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Abstract

In this study, numerical solutions are obtained for the time-dependent
two-dimensional nonlinear parabolic partial differential equations (PDEs) with
initial and Dirichlet boundary conditions. In assessing spatial derivatives, we em-
ploy the modified Galerkin method with the aid of Green’s theorem, which mini-
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mizes the derivatives’ order and incorporates boundary conditions. In the trial
function, we use bivariate Bernstein polynomial bases. All the initial and boundary
conditions are handled carefully by suitable transformation. Further, we exploit an
iterative a-family approximation, especially the Crank Nicolson scheme, to take
care the time derivative. Applying the proposed technique to a variety of nonlinear
2D parabolic PDEs, such as the 2D Burger’s equation and the 2D Convec-
tion-Diffusion Reaction equation, the numerical results are presented in the form of
tables and figures. The numerical results provide conclusive evidence that the
technique being proposed is accurate and effective.

Email: mdshafiqul@du.ac.bd

Keywords

Galerkin Method, 2D Nonlinear parabolic PDEs, Nonlinear Advection-Diffusion
equation, a-parameter approximation

1. Introduction

Partial differential equations have been used to model a wide range of physical processes in applied mathematics, in-
cluding the transmission of heat or sound, electromagnetic theory, fluid flow, elasticity, hydrodynamics, quantum physics,
etc. Nonlinear partial differential equations play the key role in this perspective. To disclose the beauty and reality of
those processes, it is essential to solve those equations. However, this is either not accessible at all or might be quite dif-
ficult to acquire in the majority of circumstances. Therefore, numerical approximation procedures are used by most of the
researchers in order to comprehend the nature of those physical processes. As a result, the interpretation of any physical
phenomena could be improved by using numerical approximations that are more precise. It is efficient and effective to
obtain the numerical approximations of 1D or 2D linear or nonlinear parabolic partial differential equations using a wide
variety of methodologies and schemes, such as the finite difference approach [1], the Haar wavelet collocation method
[2], the Fourier spectral method [3], and many more. The referenced books [4-7] provide a review of linear and nonlinear
parabolic partial differential equations.

Due to its widespread application, several researchers have actively performed several numerical approaches to simu-
late the approximate results of parabolic partial differential problems. Ali et al. [8] solved a family of nonlinear PDEs
with various boundary conditions by employing the finite element method, which is limited to 1D. However, to address
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the complexity of solving 2D parabolic partial differential equations, Jain et al. [9] devised the Fourth-Order Finite Dif-
ference Method in 1992. In their study, they focused on problems related to first derivative terms that are nonlinear.
Aside from this, Kim and Proskurowski [10] solved nonlinear 2D parabolic partial differential equationsbyutilizingali-
nearizationapproachinconjunctionwithanoperatorsplittingmethod.Inevery case described by the authors, nonlinearity is in
the power form factor of the solution. While, Mehdi Dehghan [11] presented the Adomian decomposition technique for
slightly different boundary conditionsin two-dimensional parabolic equations.Nurwidiyanto and Ghani [12] utilized the
alternating-direction implicit (ADI) method to solve the 2D linear advection diffusion problem numerically. The solution
of parabolic one- and two-dimensional partial differential equations was approximated by Borcea et al. [13] applied a
reduction strategy using rational interpolation and a rational Krylo subspace projection method. On the other hand,
Bhrawy et al. [14] studied a precise Chebyshev-Gauss-Lobatto pseudospectral approach for handling 2D parabolic partial
differential equations with time delays in 2015. Apart from that, Benes and Kruis [15] developed a multistep subcycling
approach for nonlinear parabolic problems based on the twofold domain decomposition technique. Guo et al. [16] intro-
duced a generalized propagating lattice Boltzmann model as a numerical scheme for nonlinear advection-diffusion prob-
lems. This model was developed to use it in a variety of applications. Employing the modified finite difference approach,
Zhuo et al. [17] numerically resolved a pair of unstable 2D nonlinear convection-diffusion equations. Ihteram et al. [18]
provide a numerical approach based on combined Lucas and Fibonacci functions for solving 1D and 2D nonlinear diffu-
sion-reaction type problems.

The Galerkin weighted residual approach is a popular and well-known method for numerically solving partial and or-
dinary differential equations. Numerous scholars have exploited the Galerkin weighted residual approach for
one-dimensional parabolic PDEs [19-26] with various initial and boundary constraints. Lima et al. [27] proposed a direct
approach based on the Galerk infinite element method for the numerical solution of convection-diffusion type problems.
Ali and Islam [28] have applied the Galerkin finite element method for solving some linear and nonlinear BVPs. The
discontinuous Galerkin finite element scheme was utilized by Busch et al. [29] for the accurate numerical approximation
of nanophotonic phenomena.Whereas, Xiaolin and Shuling [30] devised an efficient element-free Galerkin approach for
numerically evaluating the fractional wave-diffusion problem. Wu et al. [31] introduced the approximated element-free
Galerkin approach for addressing multi-dimensional elastoplasticity problems. An improved Galerkin approach has been
studied for the purpose of obtaining a numerical solution to the nonlinear reaction fluid model. Ali et al. [32] conducted
this research. Kanwal et al. [33] attempted the Fractional Diffusion Wave Equation using 2D Genocchi polynomials and
the Ritz-Galerkin technique. In order to find a numerical solution to the convection diffusion reaction equation, the re-
searchers Nadukandi et al. [34] used a Petrov Galerkin technique but it was restricted to one dimension. Lai and Khan
[35] proposed a numerical strategy based on the discontinuous Galerkin technique to tackle the problem of a combined
shallow water flow model. The numerical treatment of the prototype system of variational inequality was established
using a Galerkin approach that did not need the use of any elements by Xiaolin and Haiyun [36].

In comparison to other method, a very little concentration is devoted to Modified Galerkin approach in solving advec-
tion diffusion. In this research paper, we introduce the modified Galerkin approach for the numerical solution of nonli-
near 2D parabolic partial differential type equations with bivariate Bernstein polynomial bases. When using this strategy,
it is easier to work with homogeneous boundary conditions. However, Dirichlet boundary conditions are often nonho-
mogeneous. For this reason, some transformations are required to convert the non-homogeneous boundary conditions to
homogeneous once. Because determining the solution of any (2+1) dimensional function accurately is difficult, the func-
tion that performs this transition is approximated using the bivariate cubic interpolation approach. A stable iterative
strategy is employed later in this proposed scheme to manage the time derivative. This particular method does not appear
to be discussed elsewhere in the aforementioned field of research, as far as we are aware.

The remaining portion of this article is structured as follows: Section 2 discusses the definitions and features of biva-
riate Bernstein polynomials of various orders. The weighted residual approach employs these polynomials as coordinate
functions. In Section 3, the proposed approach is used to solve a comprehensive mathematical formulation of 2D nonli-
near parabolic PDEs. Section 4 investigates certain test problems in order to validate our proposed technique. Section 5
concludes with some findings.

2. Bivariate Bernstein Polynomials

The definition of univariate p™ degree Bernstein polynomials in the interval [{,, {,,] states as follows,

_ (P)Ea=0P "' C 0!
B, = (7) =5 M
Where the binomial coefficient can be represented as, (7) = “(:ii)]

The bivariate Bernstein polynomial [37] can therefore be expressed as follows for any rectangular domain [{,, {,,] X
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[770» nn]:

_ (D (D Cn=DP " C=C0): (=)7L (n—n0)}
Bﬂ”‘%’f@’”)_(i)(j) ({n—C0)P (=) @)

Here are some properties of bivariate Bernstein polynomials,
1. B,,:; =0for ({,n) €[0,1] x [0,1] (i.e., non-negative over[0,1] x [0,1])
2. Linear independence holds for all Bernstein polynomials of degree pq.
3. Itis possible to write any polynomial of degree less than or equal to pq as a weighted sum of Bernstein polyno-
mials.
4.  Over the region [0,1] x [0,1] bivariate Bernstein polynomials have some special properties,
e At¢=0,all B,,,;;({,n) =0 exceptthe first polynomial.
e At¢=1,all B,,,;({,n) = Oexcept the last polynomial.
e Atn=0,all B,,,;({,n) = Oexcept the first polynomial.
e Atn=1,all B,,,;({,n) = Oexcept the last polynomial.
In the next section, formulation of the 2D nonlinear parabolic partial differential equations by applying the modified
Galerkin method has presented.

3. Formulation of 2D Nonlinear Parabolic PDE

Let us consider the following general form of two dimensional nonlinear parabolic PDE with a temporal derivative on
a rectangular space-time domain Q x [0,T], where T > 0 and QO =[a,b] x [c,d].
du 0
__Ml(( ’7'“)3(2+MZ(< U:u) +M3 (qulntulilﬁ) (3)

If both M;(z,{,n) and M,(z,{,n)are functions of mdependent variables only, then the problem is linear in the high-
est derivative term. Otherwise, the problem becomes quasi-linear due to the presence of non-linearity in the highest de-

rivative term. However,M; (‘r, 4nu ou a_u) may represents nonlinearity in the equation.

19 " an
Equation (3) is subjected to four boundary conditions,

u(r, a, 77) = gl(T; ﬂ);u(’f; b:’)) = 92(7:7])

U(T, (: C) = g3 (T! {)v U(T, (, d) = g4—(T' () (4)
and in accordance with the initial conditions,
u(0,¢,m) =g,m where, ({,n) € 2 5)

Our primary aim is to use a transformation that converts the nonhomogeneous boundary conditions into homogeneous
boundary conditions. Consequently, applying the transformation, we obtain,

u(r,{,n) =y {n) +v(z,¢mn) (6)
where, y(t,{,n) satisfies the given boundary conditions of the problem. Thus,

Y(T, a, 77) =01 (T, 77); Y(T' b, 7)) =02 (T' 77)
)/(T, (, C) =93 (T! {)v ]’(T: {' d) = g4—(T' () (7)

By employing these boundaries instead, the requisite homogeneous boundary conditions are obtained as follows,
v(t,a,m) = 0,v(z,b,n) =0

v(t,{,c) =0,v(r,{,d) =0 (8)
Now, substituting the aforementioned transformation (6) into the given differential Equation (3) we get,
a a 92 a a
W) = My @y + ) P My + ) P 4 My (1,6, (), 282, 20 ()
After some simplification Equation (9) can be written as,
v a ay ay ay 9%y @
= 6@+ 6@+ (v in 2 Y) +R (L, L2 1L 2 (10)
Or equivalently,
v 0
2 = @D+ G I+ 0 (1.6n 0,2, 2) + R ¢ (11)
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Since y(t,,n) is well known, yor its derivatives can be substituted in the equation, and the coefficients of the func-
tions G;and G, are then functions of ¢, n, Tand v(t,{,n).
Substituting 7 = 0 in equation (6) we get,
v(0,¢,m =g({,n) —v(0,¢{,n) (12)
which is our transformed initial condition.
Then equation (10) is our transformed equation in accordance with the boundary conditions (8) and the initial condi-
tion (12). Now, let us consider the trial solution of the form discussed by Lewis & Ward [38] as,
ﬁ(‘[! (: T]) = }1:1 aj (T)Bj ((! 77) (13)
where, B;(¢,n)'s are the bivariate Bernstein polynomials taken as coordinate function. Now, the standard weighted resi-
dual equation is discussed by Lewis & Ward [38] as,

0, [2-6@ann 2 - 6@ » -0 (nen 5,20,2) - R@ )| B.Gmdidn =0 (14)

After some simplifications, we have the following,
_ 07 ov 0%
jj 2o (vens 55 57)]| B mdzan - jj {Gltr,c n.v) S+ 6@, )5 }B @ m)dgd
= ff_() R(T! Z! U)Bt(f' U)d(d 7) (15)

We modify the equation (15) to reduce the order of the partial derivative components that are included in the integrand
and include the derivative boundary conditions. Green's Theorem [39] in the plane is a mathematical notion that helps
with the restructuring.

If 2 is an area in the {n-plane circumscribed by a closed curve 92 and if H({,n) and G({,n)are sufficiently
smooth functions, then this theorem follows,

0H

11, (5 — 52} dgdn = 6, (Fdg + Han) (16)
To incorporate this result into equation (15), we simply choose,

E = —G,(r, Z,n,ﬁ)g—:BiandH = G,(%,¢,n,9) 3 B, (17)
Substituting (17) into the equation (16) we get,

| fﬂ {a% (@en ﬁ>3—§3¢) —;—n(—az s, ﬁ)g—:&)} dgdn

= $,{(-6:@. 0,95 B,) d¢ + (G1(x,¢,n, ) 5 B,) dn} (18)

Evaluating the partial derivatives and grouping the terms that appears in equation (18) we obtain,

ac; v 05dB, 0G,dD
ﬁ {Gl(T 095 372 7+ Gt "'U) }B dgdn = ﬂ ra az G alcja—ﬁa—ia—:&
0V 0B,

+G, 5222 dgdn + §,, {(=62(5.6,m,9) 5B, 4 + (6:(,¢,m, ) 3 B,) dn}(19)

Substituting the results obtained in equation (19) into equation (15) and further simplifying we obtain,

W Glav 000B, 96,00 . 070B L0000\
H 3 (¢,m)dS 77+ﬂ e 6{ 13( a7 +W%  + 25 6_ Q(K,U.U,%.a—c) i} {dn
= [, R@.¢.mB.G m)dsdn + 6, (-6 @60, 9) 5 B,) dg + (61 ¢,n D) T B:) dn}  (20)
061 (t.dn.9) 9G2(t.d.n.9)

Let P =D;(z,{,n,¥) and P = D,(7,{,n,¥) then substituting the trial solution presented in (13) into
the Equation (20) and further simplifying we obtain,

DOI: 10.26855/jamc.2022.12.003 413 Journal of Applied Mathematics and Computation



Shovan Sourav Datta Pranta et al.

Z%Ufﬂ%d“”] Zaj I {Dl<rcn,2akm> 52 (u@nia@)%aa—?
= =1 k=1
+ +D, (‘L’, d, n,z akBk> Biaa—ij

k=1
o 9B, 0B 9B, 03,
+GZ (T, (; n’kz_l ak3&> a an ( P(J T], 7 a( a ) }dzdn - .ff R(qu W)B ({ U)d(dn
+6,0 (-GG oD EB) g + (6.6, 5) 5 B,) dn} (21)
Or equivalently,
(€1 {5} + [Kl{a} = (F} (22)
where, the coefficients of the matrices are given by,

Cyj = Jf, BiB; dgdn (23)

B, c B, 0B, C B,

k= || [ (r &, w&)&a—gwl (r,c,n,ZakB/J 5 50+ D (r ¢ me&)&a—’

=1 k=1 k=1 n

, 0B, dB; 0B

+GZ (T' (, m 2Z=1 akB/&) aai 6_717 - Q (T, ( m ) 7 > 7) i} d(dTI (24)

Fi = §{(-6:@n 9 5B S + (6160 9 FB:) dn} + ffn R(z,{,1) Bydldn (25)

Thus, the matrix formulation (22) is the required formulation of our 2D nonlinear parabolic PDE (11) where, Cand K
represent the stiffness matrices and F represents the load vector.
There are numerous methods for converting the system of first-order ordinary differential equations (22) into recur-
rence relations. We now implement this adjustment using approximations from theafamily, as stated in Reddy [40].
We use a variety of well-known numerical integration algorithms for a wide range of a values, including the follow-
ing [32],
0, the forward difference scheme
1/2, the Crank-Nicolson scheme
2/3, the Galerkin method
1,  the backward difference scheme

The approximation of the a family yields,

da)" da)r 11 - {a}r"'l—{a}r
a-off) +afd)  ~HT (29)
After simplification,
r+1 — r da a) 1
(@ = (@) + 1 - or {2 +aor {2 27)
Multiplying both sides of Equation (27) by [C] we get,
[CHay ™+ = [Cl{ay + (1 - worlc] {£) + aselc] (&) (28)
dt dt

In order to continue, it is necessary for us to generate an expression for the quantities [C]{a}"™' and [C]{a}". From

equation (22) we get,
r+1

day” da
PR ro__ T r _ — r+1 __ r+1 r+1
{5} =y - K@y and {7} =y - K@
Substituting these results into Equation (28) we get,

[CHay*" = [CH{a}" + (1 — )Sc({(F} — [K]'{a}") + adt({F}"*! — [K]"*{a}*") (29)
Grouping all the terms at the time level (r + 1) on the left and all the other on the right we obtain,
[PHa} ! = [QHa}" + {R} (30)
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where the entries of the matrices P, Q, R are,
?’Lj = CU + 0(5‘[1(5+1
Qy=C;j —(1— a)éfKi§
R; = (1 — a)dTF] + adtF/*!
This is our required recurrence relation. We iterate for a better approximation at a specific time “z” by introducing the
initial condition (12) to the recurrence relation (30).
Calculation of y(t,{,n)
Now we calculate the function y(t,{,n) that satisfies all the boundary conditions (7) of the given parabolic partial
differential equations. Since it is highly challenging to construct a three-variable function y(z,{,n) that satisfies all of

the given boundary requirements, we apply the method of bicubic interpolation to approximate the function y(z,{, 7).
Let us consider the function,

y@dm) =X, Z?:o Cij (@ (31)

When we match the function at its four corner points (0,0), (1,0), (1,1) and (0,1) together, we get the four equa-
tions from the Equation (31), which are as follows:

oo (t) = u(r,0,0) (32)
Coo (T) + €10 (7) + €20(7) + €30(7) = u(z,1,0) (33)
Coo(7) + €01 (T) + €02 () + €cp3(7) = u(7,0,1) (34)

0 Y=o cii (1) =u(r,1,1) (35)

Since y(t,¢,n) and u(z,¢,n) and all of their first and second partial derivatives are assumed to be continuous, we
may match the partial derivative of v(t, {,n)with respectto ¢ and nat the four corner points. These eight equations are,

c10(t) = us(7,0,0) (36)
€10(T) + 2¢20(7) + 3c30(7) = u(1,1,0) (37)
c10(7) + ¢11 (1) + ¢12(1) + ¢13(1) = u (7,0,1) (38)
o1 2]3:0 cy(Mi=u(r,1,1) (39)
co1 (1) = u,(z,0,0) (40)
o1 (1) + ¢11(7) + €21 (1) + €31 (1) = w, (7, 1,0) (41)
Co1(T) + 2¢p2 (1) + 3co3(7) = 1, (7,0,1) (42)
io Xi—1 ¢y (D) = uy (g, 1,1) (43)
The following four equations are generated by matching the mixed derivative at the four corner points,

c11 (1) = ug, (7,0,0) (44)
c11 (1) + 2¢51 (t) + 3c31 () = ug, (1,1,0) (45)
11 (1) + 2¢12(7) + 3¢43(1) = ug, (1,0,1) (46)
i3=1 ;3=1 Cij ®ij = Uy (r,1,1) 47)

These sixteen equations (32-47) are necessary for our sixteen unknowns to satisfy the criteria of a unique solution. The
right side of the Equations (32-47) are obtained from the given Dirichlet boundary conditions. Then solving the system,
we obtain the values of c;; (z), which then substituted into equation (31) to find the approximations for y(z,{,n).

In order to tackle non-linearity, we will first generate the C, K, and F matrices from the linear portion of the given
partial differential equation. Then, the recurrence relation (30) is used to determine the value of {a} at any time . This
is our preliminary estimation. These “{a}” values will be used to solve the nonlinear parabolic partial differential equa-
tions, after which our approximation will be updated.

4. Results and Discussions

In this portion of the article, we will demonstrate the effectiveness of the proposed approach by applying it to a few
nonlinear 2D parabolic partial differential equations. For numerical representation, we use L., norm that is computed as,
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L = max |a roximate — exact
® (z,n)eal bp |

Example 1

A partial differential equation is considered quasi-linear if all components involving higher derivatives of dependent
variables appear as a weighted sum of coefficients derived from lower-order derivatives. Consider the following form for
a quasi-linear parabolic partial differential equation [1, 2],

2 = u(ZE+ 28 +u@m) € [0.1] % [0,1] and >0 (48)
at (2 = an? &l ! !
whose exact solution is given by,

u(r,{,n) = e*(1+ e sinn) (49)

The exact solution (49) to the differential Equation (48) allows us to determine the initial and Dirichlet boundary con-
ditions. Firstly, we need to employ a transformation so that the nonhomogeneous boundary conditions may be changed
into homogeneous one. Using the transformation u(z, {,n) = y(t,{,n) + v(z,{,n) the transformed partial differential

equation becomes,

w (2 0%y S Rl WY N WY o i WOV /2

at (6(2 +6n2 +1)U y(azz +6n2) U(BZZ +6172) _y(6(2 +6172)+y ot (50)

As the function y(z,{,n) is known from the bicubic interpolation on unit square, Equation (50) represents a nonlinear

parabolic partial differential equation with variable coefficients and is subjected to homogeneous Dirichlet boundary
conditions. Some tabulated results are shown in Table 1 which are generated by the present method, Figure 1 shows a
number of three-dimensional graphical previews of our approximate solutions generated using the Galerkin weighted
residual approach with bivariate Bernstein polynomials.

T = 01 T:01

()]

{7,

()]

{7,

© )

DOI: 10.26855/jamc.2022.12.003 416 Journal of Applied Mathematics and Computation



Shovan Sourav Datta Pranta et al.

()]

{7,

(®) (f)
Figure 1. Approximate (on left) and Exact (on right) solution with 8t = 0.01 and first 2 bivariate Bernstein polynomials.

Table 1. L,, norm computed for &8t = 0.01with first two bivariate Bernstein polynomials

t Lo, norm
0.1 9.50 x 10793
0.2 1.05 x 10792
0.4 1.28 x 10702
0.6 1.57 x 10702
0.8 1.91 x 10792
1.0 2.34 x 10702
2.0 6.36 x 10792

From the table and graphical representation, we may notice that approximate results obtained by the Galerkin weighted
residual technique for various values of time “t” are very close to the exact results provided. However, if we move
through time in increasing increments, the maximum absolute errors may increase, but they still be within close enough
proximity to the actual answers.

Example 2

Burger's equation is widely explored to represent a variety of phenomena, including mathematical models of turbu-
lence and the propagation of shock waves in viscous fluid. Due to the structure of the non-linear convection component
and the presence of the viscosity term, it may be seen as a simplified version of the Navier-Stokes equation. Let us con-
sider the 2D nonlinear Burger's Equation of the form [41, 42],

a 1 (o
Stu a{ Sus = (a(;‘ ) @) € [0,1] x [0,1] and T>0 (51)
where Re is the Reynolds number and the exact solution is given by [43] as,
1
u(r,g,n) = e (FECTE) (52)

Using the transformation u(r ¢,n) =vy(t,{,n) +v(r,{,n) the partial differential Equation (51) becomes,
v 6217 62 N (ay N ay) iy v o av av v
" Re v Yan 611 v

ot Erchl a¢ "an)U Vg Var
_ 1 (%y | ¥y ay oy oy
—;(ﬁ%,,z) Yo Yoy o (53)

We apply our proposed scheme to solve this problem numerically with different time levels and Reynolds numbers,
and we represent them numerically in Table 2.
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Table 2. L,, norm computed for 7 = 0.01 with first two bivariate Bernstein polynomials.

¢ L., norm
Re=0.1 Re=1 Re =2

0.1 8.79 x 10795 5.80 x 10793 1.24 x 10792
0.2 8.81 x 1079 6.80 x 10793 1.74 x 10792
0.4 8.86 x 10795 7.40 x 1073 2.27 x 10792
0.6 8.90 x 10795 7.90 x 10793 2.68 x 1072
0.8 8.95 x 1079 8.50 x 10793 3.06 x 10792
1.0 9.00 x 10795 8.90 x 1073 3.45 x 10792
2.0 9.22 x 10795 1.05 x 10792 4,22 x 10792

Figure 2 shows a number of three-dimensional graphical previews of our approximate solutions generated using the
Galerkin weighted residual approach with bivariate Bernstein polynomials. For these, we consider three Reynolds num-
ber values; Re = 0.1, Re =1, Re = 2.

When Reynolds number is less than 1 (Re = 0.1), the estimations are quite close to the actual values. However, the
graph does not much alter since when the Reynolds number is low, diffusion is significantly more important than con-
vection.

r—2.0,Re = 0.1

r=20,Re=0.1

0.525 — 0.525

0.52 | 0.52 -|

— 0.515 — 0.515
F =

= 0.51 4 7 051

0.505 - 0.505

0.5 = 0.5 -l :
; IW
0.8 0.8
0-6 04 os ! 08 g4 o 08 1

y Utoz o 0z 04 0.6 ) 02 0 oz 04
(@) (b)
7=20,Re=1.0 7=20Re=1.0
0.75 - 0.75
0.7 4 0.7 -

0.65 - 0.65 -
5 7
£ 0.6 £ s
= =
0.55 0.55
0.5+ 0.5
1 1
0.8
0.6 1
0.4 0.6 08
7 0.2 o 0z 04
© (d)
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7=0.1,Re=20 r=0.1,Re = 2.0

0.1 0.1
1W 1W
08 pg ;1 0.8 gg .1
T,

p Ctoz 02 04 06 0.8 040z g 02 04 06 0.8
(e) ()
Figure 2. Approximate (on left) and Exact (on right) solution with 8t = 0.01 and first 2 bivariate Bernstein polynomials.

When Re = 1, the approximations are quite close to the actual values, but about an order of magnitude less accurate
than for Re = 0.1. However, the graph does not significantly alter since convection and diffusion have the same order
of magnitude when Reynolds number is 1. However, as we go through time, the maximum absolute errors increase, but
they still remain close enough to the exact solutions.

Finally, when Reynolds number is equal to 2, the estimates are close to the true values but an order of magnitude less
accurate than when Re = 0.1 and Re = 1. From the Table 2 and Figure 2, we observe that approximate results ob-
tained by the Galerkin weighted residual technique for various values of time T are very close to the exact results pro-
vided for various Re. However, if we move through time in increasing increments, the maximum absolute errors may
increase, but they will still be within close enough proximity to the actual answers.

Example 3

Various chemical, physical, and biological processes can be modeled by the following the unsteady convec-
tion-diffusion-reaction equation. They also show up in the Helmholtz equation for modeling external acoustics, the paired
magnetic incompressible Navier-Stokes equation for determining the magnetic field, and the viscoelastic constitutive
equations for simulating the extra stresses in non-Newtonian fluid flows. Let us consider the unsteady convection diffu-
sion reaction equation of the form [44],

du  du , du _ 9*u  3%u

wtatm— oz + Pre +2(1 —w)u?(n) €[0,1] x [0,1] and T>0 (54)
where the exact solution is,
-1
u(t,i,n) = [1+exp((—1+@)r—?(—%n>] (55)

Applying the same transformation discussed earlier in equation (54), we have,
v v ov_ (9w o) 29 _ 2,2 3 2_n9y2_o3_ 9 v oy 3y %
7w tata (6(2 + anz) 4yv + 6y“v — 2v° + 2v° + 6yV° = 2y° — 2y 3c 3¢ oy + Pre + an? (56)

Table 3. L,, norm computed for d7 = 0.01with first two bivariate Bernstein polynomials

t L, norm
0.1 1.80 x 10704
0.2 1.81 x 10704
0.4 1.79 x 10704
0.6 1.75 x 10704
0.8 1.78 x 10704
1.0 1.97 x 10704
2.0 2.61 x 10704
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The approximate results are shown in Table 3 and graphical comparisons which are derived using the Galerkin
weighted residual technique using bivariate Bernstein polynomials for different values of time are displayed in Figure 3.

From the Table 3 and graphical depiction 3, we can conclude that the approximate results generated by the Galerkin
weighted residual technique for various time “t” values are substantially close to the exact results. However, as we
progress through time in increasing increments, the maximum absolute errors rise sometimes, but they remain very close
to the actual solutions eventually.

7=0.1

© )

() ®
Figure 3. Approximate (on left) and Exact (on right) solution with 8t = 0.01 and first 2 bivariate Bernstein polynomials.
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5. Conclusion

In this research article, the Galerkin weighted residual technique with bivariate Bernstein polynomials is introduced to
obtain numerical solution of nonlinear two-dimensional advection diffusion equations that arise in many domains of
science and engineering. We have used bivariate cubic interpolation to transform the nonhomogeneous boundary condi-
tions to homogeneous once. We have employed an iterative strategy based on the alpha parameter in the latter section to
calculate the first order system differential equation with respect to time. The proposed scheme has applied to three non-
linear 2D parabolic PDEs, including one quasilinear PDE with non-linearity in the highest derivative terms, the 2D
Burger’s equation, and the 2D unsteady convection diffusion reaction equation, and the numerical results have presented
in tabular form interms of L., norm. The approximate solutions are graphed and compared to the exact solutions using 3D
simulations. It is observed that the absolute errors are quite negligible, and the approximations of the findings come pret-
ty close to matching the precision of the exact values.
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