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  Abstract 

Let { }QZ Z=  be a family of normalized (quasi-) Banach function spaces and µ  
a doubling measure. In Section 1, we give a brief introduction of this paper. In Sec-
tion 2, we introduce some basic definitions about this article and extend the defini-
tions of some maximal functions and some notions about them with Lebesgue 
measure to the case of generalized measure µ  in nR . In Section 3, we consider 
the inequality in [1,Theorem1.1] with doubling measure and in (quasi-) Banach 
function spaces. We find that the properties of Banach function spaces and the 

( )A dµ∞  condition are used to get the conclusion, which are just the same as the 

conditions of the estimate of the ( )BMO dµ  functions in [2,Theorem1.1]. Partic-

ularly, the ( )A dµ∞  condition could be seen as a separation condition in Banach 
function spaces after using Calderon-Zygmund decomposition and may be availa-
ble to solve other similar problems. Then we apply it to the localized Lorentz 
spaces with 0 p q< < < ∞ . This section is the main part of the article. In section4, 

we focused on the application of the Variable exponent pL -spaces. 
 
Keywords 

Banach function spaces, Doubling measure, Lorentz spaces, Variable exponent pL
-spaces 

 
1. Introduction 

Javier Canto and Carlos Perez proved an inequality in the space of 
( )

,p

r

dxL Q
Q

ω
ω

 
  
 

 in [1,Theorem1.1], we rephrased 

the theorem as Lemma 1.1 with some abbreviation. 
Lemma 1.1 Let f  be a locally integrable function and ω  a non-negative weight. Then for any cube Q , for any 

1 p≤ < ∞  and 1 r< < ∞ , the following estimate holds 

( )
( )( )

( )
( )

1

#

1
p p

Q Q
nQ

r

M f f x
x dx c pr

Q M f x
ω

ω

  −   ′≤     
∫  

In this article,we consider it in the case of doubling measure without any weight in Theorem 3.1. Combing with 
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Lemma 3.2,we obtain a simple application in Corollary 3.3. 
After that,using the same method,we extend it to the (quasi-)Banach function spaces in Theorem 3.4 and find out it 

could be used to estimate the localized Lorentz quasi-norm of the corresponding function in remark 3.6. 
Eventually,we apply the result in (quasi-) Banach function spaces to the Variable exponent pL -spaces in Theorem 4.5 

after verifying some conditions in Lemma 4.1,4.2,4.3,4.4. 
1. Preliminaries 

2.1 Doubling measure 

Definition 2.1 A measure µ  in nR  is called doubling measure, or said to satisfy the doubling condition, if there 

exist some positive constants cµ  and nµ  such that,for every pair of cubes E  and Q  in nR  with E Q⊂ , the 
inequality 

( ) ( )
( ) ( )

n
l Q

Q c E
l E

µ

µµ µ
 

≤   
 

 

holds, where 1cµ > . 

Remark 2.2 The doubling measure considered in this article will be nontrivial to ensure that ( ) 0Qµ >  for every 

cube Q  in nR  (see the proof of [2,Lemma A.2]). 

2.2 Maximal functions 

Now we introduce some well known maximal functions with measure µ  in nR  and some notations with respect to 
them. 

Definition 2.3 

( ) ( ) ( ) ( )#
,

1sup RRx R
M h x h y h d y

Rµ µ µ
µ∈

= −∫  

( )
( ) ( ),

1supQ RR D Q
x R

M h x h d
Rµ µ

µ∈
∈

= ∫  

( ) ( ) ,
1, QQ

osc f Q f f d
Qµ µ µ

µ
= −∫  

( )
( )

( )
,

, ,
Q

Q

f x f
F x

osc f Q
µ

µ
µ

−
=  

where ,R Q  are cubes in nR , ,f h  are locally integrable functions, ( )D Q  denotes the set of all dyadic cubes with 

respect to Q , 
( ) ( ) ( ),
1

R R
h h y d y

Rµ µ
µ

= ∫ . 

2.3 Banach function spaces 
The following definitions are just the same as in [2]. 
Definition 2.4 Let X  be a vector space. A function [ ): 0,X⋅ → ∞  is called a quasi-norm if there is a constant 

1K ≥  such that 
(1) 0x =  if and only if 0x = . 

(2) x xλ λ=  for all Rα ∈  and x X∈ . 

(3) ( )1 2 1 2x x K x x+ ≤ +  for all 1 2,x x X∈ . 

The constant K  will be called the geometric constant of ⋅ . 

A quasi-norm ⋅  over a vector space X  will be denoted by X⋅ . In case 1K = , the term “quasi” for the 
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notation will be skipped. 
Definition 2.5 The ( )A dµ∞  condition for families of Banach spaces 

Let µ  be a measure in nR . A family of Banach spaces { }QZ Z=  or quasi-Banach spaces with triangle inequality 

constant uniformly bounded will be said to satisfy an ( )A dµ∞  condition if there exist some constant 0ZC >  and 

some increasing bijection [ ] [ ]: 0,1 0,1ψ →  such that 

( )
( )

1
j

Q

jj
j Q Z

j Z

Q
h C

Q

µ
χ ψ

µ
−

 ∪ 
≤  

 
 

∑  

For every { } ( )jQ Q∈∆  and every family of functions { }jh  satisfying 
( )

1
Q dj

j Z
h

µ
=  for every j N∈ . 

Where ( )Q∆  is the family of countable disjoint families of subcubes of a given cube Q . 

Definition2.6 A family of (quasi-)Banach spaces { }QZ Z=  with triangle inequality constant uniformly bounded. µ

is a measure in nR . The family Z  will be said to be good if: 
(1) (Fatou property) If { }kf  are functions in ( )QZ dµ  with . .kf f a eµ↑ −  then 

QQk ZZf f↑ . 

(2) (Average property) 1
Q

Q Z
χ ≤  for every cube Q  in nR . 

Variable exponent pL -spaces with measure µ  in nR  

Definition 2.7 Let [ ): 1,np R → ∞ be a Lebesgue measurable function and denote 

( ) ( ){ }( ){ }sup inf 0 : : 0np ess p x x R p xα µ α+ = = > ∈ > = . Assume p+ < ∞ . The Lebesgue space with variable 

exponent ( )p ⋅  with a measure µ  in nR  is the space of µ -measurable functions f  satisfying that 

( ) ( )
( ) ( )

( ): inf 0 : 1p n

p x

L d R

f x
f d x

µ
δ µ

δ
⋅

   = > ≤ < ∞      
∫  

One may associate to this space the local averages 

( )
( ) ( )

( ) ( )

( ),

1: inf 0 : 1p

p x

dL Q QQ

f x
f d x

Q
µ

µ
δ µ

µ δ
⋅  
  
 

   = > ≤ < ∞      
∫  

3. Main result 
In this section we will present and prove our main result. 
Theorem 3.1 Let f  be a locally integrable function and µ  a doubling measure in nR . Then for any cube Q  and 

any 1 p≤ < ∞ , the following inequality holds 

( )
( )( )

( )
( ) ( )

1

, ,
#

1 2 1

p p
Q Q n

Q

M f f x
d x c e p

Q M f x
µµ µ

µ
µ

µ
µ

  −   ≤ +     
∫  

Proof. Fix a cube Q , and consider the functions in Definition 2.3, we can get that, for each x Q∈ , 

( ) ( ) ( ) ( )#
, ,

1 1sup ,R QR Qx R
M f x f f d f f d o sc f Q

R Qµ µ µ µµ µ
µ µ∈

= − ≥ − =∫ ∫  
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As 
( ) ( ) ( ) ( )

( )
( ) ( ),

,
1 1 1

,
Q

QQ Q

f x f
F x d x d x

Q Q osc f Q
µ

µ
µ

µ µ
µ µ

−
= =∫ ∫  

We can apply the local Calderon-Zygmund decomposition to ,QF µ  in Q  at level 1λ > . Then there is a family of 

dyadic pairwise disjoint subcubes { }jQ  with respect to Q  satisfying that 

( )1
( ) ( ) ( )

,
,

1 1 2
,j j

Q n
QQ Q

j j

f f
F d d c

osc f QQ Q
µµ

µ µ
µ

λ µ µ λ
µ µ

−
< = ≤∫ ∫  

( )2 ( ) ( )1
j

j
Q Qµ µ

λ
≤∑  

( )3 For . . jj
a e x Qµ − ∉∪ ， ( )

( )
( )

,
, ,

Q
Q

f x f
F x

osc f Q
µ

µ
µ

λ
−

= ≤  

Since for every jj
x Q∉∪ , 

( )
( )

( )

,

,

1
1

,

QR

QR

f f d
R

F d
R osc f Q

µ

µ
µ

µ
µ

µ λ
µ

−
= ≤

∫
∫  

For all dyadic R  that contains x . 
Therefore, for each jj

x Q∉∪ , 

( )( )
( ) ( ) ( ), , ,

1sup ,Q Q QRR D Q
x R

M f f x f f d o sc f Q
Rµ µ µ µµ λ

µ∈
∈

− = − ≤∫  

And thus, 
( )( )

( )
( )( )

( )
, , , ,

# ,
Q Q Q QM f f x M f f x

osc f QM f x
µ µ µ µ

µµ

λ
− −

≤ ≤ . 

For jx Q∈ , as jQ  is the maximal dyadic cube R  that contains x  satisfying 

( ) ,
1

QR
F d

R µ µ λ
µ

>∫  or 

( ) ( ),
1 ,QR

f f d osc f Q
R µ µµ λ

µ
− >∫  

Hence, 

( )( )
( ) ( ) ( ) ( ) ( )( ), , , ,

1 1sup sup
j

j
Q Q Q R Q QR RR D Q R D Q

x R x R

M f f x f f d f f d M f f x
R Rµ µ µ µµ µ

µ µ∈ ∈
∈ ∈

− = − = − = −∫ ∫

( )( ), , , ,j j jQ Q Q QM f f x f fµ µ µ µ≤ − + −  

Furthermore, for any x Q∈ , and thus for any jx Q∈ , we have 

( )
( ) ( )

( )
( )

( )
( )

( )

, ,
, ,

# # #

1 1 1

2
,

j j j
j

Q Q QQ Q Q
Q Q j j j n

f f d f f d f f d
f f Q Q Q

c
osc f QM f x M f x M f x

µ

µ µ µ
µ µ

µ
µµ µ µ

µ µ µ
µ µ µ

λ

− − −
−

= ≤ ≤ ≤
∫ ∫ ∫，

 

Therefore, for every x Q∈ , 

( )( )
( )

( )( )
( )

( )
( )( )

( )
( ), , , , ,

\# # #j j
j

Q Q Q Q Q Q
Q Q Q

j

M f f x M f f x M f f x
x x

M f x M f x M f x
µ µ µ µ µ µ

µ µ µ

χ χ∪

− − −
= +∑ ，  
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( )
( )( )

( ) ( )
( )

, , , ,

\ # #
j j j

j j
j

Q Q Q Q

Q Q Q
j

M f f x f f
x x

M f x M f x
µ µ µ µ

µ µ

λχ χ∪

 − −
 ≤ + +  
 

∑  

( )
( )( )

( )
( ) ( )

, ,

\ # 2j j

j j j
j j

Q Q n
Q Q Q Q

j

M f f x
x x c x

M f x
µ

µ µ

µ
µ

λχ χ λχ∪ ∪

−
≤ + +∑  

( )( )
( )

( )
, ,

#2 j j

j

Q Qn
Q

j

M f f x
c x

M f x
µ

µ µ

µ
µ

λ χ
−

≤ +∑  

For convenience,we write 

( )
( )( )

( )
, ,

, #
Q Q

Q

M f f x
G x

M f x
µ µ

µ
µ

−
= in short. 

Then set 
( ) ( ) ( )

1

,
1sup

pp
QQQ

X G x d x
Q µ µ

µ
 

=   
 

∫ , triangle inequality and disjointness of { }jQ  yields that 

( ) ( ) ( ) ( ) ( ) ( ) ( )

11

, ,
1 12

j j

p ppp n
Q Q QQ Q

j
G x d x c G x x d x

Q Q
µ

µ µ µµ λ χ µ
µ µ

    
 ≤ +          

∑∫ ∫  

( ) ( ) ( )
1

,
12

jj

ppn
QQ

j
c G x d x

Q
µ

µ µλ µ
µ

 
= +   

 
∑∫  

( )
( ) ( ) ( ) ( )

1

,
12

jj

p
j pn

QQ
j j

Q
c G x d x

Q Q
µ

µ µ

µ
λ µ

µ µ

 
 = +
 
 
∑ ∫  

( )
( )

1

2

p
j

n j
Q

c X
Q

µ
µ

µ
λ

µ

 
 

≤ +  
 
 

∑ 1
12

pnc Xµ
µ λ

λ
 ≤ +  
 

 

Take the supremum over all cubes Q , then we have,for arbitrary 1λ > , 
1

12
pnX c Xµ

µ λ
λ

 ≤ +  
 

 

which implies,if we assume X < ∞ , then 

1

2

11

n

p

c
X

µ
µ λ

λ

≤
 −  
 

 

Minimizing over 1λ > , we can get that 

( )2 1nX c e pµ
µ≤ +  

To remove the hypothesis X < ∞ , denote the truncation function 

( )
( )

( ) ( )
( )

,
,

,
K

K f x K
f x f x K f x K

K K f x

− < −
= − ≤ ≤
 <

 



Yicen Mao 

 

 
DOI: 10.26855/jamc.2022.12.019 545 Journal of Applied Mathematics and Computation 
 

And let
( )

( )( )
( )

1

, ,
, #

1sup
p

Q K K Q
K QQ K

M f f
X d

Q M f
µ µ

ε
µ

µ
µ ε

  −  =   +    
∫ for positive constants ε  and K . 

Note that ( )Kf x K≤ , it follows that ( )( )( ), 2Q K K QM f f x K
µ

− ≤  and so ,
2

K
KX ε ε

≤ < ∞ . 

Fix each pair of ε  and K , we can also get that 

( ), 2 1n
KX c e pµ

ε µ≤ +  

For every fixed cube Q , applying the monotone convergence theorem,we obtain that 

( )
( )( )

( )
( )( )

( )

1 1

, ,, ,
# #0

1 1 lim

p pp p

Q Q K KQ Q

Q Q
KK

M f f M f f
d d

Q QM f M f
µ µµ µ

ε
µ µ

µ µ
µ µ ε→

→∞

      − −      =      +            

∫ ∫  

( )
( )( )

( )
( )

1

, ,
#0

1lim 2 1

p p

Q K K Q n

Q
KK

M f f
d c e p

Q M f
µ

µ µ
µε

µ

µ
µ ε→

→∞

  −  = ≤ +  +    

∫  

Which finishes the proof. 
Lemma 3.2 Suppose that ( ),X υ  is a probability space and f  a non-negative function such that for every  

1 p< < ∞  we have the pL  bound 

( ) ( )( )
1

p p

X
f x d x pυ γ≤∫  

for some constant γ  independent from p . Then 

( ){ }( ) 4: , 0
t

x X f x t ce tγυ
−

∈ > ≤ > . 

This lemma can be found in[1,Lemma2.3]. 
Corollary 3.3 There exist some dimensional constants 1 2, 0C C >  such that 

( ){ }( ) ( )2
, 1: , 0C t

Qx Q G x t C e Q tµµ µ−∈ > ≤ > . 

Proof. Let X Q=  and 
( )

dd
Q
µυ

µ
= , it is easy to verify that ( ),X υ  is a probability space. 

Theorem3.1 yields that the function ,QG µ  satisfies the condition in lemma3.2 with 

( ) ( ) ( ) ( )
1

1
,

1 2 1 2
pp n n

QQ
G x d x c e p c ep

Q
µ µ

µ µ µµ
µ

+ 
≤ + ≤  

 
∫  

Therefore, ( ){ }( ) ( )
32

, 1: , 0
n
t

c e
Qx Q G x t C e Q t

µ
µ

µµ µ
+

−

∈ > ≤ >  

where the constant can be taken as 2 3

1
2nC

c eµ
µ

+= . 

Theorem 3.4 Let µ  be a doubling measure in nR  and { }QZ Z=  be a family of (quasi-)Banach spaces with 

triangle inequality constant uniformly bounded by 1K ≥ . Assume that Z  satisfies the ( )A dµ∞  condition with 
associated increasing bijection ψ  (see Definition 2.5) and is good (see Definition 2.6). Then there exists a constant
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( ), 0C µ ψ >  such that, for any cube Q  in nR , the following inequality holds 

( ), ,
Q

Q Q Z
G Cµ χ µ ψ≤  

Where ( )
( )( )

( )
, ,

, #
Q Q

Q

M f f x
G x

M f x
µ µ

µ
µ

−
=  is the same as in theorem 3.1, ZC is the constant in the ( )A dµ∞  condition 

for Z . 
Moreover,we can take 

( )

1

1
1max 1,

1

2
, inf

11

Z

n

Z

C K

c
C

C K

µ
µ

λ
ψ

λ
µ ψ

ψ
λ

−

  − 
 >  

    ⋅  

=
 − ⋅ ⋅  
 

 

Proof. Let ,sup
Q

Q Q ZQ
X G µ χ= ,theorem 3.1 yields that 

, ,2
j j

n
Q Q Q Q Q

j
G c Gµ

µ µ µχ λχ χ≤ +∑  

for any cube Q  in nR . 
By triangle inequality and Definition 2.6,we can obtain that 

, ,2
j jQ

Q

n
Q Q Q Q QZ

j Z

G c Gµ
µ µ µχ λχ χ≤ +∑ ,2

j j

Q

n
Q Q

j Z

c K K Gµ
µ µλ χ≤ + ∑  

,
,

,

2 j j

j j j
Q j

j j
Q j

Q

Q Qn
Q Q QZj Q Q Z

Z

G
c K K G

G
µ µ

µ µ

µ

χ
λ χ χ

χ
= + ∑

,

,

2 j j

j

j j
Q j

Q

Q Qn
Q

j Q Q Z
Z

G
c K KX

G
µ µ

µ

µ

χ
λ χ

χ
≤ + ∑  

Since ,

,

1j j

j j
Q j

Q j

Q Q

Q Q Z
Z

G

G

µ

µ

χ

χ
= , according to the ( )A dµ∞  condition for Z , we have 

( )
( )

1 1
,

12 2
Q

jjn n
Q Q Z ZZ

Q
G c K K X C c K K X C

Q
µ µ

µ µ µ

µ
χ λ ψ λ ψ

µ λ
− −

 ∪   ≤ + ⋅ ⋅ ⋅ ≤ + ⋅ ⋅ ⋅   
  

 

Take the supremum over all 

cubes Q  on the left side of the inequality to get that, for any 1λ > , 

1 12n
ZX c K KX Cµ

µ λ ψ
λ

−  ≤ + ⋅ ⋅  
 

 

Therefore, 
1

2
11

n

Z

c K
X

K C

µ
µ λ

ψ
λ

−
≤

 − ⋅ ⋅  
 

 

Since 1λ >  and 1 11 0ZK C ψ
λ

−  − ⋅ ⋅ > 
 

, we have that 

1max 1,
1

ZC K

λ
ψ

 
 
 >  

    ⋅  
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Take the infimum over all such λ , we can get the conclusion if X < ∞ . 
Observing that,for each pair for fixed positive constants ε  and K , the following inequality holds 

( )( )
( )

, ,
#

2 2
Q

Q

Q K K Q
Q Q Z

K
Z

M f f K K
M f
µ µ

µ

χ χ
ε εε

−
≤ ≤ < ∞

+
 

Similarly,we can obtain that 

( )( )
( )

, ,
#

1
1max 1,
1

2
inf

11
Q

Z

n
Q K K Q

Q
K

ZZ

C K

M f f c K
M f K C

µ
µ µ µ

µ
λ

ψ

λ
χ

ε ψ
λ

  − 
 >  

    ⋅  

−
≤

+  − ⋅ ⋅  
 

 

By Fatou property from Definition 2.6, we have 

( )( )
( )

, ,
, #0 1

1max 1,
1

2
lim inf

11
Q

Q

Z

n
Q K K Q

Q Q QZ
KK

ZZ

C K

M f f c K
G

M f K C

µ
µ µ µ

µ ε
µ

λ
ψ

λ
χ χ

ε ψ
λ

→   − →∞
 >  

    ⋅  

−
= ≤

+  − ⋅ ⋅  
 

 

This ends the proof. 
Remark 3.5 Theorem 3.1 could be seen as a special case of theorem 3.4. 

Note that 
( )

,p dL Q
Q
µ

µ

   
      

 is a family of Banach function spaces and satisfies the condition of Definition 2.6. It also 

satisfies the ( )A dµ∞  condition,because: 

For any sequence of cubes { } ( )jQ Q∈∆  and family of functions { }jh  satisfying
( )

,
1 ,p

j
j

dj L Q
Q

h j Nµ
µ

 
 
 
 

= ∈ , we have 

( )
( ) ( )

1 1

,

1 1
j j jp

p p pp
j Q j Q jQ Qdj j jL Q

Q

h h d h d
Q Qµ

µ

χ χ µ µ
µ µ 

  
 

   
 = =       

∑ ∑ ∑∫ ∫  

( )
( ) ( )

( )
( )

1
1

1
j

p
p j

pj j
jQ

j j

QQ
h d

Q QQ

µµ
µ

µ µµ

     = ⋅ =        

∑
∑ ∫ , 

where we can take ( )1 , p
ZC t tψ= = . 

Remark 3.6 The localized version of the Lorentz quasi-norm could be defined by: 

( )

( )
( )

( )
( ),

1 1
1

1 1
1

, 0 0p q

q q q q
Q Qp p
f f qq q

dL Q
Q

d s d sdsf p s p s ds
Q s Q

µ
µ µ µ

∞ ∞ −
 
  
 

    
      = = < ∞                    

∫ ∫  

where 0 ,p q< < ∞ , ( ) ( ){ }( ):Q
fd s x Q f x sµ= ∈ >  

Note that these localized spaces are quasi-Banach spaces (see[4,Theorem1.4.11]) satisfying the Fatou property (which 
is easy to check) and 

( ) ( )
, , ,p p pd dL Q L Q

Q Q
f fµ µ

µ µ
   
      
   

= . 

For any cube Q , every { } ( )jQ Q∈∆  and every family of functions { }jh  satisfying 
( )

1
Q dj

j Z
h

µ
= , 
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Since ( ) ( ) ( ) ( ){ }( ) ( ): : j

j Q j jj
j

QQ
h j Q j j h

j j j
d s x Q h x x s x Q h x s d sχ µ χ µ∑

   = ∈ > = ∈ > =      
∑ ∑ ∑ , 

it follows that 

( )

( )

( )

( )

11

1 1
1 1

0 0

j

jj Q j
j

j

Q

qq qq QQ pp
hh

jq qq q
j Q

j Z

d sd s
h p s ds p s ds

Q Q

χ

χ
µ µ

∞ ∞− −
∑

              = =                   

∑
∑ ∫ ∫

( )
( )

( )
( )

1

1
1

0

j

j

q q
Q p
hj qq

j j

d sQ
p s

Q Q

µ

µ µ
∞ −

 
  
 =  
    

 

∑∫  

if p q< , 
q
pt is a convex function,Jensen´s inequality yields that 

( )
( )

( )
( )

( )
( )

( )
( )

j j

j j

q q
Q Qp p
h hj j

j jj j

d s d sQ Q

Q QQ Q

µ µ

µ µµ µ

   
   ≤
   
   
∑ ∑ , for 

each ( )0,s∈ ∞  

And then, 
( )
( )

( )
( )

( )
( )

( )
( )

1 1

1 1
1 1

0 0

j j

j j

q qq q
Q Qp p
h hj jq qq q

j jj j

d s d sQ Q
p s ds p s ds

Q QQ Q

µ µ

µ µµ µ
∞ ∞− −

   
      
   ≤   
            

   

∑ ∑∫ ∫  

( )
( )

( )
( )

( )
( )

1 1

1
1

0

j

j

q q qQ p j
hj jqq

j j

Qd sQ
p s ds

Q QQ

µµ

µ µµ
∞ −

        = =            

∑
∑ ∫ . 

Therefore, the localized Lorentz spaces satisfy the ( )A dµ∞  condition by taking ( )1 , q
ZC t tψ= = . 

The average property is also satisfied, since  

( )

( )
( )

( ) ( ) ( )
( ),

1 1
1

1 1
0,11 1

0 0,
1Q

p q

q qq qQ p p q
q qq q

dQ L Q
Q

d s Q s pp s ds p s ds
Q Q q

χ
µ

µ

µ χ
χ

µ µ
∞ ∞− −

 
  
 

              = = = <                

∫ ∫ Hence, by theorem 3.1, we 

obtain that 

( )
,, 1, 1

1max 1,
1

2 2
inf inf

1 11 1

p q q

Z

n n

dQ L Q KQ q
Z

C K

c K c K
G

K C K

µ µ
µ µ

µµ
λµ

λ
ψ

λ λ

ψ
λ λ

 
    >  −  

 >  
    ⋅  

≤ =
 − ⋅ ⋅    −     

, 

where we can take
1 1

2 max 1,2
q

p qK
−  =  

  
 (see [4,Proposition1.4.10]). 

4. Application in Variable exponent pL -spaces 

In this part, we will present some properties about Variable exponent pL -spaces with measure µ , the main ideas of 
these properties come from [5]. Then we can easily obtain that these spaces satisfy the condition of Definition 2.5 and 
Definition 2.6. Thus we get the application of theorem 3.4 in such spaces. 

Lemma 4.1 (Triangle inequality) ( )
( )

( )
( )

( )
( )

, , ,p p pd d dL Q L Q L Q
Q Q Q

f g f gµ µ µ
µ µ µ

⋅ ⋅ ⋅     
          
     

+ ≤ +  

Proof. Let ( ) ( ) ( ) ( ) ( )1 p x

Q
f f x d x

Qµρ µ
µ

= ∫  

Since ( ) 1p x ≥  for every nx R∈ ,we can obtain that the function ( ) ( ) , 0p xt t tφ = ≥  is convex. 
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By Jensen’s inequality, 
( ) ( ) ( )f g f gφ α β αφ βφ+ ≤ +  holds for , 0 , 1α β α β≥ + = . 
Therefore, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )1 1 p xp x

Q Q
f g f x g x d x f x g x d x

Q Qµρ α β α β µ α β µ
µ µ

+ = + ≤ +∫ ∫

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )1 p x p x

Q
f x g x d x f g

Q µ µα β µ αρ βρ
µ

≤ + = +∫  

Now, fix ( )
( )

,p df L Q
Q

f µ
µ

δ ⋅  
  
 

> and ( )
( )

,p dg L Q
Q

g µ
µ

δ ⋅  
  
 

> , then 1
f

f
µρ δ

 
≤  

 
 and 1

g

g
µρ δ

 
≤  

 
 

Let f gδ δ δ= + , as 

1f g f g

f g f g

f g f g f g
µ µ µ µ

δ δ δ δ
ρ ρ ρ ρ

δ δ δ δ δ δ δ δ δ

     +  = ⋅ + ⋅ ≤ + ≤                   
 

we can get that ( )
( )

,p df g L Q
Q

f g µ
µ

δ δ δ ⋅  
  
 

= + ≥ +  

Taking the infimum over all such fδ  and gδ , we get the conclusion. 

Lemma 4.2 For any cube Q  in nR , ( )
( )

,
1p dQ L Q

Q
µ

µ

χ ⋅  
  
 

≤ , i.e. ( )

( )
,p dL Q

Q
µ

µ
⋅   
      

 satisfies the Average property in 

Definition 2.6. 
Proof. By taking 0 1δ = , one has 

( )
( )

( )

( ) ( ) ( )( ) ( ) ( )
0

1 1 1

p x
p xQ

QQ Q

x
d x x d x

Q Q

χ
µ χ µ

µ δ µ

 
  = =
 
 

∫ ∫  

and thus ( )
( )

0 ,
1 p dQ L Q

Q
µ

µ

δ χ ⋅  
  
 

= ≥ . 

Lemma 4.3 Let{ }kf be a sequence of functions in ( )

( )
,p dL Q

Q
µ

µ
⋅  
  
 

satisfying , . .kf f a eµ↑ − then 

( )
( )

( )
( )

,, pp ddk L QL Q
QQ

f f µµ
µµ

⋅⋅   
     
  

↑ , i.e. ( )

( )
,p dL Q

Q
µ

µ
⋅   
      

satisfies Fatou property in Definition 2.6. 

Proof. Assume that ( )

( )
, ,p df g L Q

Q
µ

µ
⋅  

∈   
 

 with , . .f g a eµ≤ − , then for any gδ  with ( )
( )

,p dg L Q
Q

g µ
µ

δ ⋅  
  
 

> , 

we have 1
g g

f g
µ µρ ρ

δ δ

   
≤ ≤      

   
, so, ( )

( )
,p dg L Q

Q
f µ

µ
δ ⋅  

  
 

≥  

Take the infimum over all such gδ , one can get that 

( )
( )

( )
( )

, ,p pd dL Q L Q
Q Q

g fµ µ
µ µ

⋅ ⋅   
      
   

≥  

Since , . .kf f a eµ↑ −  therefore, ( )
( )

,p dk L Q
Q

f µ
µ

⋅  
  
 

↑  and ( )
( )

( )
( )

,, pp ddk L QL Q
QQ

f f µµ
µµ

⋅⋅   
     
  

≤  

take δ  with ( )
( )

,p dL Q
Q

f µ
µ

δ ⋅  
  
 

<  

whether ( )
( )

,p dL Q
Q

f µ
µ

⋅  
  
 

< ∞  or ( )
( )

,p dL Q
Q

f µ
µ

⋅  
  
 

= ∞ , 
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we have 1f
µρ δ
  > 
 

. By the monotone convergence theorem, 

( )
( ) ( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( )
lim1 1 11 lim

p xp x p x
k kk

Q Q Qk

f xf x f xf d x d x d x
Q Q Qµρ µ µ µ

δ µ δ µ δ µ δ
→∞

→∞

       < = = =               
∫ ∫ ∫

lim k

k

f
µρ δ→∞

 =  
 

 

Therefore, 1kf
µρ δ
  > 
 

 for all k  sufficiently large. 

Which implies that ( )
( )

,p dk L Q
Q

f µ
µ

δ ⋅  
  
 

≤  for all such k . 

Hence, ( )
( )

( )
( )

,,lim pp ddk L QL Qk QQ
f f µµ

µµ
⋅⋅   
  →∞   
  

= . 

Lemma 4.4 Let Q  be a cube in nR , µ  is a nontrivial doubling measure in nR , then for any { } ( )jQ Q∈∆  and

{ }jh  satisfying 
( )

,
1 ,p

j
j

dj L Q
Q

h j Nµ
µ

 
 
 
 

= ∈ , we have 

( )
( )

( )
( )

1

,
j

p

p
j

j
j Q

dj L Q
Q

Q
h

Qµ
µ

µ
χ

µ

+

⋅  
  
 

 
 

≤  
 
 

∑
∑  

i.e. ( )

( )
,p dL Q

Q
µ

µ
⋅   
      

satisfies the ( )A dµ∞  condition,where ( )supp ess p x+ = . 

Proof. Let 
( )
( )

1

0

p
j

j
Q

Q

µ
δ

µ

+ 
 

=  
 
 

∑
, then we have 

( )
( )

( )
1

0

p x
j

j
Q

Q

µ
δ

µ

 
 

≥  
 
 

∑
. .a eµ −  

Since
( )

( ) ( )
( )

( ) ( )
( )

( )

( )
( )
( )

( )
( )

( )
0 0 0

1 1j

j j

p x

p x p xj Q
j j j j

Q Q Q
j j

h x x
h x Q h x

d x d x d x
Q Q Q

χ
µ

µ µ µ
µ δ µ δ µ δ

 
          = =     

    
 
 

∑
∑ ∑∫ ∫ ∫  

( )
( )

( )

( )
( )

( )

( )

( )
( )
( ) ( )

( )

1

1 1
j

p x

j j j

Q
j j jp x

j j
j

Q h x Q
d x

Q Q Q
Q

Q
Q

µ µ
µ

µ µ µ
µ

µ
µ

 
 
 
 
 

≤ = ⋅ = 
    
  
     

∑ ∑∫ ∑∑
 

We can obtain that 
( )

( )

( )
( )

1

0
,

j
p

p
j

j
j Q

dj L Q
Q

Q
h

Qµ
µ

µ
χ δ

µ

+

⋅  
  
 

 
 

≤ =  
 
 

∑
∑  with the assumption that 0 0δ > . If 0 0δ =  or the set 
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{ }jQ  is empty,the conclusion is trivial. 

Theorem 4.5 Let µ  be a nontrivial doubling measure in nR , then the following inequality holds: 

( )
( )

( ), ,
2 1p

n
dQ Q L Q

Q
G c e pµ

µµ µ
µ

χ ⋅
+

 
  
 

≤ +  

Where ( ),QG xµ  is defined in theorem3.1, ( )supp ess p x+ = . 
Proof. By theorem 3.4, Lemma 4.1, 4.2, 4.3, 4.4,we can get that 

( )
( )

1

, , 1
1max 1,

1

2
inf

11
p

Z

n

dQ Q L Q
Q

Z

C K

c
G

C K

µ
µ

µµ
µ

λ
ψ

λ
χ

ψ
λ

⋅

−

 
     −  

 >  
    ⋅  

≤
 − ⋅ ⋅  
 

 

Where we can choose 1ZC =  (see Lemma 4.4), 1K =  (see Lemma4.1), ( ) pt tψ
+

=  (see Lemma 4.4), then we have 

( )
( )

( ), 1, 1

2
inf 2 1

11

p

n
n

dQ Q L Q
Q p

c
G c e p

µ
µµ

µµ µλµ

λ
χ

λ

⋅

+

+
 
  > 
 

≤ = +
 −  
 

, 

this concludes the proof of the theorem. 
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