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1. Introduction

Abstract

Since the harmonic numbers were introduced, various types of harmonic numbers
have been presented. In 2004, T. Kim and D. Kim first introduce the degenerate
harmonic numbers and polynomials, moreover, those numbers and polynomials
have been studied by many authors. In this paper, by using the Riordan arrays and
generating functions, we derive a series of new combinatorial identities with re-
spect to the degenerate harmonic numbers and polynomials. In first, we introduce
the concept of the degenerate harmonic numbers, and obtain some properties and
equalities of these numbers in terms of generating functions and Riordan arrays.
Then we introduce the degenerate harmonic polynomials. Applying generating
functions methods, we discuss some character involving the degenerate harmonic
polynomials. Finally, we establish some new identities involving the degenerate
harmonic polynomials with other special combinatorial numbers as well as poly-
nomials, such as the degenerate Bernoulli numbers, the degenerate Euler numbers,
and the various degenerate Daehee numbers and so on.

Keywords

The degenerate harmonic numbers and polynomials, Generating function, Various
degenerate Daehee numbers, The Bell numbers, Two kinds of degenerate stirling
numbers

In recent years, many mathematics have been studing various degenerate of spcial numbers and polynomials, such as

Bernoulli, Euler, and Genocchi numbers and polynomials (see [1-3]), and found some interesting algorithms, combined
results and their applications in [4-6]. In the course of this quest, many different tools are used, which including
generating functions, combinatorial methods, symbolic computation, classical hypergeometric summation theorems and
so on. In [7], T. Kim and D. Kim introduce degenerate exponentials, degenerate logarithms, and first propose the
generalized degenerate harmonic numbers and the degenerate harmonic polynomials. In [8], T. Kim et al investigate
some properties, recurrence relations and identities of degenerate harmonic numbers and degenerate hyper-harmonic
numbers.

In the present paper, we make use of the method of Riordan arrays and generation function to discuss the degenerate
harmonic numbers and polynomials, and derive some properties of them. Meanwhile, we can establish some identities
involving the degenerate harmonic numbers and polynomials with other combinatorial sequences.

Forne N, the degenerate harmonic numbers denoted by H, ,, as follows:
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The Stirling numbers of the first kind are defined by
n
)y =2 s (DX, (n>0).
1=0

where (X), =1, (X), =x(X-D(X—2)...(x—n+1), (n=>1).
As an inversion formula of (2), the Stirling numbers of the second kind are defined as

X' =35, (n1)(x), . (1> 0)

1=0

The degenerate Bernoulli polynomials of the first kind B, ,(x) has the following generating function
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The degenerate Bernoulli polynomials of the second kind BM (x) has the following generating function
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The partially degenerate Bernoulli polynomials b, ;(x) has the following generating function
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The degenerate Euler polynomials of the firstkind E_ , (X) has the following generating function
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The degenerate Daehee polynomials of the first kind D, ;(X) has the following generating function
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The partially degenerate Daehee polynomials d:yl(x) has the following generating function
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The A-Daehee polynomials of the first kind dﬂm(x) has the following generating function

n

In(L+ At
34,00 =R ey ay
' L+ At)* -
The A-Daehee polynomials of the second kind d,, ,(X) has the following generating function

" Aln(l+t) .

Z ni( )_
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The A-Changhee polynomials Ch, ,(x) has the following generating function

< ﬂ _ 2 AX
r;Chn,ﬂ(X) | LA (13)

The A-Changhee Genocchi polynomials CG, , (X) has the following generating function

& tn 2In(1+t)
=TT 14
The Bell polynomials B, has the following generating function
& t" 1 &ty B
an’k(&,Xz,...)m—E(éxmm) s k—O,l,... (15)

The polynomials Pn(') has the following generating function

oty 1i$p00 (20 oo
o n! n=1 n!
and
Pn(r P(r)(gl’QZ’ )= Z(k)J nJ(Ql'QZ"")! Po(r)zl' )

The degenerate stirling numbers of first kind and second kind have following generating function

v G (@’ -y

2.5, k) T' (18)
n>k H
1
" (L+At)A =)
rés .. (0, k)—_T. (19)

Lemma If D=(g(t), f(t))=(d,,),wn is a Riordan array and h(t)is the generating function of the sequence
{(h)xon Y then we have ([25])

>4, = [T ON( ©), 20

2. ldentities invloving the generalized degenerate harmonic numbers

In this section, we give the definition of the generalized degenerate harmonic numbers, obtain some properties of them
and some identities between degenerate harmonic numbers and other combinatorial numbers.
For r e N, the generalized degenerate harmonic numbers
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Theorem 2.1 For n>r+1>1 we have
(_1)n+r+1
Hl(n,r)—Hl(n—l,r):msu(n,r+1). (22)

Proof By (21), we get
n A r+1 r+1 ] (i ((1_t)i _l))Hl
HZM(H () -H, (-1t —(——«1 D =) = A

S S s e E - 5 EDTT

n=r+1 ' n= r+1(n_ _1)|

s, (n,r +1)t".

Comparing the coefficients of t" in both sides of the last equation, we get the identity.
Theorem 2.2 For n>r+1>1 we have

H, () -H, (-1 = 3 EA

4 WS(m,r+1)s(n,m). (23)

Proof By (21), we get

z (H (n r) H (n lr))t"_(—_((]_ t) 1))r+1

3 (_1)r+1(r +1)| (eiln(l—t) _1)r+]_
o (r +1)!
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r+l
/1 m=r+1

= ()" (r+1amt Z S(m, r+1)z s(n, m)( t)
)n+r+l/1m r-1

o n
= —S m,r +1)s(n,m)t".
n; Z:%) - r_l)! ( ) ( )
Comparing the coefficients of t" in both sides of the last equation, we get the identity.

Corollary 2.2 When A — 0 in equation (23), the right-hand side of Eq (23) remains only if m=r +1. Thus, we get

n (_1)n+r+1
Hn,r-HMnh-1r)= ———s(n,r +1). 24
(D -HE-1r)= 3 = s (24)
Theorem2.3For n>k>0, r>0, wehave
r r
Hi(n’r):Z(_l)k(ijnk,r+1(H1,,1’H2,,1’---)- (25)
k=0

Proof By (21), we get
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Comparison of the coefficients of t" in the first and last formulas completes the proof.
Theorem2.4For n>k >0, r >0, we have
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Comparison of the coefficients of t" in the first and last formulas completes the proof.

Theorem 2.5 For n>0, we have
( 1)n+r ( 1)n+r
(n+D!

Proof An interesting Riordan arrays, associated with the r!H,(n,r) are defined by

CG,,, (x=1). (@7)

Ch (x-1) =

S H, (K, , (X) =

D 1

R{rH, (n,r)}= (1 ((1 t)* —1)). (28)

We have
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ZH (N, K)E, ,(x) = ZkIH( k) kz(x)
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On the other hand,

Ch,(x-1 = ! CGn+1(X 1.

Which completes the proof.
Theorem 2.6 For n>0, m>1, we have

n+r *(m)
5 H, (0B (00 = () K (0 - D7 72D (29)

ml

Proof By (4),(21) and Lemma 1, we have

(m)
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On the one hand, we have

t@a-ty —p - 2@-ty -~

n _ r /1 _ X= n+m _ r ﬂ, _ X
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On the other hand, we have

L@-v -y (@9 -y (P (-1

n r A X x—l
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Which completes the proof.

3. Identities about the degenerate harmonic polynomials

In this part, we give the generating function of degenerate harmonic polynomials, investigate some properties of them,
and derive some new identities involving the degenerate harmonic polynomials.
For reN, the degenerate harmonic polynomials of order r are defined by

(—%«1—0* )

(f) n_ )X
5 H 0 g (30)

8

When x=0, H{") =H{"7(0) are called the degenerate harmonic numbers of order r.
From (30), we note that
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SH, (" = ZH(O)(X) " —Ma—t)& (31)
= t-t)
Theorem 3.1 For n>1, r >0, we have
HO ) =HD (x+1)+HE,, (%) (32)
Proof By (30)
£ e (5@ D) (@0 ) . (-2 (@-v* -y . (-2 (@-v* -y
= td-t)-* ta—t)-* ta—t)* tL-t)~

:iH‘”(x+l)t“+ZH Ot = Z(H‘ (x+1)+H, 0"

Comparing the coefficients of t" in both sides of the last equation, we get the identity.
Theorem 3.2 For n>m=>0, r >0, we have

M) (x+y) = Z( J( D H,00- 3 ST HE 00 C st -m oy (3)
m=0 k=0
Proof By (2) and (30), we have
T o (o N T (RS
Z‘H J(x+y)t" = = (1-t)* = o (L-t)*(1-1)
= S HI Z[ j( D't = ZZ( ]( D HG L 00"
n=0 n=0k=0
On the other hand,
1
(- (@-v* -y~ - - fem
A 1\ (1 _ — (r) (t) (r) ( 1) n
p ey = XHD e nzo(w _ ;JmZOH HCI ey
_S T HO 05 s-m Ky D -3 95 o )n " s(n—m, k)Yt
n=om=0 k=0 (n—m)! n=0m=0 k=0 m)!
Which completes the proof.
And from (33), we also can get
(r) n n-m ( )n m B L
[JHE (x+ y)dy = mZ:M:OH S mR

Theorem 3.3 For n>0, r >1, we have
(M+DH, (n+Lr)=(r+DH" P (A-1)-H{ , (<D +2H) (-D). (34)
Proof Deriving both sides of (21) with respect t, we get
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=(r+DY HEP(A-D" =3 HD D + 23 HY (D" =3 (F+DHSY (A-1) - HD, (D + 2H D (D)t
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Comparing the coefficients of t" in both sides of the last equation, we get the identity.
Theorem 3.4 For n,r >0, we have

k=0

Zn:[EJ(—l)”kk!Hm (KD A= 2)=3,.. )

& t" At
Proof Where K (X|A)—=—F"F"+—@1+1),
Z(:) KA (1+t)ﬂ—1( )
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1 A r+l
vty
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Which completes the proof.
Theorem 3.5 For n>1, r >0, we have

r+! 5 n (r+ r+ n+r=1 ar+ r
fred n,) 2 [i .J =008, (Lr+) = ((D)™TATHY, (%), (36)
. i+j+1=0\ " J»

Proof By the method of generating function, we get
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Comparing the coefficients of t" in both sides of the last equation, we get the identity.
Theorem 3.6 For n>1, r >0, we have

r+n! < n N (r+ r+ n-+r+ r
) (ijJD&”(x Db{YS, (11 +1) = ()" H, (). €
. i+j+I=0\" J»

Proof By the method of generating function, we get

I A N A L Al ) YRR NS

P, S A L

1

—In(1+ At) @+t - (——((1+t)1 =)l
(1+t) r+1 x-1 r+leat _qyr+l _ A X _ (_1\f A
(I n(l+ /u)) O — -1 e Tt t(l+t) A+t = —t(L+ 1)
=i 1)n+r Hérﬂ(x)tnﬂ Z( 1)n+r—1H(r)l/I(X)tn
n=0 n=0

Comparing the coefficients of t" in both sides of the last equation, we get the identity.
Theorem 3.7 For n>r >0, we have

(r;l)' i‘ (I i IJ( DIIH® (0d{ Ve’ (2-x) =r1B,  (1,1,21,31,..). (38)
. i+j+1=0

Proof By the method of generating function, we get
Y

=S RO S S t_) IHCE 9t
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i J(—l)lu!Hiﬁz(x)du%f(z—x)—,

1 r+1
3@ oy o
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— (=In(L-1)" :ir!Bnyr(l,l,Z!,S!,...)tn—:.

n
Comparing the coefficients of t—' in both sides of the last equation, we get the identity.
n!

Theorem 3.8 For n,r >0, we have

( ) (r+1 Ch(r+1)H|(r2),1 (X) — (_1)n Hr(1f) (X) (39)

i+j+1=0 ||J|

Proof By the method of generating function, we get
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2 o Caoh T HIZ, (ot
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Comparing the coefficients of t" in both sides of the last equation, we get the identity.
Theorem 3.9 For n >0, we have

> ( T J(—l)ii!HM(x)lej(1—x), B, (A), (40)
i+j+1=0\ " J»

i(gj(—l)kkmm (A" C, , =D, (x=1| ), (41)
k=0

Proof By the method of generating function, we get

53[0 Jrimcovea-n S-S, 0060 50, WS 0, §

:_/1((1”)1‘1) SRS ) LS5, t“
—t@1+t)"™  In(l+ At) In(1+ At)

n=0

n
Comparing the coefficients of - in both sides of the last equation, we get the identity, and (41) can be obtained in
n!
the same way.
Theorem 3.10 For n>0, we have

> [IJJ( 1) jid, H, ,()@-x), =D,, (42)
i+j+1=0\ " J»

i@(—l)kk!dnk,mm(x) - D, (x-1). 43)
k=0

Proof By the method of generating function, we get

> 5 [ JJ< D18, H 0003, 5= 30,0013 H 0" S0,

n=0i+j+I=0

_ /1In(11+t) _g((lth)l_l) L+ ) _In@+Y _ iDnﬂ
@) -1 —t@+o- N

n

Comparing the coefficients of t—' in both sides of the last equation, we get the identity, and (43) can be obtained in
n!

the same way.
Theorem 3.11 For n >0, we have

n

2 ( r; J(_l)lI!Chméj,,i(l_x)Hl,u(X):{1’ n=0 (44)

i+j+1=0 O’ nx>1.
Proof By the method of generating function, we get

5 Y ( y ]( DICR, B, My, () = 3 Ch,, S 318, 00 T H o, 000

n=0i+j+1=0

5 at ENGR L

= 11y 24 =1,
(1+t)‘+1(1+t)l—1( ) —t(@1+t)*

Which completes the proof.
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Theorem 3.12 For n>1, we have

n

Z ( il ]( 1) I CG:ABM(]- X)H,U(X) D" 1(” nl (45)

i+j+1=0
Proof By the method of generating function, we get

0

) [ uj‘ '1CG,,B; (0~ X)Hlu(x) ZCG iBMa 0 iHmm( t
n=0i+j+I=0 |
—i((1+t)” -1

1-x 21 _ _ < _1\n-1 _ _n
1+1) ET _In(l+t)_r§)( D™=t

_ 2In(L+t) At
A+t)* +1(@+t)* -1

n
Comparing the coefficients of t—' in both sides of the last equation,we get the identity.
n!

Theorem 3.13 For n>0, we have

n

n ~
> { i I)(—l)l|!DM(1—X)CJ-HM(X):DM(X—l). (46)

i+j+1=0

Proof By the method of generating function, we get

>y ( JJ< DI, - XCH, K0 zoma 0t ic !2ani(x)(_t)n

n=0i+j+1=0

_ In(1+t)1I 1t : ‘z((iﬂ)l_x_l):(I“lt):l(ut)*‘l:iﬁn,i(x_l)t—n'.
in@s ap? MY D A " !

n

Comparing the coefficients of t—' in both sides of the last equation,we get the identity.
n!

Theorem 3.14 For n>0, we have

n

n .
Z [ i J(_/l)IHHi2(1_X)Bj,,1(X)E|,A =A"(X),. (47)

i+j+1=0

Proof By the method of generating function, we get

gngzo(.l?,lJ(_ﬂ)ii!H @a- X)BMEM i ZH .2 (1 X)(— ﬂt) ZBnlnlgE ,ﬁ%
S i t 2 0 () & "
e 1 = @A 2000 T = 2 A0

@+ At)* =1 (1+ A)* +1

n

Comparing the coefficients of t—' in both sides of the last equation,we get the identity.
n!

When X=n in Theorem 3.14, we have

n

Z {l r} Ij(_/l)ii!H'2(1_X)Bj,/1(x)E|,,1 —2"nl

i+j+1=0
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