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  Abstract 
In this paper, we study an age-structured model for a consumer population coupled 
with a system of n ordinary differential equations, which has a constant delay, 
which describes the evolution of several resources, utilized by the consumer as 
food. The introduction of the delay in the model makes it distinct from the related 
traditional consumer-resource models, for example, models for Daphnia population 
feeding on algae. We determine the steady states of the above mentioned coupled 
system of equations, and show that basically, there are three types of steady states: 
the first is the trivial steady state, when the consumer population vanishes and the 
resources depleted. The second is the case when the consumer population vanishes 
and some of the resources at their carrying capacity and the remaining, if any, van-
ish. The third, and last, is the case when both the consumer population and the re-
sources that remain (not depleted), coexist. Our main purpose in this paper is to 
provide stability results for the aforementioned steady states. We obtain the char-
acteristic equation of the coupled system of equations, and prove that the trivial 
steady state is unstable, whereas the second type of steady states is locally asymp-
totically stable only when all of the resources are at the carrying capacity, other-
wise, is unstable. The third type of steady states, when at least one resource is de-
pleted, is locally asymptotically stable, under a given condition, otherwise, is un-
stable. The stability of the third type of steady states, when none of the resources is 
depleted, will be given in a sequel to this paper. 
 
Keywords 
Stability, Steady State, Consumer, Resource, Characteristic Equation, Delay, Sys-
tem of Ordinary Differential Equations 

 
1. Introduction 

Recently, paper [1] has studied an age-structured population model for a consumer population coupled with a system of 
n  differential equations which has a delay that describes the evolution of n  resources. The delay therein is a constant 
real number, and is due to the time a consumer takes to handle and digest a unit of resource. The introduction of delay in this 
model makes it different from the traditional consumer- resource population models; for example, see Chapter 1 in [2] and 
the references therein. The coupled system of equations is formulated as follows: 
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          (1) 
where ),( tap  is the density of the consumer population with respect to age 0≥a  and time ;0≥t  )(0 ap is the initial 
age density of the consumer population; +∞<<< maxmin0 aa  are, respectively, the childbearing age of the consumer 
population and the maximum age an individual in the consumer population can attain; ))(,(0 tCaβ≤  is the birth rate of the 
consumer population which is a bounded function that satisfies: ;0)0,( =aβ  ))(,(0 tCaµ≤  is the death rate of the con-
sumer population; iF  is the concentration of the i-th resource; 0>ir  is the constant growth of the i-th resource; 0>τ  is a 
constant representing the time a consumer takes to handle and digest a unit of resource; 0>ie  is the efficiency with which 
the consumer transforms the i-th resource into energy; 0)( ≥aγ  is the age- specific preference in resource for consumers, 
and we assume that )(aγ  is a bounded function, and is not identically zero; )(0 tC≤  is the amount of food resources, to be 
consumed by one consumer, per unit of time; 0>iδ  is the constant search rate for the i-th resource; the saturation coef-
ficient 0≥iα  is a constant that is proportional to the rate of encounter between consumers, and is related both to their 
speed of movement and the range at which they sense each other as well as the time spent by a consumer per one encounter; 
and iK<0  is a constant, known as the environmental carrying capacity of the i-th resource population. 

As I said before, the model I consider herein is ex post facto in [1], and therefore, further details about the background 
and modeling aspects of the problem (1) can be found therein. Besides, we note that in [3], a size-structured consum-
er-resource model with delay in the resources is studied numerically; in addition, [3] is a source of references for this area 
of research. Other related consumer-resource models, and in particular those related to modeling of Daphnia species, can be 
found in [2], [4], [5], [6], [7], [8], [9], [10], and the references therein. 

We note that in this paper, I study the problem (1) and determine the steady states and examine their stability via the 
characteristic equation of the problem (1). These results improve and correct some of the results given in [1]. The obtained 
results show that the constant delay therein does not affect the stability of the steady states, for all cases, with one exception, 
and that is when none of the resources is depleted, and the consumer does not vanish. Furthermore, we also note that we will 
obtain further stability results, and particularly for the just mentioned steady state, i.e., when none of the resources is de-
pleted, and the consumer does not vanish, in a sequel to this paper. In addition, we note that the derivation of the charac-
teristic equation of the problem (1) is similar to that given in Chapters 1, 4, in [2]. For the remainder of this paper, we 
assume that the functions involved in the problem (1) are sufficiently smooth to justify all required operations. 

2. The Steady States 
In this section, we determine the steady states of the problem (1). A steady state of the problem (1) satisfies the fol-

lowing: 

              (2) 
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where ,,,(.), ∞∞∞∞ CWFp i are the steady states of the original variables ),(),(),(., tWtFtp i ),(tC  respectively. 
We note that from equation ,)2( 3  we obtain that either 0=∞W  and therefore, if ,0=∞iF  ,,...,3,2,1 ni =  then we 

obtain the trivial steady state. And if ,0 ∞∞ =≠ WFi  then using ,)2( 3  we obtain the steady state: 

.0,,1,0, =≤≤== ∞∞∞ WnjiFKF jii                           (3) 

We note that the above steady state includes the case when .,...,3,2,1,, niiKF ii =∀=∞  
Or alternatively, if 0≠∞W  and accordingly, from equation ,)2( 3  we obtain 

( ) .1,
1

1 ni
Wr

W
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ii

i
ii ≤≤
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−=
∞

∞
∞ α

δ

                             (4) 
We note that for the problem (1) equation (4) is meaningful only if the following condition is satisfied: 

.1<







−∞ i

i

i

r
W α

δ

                                      (5) 
Also, note that if 

,1≥



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


−∞ i

i

i

r
W α

δ

 
then from equation ,)2( 3  we obtain .0=∞iF  And therefore, we either obtain the steady state given by (3) or the trivial 
steady state.  

In addition, we note that from equations ,)2( 1  we obtain that  

,0),()0()( ≥= ∞∞ aapap π                                   (6) 
where )(aπ  is defined as 

.)( 0

),(∫
=

∞−
a

dsCs

ea
µ

π                                     (7) 
From equations ,)2( 4  (6), we obtain 

.
)()(

)0(
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0
∫

∞
∞ = a

daaa

Wp
πγ

                                  (8) 
From equations ,)2( 5 (4), we can deduce that ∞C  is a function of a single variable: .∞W  

Accordingly, from equations ,)2( 2  (6), we obtain 

∫ ∞∞=
max

min

.)())(,(1
a

a

daaWCa πβ
                                   (9) 

Therefore, when ,0>∞W  and at least one ,,...,3,2,1,0 niFi =≠∞  then a nontrivial steady state exists if and only if 
equation (9) has a solution 0>∞W  that also satisfies condition (5). 

We summarize our discussion in the following theorem: 
Theorem (2.1) 
The trivial steady state: ,,...,3,2,10,0 niFW i =∀=> ∞∞  is always a steady state of the problem (1). If the trivial steady 

state does not occur, then there are two possibilities for nontrivial steady states given, respectively, by (3); and (4), (5), (9). 
We note that the case when ,,...,3,2,10,0 niFW i =∀=> ∞∞  is not a possible nontrivial steady state since we assume that  

,0,0)0,( ≥∀= aaβ  which implies that .0=∞W  
We also note that the above mentioned steady states, which are given by Theorem (2.1), are also given in [1], but with 
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slight differences, for example, I do not use an extra variable denoted by )(0 tW  therein, furthermore, the steady state given 
by (3) is not considered in the general form, only the case when ,...,3,2,1, =∀=∞ iiKF ii  is considered therein . Other 
related studies for the steady states of consumer-resource models are given in, for example, [2], [3], [4], [5], [6], [7], [8], [9], 
[10], and the references therein.  

Besides, we note that in Theorem 2 in [1], in which the author claims the existence of a nontrivial steady state, under 
certain conditions, and in particular the formulation given by equation (22) therein has flaws. 

3. Stability of the Steady States 
In this section, we study the stability of the steady states for the problem (1), as given by Theorem (2.1).  
We note that via derivation similar to that in Chapters 1, 4, in [2], we obtain that the characteristic equation of the 

problem (1) is given by the following formula: 
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where ,,),(),( DQAG i λλ  are given by the following formulas: 

              (10) 
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                                (14) 

and )(λϕ  is given by the following formula: 

.)(),(1)(
max

min

∫ ∞

−

−=
a

a

a
daaCae πβλϕ

λ

                           (15) 
We note that the characteristic equation (10) is similar to that given in Chapters 1, 4, in [2], where the constant delay is 

not considered, also see [8] for a generalization of [2], which leads to a possible generalization of [1]. 
In the next result, we show that the trivial steady state is unstable whereas the nontrivial steady state, given by (3), is 

locally asymptotically stable only if ,,...,3,2,1 niKF ii =∀=∞  otherwise, is unstable.  
Theorem (3.1) 
The trivial steady state: ,,...,3,2,1,0 niFW i =∀== ∞∞  is unstable whenever it exists, and the nontrivial steady state, given 

by (3), is locally asymptotically stable only if it satisfies: ,,...,3,2,1,0 niKFW ii =∀== ∞∞  otherwise, is unstable. 
We note that the proof of Theorem (3.1) follows directly from the characteristic equation (10), since in this case, 

),,(0 τλGW ==∞  and therefore, is omitted. 
In addition, we note that Theorem (3.1) is also studied in [1] for the trivial steady state and the nontrivial case: 

.,...,3,2,1,,0 niKFW ii =∀== ∞∞  Furthermore, we also note that in Theorem 3 therein, the author gave conditions for the 
(in )stability of this nontrivial steady state, which I find incorrect. So, in fact, no condition is needed for the local asymptotic 
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stability of the steady state: .,...,3,2,1,,0 niKFW ii =∀== ∞∞  
In the next result, we consider the case when .0>∞W  We also note that these results, as before, are independent of the 

delay. 
Theorem (3.2) 
Suppose that .0>∞W  and ,0=∞iF  for at least one ,1, nii ≤≤  then the nontrivial steady state is locally asymptotically 

stable if 
,1>
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i

i

r
W α

δ
 and is unstable if 

.1<







−∞ i

i

i

r
W α

δ
 

We note that the proof of Theorem (3.2) follows directly from the characteristic equation (10), since in these cases the 
characteristic equation has a root ,0)( =λiA  because ,0=∞iF  from which we obtain the above mentioned stability results in 
the theorem. 

Furthermore, we note that all of the aforementioned stability results are independent of the delay, and that is not sur-
prising, because looking at the characteristic equation (10), we find that in all of them the characteristic equation reduces to 
the left product equals to zero, i.e.,  
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which does not depend on the function ),( τλG  which is the source of the delay τ . However, in the case in which none of 
the resources is depleted, i.e., ,1,0 niiFi ≤≤∀>∞  then the stability of this steady state depends only on the right product of 
the characteristic equation equals to zero, i.e.,  
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and therefore, it depends on the function ),( τλG  in which the delay τ  appears. The stability of this steady state is rel-
egated to a sequel to this paper.  

We note that the above results improve those which are given in [1], for example, see Theorem 4 (ii), (iii). We also note 
that Theorem 4 (iv) therein needs further investigation, which as we mentioned before, is relegated to a sequel to this paper. 
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