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1. Introduction

In the generalized theories, the governing equations involve thermal relaxation times and they are of a hyperbolic type.
The extended thermoelasticity theory by [1-5] which introduces one relaxation time in the thermoelastic process and the
temperature-rate dependent theory of thermoelasticity by [6], which takes into account two relaxation times are two
well-established generalized theories of thermoelasticity.

A micro-elongated elastic solid possesses four degrees of freedom: three for translation and micro-elongation. In mi-
cro-elongation theory, the material particles can perform only volumetric micro-elongation in addition to classical de-
formation of the medium. The material points of such a medium can stretch and contract independently of their translations.
Solid-liquid crystals, composite materials reinforced with chopped elastic fibers porous media with pores filled with
non-viscous fluid or gas can be categorized as micro-elongated medium. The variation of periodical heat source response in
a functionally graded micro-elongated medium was discussed by [7, 8]. The plane strain problem in a thermoelastic mi-
cro-elongated solid with an overlying infinite non-viscous fluid was discussed by [9]. More interesting problems have been
studied about the thermoelastic micro-elongated solid in different cases [10-17].

A new model called the dual-phase-lag model for the heat transport mechanism in which Fourier’s law is replaced by an
approximation to the modification of Fourier’s law with two different time translations for the heat flux and the temperature
gradient was developed by [18-22]. The effect of thermal loading due to laser pulse in generalized thermoelastic medium
with voids in the dual-phase-lag model was studied by [23]. A dynamic problem in thermoelastic solid using a du-
al-phase-lag model with an internal heat source was explained by [24]. The effect of rotation on micropolar generalized
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thermoelasticity with two-temperatures and the thermal laser pulse using a DPL model has been discussed by [25, 26].

The current manuscript is an attempt to study the influence of rotation on a two-dimensional micro-elongated
thermoelastic medium problem. The normal mode analysis is used to derive the expressions for the considered variables for
a DPL model of thermoelasticity and the variances of the considered variables are represented graphically.

2. Formulation of the Problem

The system of governing equations of a micro-elongated thermoelasticity with rotation, in a DPL model, can be written
as [10, 13] (Fig. 1)
l Pl

I h Elastic Laver

Thermoelastic microelongated solid

Figure 1. Geometry of the problem.
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From Eqs. (1) - (4) for displacement vector U (X,Z,t)=u (U;,0,u,), and the rotation £2=(0,£2,0) the equations of
motion are given by

uViu +(A+pe, - BT, + A e, =pU, —2%°u, +20u,,),

()
uViug+(A+pe, =BT, + 4@, = pUs, — Q27U +202u,,). ©
For simplification, we shall use the following non-dimensional variables
w* w* W' pcC . W oc
Xi,:_xi’ 7'=—1, u{:Lui’ uie :Luie’ , . ' * ' N
G G ﬂoTo ﬂoTO t=wt, 7,=Wr,, 7,=Wr,
(o} . o 2
O-i’j:—”1 ;:—IJ’ q)': /’LO 0, TIZL, Q’:Q , Plfz H , W*chl Ce ’
ﬁo TO ﬂo To :Bo To To w* ﬁo To k
A+2u
¢l = .
r ™)

The displacement potentials @(x,z,t) and ¥ (X,z,t) which relate to displacement components have been in-
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troduced, we obtain

ul :@,x +l//,z’ u3 :@,z _l//,x

(8)

Substituting from Egs. (7) and (8) into Egs. (2), (3), (5) and (6), we obtain

2
[(a +a,)V? +0? —0—2 12+2Qy, -T +¢=0,
ot | ©)
82
20® +(a, V' +2°——)y =0,

ot (10)

a?_

—a, V'@ +a,T +(V?-a,-a;—)p=0,
ot (11)
—a,(1+7 i)VZ@ +(1+7 i)VZT -a, (1+7 i)T ~a,0=0

A @ ot t ot 7 PP & =0. 12

3. Solution methodology

In the current section, normal mode analysis technique is employed, which the advantage of finding the exact solutions
without any has assumed restrictions on the field variables. The physical variables under consideration can be decomposed
in terms of normal modes in the following form:

Pt rr x o x ok o (ot+ibx)
[Ui,¢,T,l/l,@,G u?laﬁ](x1zst)_[u|!¢1T 1‘//1910' u|e !Gie; ](Z)e .

i i (13)
Where, @ is acomplex constant, | = \/—_1 b is the wave number inthe X direction.
Making use of expression (13) into Egs. (9)-(12), one can obtain the following set of equations
(a,D*+a,) & +2Qwy -T +¢ =0, (19)
-2Q06 +(@D’+a,)y” =0, (15)
(—3.5 D2+a13) e*—I_a?,-l—*_i_(Dz _614)(0*201 (16)
(-2, D" +a,) & +(a;D* -a,)T - a0 =0. an

By applying the elimination procedure in the system of Eqgs. (14) - (17), we get the following eight-order differential
equation:

(D*-AD*+B D*-CD*+E)}{&(2).w ()T (2).¢" (z)}=0 )

Where, the coefficients @, A, B,C,E and H,, are given in Appendix 1.
Eq. (18) can be factorized as:

(D* -k )(D*—k;)(D* =k )(D* -k, { & @) v (2).T " (2).¢ (2) }=0. (19)

Where, kf ,(n=1,2,3,4) are roots of the characteristic equation of Eq. (19)

The general solutions of Eq. (19) bound as (Z —)00) can be represented as:

4
* * * * —k
(8.9 T .9)@)=2 (0 Hy Hy Hg )M e 0%
n=1 (20)
Substituting from Eq. (20) into Eq. (8) we obtain the components of displacements.
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4
ur(z)=> (@b —k,Hy )M e 2,

n=1 (21)
4

Us(z) =~ (k, +ibHy, )M e ™n?.
n=1 (22)

Substituting Egs. (7) and (13) into (4) and with the help of Egs. (20)-(22) we obtain the components of stresses.

4
* * * —k,z
(O-xx'o-zz'o-xz)(z)zz(H4n’H5n'H6n)Mne "
n=l (23)
The equations of motion and stress components in an elastic medium are given by [13]:

e e,e
Cijj =P Uiy,

(24)
Giej :/”Leulf’ké‘ij + uf (uie’j +u‘f,i). (25)
Substituting from Egs. (7) and (13) into Eq. (24)
(1,D*=6,)uf" +ib1,Duf" =0, 26)
ibl,Duf" +(1,0° - 5,)us" =0. @)
Eliminating uf*,use* between Egs. (26) and (27), We obtain
(D*~G D*+N }{ui"(z).ui"(2)}=0 28)
Eq. (28) can be factorized as:
(D*—r?)(D* = r)){ui"(2),u5 (2)}=0. (29)
Where, rn2 ,(n=1,2) are roots of the characteristic equation of Eq. (29), the solutions of Eq. (29) are of the form:
. 2 2
us (z)=> R,e ™M +> R ,,eM%,
n=1 n=1 (30)

2 2
Ug (Z):Z I-1n Rne_rnZ +Z I—1(n+2) Rn+2€rnz'
=1 n=1 (31)

Substituting from Egs. (7) and (13) into (25) and with the help of Egs. (30) and (31), we obtain the components of stresses
in an elastic medium

2 2
Gix (Z):z L2n Rne_rnZ +Z I—2(n+2) Rn+Zernz’

n=1 n=1 (32)
2 2
I - Z i
Oz (Z ) = Z L3n Rn e +Z I—2(n+2) Rn+2e ",
n=1 n=1 (33)
2 2
e* -z Mz
Oyxz (Z):z L4n Rne " +Z I—4(n+2)Rn+Ze "
n=1 n=1 (34)

Where, the coefficients |i ,0,,G,N and L, are given in Appendix 2.
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4. Applications

The parameters M, ,(n=1,2,3,4) and R,,(n=1,2,3,4) have to be selected such that boundary conditions at the
surface are [9-13]

_ _ e _u® u.=ut ﬂzo -0
Oz =O0zz) Oxz =Oxz» Uy =Up, H3=H3 ¢=0, oz vat oz =

GZZ =G§Z _Ple(wt+le)1 GXZ :01 at z :_h. (35)

Where, P; is the magnitude of the mechanical force.
The utilization of the expressions of the variables considered into the previous boundary conditions (35), to obtain the
equations that are satisfied with the parameters. And hence, eight equations will be obtained. If the inverse method matrix is

applied to the eight equation, we get then the value constant M, ,(n=1,2,3,4) and R,,(n=1,2,3,4)

-1

M1 H51 Hsz H53 H54 _le _Laz _Lsa _L34 0
M 2 H 61 H 62 H 63 H 64 - L41 - L42 - L43 - L44 0
M, | | ib-kH, ib-kH, ib-kH, ib-kH, -1 -1 -1 -1 0
M, _ _kl_inll _kZ_in12 _k3_in13 _k4_in14 Ly L, L Ly, 0
R, H,, H,, Hi, H,, 0 0 0 0 0
Rz _k1H21 _szzz _ksts _k4H24 0 0 0 0 0
R3 H51eklh HszekZh Hssekah HMGKAh _Lelerlh _LezerZh _Leseirih _|-34e7r2h _Pl
R, H, e H,,e " He Hy,e " 0 0 0 0 0

(36)
5. Numerical results and analysis
The analysis is conducted for aluminum epoxy-like material as [26]:
A=759x10"N /m?2, 4=189x10N/m? a;=0.61x10""N, p=219x10%kg/m?,
By =B,=0,05x10°N /m°k , ¢, =966 J/kgk, k=252J/msk Jo=0.196x10"m?,
Jo =4 =0.37x10° N /m?, T, =293k, 7,=0.02s, 74 =0.5s, ,a)=a)0 +i¢, @y =356,
¢=-481 b=8 h=1x10"°
The physical constants for elastic medium (granite) as [27]:
28 =0.884x10"°N /m?, 1 =1.2667x10°N /m?, p® =2.6x10°kg/m?, c& =720.73 /kg k ,
k®=3.1J/msk.

In light of the results of this paper, the computations are conducted for the value of non-dimensional time t =0.01, in
the range of 0<z<0.4 on the surface x=3.01. The numerical strategy stated herein is utilized for the distribution of

horizontal displacement U,, the vertical displacement U, the temperature T , the micro-elongational scalar ¢, the

stress components O,,, O,, and O,, with distance z. To study the influence of rotation on the solution in the DPL
model and the L-S theory and the effect of phase-lag of heat flux and phase-lag of temperature gradient on the solution in
the DPL model, this paper introduces the results of the numerical assessment in the form of graphs. The results are shown in
Figs. 2-15 for the mechanical force with magnitude B, =1 for the DPL model and the L-S theory.
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5.1. Influence of rotation

Figs. 2-8 show comparison between the displacement components U;, U, the temperature T , the micro-elongational
scalar @ and the force stresses components O,,, O,,, O,, for various values of (@ (£2=0.2, 0.5) for the DPL
model and L-S theory. Fig. 2 represents the distribution of the horizontal displacement U; with the distance z. It is
observed that U; increases with the increase of rotation for the two theories. In the DPL model and (L-S) theory, the values
of the horizontal displacement U; for (J =().2 are small as opposed to those for ¢ = (.5. Fig. 3 illustrates the vari-
ation of the vertical displacement U5 against the distance z, it is observed that the effect of rotation (2 is inversely

proportional to the value of the vertical displacement U in the DPL model and L-S theory i.e. the rotation (2 has a

decreasing effect. Fig. 4 describes the distribution of the temperature T with the distance z . In this figure, all curves
start from a positive value and then converge to zero with large values of the distance z and fulfill the boundary condition.
It is obvious that the values of the temperature T increases with increase of rotation for the two theories. Fig. 5 shows the
variation of the micro-elongational scalar ¢ against the distance z , it is clear that the values of ¢ start from zero and

decrease to a minimum then increase up to vanish. It is obvious that the values of ¢ increase with the decrease of rotation
for two theories, and satisfies the boundary condition. Fig. 6 is plotted to describe the distribution of the stress components

o,, Wwith the distance z . In this figure, all curves begin from a positive value, then decrease to a minimum and increase
up to vanishes at large values of z . The effect of rotation (2 isdirectly proportional to the value of the stress component
Oy in both the DPL model and the L-S theory. Fig. 7 exhibits the variation of the stress component T,, against the
distance z . In the DPL model, the effect of different values of rotation is hardly visible. It is shown that the influence of

rotation is inversely proportional to the value of the stress component O, inthe (L-S) theory. Fig 8 compares among the
two different values of rotation for the DPL model and the L-S theory. It is obvious that the value of the stress component

O,, increases as the rotation decreasing.

10
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Figure 2. Distribution of the horizontal displacement U; with the distance Zz .
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Figure 3. Distribution of the vertical displacement U, with the distance Z.
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Figure 4. Distribution of the temperature T with distance Z.
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Figure 5. Distribution of the micro-elongational scalar ¢ with the distance Z.
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Figure 7. Distribution of the force stress component O, with the distance Z.
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Figure 8. Distribution of the force stress component O, with horizontal distance Z.
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Figure 9. Distribution of the horizontal displacement U; with the distance 7.
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Figure 10. Distribution of the vertical displacement U; with the distance 7.
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Figure 13. Distribution of the force stress component O, with the distance Z.
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Figure 15. Distribution of the force stress component O, with the distance Z.
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5.2. Influence of the phase-lag of the heat flux and the phase-lag of temperature gradient

Figs. 9-15 show comparison between the displacement components U1, Us | the temperature T , the micro-elongational
scalar @ and the force stress components o,,, 0, ,0,,,when it comes to thermoelasticity the DPL model for different
values of the temperature gradient phase-lag 7s, such as 7, =0.002,0.47 at 74, =1, 2 =0.5 and for different values
of the heat flux phase-lag 7, =0.0333,0.99 at 7, =0.02, £2=0.5. Fig. 9 depicts that the phase-lag of temperature
gradient and the heat flux have an increasing effect on the magnitude of the horizontal displacement U;, whereas in
Fig. 15, they have a decreasing effect on the magnitude of the stress component Oy, in therange .05<z2<0.4. Figs. 10

and 13 show that the phase-lag of the heat flux has an increasing effect on the vertical displacement U3z over the range
0<z<0.11 and on the stress component o,, over the range 0<z <0.4, whereas, the phase-lag of the temperature
gradient has a decreasing influence on both. Figs. 11 and 14 in that order, exhibit that the temperature T , and the stress

component O, are inversely proportional to the value of 7q for z >0. Fig. 12, explains that the value of mi-

cro-elongational scalar @ increases with the increase of 7q and 7,.

5.3. The 3D surface curves
Figs. 16-21 are representing the 3D surface curves for the physical quantities, i.e., the horizontal displacement compo-
nent U,, the micro-elongational scalar ¢ and the stress components o,,, O,,, for the DPL model by keeping in mind

the effect of rotation £2=0.5. The importance of these figures is that they have been utilized to study the dependence of
previous physical quantities on both components of distance.

Figure 17. 3D curve distribution of the vertical displacement U, versus distancesat (2=0.5, 7,=0.02, 7,=0.5
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Figure 21. 3D curve distribution of the force stress component O, versus distancesat 2 =0.5, 7,=0.02, 7,=0.5 .
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6. Conclusion

According to the results of this work, one can see that the effect of rotation, the micro-elongational scalar and the applied
boundary conditions play a major role in the study of thermoelastic medium deformation. The effect of rotation and the
micro-elongational scalar has an obvious influence on all physical quantities. All the physical quantities converge to zero
very steeply with the distance Z increases. A comparison between the DPL model and the L-S theory is conducted. An
analytical solution depended on normal mode analysis of the problem on thermoelastic micro-elongated layer by encircling
finite elastic under influence of the rotation has been developed and used it.

Nomenclature

Tij Component of stress tensor for micro-elongated medium
£ Density in micro-elongated medium

U Displacement vector in micro-elongated medium

2 Angular velocity

dy ,ﬂo ./11 Micro-elongational constants

@, &, Coefficient of linear thermal expansion where £, =(34+2u)e,, f=(34+2u)a,

Jo Microinertia
@ Micro-elongational scalar
T Absolute temperature

T, Reference temperature
Kk Thermal conductivity in micro-elongated medium

Ce Specific heat at constant strain in micro-elongated medium
Ty Temperature gradient parameter

Tq Heat flux parameter
A, 1t Lame's constants in micro-elongated medium
u® Displacement vector in elastic medium

€ i . .
P Density in elastic medium

e e . . .
A » M Lame’s constants in elastic medium
k® Thermal conductivity in elastic medium

e
Ce Specific heat at constant strain in elastic medium

Appendix 1
H A+u BiALs et s pics e, c2
=—, a =—, =— a =— =—, a. = , — el
e T BT M e aw ' 28, L H T g
a8= ﬂozTo agzﬂlﬂOToclz
kopw ™’ kIw™ " ag=a +a, a,=0"-0'-ab’ a,=0Q"-o'-ap® a,=ab’

a14:b2+a4+a6a)2 a14:b2+a4+a6a)2 a15=(1++qu) a =(1+7,0) a;=aa,0, aiszaeaﬁC‘)bzv
_A+2u A

20 — =

21 T 2

ay = a16b2 +a,8,50, IOC12 , £Cy
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A= (a1a17 Q8585 —a,8),85 + 4,308 — 3,85 a1310a14aie)’
a3,

B= (— ayayg + 8,8y, — 42,507 Q% +88)48,; +8\8cByg +8yBy58y + B8y1Bg — 848,87 —8sdypBis — 83,8

CICEET

+ a10a12a19 + Q4218148 — 4349 + Q108281485 +3AsAIV — 31859530 0),

C= aial ai ( Qpdyg 4319 2 _aiasam +@38,,8,; — 338, + 343,85 + 858,89 + 8,038, + 818,89 —81,8,8y;
0~'16
+ 4a14316w2~0 2 ;3 8yg + 833,848 — 808,848 — 886830 + A58gA, 0 — 83,8080 — Az843 8y D).
E = ———(8,81,85 — 81,8381, — 5,8y —48:8,02° 0" —48,,8,,2°0° —a,,8,,8,,8

88,06
— 858,830 — 3,893,3, ),
H,, = Z2uKa * (@ + 2By ~ 8RB0, + (R0 By) -y, 2Ky ~8—aH,
2n ' 3n
(s + 260K,y — ek, — (@00 +253) (ke —ay,)
202 w
a1kn2 +a, ’ H4n :_bzazo_ibazoanln +a21knz+iba21an1n _HZn +H3n’
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H, =-ibak, +ak’H, —ibak, +ab’*H,,.

in —

Appendix 2
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Ly =10 1Ly o) + Isrn
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