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  Abstract 

Since the harmonic numbers were introduced, various types of harmonic numbers 

have been presented. In 2004, T. Kim and D. Kim first introduce the degenerate 

harmonic numbers and polynomials, moreover, those numbers and polynomials 

have been studied by many authors. In this paper, by using the Riordan arrays and 

generating functions, we derive a series of new combinatorial identities with re-

spect to the degenerate harmonic numbers and polynomials. In first, we introduce 

the concept of the degenerate harmonic numbers, and obtain some properties and 

equalities of these numbers in terms of generating functions and Riordan arrays. 

Then we introduce the degenerate harmonic polynomials. Applying generating 

functions methods, we discuss some character involving the degenerate harmonic 

polynomials. Finally, we establish some new identities involving the degenerate 

harmonic polynomials with other special combinatorial numbers as well as poly-

nomials, such as the degenerate Bernoulli numbers, the degenerate Euler numbers, 

and the various degenerate Daehee numbers and so on. 

 

Keywords 

The degenerate harmonic numbers and polynomials, Generating function, Various 

degenerate Daehee numbers, The Bell numbers, Two kinds of degenerate stirling 

numbers 

 

1. Introduction 

In recent years, many mathematics have been studing various degenerate of spcial numbers and polynomials, such as 

Bernoulli, Euler, and Genocchi numbers and polynomials (see [1-3]), and found some interesting algorithms, combined 

results and their applications in [4-6]. In the course of this quest, many different tools are used, which including 

generating functions, combinatorial methods, symbolic computation, classical hypergeometric summation theorems and 

so on. In [7], T. Kim and D. Kim introduce degenerate exponentials, degenerate logarithms, and first propose the 

generalized degenerate harmonic numbers and the degenerate harmonic polynomials. In [8], T. Kim et al investigate 

some properties, recurrence relations and identities of degenerate harmonic numbers and degenerate hyper-harmonic 

numbers.  

In the present paper, we make use of the method of Riordan arrays and generation function to discuss the degenerate 

harmonic numbers and polynomials, and derive some properties of them. Meanwhile, we can establish some identities 

involving the degenerate harmonic numbers and polynomials with other combinatorial sequences.  

For n N , the degenerate harmonic numbers denoted by ,nH  , as follows:  
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The Stirling numbers of the first kind are defined by 
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As an inversion formula of (2), the Stirling numbers of the second kind are defined as 
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The degenerate Bernoulli polynomials of the first kind , ( )nB x  has the following generating function 
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The degenerate Bernoulli polynomials of the second kind ,
ˆ ( )nB x  has the following generating function 
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The partially degenerate Bernoulli polynomials , ( )nb x  has the following generating function 
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The degenerate Euler polynomials of the first kind , ( )nE x  has the following generating function 
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The degenerate Daehee polynomials of the first kind , ( )nD x  has the following generating function 
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The partially degenerate Daehee polynomials , ( )nd x


 has the following generating function 
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The totally degenerate Daehee polynomials ,
ˆ ( )nD x  has the following generating function 
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The λ-Daehee polynomials of the first kind ,
ˆ ( )nd x  has the following generating function 
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The λ-Daehee polynomials of the second kind , ( )nd x  has the following generating function 
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The λ-Changhee polynomials , ( )nCh x  has the following generating function 
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The λ-Changhee Genocchi polynomials , ( )nCG x  has the following generating function 
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The Bell polynomials ,n kB  has the following generating function 
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The degenerate stirling numbers of first kind and second kind have following generating function 
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Lemma If , ,( ( ), ( )) ( )n k n k ND g t f t d    is a Riordan array and ( )h t is the generating function of the sequence

{( ) }k k Nh  , then we have ([25]) 
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2. Identities invloving the generalized degenerate harmonic numbers 

In this section, we give the definition of the generalized degenerate harmonic numbers, obtain some properties of them 

and some identities between degenerate harmonic numbers and other combinatorial numbers. 

For r N , the generalized degenerate harmonic numbers 
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Theorem 2.1 For 1 1,n r    we have 
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Proof By (21), we get 
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Comparing the coefficients of 
nt  in both sides of the last equation, we get the identity. 

Theorem 2.2 For 1 1,n r    we have 
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Proof By (21), we get 
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Comparing the coefficients of 
nt  in both sides of the last equation, we get the identity. 

Corollary 2.2 When 0   in equation (23), the right-hand side of Eq (23) remains only if 1m r  . Thus, we get 
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Theorem 2.3 For 0,n k   0,r   we have 
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Comparison of the coefficients of 
nt  in the first and last formulas completes the proof. 
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Comparison of the coefficients of 
nt  in the first and last formulas completes the proof. 
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On the one hand, we have 
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On the other hand, we have 

( )

,1

1 1
( ((1 ) 1)) ((1 ) 1) ( 1) ( 1)

[ ]( 1) (1 ) [ ]( 1) ( ) (1 ) .
!(1 )

m
n r m

nn r x n r m x

m

t t d x
t t t t

t nt t

 

 
 
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Which completes the proof. 

3. Identities about the degenerate harmonic polynomials 

In this part, we give the generating function of degenerate harmonic polynomials, investigate some properties of them, 

and derive some new identities involving the degenerate harmonic polynomials. 

For ,r N  the degenerate harmonic polynomials of order r are defined by 

1

( )

,
0

1
( ((1 ) 1))

( ) (1 ) .
(1 )

r

r n x

n
n

t

H x t t
t t











  

 


                          (30) 

When 0,x 
( ) ( )

, , (0)r r

n nH H   are called the degenerate harmonic numbers of order r. 

From (30), we note that 
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(0)
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1
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
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

                       (31) 

Theorem 3.1 For 1,n  0,r  we have 
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, , 1,( ) ( 1) ( ).r r r

n n nH x H x H x                                     (32) 

Proof By (30) 
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Comparing the coefficients of 
nt  in both sides of the last equation, we get the identity. 

Theorem 3.2 For 0,n m  0,r  we have 
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Proof By (2) and (30), we have 
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On the other hand, 
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Which completes the proof. 

And from (33), we also can get 

1 ( ) ( )

, ,0
0 0

( 1) 1
( ) ( ) ( , ) .

( )! 1

n mn n m
r r

n m
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 



 


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 
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Theorem 3.3 For 0,n  1,r  we have 
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, 1, ,( 1) ( 1, ) ( 1) ( 1) ( 1) 2 ( 1).r r r

n n nn H n r r H H H   

                        (34) 

Proof Deriving both sides of (21) with respect t, we get 
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Comparing the coefficients of 
nt  in both sides of the last equation, we get the identity. 

Theorem 3.4 For , 0,n r  we have 
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k
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 
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Which completes the proof. 

Theorem 3.5 For 1,n   0,r  we have 
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Proof By the method of generating function, we get 
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Comparing the coefficients of 
nt  in both sides of the last equation, we get the identity. 

Theorem 3.6 For 1,n  0,r  we have 
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Proof By the method of generating function, we get 

( 1) ( 1) ( 1) ( 1)

, , 2 , , 2
0 0 0 0 0

1 1 1 1

( 1)! ˆ ˆ( 1) ( , 1) ( 1) ( 1)! ( , 1)
, ,! ! ! !

1 1
ln(1 ) ( (

(1 ) 1
( ) (1 ) ( ) ( 1)

ln(1 ) 1

n n nn
r r n r r

i j n n
n i j l n n n

r x r t r

t

nr t t t
D x b S l r t D x b r S n r

i j ln n n n

t
t

t e t
t e

   

 
 



   
   

      

   

 
      

 


 

   
 

    

1 1

1

( ) 1 1 ( )

, 1,
0 0

1
(1 ) 1)) ( ((1 ) 1))

(1 ) ( 1)
(1 ) (1 )

( 1) ( ) ( 1) ( ) .

r r

x r

x

n r r n n r r n

n n
n n

t t

t t
t t t t

H x t H x t

 

 



 



 
   


 

    

  
  

    

 

Comparing the coefficients of 
nt  in both sides of the last equation, we get the identity. 

Theorem 3.7 For 0,n r  we have 
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Proof By the method of generating function, we get 
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Comparing the coefficients of 
!

nt

n
 in both sides of the last equation, we get the identity. 

Theorem 3.8 For , 0,n r   we have 
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Proof By the method of generating function, we get 
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Comparing the coefficients of 
nt  in both sides of the last equation, we get the identity. 

Theorem 3.9 For 0,n  we have 
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Proof By the method of generating function, we get 
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Comparing the coefficients of 
!

nt

n
 in both sides of the last equation, we get the identity, and (41) can be obtained in 

the same way. 

Theorem 3.10 For 0,n   we have 

, ,
0

( 1) ! ( )(1 ) ,
, ,

n
j

i j l n
i j l

n
j d H x x D

i j l
 

  

 
   

 
                           (42) 

, ,
0

( 1) ! ( ) ( 1).
n

k

n k k n
k

n
k d H x D x

k
 



 
   

 
                               (43) 

Proof By the method of generating function, we get 
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Comparing the coefficients of 
!

nt

n
 in both sides of the last equation, we get the identity, and (43) can be obtained in 

the same way. 

Theorem 3.11 For 0,n  we have 
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Proof By the method of generating function, we get 
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Which completes the proof. 
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Theorem 3.12 For 1,n   we have 
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Proof By the method of generating function, we get 
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Comparing the coefficients of 
!

nt

n
 in both sides of the last equation,we get the identity. 

Theorem 3.13 For 0,n   we have 
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Proof By the method of generating function, we get 
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Comparing the coefficients of 
!

nt

n
 in both sides of the last equation,we get the identity. 

Theorem 3.14 For 0,n   we have 
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Proof By the method of generating function, we get 
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Comparing the coefficients of 
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 in both sides of the last equation,we get the identity. 

When x n  in Theorem 3.14, we have 
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