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1. Introduction

Javier Canto and Carlos Perez proved an inequality in the space of L? (Q,

Abstract

Let Z = {ZQ} be a family of normalized (quasi-) Banach function spaces and u

a doubling measure. In Section 1, we give a brief introduction of this paper. In Sec-
tion 2, we introduce some basic definitions about this article and extend the defini-
tions of some maximal functions and some notions about them with Lebesgue

measure to the case of generalized measure x in R". In Section 3, we consider

the inequality in [1,Theorem1.1] with doubling measure and in (quasi-) Banach
function spaces. We find that the properties of Banach function spaces and the

A, (d ﬂ) condition are used to get the conclusion, which are just the same as the
conditions of the estimate of the BMO(d ) functions in [2,Theorem1.1]. Partic-

ularly, the A, (dg) condition could be seen as a separation condition in Banach

function spaces after using Calderon-Zygmund decomposition and may be availa-
ble to solve other similar problems. Then we apply it to the localized Lorentz
spaces with 0 < p < g <oo. This section is the main part of the article. In section4,

we focused on the application of the Variable exponent LP -spaces.
Keywords

Banach function spaces, Doubling measure, Lorentz spaces, Variable exponent L°
-spaces

wdx

 (Q)

j in [1,Theorem1.1], we rephrased

the theorem as Lemma 1.1 with some abbreviation.
Lemma 1.1 Let f be a locally integrable function and @« a non-negative weight. Then for any cube Q, for any
1< p<w and 1<r <o, the following estimate holds

1 Mo(f‘fo)(x) p ;< ,
Q)jo[ Ja)(x)dx <c,pr

M*f (x)

In this article,we consider it in the case of doubling measure without any weight in Theorem 3.1. Combing with
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Lemma 3.2,we obtain a simple application in Corollary 3.3.
After that,using the same method,we extend it to the (quasi-)Banach function spaces in Theorem 3.4 and find out it
could be used to estimate the localized Lorentz quasi-norm of the corresponding function in remark 3.6.

Eventually,we apply the result in (quasi-) Banach function spaces to the Variable exponent L -spaces in Theorem 4.5
after verifying some conditions in Lemma 4.1,4.2,4.3,4.4.
1. Preliminaries

2.1 Doubling measure

Definition 2.1 A measure x in R" is called doubling measure, or said to satisfy the doubling condition, if there

exist some positive constants ¢, and n, such thatfor every pair of cubes E and Q in R" with EcQ, the
inequality

w5, 1B uie)

Remark 2.2 The doubling measure considered in this article will be nontrivial to ensure that x(Q)>0 for every

holds, where c, > 1.

cubeQ in R" (seethe proof of [2,Lemma A.2]).
2.2 Maximal functions

Now we introduce some well known maximal functions with measure x in R" and some notations with respect to

them.
Definition 2.3

1
M*h(x)=s
() ok 4(R)

1
M, h = ——| |h
Qu (X) REE(pQ),U(R)J-R| |d,U

Jn(Y)=heJdu(y)

1
oscﬂ(f,Q):muf —fo,du

) = |f (X)_ vaﬂ|

eu\M) T T e A

’ osc, (f,Q)
where R,Q are cubes in R", f,h are locally integrable functions, D(Q) denotes the set of all dyadic cubes with

1
respectto Q, hg, :ijh(y)dy(y).

2.3 Banach function spaces

The following definitions are just the same as in [2].
Definition 2.4 Let X be a vector space. A function |- |[: X —[0,00) is called a quasi-norm if there is a constant

K >1 such that
(1) |x|=0 ifandonlyif x=0.
) ||Ax|=|A|[x| forall @eR and xeX.
3) [x + %] < K([x[+]x]) forall x,x,eX.
The constant K will be called the geometric constant of |- ||

A quasi-norm ||| over a vector space X will be denoted by | -||,. In case K =1, the term “quasi” for the
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notation will be skipped.
Definition 2.5 The A, (d ,u) condition for families of Banach spaces

Let u be ameasurein R". A family of Banach spaces Z = {ZQ} or quasi-Banach spaces with triangle inequality
constant uniformly bounded will be said to satisfy an A.o(d/l) condition if there exist some constant C, >0 and

some increasing bijection y :[0,1] —[0,1] such that

B J#lvel
i e Zq ’ 'u(Q)
For every {Q;}eA(Q) and every family of functions {h;} satisfying ||h || =1 forevery jeN.

Q (du)
Where A(Q) is the family of countable disjoint families of subcubes of a given cube Q.
Definition2.6 A family of (quasi-)Banach spaces Z = {ZQ} with triangle inequality constant uniformly bounded. u

isameasure in R". The family Z will be said to be good if;
(1) (Fatou property) If {f,} arefunctionsin Z,(dux) with |f|T|f| u—ae. then |f, ||ZQ T ||ZQ .

(2) (Average property) ||;(Q||ZQ <1 foreverycube Q in R".

Variable exponent LP -spaces with measure x inR"
Definition 2.7 Let p: R" — [1,50) be a Lebesgue measurable function and denote

p* =esssup p(x)=inf {a >0: y({x eR":p(x)> a}) = O} . Assume p* <o . The Lebesgue space with variable

exponent p() with ameasure g in R" isthe space of u -measurable functions f satisfying that

. £ (x) )"
[l = nf 5>01IR{@J du(x)<1p<oo

One may associate to this space the local averages

in >0 —— |f(x)| . X)<1r<o0
[Flsfq sx ) =inf 5> 0: ﬂ(Q)L{ 5 J du(x)<1

3. Main result

In this section we will present and prove our main result.
Theorem 3.1 Let f be a locally integrable function and x a doubling measure in R". Then for any cube Q and
any 1< p <o, the following inequality holds

1 )JQ[MQ,y(f—fQ,y)(X)J d(x) p <c,2™e(p+1)

#(Q M f (%)

Proof. Fix a cube Q, and consider the functions in Definition 2.3, we can get that, for eachxeQ,

M*f ( s;ugﬂ [|f- R,ﬂ|dyzﬁjq|f—fw|dy=ocﬂ{f,Q)
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1 o [ feul,
As m.[QFQ:#(X)d#(X)_#(Q)IQ OSCﬂ(f,Q) dy( )_1

We can apply the local Calderon-Zygmund decomposition to F, , in Q at level 2>1. Then there is a family of

dyadic pairwise disjoint subcubes {Qj} with respect to Q satisfying that

1 _ 1 |f_fQ'”| Nu
1) 1< _)joj Ry du= #(Qj)joj Oscﬂ(f,Q)dySCﬂZ A

|f(X)—nyﬂ|
(3)Fory—a.e.xeijQj, FQW(X)=WS/1
Since for every x ¢ UQ,,

]
1

. mk“‘fovuw

——| Ry du= <A

u(R)F osc, (.Q)

For all dyadic R that contains x.
Therefore, for each x ¢ UQ;,
]

1
MQ,#(f - er#)(X) - Rzg%)mj}eh - fQ~”|d’u < Ao Cﬂ{f’Q)

xeR
Mo, (f=To,)(X) < Ma, (f=fo.)() <
M7 f(x) ~ osc,(f.Q)
For xeQ;,as Q; isthe maximal dyadic cube R thatcontains x satisfying

And thus,

1
WIR FQ’ﬂd/I >A or
1
WIR“: - fQ'#|d,u >AOSCl1(f,Q)

Hence,

1 1
MQ,ﬂ(f B fQ,#)(X): REE(%)WJ-R“ B va#|d'u - RSS(&)TR)J‘R“ h vaH|d’u: MQJ (f a fQ)(X)

xeR

< Mquu (f N fijﬂ)(X)+‘ fij,” - vaﬂ
Furthermore, for any x €Q, and thus for any xeQ;, we have

1 1 1
) (F =g, )d ——— | =1 Ay ———| [|f-"f,,|d
‘fQj'#—fQ'ﬂ B #(Qj)J‘Qj( Q,/) H <#(Q1)J.Qj| Qv#| lu<,u(Qj)'[Qi| Q,#| /J<
MIT() M f(x) - M7 f(x) - osc, (f,Q) “
Therefore, for every xeQ,

Mo,y(f - fw)(x) Mo,u(f B fo,y)(x)
= (%) Xove (X)*‘Zj: M (x) Xo, (x)

M7 f(x) M

#
u
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Mo, | f=Tq, )( )
<i s s c 2%
ZQ\q; (X)“LZJ: M2 (x) Zo, (X)+C, Zuq,( )
Moy (= fo,. ) (X)
<c,2" 2 i Ao
AT gy
For convenience,we write
M f—f X
Q"‘( Q"‘)( )in short.

Go.u (X) =
’ M (x)
1
Thenset X = sgp(ﬁj}) Gy, (%)° dy(X)J " triangle inequality and disjointness of {Q;} yields that

[ﬁIQGQ,#(X)"du(X)JP gcuzw{ﬁu;%w(X)%j (x)]pdﬂ(x)]"

:cﬂz”ﬂm[ Zj L ()" dae(x )]p

1

n ,U(QJ) 1 p P
=c,2% A+ Z— jQG L ()7 du(x)
Q) n(Q;)™
1
u(Q)) :
n j ’ 1)
<C,2"A+X gcﬂ2‘1+X —
#(Q) A
Take the supremum over all cubes Q, then we have,for arbitrary A >1,
1
X <c,2%2+X [lj”
A
which implies,if we assume X <o, then
c, 2"
- 1
(3]
A
Minimizing over A >1, we can get that
X <c,2%e(p+1)
To remove the hypothesis X < oo, denote the truncation function
-K, f(x)<-K
fo (x)=4f(x),-K< f(x)<K
K,K<f(x)
544 Journal of Applied Mathematics and Computation
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M fo—(f
And let X,  =sup 1 IQ Q’”( < K)Q”’) du | for positive constants ¢ and K.

o | #(Q) MJ(fe)+e
Note that|f, (x)| < K , it follows that M (f —(fe) )(x)<2K andso X, <K cw
K - 1 Q K K Q.u - &K — c .
Fix each pair of ¢ and K, we can also get that
X,k <c,2%e(p+1)

For every fixed cube Q , applying the monotone convergence theorem,we obtain that

1
P p

du

1
1 J- MQv#(f_(f)Q“u) pd p= 1 J- lim MQ,#(fK_(fK)Q,,,)
1(Q)% M7 7@ 20 M (T e

1
P p

Mo, ( fx =(f
Q,/,( K (K)Q,/t) du| <c,2™e(p+1)

~ I @ e (e

o

Which finishes the proof.
Lemma 3.2 Suppose that (X , u) is a probability space and f a non-negative function such that for every
1< p<o wehavethe L? bound

1
([ F(0" a0 () < 7p
for some constant » independent from p. Then

t

U({XEX : f(x)>t})see_“7 1>0.

This lemma can be found in[1,Lemma2.3].
Corollary 3.3 There exist some dimensional constants C,,C, >0 such that

,u({x €Q:G, , (x) >t})$ Ce ' u(Q), t>0.

U
Theorem3.1 yields that the function G, , satisfies the condition in lemma3.2 with

Proof. Let X =Q and do :%, it is easy to verify that (X,v) is a probability space.

(ﬁkew o dy(x)jp <c,2%e(p+1)<c,2" " ep

t

Therefore, y({x €Q:G,,, (x)> t}) <Ce c"Zwey(Q), t>0
where the constant can be takenas C, = %
c,2" e

Theorem 3.4 Let u be a doubling measure in R" and Z :{ZQ} be a family of (quasi-)Banach spaces with

triangle inequality constant uniformly bounded by K =>1. Assume that Z satisfies the A, (du) condition with
associated increasing bijection y (see Definition 2.5) and is good (see Definition 2.6). Then there exists a constant
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C(u,w)>0 such that, forany cube Q in R", the following inequality holds

[Ca..zell,, <€ (uv)

Where G, ,(x)= is the same as in theorem 3.1, C, is the constant in the A_(ds) condition

for Z.
Moreover,we can take

nl
c,2"A

4(1
. R
W[CZ‘K]

Proof. Let X = sup"GQ,ﬂ Zo ||Z ,theorem 3.1 yields that
Q Q

Cluy)= inf

A>max1<1,

Goutto <. 2" A2tg +2.Cq uXo,
]

foranycube Q in R".
By triangle inequality and Definition 2.6,we can obtain that

G, ;5Q||ZQ <le, 2" A2q + .G, o, | <C.2" KA+K|Y Gy 10,
] Zq ] Zq
Gy o Gy L, Xo.
n, Qj.uAQ n Qj.uAQ
=, 2" KA +K|X|Gq, .20, |, Ty | Se 2 KARKX| T S g
: K “ I N : “ 0 10y,

Zq

Gij/lle

Since
“GijuZQj

=1, according to the A, (dx) condition for Z , we have

ZQ]. .

UQ;

)
”GQ#ZQ"zQ <c, 2" KA+K-X-C, -y W <c,2"KA+K-X-C, -1//1(%) Take the supremum over all

cubes Q on the left side of the inequality to get that, for any 1>1,
n a1
X <c,2"KA+KX-C, -y l(;j

%Z”Kl

1-K-C, -wl(/llj

Therefore, X <

Since 4>1 and 1—K-Cz-w1(%)>0,we have that
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Take the infimum over all such A, we can get the conclusion if X <.
Observing that,for each pair for fixed positive constants & and K, the following inequality holds

||MQ,#(fK _( fK )Q,ﬂ)

<2, <2<
H My (f)+e ¢ g 1Ml = ¢
Zq
Similarly,we can obtain that
”MQyUK—UKkW) PR ¢, 2" KA

H Mﬁ(fK)ﬂ; Q
2qQ A>max 1, 1

v

1—K(%~W1(ij

ox)
By Fatou property from Definition 2.6, we have

Mo fe (i)
|Ge..cl,, = lim Q;li/l(#:fK):«sQ! )"Q

K—w M

n
c, 2" KA

inf 1
1-K-C, -y =
a4 (/1)

1

1
lex)
This ends the proof.
Remark 3.5 Theorem 3.1 could be seen as a special case of theorem 3.4.

Zq A>max41,

Note that {Lp (Qd—”} is a family of Banach function spaces and satisfies the condition of Definition 2.6. It also

#(Q)

satisfies the A, (du) condition,because:

For any sequence of cubes {Q;} € A(Q) and family of functions {h; } satisfying"hj"Lp[

d
Q.

=1, je N, we have
#Qj

o

:{Zf4QJ. L kjmrdyJi-nggﬂ ,

p

ZhJZQj

i

-
]

|
%J{”Q)J‘?

LP [Q,
u

ESEE

7 uQ) u(Q) #(Q)

where we can takeC, =1,y (t) =t".
Remark 3.6 The localized version of the Lorentz quasi-norm could be defined by:

1 § q %
20 (d9(s) ) | ds L1 L(d(s))P
fl| bl du ) = p° ! s| —| =pd ! si7ds | < oo
Il o) =" [um)] s 7P Jo(um) )

where0 < p,q <o, d?(s):,u({XeQ:|f (x)|>s})
Note that these localized spaces are quasi-Banach spaces (see[4, Theorem1.4.11]) satisfying the Fatou property (which
is easy to check) and || f =|f .
Yy ) ” "LP‘P[Q,%] " ”LP[Q,%J
For any cube Q, every {Q;}eA(Q) and every family of functions {h;} satisfying ||hj ||Z =1,

Qj(du)
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s, , (5o {xe {2 (0.2 (0]

it follows that
1

a a N f
SO i [ 2 (s) ) 1
: d | s"ds | =p®

—_
©
~
o
= O
Q| —~
- w
S—"| ~—
N—e
- |a
w
a
iR
FSR

‘Zhjlﬁ?j
j

||| | |

Zq

ifp<q, tPis a convex function,Jensen’s inequality yields that Z

; on Jensen’s inequality i ﬂmJﬁ%9f<;umdfﬁﬁ>

eachs e (0,)

1
And then, p° fo [Z

_Q\H
Q-

w@) (O], [ (3
b Qj[ @J] *1 7 @

Therefore, the localized Lorentz spaces satisfy the A, (d ,u) condition by taking C, =1,y (t)=t".
The average property is also satisfied, since

al [* dEQ (S) ?)Sql S q _ é ® /J(Q)/’{(U’l)(S) %Sqfl s
gz 57| [ 0 | s <o [ £l s

obtain that

||GQW||Lp’q o du < inf e inf. T
[ H(Q)] /1>max|1 ! 1=K .CZ .W71 (ﬂ) - 1- K(ijq

Aa)

1 1q
where we can take K = 2P max {1,2 a } (see [4,Proposition1.4.10]).

1
= {qu <1Hence, by theorem 3.1, we

4. Application in Variable exponent LP -spaces

In this part, we will present some properties about Variable exponent L -spaces with measure x , the main ideas of

these properties come from [5]. Then we can easily obtain that these spaces satisfy the condition of Definition 2.5 and
Definition 2.6. Thus we get the application of theorem 3.4 in such spaces.

Lemma 4.1 (Triangle inequalit f+ <|f + :
(Triangle inequality) | gllm[ i) £l ofo.2) ||9||Lp<)[o,%]

Proof. Let p, ( _H |

Since p(x)>1 forevery xeR",we can obtain that the function ¢(t)= "™ t>0 isconvex.
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By Jensen’s inequality,

o(a|f|+ Blal) < ag(|f])+ B(lg]) holdsfor @, >0, a+p=1.

Therefore,
p,(af+p _|'|af )+ B9(x | ”(X)Sﬁ-[o(a“(X)|+:3|9(X)|)p(x)dy(x)
sﬁfq(ah(x» + Ao ()" du(x) = ap, (1)+ i, (9)

: f
Now, fix &, >||f||Lp(.)[Q’%] and 5, >||g||L,,(.){Q’%] ,then p, {Ejsl and p, [5&} <1
9

Leto =0, +5,,as
fig st 8 g).6 (1) 6 (g
S e AL I ) Pt RS LI i RS I Y |
p“( s ) p“[(s 5.5 5 |78, s s

we can get that 5 = 5, +5, > f + g||Lp(.)[Q’%]
u

Taking the infimum over all such &; and &, , we get the conclusion.

Lemma 4.2 For any cube Q in R", ZQ" ol au ) <1, 06 L0 (Qd_ﬂj satisfies the Average property in
ot #Q)

Definition 2.6.
Proof. By taking &, =1, one has

1 |70 (%) " 1 p(x) B
mjo[ 50 J dﬂ(x)_mjo(lQ(x)) d,u(x)_l

and thus 1=0, >z, . .
o> Q"Ln()[g%)]
Lemma 4.3 Let{ fk} be a sequence of functions in LPO) (Q%J satisfying| fk| 0 | f | , H—ae.then
u

[ fk”LP(')[Q’%J T ||L,,(A)(Qv%], ie. {L”(‘) {Qd—”} satisfies Fatou property in Definition 2.6.
P P

#(Q)

Proof. Assume that f,g e L (Qd—’”j with |f|<|g|, u—ae. ,thenforany 5, with &, >||g||L,,(.)[Q Ly]
"1(Q)

#(Q)
we have p, [L] <p, (gJ <1,s0, &, 2|f ||Lp<->[Q Lﬂ]
é'g 59 ‘uQ)

Take the infimum over all such &, , one can get that

||9||Ln<-)[Q,%J >|f ||Lp<-)[Q,%]

Since |f | T|f|, u—ae. therefore, |f, ||LP(A)[QV%] T and | fk||Lp(.)[Q’%J <|f ||Lp(.)(Q’%]
take & with &< ||f||Lp(.)[Qv%)]

whether ||f||Lp(.)[Qv%] <o or ||f||Lp(.)[Qv%] =,
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we have p, [%) >1. By the monotone convergence theorem,

fy 1 |t () . 1 lim|f (%) Px) o %, () p(x)
<p#(gj—qu( s J dﬂ(X)—ﬂ(Q)L{ 5 dy(x)_mmjo[ : ] duu(x)

fk
_impﬂ(gj

Therefore, p, [%]>1 forall k sufficiently large.

@
Hence, fim [ fllsofq 92 ) =1 hoofa 22 )

Which implies that & </ f, || »0 ( Lﬂ] for all such k.

Lemma 4.4 Let Q be a cube in R", & is a nontrivial doubling measure in R", then for any {Q }eA(Q) and

{ ,-} satisfying ||h || { ] =1, je N, we have
" i(Q;)

i
p

2u(Q)
Lp(')[Q.%] | ou (Q)

o
J

ie. {Lp(‘) (Qd—”J} satisfies the A, (du) condition,where p* =esssup p(x).

#(Q)
Zj:“(Qi) 3 Zjlﬂ( ) o)
Proof. Let ¢, = 2(Q) , then we have ¢, > 2(Q) H—ae.
p(x)
xh (X)ZQ,- (x) |h p(x) p(x)
ince “ X 1 ](x)| «) = #(Q,) |h1(x)| y
T )IQ % 1 )_u(Q)ZI‘?J{ 5 J )= u(Q)JQJ[ : du(x)
p(x)
i) | ) es(Q) 1
_zj: (Q)'[Q‘ ¥ u(Q;) o l )_ZJ: #(Q) ZJ:,U(QJ)_l
Jﬂ(Q) #(Q)
| Sul@)p |
We can obtain that ;hj;ng Lp<->(Q,;’(g)JS5O: Q) with the assumption that &, >0. If &, =0 or the set
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{Q,} is empty,the conclusion is trivial.

Theorem 4.5 Let x be a nontrivial doubling measure in R", then the following inequality holds:
Go  Zoll wr( - ax)<c,2%e(p*+1
QuAQ |0 g dx_
” H“ |||_p [Q,”(Q)] u ( )

Where G, ,(x) is defined in theorem3.1, p* =esssup p(x).
Proof. By theorem 3.4, Lemma 4.1, 4.2, 4.3, 4.4,we can get that

||GQ'H)(Q||LP(_)[Q£]S inf C;,2”,,A :

A>max<1, l
yt 1
Cz K

Where we can choose C, =1 (see Lemma4.4), K =1 (see Lemmad.1), y(t)= t*" (see Lemma 4.4), then we have

N,

2 n +
||GQ~!’ZQ||LP(')[Q du ] < ipjcf’—lzcﬂz ue(p +1)’

o)
A

this concludes the proof of the theorem.
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