1)

2 2 5,1 , ( , ) ,Ф ( ) ( , )x,t F tx t x                                   (43) 

 2 2

6

2
2 2 2 1 22 2 2 32 2

2 2 2 2 2

1 22 2 2 2 2 2 2 2 20 0 0

6

(2)

3 2,1

( , )

(0) ( ) ( )( ) ( , ) ( ) ( ,0)
( ) +

( ) ( ) ( ) ( )

+ , ( , )

( )

Ф ( ) ( , )

d x d x
t t

a a

x,t F x

u x t

a v d a dv a Pa
v a t d x d d d

a av a a a v a

xt t

        
  

       

 
 



 
 

   
 




 

 

  

 



  


 

    .

(44)
 

According to Theorem 2, we use the following functions, which are reduced to the desired formulas by inverse re-

placement
 2t t d   and the corresponding transformations indicated below. By replacing the integration variable 

2d     by virtue of equality t t    , we find particular solutions to the non-homogeneous equation (13) from 

(42) –(44): 
2 2 2

1 1 2 1

( ) ( ) ( )

2

1 2 1 2 1 20 ( ) 0 ( ) ( )

1 1 1
( , ) ( , ) ( , ) ( , ) ,

x a t x a t x a tt t t

x a t x a t d x a t

F x t f s dsd f s d dsd f s dsd
a a a a a a

     

     

   
       

  

 

 
  

  

     

 

1 2 2

1
2

11

( ) ( )

(1)

2,1

1 2 0 ( )

1
( , ) ( , ) ( , )

x
t

a x a t x a tt

x x a tx ta t
aa

F x t f s dsd f s dsd
a a


   

  
  

 

 
 

   
  



   


 



  
 




   

 
1 2 2

2 1
2

11

( ) ( )

(1)

2,2

1 2 ( )

1
( , ) ( , ) ( , ),

x
t

a x a t x a tt

xd x a tx ta t
aa

f s dsd f s dsd F x t
a a


   

  
  

 

 
 

   
  



   
 




   

 
1

22 2

1 1

2

( )

(2)

2,1

1 2 0 ( ) ( )

1
( , ) ( , ) ( , )

d xd x
d a tt

aa x a tt

d xx a t x a t
t

a

F x t f s dsd f s dsd
a a

 
    

  

   


 
 

   
  



   




 

  




 

   

 
1 1

1
2 22

2 1

1 ( )

1 2 ( )

1
( , )

a ad x
d x a tt

a aa

d x a t

f s dsd
a a

 
      

 

 




 
 



 





 
2

1

2

( )

(2)

2,2

( )

( , ) ( , ).

x a tt

d x x a t
t

a

f s dsd F x t

 

  





 



 




            (45)

 
By reverse replacement of a variable 2 2t t d t  

 
we find functions: 
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2

2 2

1 2 2 2 2 2

1 2 0

1 2 2 2 2 2 2 5

1 2 0

2 ( , ) ( ) (0) ( )

( ) (

1
Ф

0) ( ) ( , ),
1

x a t

x a t

x t a x a t a s ds
a a

a x a t a s ds x t
a a

  

  





  




  
  

  

  
 
 

    
  







  

             

(46)

 

1

1 2

2 2 1 1 2 2

1 2

2 2 1 2 1 2 2 6

1 2

3 ( , ) ( ) ( ) ( )

( ) ( ) ( ) ( , ).

1
Ф

1

d

x a t

d

x a t

x t a x a t a d s ds
a a

a x a t a d s ds x t
a a

  

  





  




  
  

  

  
 
 

    
  







  

 

It follows that in formulas (43) and (44) at 1k   the equalities are true: 

   (1) (1)

2 1 1 2 2,1 1 1 5 2,2 5 2 3( ) ( ) Г ( ) Ф ( , ) ( , ) ( ) Г ( ) Ф ( , ) ( , ) ( ), [ , ],P t t t x t F x t t t x t F x t P t t d d                        (47)

 

   (2) (2)

3 2 2 3 2,1 2 2 6 2,2 6 2 3( ) ( ) Г ( ) Ф ( , ) ( , ) ( ) Г ( ) Ф ( , ) ( , ) ( ), [ , ],P t t t x t F x t t t x t F x t P t t d d                        (48)

 
since 

2 2( ) ( ) ( ), ( ) ( ) ( ), 1, 2,i i i i i it t d t t t d t i              for 2[0, ]t d  in boundary mode (40). In view 

of change of variable 2t t d   in mixed problem (13)–(15) on 2 2 3[0, ] [ , ]G d d d   for any 
(1) (1)

2 ,t t d 
 

(2) (2)

2 2 3[ , ]t t d d d  
 
the equalities 

(1) (2) (1) (2) (1) (2)

2 2( , ) ( , ) ( , ), 1, 2,i i it t t d t d t t i            are satisfied, because 

of the replacement of integration variable 2s d    we find 

1

2 2

2

2 2 2

( 1) ( ) ( )
( ),

( ) ( 1) )
( )

( ( )

i

i i i

ii

i i i i

i

i

t d a t d
t

a t d a d d
t

t t

   


    





 

  


 


  
  

(2)(2)
2

(1) (1)
2

(1) (2)

2, exp ( ) exp ( )( )

t dt

i i

t t

i i i

d

t t s ds s d dsa a





     
     

 
 

   




 




    

 
(2)

(1)

(1) (2) (1) (2)

2 3exp ( ) ( , ), , [ , ], 1, 2.i

t

i i

t

d t t t t da d i
  

     
  

                            (49) 

Therefore, due to the equalities (41), (47)–(49) and change of integration variables 2 ,d   2s d  , for the first 

components of solutions (43) and (44) it is executed the following relations: 
1 2

1 1 1 1 2
1 1 2 2

1 10 0 1 1

/

1 1 1

( ) ( , ) ( )
( )

( ) ( ) ( ) ( )

t x a
a v a P

v a t x d d
v a a a



 
 

 
 


  


    

 
      

 
1 2

1 1 2 1 2 2 5 21
1 1 2 2 2

1 1 2 1 1 2 1 1 2 1 20 0

/
( ( ) ( , ) ( )

( ( ) )
( ( )) ( ) ( ) ( )

t x a
v a d d d P da

v a t d x d d
v a d a d a d d


   

   
      




     

 
       1 1( )v a t x 

 

1

2 2

1

2

22 2

1 1 1 2 5 1 1 1 51 1

1 12 2 2 2

1 1 2 1 1 1 1 1 1 1 1 1 1 1 1

/

0

/
( ) ( , ) ( ) ( ) ( , ) ( )

( ) ,
( ( )) ( ) ( ) ( ) ( ) ( ) ( ) ( )

t x a t x a

d

d s

d d

v a d P v a s Pa a
d d v a t x d ds

v a d a a v a s a a

 


  
       

 
        

  
            

  (50) 

2 2

2 1 2 32

2 2 2 2 22 2

1 10 0 2 2 2 2 2

( ) ( , ) ( )
( ) ( ( ) )

( ) ( ) ( ) ( )

d x
t

a
v a Pa

v a t d x d d v a t d d x
v a a a




      
 

 




 

  

     
 

      
 

2 2

2 2 2 2 2 2 6 22

2 2

2 2 2 2 2 2 2 2 2 2 20 0

( ( ) ( , ) ( )

( ( )) ( ) ( ) ( )

d x
t

a
v a d d d P da

d d
v a d a d a d d




   
 

      


     

 
      

 

2

2

2 2

2 2 2 2 62

2 2 2 2

2 2 2 2 2 2 2 20

( ) ( , ) ( )
( )

( ( )) ( ) ( ) ( )

d

d

d x
t

a
v a d Pa

v a t d x d d
v a d a a







   

   




    
 

      
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2 2

2 2

2 2 2 62

2 2 2 2

2 2 2 2 2 2 2

( ) ( , ) ( )
( ) ,

( ) ( ) ( ) ( )

d x
t

a s

dd

v a s Pa
v a t d x d ds

v a s a a




  
  
   


     

                      (51) 

  1

1 1 2 2 2 1

2

1 2 1 10

/
(0) (0) (0) ( ,0)

( )

t x a
a v a s

ds
a a v a s










 



  

 
   1 1

2

1 1 1 2 2 2 2 1 1 1 2 2 2 21 2 2 1 2

2 2

1 2 1 21 1 2 1 10

/ /
( ) (0) (0) ( ) (0) (0)( , ) ( , )

,
( )( ) ( )

t x a t x a

d

a v a d a a v a d as d d d
ds d

a a a av a s d v a

  
 

 



 


     



   (52)

 

   2 2

2 2 2 1 2 2 2 2 2 2 1 22 2 2 2

2 2

1 2 1 22 2 2 2 20 0

(0) ( ) ( ) ( ) ( ) ( )( ,0) ( , )

( )( ) ( )

d x d x
t t

a a
a v d a d a v a d d a ds s d d

ds ds
a a a av a s v a s d

 
 

   
 

   

 

 



    

 

  2

2

2 2 2 2 2 1 2 2 2

2

1 2 2 2

( ) ( ) (
.

(

) , )

)

(

d x
t

a

d

a v a d d a d d
d

a a v a







 
   




                         (53) 

Thus, on the basis of the equalities (45)-(53), we conclude that the inverse replacement
 2t t d   translates functions 

(42)-(44) into functions (22)-(24) at 2k   of view 4 5 6, ,u u u  for mixed problem (13)-(15) respectively in the triangles

4 5 6, , .    Smoothness criterion of the problem (38)–(40) on 
1G  give smoothness conditions (17)-(20) at 1k  : 

2 1

1 2 2 2( ), [0, ], [0, ], [0, ], 1,2,if C G C d C d C d i          

( ) 1

1,1 1
0

( , ) ( ( 1) ( ), ) ( ), 1, 2,
t

p p

p iJ x t f x a t d C G p       

   

1

( 1)

( ) 2 2

2,1 1 2
01 1

( , ) 1 ( 1) 1 1 ( 1) 1 ( ) ,

i x
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i i ia a

J x t f x a t a d
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  
  
  
 

                                      
       





  
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a

f x a t d C i
 
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


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( 1)
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3,1 2 1

2 20
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a
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J x t f d x a t d a d
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 
   

         
                            





    

 

2

1
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( ( ), ) ( ), 1, 2.

i

t

d x
t

a

f x a t d C i
 

   
 

      




     

 
These smoothness requirements by replacements 2t t d   and 2d    are reduced accordingly to the require-

ments: 

2 1

2 2 2 2 3( ), [0, ], [0, ], [ , ], 1,2,if C G C d C d C d d i        
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i

k
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t i d

a
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 
     

 

 

       
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2
2

( ) 1

2 3,1 4 6

( 1) (2 )2

( ( ), ) ( , ) ( ),

i

t

i

d x
t i d

a

f x a t d J x t C
 

     
 

         

 

1,2,i   

where .m md    These smoothness requirements coincide with the smoothness requirements (17)-(20) at 2,k   in 

which they provide twice continuous differentiation of the unique and stable solution 
4 5 6, ,u u u

 
respectively in the tri-

angles 
4 5 6, ,  

 
of the rectangle 2 .G  Solutions 

4 5 6, ,u u u
 
are expressed through the values of the unique classical 

solution 2

1( )u C Q and its first partial derivative on t  at 
2t d  and therefore the intermediate initial data 

2

2 ( ) [0, ],x C d  1

2 ( ) [0, ].x C d   According to step and by virtue of the proof above from the smoothness of the 

initial data 2 , 2
 

there is a doubly continuous differentiation of functions 
4 5 6, ,u u u

 
on triangles 4 5 6, ,  

 
in 

2 .G
 

The matching condition (21) for the solution 2( , ) ( , ) ( , )u x t u x t d u x t     and initial data 2 2,      are 

3 1 2
ˆ ˆ ˆ ˆ ˆ(0)[ ( ,0) ( 1) ( ) ( ) ( ) (0) ( ) (0) ( )i

i i i i i i i i i if d a a d a a d d d      
          

ˆ ˆ ˆ(0) ( ) (0) ( ) (0) ( ) (0),i i i i i i id d d             

for 1, 2.i   By reverse replacement 2t t d 
 
from here we have the matching conditions on 2t d  

2 2 3 1 2 2 2
ˆ ˆ ˆ ˆ ˆ( )[ ( , ) ( 1) ( ) ( ) ( ) ( ) ( ) ( ) ( )i

i i i i i i i i i id f d d a a d a a d d d d d      
           

2 2 2 2
ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( ), 1, 2.i i i i i i id d d d d d d i                                   (54) 

In the previous section 1, we proved the existence of a unique and stable classical solution 
2

2( )u C G  to mixed 

problem (13)-(15) on 2 .G  From the boundary mode (15) the need of matching conditions to type (21) for all 2[0, ]t d  

is derived and, in particular, the matching conditions (54) on 2 .t d  The matching conditions (54) are obviously suffi-

cient for twice continuity of the differentiability of functions 4 5 6, ,u u u
 

on the general segments of the characteristics 

1 2 ,x a t 2 2x a t d 
 
of triangles 4 5 6, , .    As a result, we have a unique and stable classical solution 

2

2( )u C G  

to the problem (13)-(15) in 2 ,G
 
which are expressed by functions (22)-(24) at 2k   with the correctness criterion 

(17)-(21) at 2.k   

By construction on common side 2t d
 
of rectangles 1G

 
and 2G  for 1 2 1 2 2[ , ( ) ]x ja d a ja d   the equalities 

hold: 

2 2 2 2
4 2 2 4 2 2( , ) ( ) ( , ) , ( , ) ( ) ( , ) , 0,1.j t t jt d t d t d t d

u x t x u x t u x t x u x t j    
         

We differentiate these equalities by the required number of times by x  and ,t  apply equation (13) and the same ini-

tial conditions and on their common side 2t d we find the following values of partial derivatives 

2 2
4 2 2( ) ( , ) ( ) ( ) ( , ) ,x j xt d t d

u x t x u x t 
 

 2 2
4 2 2 1 2 1 2 2 2( ) ( , ) ( , ) ( ) ( ) ( ) ( ) ( , ) ,tt j ttt d t d

u x t f x d a a x a a x u x t 
        

2 2
4 2 2( ) ( , ) ( ) ( ) ( , ) ,xt j xtt d t d

u x t x u x t 
 

2 2
4 2 2 1 2 1 2 2( ) ( , ) ( ) ( ) ( , ) , [ ,( ) ], 0,1.xx j xxt d t d

u x t x u x t x ja d a ja d j 
      

From this we have a doubly continuous differencing of functions (22)-(24) at 1,2k   on 2t d  in 2 .Q
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So, we have proved the existence of a unique and stable classical solution 
2

2( )u C Q
 
to a mixed problem (13)-(15) 

in 2Q  in the form of explicit formulas (22)–(24) at 1, 2k   with the correctness criterion (17)-(21) at 1, 2.k   

3. In the second step of mathematical induction by ,n  we assume that the recurrence formulas (22)-(24) of the unique 

and stable classical solution 2

1([0, ] [0, ])nu C d d    and the correctness criterion of the mixed problem (13)-(15) on 
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The following solutions of equation (13) in 
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Replacement 2t t d 

 
translates the following helper functions from 

nG  to helper functions on 1nG   
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On the basis of equalities (41), (49), (61), (62) we find the first terms in (59), (60) by eplacements 2 ,d  
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In functions (58)-(60), we make an inverse replacement 2t t d 

 
and in view of (63) we have respectively formulas 
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These smoothness requirements after replacements 2t t d   and 2d    become accordingly the requirements: 
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This smoothness coincides with the smoothness (17)-(20) at 1.k n   It provides twice continuous differentiation of 

the unique and stable solution 
3 1 3 2 3 3, ,n n nu u u    

respectively in the triangles 
3 1 3 2 3 3, ,n n n    

 
of the rectangle 1.nG   

Similarly to the rectangles 1 2,G G , the necessary and sufficient matching conditions of the form (21) on 
nG  reduce to 

the validity of the boundary mode (15) on 1nt d   in the rectangle 1.nG   
These necessary and sufficient matching con-

ditions (21) are also as above for the rectangle 2 ,G  implicitly provide twice continuous differentiation of the solutions  

3 1 3 2 3 3, ,n n nu u u  
 the type of mixed problem (13)-(15) on the general segments of the characteristics 

1 1 2 1,n nx a t x a t d   
 
respectively in the triangles 

3 1 3 2 3 3, ,n n n    
 
of rectangle 1.nG   Doubly continuous diffe-

rentiation of the solution to mixed problem (13)-(15) on 1nG   at the common side 1nt d   of the rectangles nQ and 

1nQ  is checked similarly to the rectangles 1 1G Q
 

and 2 .G
 

Thus, the mathematical induction confirms the validity of 

the recurrent formulas (22)-(24) and the correctness criterion (17)-(21) of the unique classical solution to the mixed 

problem (13)-(15) in the rectangle 1.nQ   
Stability of the solution 

2

1( )nu C Q 
 

to given problem (13)-(15) on 1nQ   
follows from the solution formulas (22)-(24).

 
Theorem 2 is proved. 

Consequence. If the right-hand side f  depends only on x  or t  and is only continuous on x  or ,t  then the 

statement of theorem 1 is true without the integral smoothness requirements (18)-(20) on .f
 

If f  does not depend on t  or ,x  then smoothness requirements (18)-(20) on f
 
becomes automatically true [6]. 

Remark 2. If the right-hand side f depends on x  and ,t  then for ( )kf C G  the smoothness requirement that the 

integrals (18)-(20) belong to the spaces 
1( )kC   are equivalent to the requirements of their belonging to the spaces 

(1,0)( )kC 
 

or 
(0,1)( ),kC  1, .k n  The sets k  respectively equal to the sets ,kG 3 2 3 1k k  

 
and 3 2 3 .k k   

Here the spaces 
(1,0) ( )kC 

 
and 

(0,1) ( )kC 
 
are respectively the spaces continuously differentiated by x  and t , con-

tinuous by t  and x  functions on subsets .k  The justification for this fact is available in [6]. 

The correctness of the solutions (11), (12) and (22)-(24) was verified by us on a personal computer in Mathematics. 

Conclusion 

This paper proves theorem 2, which is the global adamard correctness theorem of the mixed problem (13)-(15). The 

explicit recurrent solution formulas of the classical solution and the necessary and sufficient conditions for Adamard cor-

rectness (existence, uniqueness and continuous dependence of the solution) to this mixed problem with non-stationary 
non-characteristic second derivatives in boundary modes are derived without continuations of its problem data (the 

right-hand side of the equation, initial and boundary data) outside the sets of their specification. The correctness criterion 

consists of smoothness requirements and two matching conditions on mixed problem data. This mixed problem was 

solved and investigated by a new method of "auxiliary mixed problems for a semi-bounded string", proposed by F. E. 

Lomovtsev. 
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