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1. Introduction

Abstract

It is found a classical solution to a mixed problem for an inhomogeneous wave
equation of bounded string in the case of time-dependent coefficients and
non-characteristic partial second order derivatives in boundary modes. A correct-
ness criterion (necessary and sufficient conditions) according to Adamard (unique
and stable everywhere solvability) is derived in the set of classical solutions with-
out extensions of the problem data (the right-hand side of the equation, initial and
boundary data) outside the sets of their specification. The correctness criterion for
this problem includes the smoothness requirements and matching conditions on the
mixed problem data. Therefore, the proved theorem is called the global correctness
theorem. These results were obtained by Lomovtsev F.E., "method of auxiliary
mixed problems for wave equations on the half-line”. First, the upper half-band of
the plane is divided into rectangles of height equal to the passage time of the for-
ward and backward waves. Then, by mathematical induction, the restrictions to
these rectangles are taken of the previously established classical solution formula
and correctness criterion for a similar non-characteristic mixed problem for a
semi-bounded string.

Keywords

Mixed problem, non-stationary boundary mode, non-characteristic second deriva-
tives, classical solution, correctness criterion, smoothness requirement, matching
condition

Using the method of “auxiliary mixed problems for a semi-bounded string (wave equation on a half-line)” from [1], in

this paper we find an explicit classical solution and identify a correctness criterion (necessary and sufficient conditions)
for Adamard (existence, uniqueness and stability on the problem data) in the set of classical solutions to the linear mixed

problem. This mixed problem have a general (&, # a,) forced vibration equation of a bounded string with non-stationary

(with time-dependent coefficients) non-characteristic second derivatives in boundary modes. The correctness criterion
includes necessary and sufficient smoothness requirements and two matching conditions on the problem data (the
right-hand side of the equation, initial and boundary data), which guarantee its unique and stable everywhere solvability
in the set of twice continuously differentiable functions. These global (complete and final) results are obtained by the
above method from the explicit classical solution and the correctness criterion for an auxiliary mixed problem in the first
quarter of the plane from [2]. The necessary smoothness of the right-hand side of the wave equation is provided by the
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correction method of test solutions in [3]. Article [4] was devoted to a particular case of non-characteristic second deriva-
tives in the boundary mode for the simplest (a, = a,) vibrations equation of a semi-bounded string. A mixed problem for
the general (&, # a,) vibration equation of a semi-bounded string with some factorized non-characteristic second deriva-
tives in the boundary mode was studied in [5]. Earlier in the dissertation [6], the same method was used to establish the
global correctness theorem to a mixed problem for the simplest (&, = a,) vibration equation of a bounded string and for

non-characteristic first oblique derivatives in boundary modes. A mixed problem for the general forced vibration equa-
tion of a semi-bounded string with non-stationary characteristic second derivatives in the boundary regime in the quarter
of the plane was studied in [7].

2. Auxiliary mixed problem with non-characteristic second derivatives at the end

In the first quarter of the plane G, =[0,+0]x[0,+0] it is solved and investigated the correctness of the mixed prob-
lem.

u, (x,t)+(a, —a,)u, (x.t) —aau, (xt) = f(xt), (xt)e Gw, 1)
ul_, =), u]_,=w(), xe[0,d], )
T(O)u =[Oy +E@uy +0(0 ), +o(thu, + B, +y(Ou]| o = 2(0), >0, 3

where f,0,v, 1, ¢, &, 0,a, B,y are given bounded functions of the above independent variables x and t,

a, >0,a, >0 are real constants.
Let C*(2) be a set of real k times continuously differentiable functions on a subset Q c R?, C°(Q)=C(Q).
Definition 1. The classical solutions of the mixed problem (1)-(3) are the functions u e C*(G,),

G, =[0,+x]x[0,+x], satisfying the equation (1) on G, in the usual sense, and the initial conditions (2) and the boun-
dary mode (3) in the sense of the limits of the values of the corresponding differential expressions from u(x,f) at inter-

nal points (x,f) G, at X—>x and f—t for all specified boundary points (x,t) of the setG,.

It is known that equation (1) has two different characteristic families: x-at=C,, x+a,t=C, VC,
C, € R =[—o,+c0]. It is assumed that in the boundary mode (3) the second derivatives are not characteristic, i.e. the di-
rections of the second derivatives do not coincide with the characteristic direction of x =a;t forall t>0.

Definition 2. Characteristic x = ajt, where a >0, is called critical for equation (1) in the first quarter of the plane.

In order to mathematically express the characteristics of the second partial derivatives in the boundary mode (3), first we

calculate the second derivative in the direction v ={1,a} along the critical characteristic x =a;t of the function u [2]:
2 azu 2 a - —
(a ntl)Wa/a1 +15(ut+a1ux)=(grad(ut+a1ux),v)= 4

= ({un +au,, U, + aluxx} ) {1! al}) =Uy +au, +au, + a‘.lzuxx'
Then we equate the value of the characteristic determinant to zero:

c(t) ) o)
AM=L 3 0 [=a(@dt)-ast)+0()=0, te[0,+wx], (5)
0 a a

where the first line are the coefficients for the second derivatives in the boundary mode (3) and the next two lines are the

coefficients for the corresponding second derivatives in the direction of the vector v ={1,a} from (4).
Definition 3. [2] The determinant A, on the left side of the expressions (5) is called characteristic for the boundary

mode (3) and the equation (1); the boundary mode (3), for which the determinant A, (t) turnsto zero forall t>0, is
called characteristic and the second partial derivatives in the boundary mode (3) are called characteristics.
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Critical characteristic x =ajt, a, >0, divides the set G, intotwosets G_={(x,t) €G_:x>at,t>0},
G, ={(xt) eG,:x<at, x>0} For classical solutions u eC*(G,) from the equation (1) and conditions (2), (3) ob-
vious necessary smoothness requirements follow
f eC(G,), ¢ eC?[0,+x], w € C[0,+o0], 1z € C[0, +0]. (6)
Below, we'll derive additional necessary smoothness conditions for all problem data. Assuming t=0 in the boundary
mode (3) and calculating the values of the traces of the terms using the initial conditions (2) at x =0 and equation (1) at
x=0,t=0, we find the necessary matching condition
Y =£(0)[f(0,0)+(a, —a)y'(0) +a,a,¢"(0)]+ £(0)y'(0) + 8(0)¢"(0) + a(0)y (0) + B(0)¢'(0) + ¥ (0)(0) = 1(0).  (7)
In the following theorem, we use the notations:

1 X+ap(t—7) 1 X+ayt
Foxt)=——[ [ (s, o)dsdz, d(xt) = {algo(x ra)+a,p(0)+ | z//(s)ds},
a +a, 0 x-a(-7) a+a, :

1 X)) x+ap(t-7) X+ap(t—7)
GG “O [t odsde+ | f(s,r)dsdr] ®)

2 X (t,7) t(x) x—a(t-7)
t,(x) = (1)’ [t —éj, X (t,7) =[1-(-1)' ((a, /&) +1) |(x—at) —a,r, i=12,

pt)—aa(t)
a’¢(t)-ast)+o()
Particular classical solutions F, F, € Cc? (Gw) from (8) to the equation (1) are obtained by the correction method in

[3].
By modification of the characteristic method from [8] is proved
Theorem 1. [2] Let the coefficients ¢, &, 6, «, 5,7 € C[0,+<0] be continuous, the boundary mode (3) is

not-characteristic: a,°¢(t)—a,&(t) +0(t) #0,t €[0,+0c], and there is a classical solution VveC?[0,+o0], v(p) 0,
V'(p) #0, p €[0,+x], of the ordinary differential equation

P(t) = u(t) -T(t) (DX, D)+ Fy(x,1)), x(ab)=exp {—al I a(s)ds}, o(t)=

[a’¢(p/a)-ad(pla)+0(pla)N'(p)-[Blp!a)-aalpla)V(p)+y(p!a)v(p)=0. 9)
Problem (1)—(3) in Gw has a unique and stable by f, ¢, v, & classical solution u eCZ(GOC) if and only if it is true
the conditions (6), (7),
3,0 =] f(x+a,t-7)r)dr €C(G,),

(x) t
Jm(x,t){l—(—l)i(%ﬂﬂj f(Xi(t,r),r)dr+I f(x—a,(t—7),7)dr eCYG,),i=12. (10)

0 4 (x)
Classic solution of the mixed problem (1)-(3), respectively, for (x,t) e G_ and (x,t) G, serves functions:

X+a,t

u_(xt)= ﬁ {ai(p(x +a,t) +a,p(x—at)+ _[ y/(s)ds} +F(x1), (11)

x-at

tp(x) 2 s

_ 4 (X)
U+(X,t)=(D(X,t)+V(a1t—X){ % J‘ V(air)Z(S’T)P(T) drds+ aiV(O)[W(O) i (O)] J‘ Z(S’O) dS}‘FFZ(X,t),

D V(as) i ac () -a,d(r) +6(0) 2 +a, | V(as)
(12)
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3. Basic mixed problem with non-characteristic second derivatives at the ends

In the upper half-band of the plane G =[0,d]x[0,+] , a mixed problem for a wave equation is investigated:

U, (1) + (8 =8, )u, (% ) 23U, (x, 1) = F(x,1), (%) €G,, (13)
U, = (), uf_,=w(x), xe[0d], (14)
Fu= [gi (tu, + & ®u,, +6,(u,, +a,®)u, +B,du, +v, (t)u]x:a, =u(),i=12,t>0, (15)

where f, o, v, 1,8, &, 6, e, B.,7,1=12, are the given bounded functions of their independent variables x and
t, & >0,a,>0 arethe real constants, and 6i =({-Dd,i=12.

Definition 4. Classical solutions to the mixed problem (13)-(15) are called functions u e C?(G) that satisfies the
equation (13) on G point wise in the usual sense, and initial conditions (14) and boundary modes (15) in the sense of
limits from within the values of the corresponding differential expressions of u(x,t) in all internal points (x,f) eG at
x — x and t — t for all boundary points (x,t) of the set G.

To solve problem (13)-(15), using theorem 1 by the method of auxiliary mixed problems on a semi-bouned string, we
replace the upper half-band G with a time-expanding by t set of closed rectangles Q, =[0,d]x[0,d,,,], where

d,=(n-)d/(a +a,), n=12,.. We divide the rectangles Q, into smaller rectangles G, =[0,d]x[d,,d, ,],
k=1,n, with the height d/(a +a,) (seeFigure 1).

t
Gnet
doog ==~ ] i
Gﬂ
dn |
! [
I
d Q,
3
G,
dp Q,
A, A
- ﬂl 3
Q,
0 x
x=a,i _~ -
- - d - x*a21={:

Figure 1. Rectangles Q, expandingintime t and exhausting the upper half-band G .
We divide each rectangle G, by the critical characteristics of equation (13) into three triangles:
Ay, ={(xt):x=at, x+at, <d, x€[0,d],t [d,,d, 1},
Ay, ={(xt):x<at, x €[0,ad,],t €[d,,d,.]1},
Ay ={(x,t) 1 x+at, >d, x e[ad,,d],t e[d,,d.]} t, =t—d,, Kk =1n,n=12,..
The formulas of unique and stable solution and the necessary and sufficient correctness conditions of the mixed prob-

lem (13)-(15) in the set of classical solutions are given in the following theorem, in which we use the functions and nota-
tions:
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1 t(X) x+a,(t-7) t o X+ay(t-7) X
FO(xt) = feodsdr+ [ [ f(s.0dsdr |, (0 =t-—,
+a, de  ayt,(x)-7] t(X) x-a(t-7) &
1 (%) d—ay[i (x)7] x+ap(t-7) . d-x —
FO (x.t) = 7T tdsdes [T fsoasar |, 00 =t-2%, k=1n,
’ a +a,| b x-a(t-) ty(x) X=a(t-7) a,

X+apty

1 1
D, (X, 1) = m{aﬁ/’k (X+ayt, ) +a,¢,(0)+ I Vi (s)ds}, D, (1) = a+a

0

{az(/’k (x—at)+ap(d)+ I Wi (S)ds},

2 X2yt

Poon () = 1) - T (t)((D3k72+i (Xt + Fz(,ik) (X,t)), xi(a,b) = eXp{_ai _[Gi (s)ds}, oi(t)= a.zgfztl))+ ([_3I]_()t')a_§al(gl_(,_t?9 o)

Theorem 2. Let the boundary mode coefficients ¢, &, 0, a,, B, 7, €C[0,+d,i=1,2, be continuous; boundary
modes (15) be not-characteristics: a?¢; (t)+(-1)'a& (t)+ 6 (t) = 0, t €[0,o,i =1, 2,and there are solutions
V, € C?[0,+0], Vv, € C*[0,+[, V,(0) # 0, V/(p) # 0, p €[0,+oc[, to the ordinary differential equations
[aizgi (pla)+ D' as&(pla)+6(pla)v'(p) +|:(_1)iﬂi (pla)+aa(p/ ai):|vi’ (P)+ri(pla)vi(p)=0,i=12.
(16)
The mixed problem (13)—-(15) has a unique and stable classical solution ueC?(Q,) if and only if, it is true the
smoothness requirements:

f eC(G), pC?[0,d], w eC'[0,d], 14, 1, €C[0,d_[, (17)
JfE)(X,t) Ef f(X—(—l)pasfp(t—T),T)dT eCl(Gk), p=1L2, (18)

t (X)+(2-i)2d, t
Jgfz(x,t){l—(—l)i(%ﬂﬂ j f (%, (t.7).7)dr+ j f(x—a,(t-7),2)dr eCY Ay, UA, ),  (19)

dy 1 (x)+(2-1)2d,

(D' (x)+(2-)2d t
30 (x,1) 5{1—(—1)i [%Hﬂ [ fq o), ode+ | f(x+8,(t—7),7)dz € C'(Ay , UA,), (20)

dy (D' (0+2-D)2d,
with the functions
X (t.7) =[1- (1) (8, / a) +1) | (X =&ty 1) =7 i Xk (67) =d +[1-(=1)' (& /&,) +1) | x
x(X+8,t, 5 —d) + AT, . i=12
and it is true the matching conditions:

SO0, 0)+(-1)' (& —a,)y'(d) +a,a,e"(d)+&O)y'(d) +6,0)0"(d) + & (O)w(d,) + £ (0)¢'(d) +7 (0)e(d,) = 1(0),
(1)

with the constants di =(i—1d, i=1 2. Classical solution ue CZ(Qn) to the mixed problem (13)-(15) is a function

1 X+8, b 1 t X+ (t-7)
Uy (6 1) = ———1ag (X +at) +aa (x-at)+ [ yi(s)dsp+ [ ] fsodsd, (xheny,, (22
ai + a‘2 X—2ay ty al + dy  x—a(t-7)

; ] 3, p) Py
Uy (X, 1) = Dy, (X,1) + FZ(,lk) (Xt + v (at—x) J; V2 ?;5) .[: a?éazg)f;g Z))I)D_T_ ‘9(,(0/3) d

X
L

do+
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X

alvl(aldk)[ Vi (0)_a2(/71:(0):| t7;1;(1(5,(1‘() ds
a +a, J.dk v’ (8,6)

+ , (X)) e, (23)

FB

a, 2 , I;)3
Uy (1) = Dy (x,1) + F2 (X,1) +V, (8t —d +X) jd v (a; 5 Jj az\fé(?;/)olﬂg (; (Z)) +k é/&) dpds+

t7(i—><

2260 D2l @] 20,80 g5 (yen,, k=Tn n=12.., (24)
a +a, i V2(8;6)

where d, =(k-1d/(a +a,), t, =t—d,, the functions u,_, are the restrictions of the classical solution u for the
problem (13)-(15) to the triangles A, ,, 1=0,1,2, and the intermediate recurrence initial data are equal to

() = o(x), y,(X) =w(x), x€[0,d],

wk (X) :u3k+j’4|t:dk ’ l//k (X) :at u3k+j—4| ' X E[Jalel(al + jaz)dz]l J :0!11 k :Zl_n! n :2’ 3!

t=d,

Proof. 1. In the first step of mathematical induction for the problem (13)-(15), we derive the formulas of the classical
solution ueC?(Q) with the necessary and sufficient conditions for its existence and uniqueness in the rectangle Q,.
To do this, we first take the restriction to a trapezoid A, WA, of the unique and stable classical solution of the auxiliary
mixed problem (1)-(3) for the semi-bounded string from formulas (11) and (12) of theorem 1 with ¢ =¢,,& =4,
0=0, a=a,f=p,y=y andwe getthe formulas of the classical solution:

X+at t x+ay(t-7)
U (o) =— {aigo(x+a2t)+azgo(x—alt)+ [ y/(s)ds}+ L[] flsdstn (e, (25)
az x—at a1+a2 0 x—a/(t-7)
t-x/a 2
) =d, (x,t)+ FO(x,t t— & v (a,7) 7(s, )P, (7) dzds
RAERRC A DA X){fo V(@) 260 -a&@)+6@)
L Oy (0)~2¢' ()] f 2(5.0) ds}, (x1) €A, (26)
3 +a, ) V(@)

where v, € C?[0,+<0] is the solution of equation (16) at i =1 from theorem 2. The formulas (25) and (26) derived from
theorem 1 coincide, respectively, with formulas (22) and (23) at n=k=1 in the case of Theorem 2, because
D(x,t) =D, (x,t), F,(x,1) = FF (x.1), ot) = 0, (t), x(a,b) = z(a,b), P(t) =R,(t) on the triangle A,.

We take the restriction of the smoothness (6), (10) from the theorem 1 to the trapezoid A, A, and get the smooth-
ness (17)-(19)at k=1, p=1:

f eC(A,UA,), ¢ eC?[0,d], w C'[0,d], 14 €C[0,d,],

3,00 =] f(x+a,(t-2),9)dr =30 (x,1) cCH(A, UA,),

JZ(X,t)z(x/‘r)Jf([(az/a1)+2](x—a1t)—azr,r)dr+ I f(x—a,(t-7),7)dr =I5 (x1),
0 (x/a)-t

t-(x/a;) t
J3(x,t):—% j f(%(ait—x)—azr,r]dﬁ j f(x—at-7),7)dr=32(x,t)eC'(A,UA,), i=12. (27)

0 t=(x/a)
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The matching condition (7) from theorem 1 at coefficients ¢, &, 6,, ¢, ,, y, instead of coefficients
¢, &,0,a, B,y becomes a matching condition (21) in the theorem 2 at i =1. Therefore, the solution u e C*(A, UA,),
because the functions u, and u, are twice continuously differentiated not only respectively in the triangles A, and
A,, butalso on the general segment x =a,t of the characteristic due to this matching condition (21) at i=1.

To calculate the solution and correctness criterion of the problem (13)—(15) in a trapezoid A, UA;, we reduce this
problem only with the boundary mode at Xx=d from (15) by non-degenerate replacement of variables t=t, x=d - X
relative to the function 0(X,t) =u(d —X,t) =u(x,t) to the equivalent mixed problem:

U (1) + (8, —8,)ug (1) ~aa (% 1) = F(%1), (1) €A, UA,, (28)
il o =4(®), G|, =), xe[0d], (29)
1:‘(t)ﬁ = [4,2 (t)att _52 (t)a)”(t + 92 (t)l:i)”o"( +a, (t)ax _ﬂz (t)ai +7, (t)a])”(:O =4 (t), te [O! dz]’ (30)

in atrapezoid A, UA, with thetriangles A, ={(x,t): x> at,, x+a,t, <d, x €[0,d]},

A, ={(x,t):x<at, x €[0,ad,]}, t €[d,,d, ], k =1n, because derivatives u (x,t)=-0,(%t) and

U, (x,t) =0, (X,t). We find a unique and stable classical solution to a mixed problem (28)—(30) in the trapezoid A, UA,

according to formulas (11) and (12) from the theorem 1 for semi-bounded string with the right-hand side of the

equation f(%,t)=f(d—%t)=f(x,t) and initial data B(X)=e(d %) =@(x), ¥7(X)=w(d-%)=w(x). Inplace of

boundary coefficients &(t), £(t), 6(t), a(t), B(t), (t)and boundary given u(t) we use boundary coefficients J,(t),

=&, (1), 6,(1), a,(t), —=5,(t), 7,(t) and g, (t), and also mutually replace the coefficients a, respectively by a,.
Theorem 1 assumes the existence of a solution v, € C*[0,d], v, () #0, Vv;(p) =0, p €[0,d], for an equation

[8,°C,(pl &) +a,5,(p ! a,) +6,(p! )y (0) +[ By (p ! &) + 8,0, (01 8,) V5 () + 7, (0] @)V, (p) =0.

Then in the trapezoid A, WA, , by virtue of the above coefficient replacements in the boundary mode and the expres-
sions from the formulas (11) and (12) of theorem 1, respectively, we have a unique and stable classical solution

a,(X,t) = L {azt/”;(i +at) ra@(X—at)+ Hfll y?(s)ds} +F(X1), (Xt)eA, (31)
a +a, at

| A G 1CEo T M
0 Vz2 (a,8) " a22§2 (7) +a,&,(7) + 6,(7)

a,(X,t) = v, (at— X){

~ _ ! % (%)
+D(X,t)+ 2V, Oy () ~ad' O] #(s,0) ds t+ F,(%,1), (X,t) €A, (32)
a+a, s Vi(a,5)
where the following functions and symbols are used:
B R+ap(t—7) H(X) X+a(t-7) 5 t X+ay (t-7) B
E(%, f T 7 (s, 0dsdz, B (x.t)= [ feodsde+ [ [ f(s,odsdr |,
a:l. +8, %0 w8 (t-7) &+ | 5 Hiho 6, (%) %-a,(t-7)

~ 1 . _ Xpayt _ - - -~ ~
PR = {azco(x+ a+ad©)+ ] w(s)ds} LB = 14,0 - TO(BERD+ K (%),

50 ~2,0,() f(z):t—aﬁ %, (t,7) = L (a,t — %) —a,r.

#(a,b) =exp{—azf5(s)ds}’ O L0 ras 00,0 - &

In the resulting formulas (31) of the solution 0 (X,t) in A, and (32) of the solution 0, (X,t) in A, we return to
the old one variable x by inverse substitution % =d —x. Asaresult, in atriangle A, we get a classic solution
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d—x+at d—x+a (t—-7)

1 1
G, (x,t) = a,p(x+at)+a,p(x—at)+ w(d—s)ds }+ f(d—s,7)dsdz.  (33)
' al +a2 { ’ ’ d—;l:azt al + a2 -!‘ d—x—;[(t—r)

A

This solution 4, coincides with the formula (21) at n=k =1 the solution u, in A,.This can be verified by re-
placing the integration variable p=d —s in (33)

1 X+apt 1 t X+ay(t-7)
b, (x,t) = - d f(p,7)dpdr = 0, (%, .(34
0, (x,t) a1+az{a«p(xmzt)+az<o(x at)+ [ wip) s}+al+ [ ] flondpedr=u(xt), (xt)ea,. (34)

x—at 0 x-—a(t-7)
Inatriangle A, from (32) we find the unique solution by replacement % =d —x
u; (x,t) =
t7d—>( _d-x
a 2 s O d ’ d 2]
V2 (azt_d +X) J‘ 2a2 I 2V2(a2T)12 (S!T)F)?,(T) deS+a2V2( )[l//( )+a1¢ ( )] Zzz(syo) dS (35)
o V2(8,8) 58,8, (7) +a,8,(7) +6,(7) & +a, o V2(a;9)

+O,(x,D)+F2(x,1), (x,t)eA,,

since by replacing the integration variable p=d—s we make sure that

d—x+at

B(x,1) = — {a2¢<x—a1t)+a1¢(d)+ [ w(d—s)ds}ﬂbs(x,t),

a+a, d

d—x

- a, d—x+@ (t—7) d—x+@y (t-7)
x=—2—| | "7 t@d-sodsde+ [ T fd-s,o)dsdr | = F@(x,t) =
a +a, O A d)eaton) (=% d—x"a,(t-7) '

2

t— d-x
1 a, d-a(t3(x)-7) t X+a, (t-7)

f(p,7)d pdr + j j f(p,7)d pdr |,

a:l. + a2 0 x—a (t-7) t—ﬁ x—ay (t—7)
A

P(t) = 11, (t) - T, (D (D, 6. + F2 (1)) = Py(1),

5(t) =— _ﬂz (t) ) (t)
8,8, (1) +a,5, (1) +6,(1)
This formula (35) coincides with formula (24) at n=k =1 of the solution u, in A,. For problem (28)—(30) on the

trapezoid Al u&z from Theorem 1 by mutual replacements a, and a, we derive necessary and sufficient smoothness
requirements

=o,(t), y(a,b)=exp {—azj)'c}(s)ds} = y,(a,b).

f eC(A, UA,), @ €C?[0,d], » C'[0,d], 1, C[O,d,],

3 (&t =[ f(x+a(t—z),7)dr eC'(A, LA,),

-1’ =X
{1—(—1)‘[%44” i ZJf[[l—(—l)‘{%ﬂ”(X—azt)—alr,fJ dr+

t

+ [ fGE-at-r).0dr=J,(xR)eC(@ UA,), i=12 (36)
ol

By replacing x=d—x smoothness (36) in A, WA, becomes smoothness (17), (18), (20) in A, wA,at k=1,
p=2:
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f eC(A WA,), @ eC?[0,d], v eC'[0,d], 1, €C[0,d,],
3120 =[ f(x—at-7),0)dr eC'(A, LA,),
0

t,ﬂ
a;

(o s (a
{1—(—1)'(a—+1ﬂ j f[dJ{l—(—l)'(nglﬂ(XJrazt—d)Jralr,rjdﬂr

t

+ j f(x+a,(t-7),7)dr =30 (x,t) eC'(A, UA,), i =12, 37)

since by definition of the replacement % =d —x the right-hand sides are f(>”<+a1(t—r),r) =f(d-X-a(t-7)7)=
= f(x-a(t-1),7), f(X—a,(t—7),7)= f(d—X+a,(t—7),7) = f(x+a,(t—7),7). Thus, we see that the smoothness re-
quirements (27) and (37) coincide with the smoothness requirements (17) — (20) at n=k =1 on arectangle Q,.

In boundary mode (3) the above replacements of coefficients ¢(t), £(t), O(t), a(t), B(t), y(t) and given u(t) by coef-
ficients &, (1), =&, (1), 6, (1), o, (t), — 5, (1), 7, (t) and given g, (t), as well as mutual replacements of coefficients a,
respectively by a, from matching condition (7) of theorem 1in A, A, derive the matching condition

Y =£,(0)[f(0,0)+(a —a,)i7(0) +2,3,¢"(0)] —& (0)97'(0) +6,(0)¢"(0) + a, (0)47(0) - 3,(0)'(0) + 7, (0)3(0) = 11, (0).

After reverse replacement x=d —x, this is a necessary and sufficient matching condition, which provides twice con-
tinuous differentiation U, and G, from (31) and (32) on characteristic X=a,t in A UA,, passes into a necessary
and sufficient matching condition (21) at i =2 on characteristics x+a,t=d in A, UA,.

From the coincidence in (34) of the functions 0,(x,t) =u,(x,t) on A, we get the two-continuous differentiation of
functions u,, u,,u, from (22) to (24) at n=k =1 on the rectangle G, =Q, because of doubly continuous differentia-
tion of functions u,, u,, u, on the general segments of the characteristics x=at, x+a,t=d.

So, for the mixed problem (13)—(15) in Q, we obtain formulas (22)—(24) at n=k =1 of a unique and stable classic-
al solution u e CZ(Ql) with smoothness criteria (17)—(20) and matching condition (21) from theorem 2.

2. Now we will derive the explicit formulas of a unique and stable classical solution and a correctness criterion of the
mixed problem (13)—(15) in a rectangle Q, =[0,d]x[0,d,]. First we will investigate the equation (13) with the initial
conditions u|t:d2:¢2(x),ut|tzd2:://2(x), x€[0,d], and boundary modes (15) in the rectangle G, =[0,d]x[d,,d,].
We reduce this problem in G, by a non-degenerate replacement x=X,t=t+d, to an equivalent mixed problem for

the function G(x,f) =u(x,f +d,)=u(xt) inarectangle G, =[0,d]x[0,d,]:

O (%, D) + (8, —2,)0,c () —23,0,, () = F(x,0), (x{) €A, U4, (38)
0o =200, G| =1, 00, xe[0,d], (39)
[0 =[O0 +E @), +6,D)0, +& Ou, +B O, +7,O0a ]|, =&, (40)

t e[0,d,], d, =d(i—1),i=12,
for problem data  f(x,f) = f (x,f+d,) = f(x,t), & () =4 (+d,) =4 (t) and coefficients
GO =¢E+d) =40, SO =4 E+d,) =& 1), 6, =06, +d,)=6,1), & (D) = oy (T +d,) = o (1),
B.(f) :Bi(f+d2) :Bi (t), ?.(f) =Y (f+d2) = :Vi(t): i=12

According to the assumptions of theorem 2, ordinary differential equations of the form (16) with these coefficients of
boundary modes (40) have non-trivial solutions
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V(at)=v(a ({E+d))=v(at), i=12. (41)
Based on the fact that above for a rectangle G, =Q, we have already proved the existence of unique and stable clas-

sical solution to a mixed problem (13)-(15), then in a rectangle Gl unique and stable classical solution of a mixed
problem (38)-(40) is expressed by formulas (22)-(24) at n=k =1 and with initial data ¢,, v, , respectively, instead of
initial data ¢, y :

a,(x,f) = L {a1¢2(x+a2f)+a2(p2(x—a1f)+x+f21y/2(s)ds}+ F(xf), (x,f)eA,, (42)
al+a2 x—ayt
0, () = ¥, (af - X) ‘I’ a’ j V,(a,0) 7,(5, p)P,(p) dods +61\71(0)[1//2(0)—azfﬂz'(O)]t f #4(5,0)
T 2 W (a,0) 5 a2l (p) -2 (p) +0,(p) a,+a, 7 (@0) "
+@,(x D+ F(x.0), (x1) €A, (43)
UG(X,f):
7, (a,f ~d +x) j L[ REnnCARR) 152 RO @ -ag @] * 760,
o 2 V2(8,0) 3 324, (p) + 3,8, () +6,(p) a, +a, : V2 (a,0)
+@,(x0)+ F2(x,D), (x0)eA,.
(44)

According to Theorem 2, we use the following functions, which are reduced to the desired formulas by inverse re-
placement f =t—d, and the corresponding transformations indicated below. By replacing the integration variable

p=1t+d, by virtue of equality t—t=t—p, we find particular solutions to the non-homogeneous equation (13) from
(42) —(44):

B _ 1 T x+ay(f-7) - 1 T x+ay(f-7) 1 t X+ay (t—p)
F(x,f)= f (s, 7)dsdr = f(s,z+d,)dsdr = f (s, p)dsd p,
A +3 5 aion A +3 5 aion & +&; 4, 5 alt-p)
. 15 x+ay (f-7) B f x+a,(f-7) 5
F2(x,f) = j j f(s,r)dsdzr + j j f(s,7)dsdz |=
a:l +a2 0 _ox X x—ay (f-7)
az[l—;l— T a
1 Ta x+ay(t-p) t o x+a(t-p)
j j f(s, p)dsdp+ j j f(s, p)dsdp | = F2(x1),
& +a,| g, {t x_, - X x-a(t-p)
d X . d—x
a, d—a{t—;—r} B f x+ay (f-7) B
F2(x,f) = j j f(s,r)dsdr + j j f(s,r)dsdr | =
a1+a2 0 x—a (f-7) g d-x d-x x-a (f-7)
tJ‘a;x [%-v—l]d—%x—al(t—p) t )
1 > 7] 7] X+ay (-
= [ | fs,p)dsdp++ [ [ f(s,p)dsdp|=F3(x1). (45)
&+ g x-a(t-p) o 4% x-at-p)

By reverse replacement of a variable £ =t—d, =t, we find functions:
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ci)2 (X, f') = {a:I.wZ (X + azf) + 8,0, (O) + X+f2t v, (S)ds}

(46)

{algo2 (x+ayt,) +a,p,(0)+ Xth v, (s)ds} =D, (x,1),

0

a+a,

(i)s(xlf): {a2¢2(x_a1f)+a1¢72(d)+ j l//z(S)dS}

x—ayt

a+a,

Ta-a,
It follows that in formulas (43) and (44) at k=1 the equalities are true:
P() = &4 (®) - TP, D+ FY (D) = 4O - T, (@, + FE (%) = Ry(1), t €[d,.d,], (47)
P (@) = i, )~ T, )P, 06D + B2 (6D) = 16,0 - T, (s (1) + B (1)) = Ry(1), te[d,,d,], (48)
since (@)= {E+d)=pu@®), I,@)=IE+d,)=TI,(t), i=12, for £<[0,d,] in boundary mode (40). In view
of change of variable t=f+d, in mixed problem (13)-(15) on G, =[0,d]x[d,,d,] forany t® ={® +d,,
t® =f® +d, e[d,,d,] the equalities 7 (f@,{?)=7®E® +d,,T® +d,) = 5 (t®,t?),i=12, are satisfied, because
of the replacement of integration variable &=s+d, we find
(_1)i+lﬂi (f+d2)_aiai (f+d2)
a'¢(f+d,)+(-D'a g (f+d,)+6 (T +d,)
£ @ _g,
;Zi(f(l),f(z)):exp{—a,. I &i(s)ds}zexp{—a,. I o-i(s+d2)ds}=

ROl @ g,

{a2¢2(x—a1tz)+a1¢2(d)+ [ w2<s)ds}=d>6(x,t>.

x-at,

G(0) = =o;(t),

el

1@
:exp{—ai j o, (g)dg} = 7,(tY,t?), vt9t? e[d,,d,],i=1 2. (49)

Therefore, due to the equalities (41), (47)—(49) and change of integration variables 7= p+d,, s=0+d,, for the first
components of solutions (43) and (44) it is executed the following relations:

f-x/a 2 s v (a1p);~(1(5 p)'s (,0)
e dpds =
~ V(3 )I ~2(a15)0a1§1(/0) a&(0)+0(0) ©

=v,(a,(f+d,)—x) J' a J‘Vl(a1(p+dz)ll(5+d2-p+d2)|:)5(p+dz) dpds =
' ’ 0 Vlz(ai(5+d2)) 0 a12§1(p+d2)_a1§1(p+d2)+91(p+d2) Vl(alt—X)X

] °]2v12(a1r>zl(5+dz,r>&(r) ded 5:V1(a1t_x)“*fl [ MEILEODRE g
o Vi (a1(6+d2)) d, a1§1(7)_a1§1(7)+91(r) d, V1(a15)d2a1§1(T)_a1§1(T)+91(7)

f-x/a

(50)

e d—x

7,(a,f —d +x) j 2 j ACYVACN LG dpds =v,(a, +d,)—d +x)x

A (615) 0 aggz () +3,5,(p)+6,(p)
I ACKCERRVACIT NV XS ACEE R
5 Vi(a, (5+d))0 2, (p+dy)+a,é(p+d,)+6,(p+d,) »

-

7do =

a: 5]512 V,(8,7) 1, (6 +d,,7)R,(7) d

et [ et | et
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=V (at—d+x)‘Jfzx a22 j V,(8,7) ,(s, 7) Ry (7)
o 5, V5(8,8) 3 a5, (1) + 8,5, (2) +6,(7)

(51)
a7, Ov:©-2.00] 1 46,0 _
al +a2 0 Vl2 (ajLS)
_ av(ad,)[y2(0) - a,¢(0)] tj/ CACKL AL av; (ad,)[v,(0)—a,¢;(0)] "Xfal £0.9) 45 (52)
a+a, o Vi (a(s+dy)) a+a, i Vi (&9)
27O @) -agi@] 2,60 4 a%Ed) [ -aei @] F z+dyd)
a, +a, o VZ(a,S) a, +a, o Vi(a,(s+d,))
A (a,0) [y -2l £(5.d,) )
a, +a, i V5(8,0)

Thus, on the basis of the equalities (45)-(53), we conclude that the inverse replacement £ =t—d, translates functions
(42)-(44) into functions (22)-(24) at k=2 of view u,,u.,u, for mixed problem (13)-(15) respectively in the triangles
A,, Ag, A;. Smoothness criterion of the problem (38)—(40) on G~1 give smoothness conditions (17)-(20) at k =1:

f eC(G), ¢, eC?[0,d],y, €C'[0,d], i €C[0,d,],i=12,

i =[ fx-(Da,,E-2)r)dr CY(G), p=12,

| -°
jg‘i(x,f)z[l-(—ni[ﬁﬂﬂ } Jf[{l(l)'[ﬁﬂﬂualf)azr,r]dﬁ
\ a, 0 &

f

+ | fx-a-1)0)dreC'(d, UA,), i=12

g
Js(,il)(x,f){l—(—l)‘ (Llﬂ [ [d{l—(—ni [Llﬂ(xwzt—dnaﬁ, r]dr
a a,

2 0
t

+ | fex+a-1)0)dreCi(d,Uay), i=12

These smoothness requirements by replacements f =t—d, and p=r-+d, are reduced accordingly to the require-
ments:

f €C(G,), @, €C[0,d], w, eC[0,d], & €C[d,,d,],i=12,

J: f(x—(-DPay ,(t—p), p)dp= IR (x1) eCG,), p=12,

2

(-1 [t—i}r (2-i)2d,
El

{1— (1) (%% I f H[l_(_l)i [%%(x—aqt(m) 8,00 0 P [dp+
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t

+ f(x=a,(t-p) p)dp =30 (x1) eC (A, LAy),
(71)‘[& ;Xl]+ (2-i)2d,
(-1 [t,da;zx} (2-i)2d,
{1—(—1)i (%Hﬂ I f[(d +{1_(_1)i [%+1ﬂ(x+a2t(2i)2 —d)+a,0, ), dep+
2 d 2
+ | f(x+a,(t-p). p)dp =35 (xt) eC' (A, LA,), =12,

(—l)i(t—B}r (2-i)2d,
a

where p, = p—d,. These smoothness requirements coincide with the smoothness requirements (17)-(20) at k=2, in
which they provide twice continuous differentiation of the unique and stable solution u,, us, u, respectively in the tri-
angles A,, A, A, of the rectangle G,. Solutions u,, u;, u, are expressed through the values of the unique classical
solution u eC?(Q) and its first partial derivative on t at t=d, and therefore the intermediate initial data
»,(X) eC?[0,d], w,(x) eC'[0,d]. According to step and by virtue of the proof above from the smoothness of the
initial data ¢,, w, there is a doubly continuous differentiation of functions u,, u.,u, on triangles A,, A;, A, in
G,.
The matching condition (21) for the solution G(x,f) =u(x,f +d,) =u(x,t) and initial data ¢ =¢,, v =y, are
SOLF(A,0)+ (D' (@ —a,)v'(d) +aa,0"(d) + & (O)y'(d) + 8 (0)0'(d,)
+a; Q)y (d) + 5, 0)¢'(d;) +7: (0)eo(d;) = /5 (0),
for i=1,2. Byreverse replacement £ =t—d, from here we have the matching conditionson t=d,
(AT (A d) +(-D)' (3 —a, )y'(d) +a2,0"(d) + & (d,)v'(d) +6,(d,)0"(d) +
+,(d, )y (d) + 4, (d,)0 () +7(d)e(d) = 4(d,), i=12 (54)
In the previous section 1, we proved the existence of a unique and stable classical solution u eCZ(GZ) to mixed
problem (13)-(15) on G,. From the boundary mode (15) the need of matching conditions to type (21) for all t €[0,d,]

is derived and, in particular, the matching conditions (54) on t=d,. The matching conditions (54) are obviously suffi-
cient for twice continuity of the differentiability of functions u,,u.,u, on the general segments of the characteristics

x=at,, x+a,t, =d of triangles A,, A, A,. As a result, we have a unique and stable classical solution u e C*(G,)
to the problem (13)-(15) in G,, which are expressed by functions (22)-(24) at k=2 with the correctness criterion
(17)-(21) at k=2.

By construction on common side t=d, of rectangles G, and G, for xe€[jad,,(a + ja,)d,] the equalities
hold:

U (X, 0)g, = 2 (X) = Uy ; (X 1)y v QUL (X D)y =9, (X) =0, (X, 1)y, J=0,1.

We differentiate these equalities by the required number of times by x and t, apply equation (13) and the same ini-
tial conditions and on their common side t = d, we find the following values of partial derivatives

(), (XD, = 2500 = (U ), (KD WU (KD y, = O 0,) (@, ~2)05 () +2,2,05(X) = (U, ) (1),

(u4)xt (Xat)\t:dz = ‘/Ié (X) = (u2+j )xt (X, t)\t:dz !
(U (KD, = 2500 = Uy ) (X1, » X €[jaC,, (3 + jB,)d, ], j =0, 1.

From this we have a doubly continuous differencing of functions (22)-(24)at k=12 on t=d, in Q,.
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So, we have proved the existence of a unique and stable classical solution u e C*(Q,) to a mixed problem (13)-(15)
in Q, inthe form of explicit formulas (22)—(24) at k =1, 2 with the correctness criterion (17)-(21) at k =1, 2.

3. In the second step of mathematical induction by n, we assume that the recurrence formulas (22)-(24) of the unique
and stable classical solution u eC?([0,d]x[0,d,,]) and the correctness criterion of the mixed problem (13)-(15) on
Q, are true and we will prove that there is a unique and stable classical solution u e C?([0,d]=[0,d,,]) in the for-

mulas (22)-(24) at k =n-+1 and the correctness criterion of mixed problem at k=1,n+1 on Q,,,.
In G, the mixed problem for the equation (13) with the initial conditions Ueg,, = a0 Uyy =4 (X),

n+1
x €[0,d], and boundary modes (15) for t <[d, ,,d,,,] byreplacing t=t+d, isreduced in Gn =[0,d]x[d,,d,,,]
for function 0 =0d(x,f)=u(x,t+d,)=u(x,t) toequivalent mixed problem

ﬂft’ (va) + (ai - az)axf (X,f) - a’iazuxx (X’f) = 1?(va)’ (X’f) € G~n’ (55)
l“jlfzdrw1 = ¢n+1(x)' u‘_lf:dml = y/n+1 (X)’ Xe [0’ d]’ (56)
| &0, +&©u, +0,00, +6,©O0 +5,©O0 + 700 ]| = A4©.i=12 Tld, d,.], (57)

where functions f,Z,,£,9,,4,.p,.7,. i have the same form as in mixed problem (38)-(40). According to the as-
sumption of mathematical induction, its unique and stable classical solution G e C?(G,) is expressed by formulas
(22)-(24) at k=n andinitial data ¢,,,, w,,,, respectively, instead of ¢,y :

X+a,t, f x+a,(f-7) 5
Oy, (%, T) = {a1¢n+l(x+a2fn)+a2¢>n+1<x—a1fn>+ | wm(s)ds}+ L[ ] feodd,  (58)
+ a2 x—ayf, ai + d, x—a (f-7)
e e a2 o (@) A6.0)PL ()
0y, (%,0) =D, (XD + FO(x,{) +V, (a,f —x) — & 13 L VY dpdS +
o o i ' J vf(aié)Jjn a’¢,(p)—aé () +6,(p)
o o
+a1V1(a1 n)['//n+1(0)_a2¢n+1(0)] ),?2(5idn)d5 ' (X,f) EAsnfla (59)
a+a, o Vi (a9)
pdx
T P = Al t %,(a,0) 18, 0)P ()
Uy, (%,0) = D, (x,1) + 2 (x, 1)+, (a,f —d +x) o 22/ 22 3n dpds+
’ ’ > o I v; (azﬁ)d{a22¢2(p)+a2§2(p)+92(p)
pdx
+aZVZ(aZdn)[l//n+l(d)_a1¢n+1(d)] jz ;{22(5!dn)d5 , (X7f‘)€A3n. (60)
a +a, 6o V2 (a,9)

The following solutions of equation (13) in Gn by replacements s=6+d, p=t+d, giveuson G,,, solutions:

L [T fe et ———[ T fs, pyasap,

aj_ + a2 dy x-a (f-7) aj_ + a2 Aoy X—ay (t-p)
- X
. 1 N Q x+ay ([-7) B f x+a(f-r) B
FO(x,f) = j j f(s,r)dsdr + j j f(s,r)dsdr | =
a+a, d, [_ X } o X x-ay(f-7)
plt-—1 a
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X

1 Ta, x+ay(t-p) t X+3(t-p)
- I j f (s, p)dsdp+ j j f(s,p)dsdp | = F,,(x.1),
a1 + a'2 dog az[t—i _ p] - X x—ay(t-p)
t- da_x d_a{f_ %_T f xtay(i-r)
FO(x) - [ ] feoesde s [ [ fleodsr) -
a +a, a4 x—a (E-) £ d=X x-ay(f-7)
o [:*1”]"‘%”1(“”) ¢ )
l X y N X+a, (t—
= [ | fs,p)dsdp + [ [ f(s,p)dsdp [=F2, (x). (61)
a+ay| g X—ay (t—p) 47X x-a(t-p)

Replacement f=t—d, translates the following helper functions from G, to helper functionson G, .,

d—jd

1 i - . .
a {azj¢n+l(x_ (_]—)J a‘j+1tn) + aj+1(pn+1(d - Jd) + I l//n+1(s)ds}:q>3n+3j (X,t), 1= 0,1,

&DSn—j (va) =

2 x=(-Dia,qf,
P2 (0) = 4, (6) =T (D) (D5, 6D+ FOGD ) = 24 (0 =Ty (O (Pypors 6D + R, (D) = Py (0,1 =1,2. (62)

On the basis of equalities (41), (49), (61), (62) we find the first terms in (59), (60) by eplacementsz = p+d,,
s=0+d,:

f-x/a 2

& j; \71(~alp)}21(5~,p) |53n71~(/9) dpds
i V(a0)§ alli(p)-ad (p)+6,(p)

f-x/a 2

_ I 3 IV(ai(p+d D (0+d,, p+d,)Py, (0 +d,) dpds =
V(@ +d,) 5 aldi(p+d)-ag(p+d,)+6(p+d,)

: IQV(qﬂzxa+dpr)mQ@0 drao "B MEOAGIPLG)

_ /oy 31 al
J:n Vi (3(5+d,)) 8. a¢ (1) - (2) +6,(7) G Vi (@19) 8,0 87C,(7) - 3151(7)+9(f)

- d—x
f-—=
8

| 8 j ACYFACHLNC)
d, \72 (315) azé/z (P)+3,5,(p)+6,(p)

I P10+ )20+ 4y pt d)Prs(prdy) s
d (a2(5+d ))d azgz(p+d )+3,5,(p+d,)+6,(p+d,)

n

g4 Lo
_ % af A (azr)lz (6+ dzvr) P.s (7) o a22 Vv, (azr);(z (s,7) Po.s (7)
- [ 5 : drds= [ =2 [ dzds
0, Vy(a,(0+4d,)) 4. a8, (7)+a,&,(7)+6,(7) ., V5(8,8) 8. 858, (1) +a,8,(7) +0,(7)
a,%(3,d,)[1,..(0) —2,¢,,,(0)] ‘f 46,4y 45 @@, +d)[v,:(0) -3¢, (0)]
a +a, i % (a0) a +a,
Xf_XIal 11(5+d2’ dn+1) d5 a:lv (aldn+1)[l//n+1 (0) a2¢n+1(0)] " >]£31 Zl(s d )
i Vi(a(s+d,) a +a, o, Vi (a15) >
i d X
a2\72 (aZdn)[l//n+1 (d) _a1¢r’1+1 (d)] Zz (5 d ) 5 — aZVZ (aZdn+1)[V/n+1(d) _aiq)r:Jrl(d)] x
a +a, i Vi (a,0) a +a,
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_d-x

fod=x t
9 J-a2 ;(22(5+ d,,d, ;) ds = a,v,(a,d,.,) [l//n+1(d) -a,p,,,(d )] - X gsl d,.,) ds. (63)
0 Vs (a,(0+d,)) a, +a, o, V (a,9)

In functions (58)-(60), we make an inverse replacement f =t—d, and in view of (63) we have respectively formulas
(22)-(24) at n+1 instead of n the classical solution ueC?*(G,,,) to the mixed problem (13)-(15) on G, since the
solution G eC?(G,). The uniqueness and twice continuous differentiation of this solution to mixed problem (13)-(15)

on G, and, consequently, its solution on G follows from the assumption of mathematical induction and smoothness

n+1?

n+l*

we get from smoothness criterion (17)-(20) for problem (55)-(57) at

of the problem data and, among other things, initial data ¢ . (x) €C?[0,d], w...(x) eC'[0,d] from G, to G
Smoothness criterion of problem (13)-(15) on G

n+1

k=n on G,:
f eC(@,), ¢, €C*[0,d], v, €C0,d], & €C[d,,d_].i=12,
i =[ fx—(-DPa, ,E-1).0)dr cC(G,), p=12,

dl’\

(—1)i[f—;i]+(2—i)2dn
o (a - (a _
I0(x,T) z[l—(—l)' {éjulﬂ _[ f [[1—(_1)' [EZHH (X=ayt, ) =370 i Tjdr+

dﬂ

+ [ f(x-a,(-7),r)dreC'(A,, , UA, ), i=12,

il x .
(-1) [t—;1]+(2—l)2dn

(1) [f— B}(Z—i)zd"
)

3O (x.) 5[1—(—1)‘ [%Hﬂ [ f [d {1—(—1)i [%Jrlﬂ(wrazf(mn —d)+az, ., z’] dr+

dy
f ~ ~ ~
+ [ f(x+a,(f-7),7)dreC'(@A,,_, UA,), i=12.
(71)'{f*da7_2)(]+(27i)2dn
These smoothness requirements after replacements  =t—d, and o =17+d, become accordingly the requirements:

f EC(Gn%l.)l (Dn+l ECZ[O,d], Wn+l ECl[O,d], :ul EC[dn+l'dn+2]1 I =l2,
I f(x=(-D"a, ,(t-p). p)dp=Js(x1) €C'(G,,). p=12 t, =t=d,, p, =p-d,,

(& (r—i} (2-i)2d,,
&

{1—(—1)i [%Jrlﬂ I f ql—(—l)i [%Jrlﬂ (X=al i) =Py PJ dp+

t
b tealt-p) e =IO (0 €CHAy, . UA,,,). 112,
(—1)i(t— ail]+(2—i)2dm

(-1 [t—ﬁ}r (2-i)2d,,,
Q

|:1_(_1)i (% +1J:| I f [d +|:1_ -0’ {%+1]:|(X+a2t(2—i)(n+l) —d)+a,05 iy p] dp+

2 A 2
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t

+ | F(x+a,(t=p), p)dp =30, (x 1) € C (A, UA,5), =12

(-1 (t— M} (2-i)2d,.,
a

This smoothness coincides with the smoothness (17)-(20) at k =n+1. It provides twice continuous differentiation of

the unique and stable solution u,,,,u Uy, respectively in the triangles A,,.., A;..,, As,,, Of therectangle G, ;.

3n+1? F3n+2?

Similarly to the rectangles G,,G,, the necessary and sufficient matching conditions of the form (21) on Gn reduce to
the validity of the boundary mode (15) on t=d_,, intherectangle G, ,. These necessary and sufficient matching con-
ditions (21) are also as above for the rectangle G,, implicitly provide twice continuous differentiation of the solutions
Ugp, y U g 24 o the type of mixed problem (13)-(15) on the general segments of the characteristics
x=at ,, x+at , =d respectively in the triangles A, ., A,..,, A,,.; Of rectangle G,,,. Doubly continuous diffe-
rentiation of the solution to mixed problem (13)-(15) on G, at the common side t=d,,, of the rectangles Q, and
Q,.., is checked similarly to the rectangles G, =Q, and G,. Thus, the mathematical induction confirms the validity of
the recurrent formulas (22)-(24) and the correctness criterion (17)-(21) of the unique classical solution to the mixed
problem (13)-(15) in the rectangle Q,,,. Stability of the solution ueC?(Q,,,) to given problem (13)-(15) on Q

follows from the solution formulas (22)-(24).
Theorem 2 is proved.
Consequence. If the right-hand side f depends only on x or t and is only continuous on x or t, then the

statement of theorem 1 is true without the integral smoothness requirements (18)-(20) on f.
If f doesnotdependon t or x, thensmoothness requirements (18)-(20) on f becomes automatically true [6].
Remark 2. If the right-hand side f dependson x and t, thenfor f eC(G,) the smoothness requirement that the

n+1 3n+1?

n+l

integrals (18)-(20) belong to the spaces C'(€,) are equivalent to the requirements of their belonging to the spaces
C9(Q,) or CQ), k=1n. The sets Q_ respectively equal to the sets G,, A, , UA, , and A, , UA,,.
Here the spaces C™”(Q,) and C®Y(Q,) are respectively the spaces continuously differentiated by x and t, con-

tinuous by t and x functions on subsets €Q,. The justification for this fact is available in [6].
The correctness of the solutions (11), (12) and (22)-(24) was verified by us on a personal computer in Mathematics.

Conclusion

This paper proves theorem 2, which is the global adamard correctness theorem of the mixed problem (13)-(15). The
explicit recurrent solution formulas of the classical solution and the necessary and sufficient conditions for Adamard cor-
rectness (existence, uniqueness and continuous dependence of the solution) to this mixed problem with non-stationary
non-characteristic second derivatives in boundary modes are derived without continuations of its problem data (the
right-hand side of the equation, initial and boundary data) outside the sets of their specification. The correctness criterion
consists of smoothness requirements and two matching conditions on mixed problem data. This mixed problem was
solved and investigated by a new method of "auxiliary mixed problems for a semi-bounded string", proposed by F. E.
Lomovtsev.
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