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  Abstract 
In the literature, there are many different types of integral transforms such as Lap-
lace transform, Aboodh transform, Sumudu transform, Ezaki transform, Shehu 
transform, and so on. These kinds of integral transforms have many applications in 
various fields of mathematical sciences and engineering such as physics, mechan-
ics, etc. We combine the Laplace transform, Aboodh transform and Sumudu trans-
form to give another transform which is called the triple Laplace-Aboodh-Sumudu 
transform. This interesting transform reduces a linear partial differential equation 
with unknown function of three variables to an algebraic equation, which can then 
be solved by applying the inverse triple Laplace-Aboodh-Sumudu transform. In 
this paper, we introduce double Laplace-Aboodh transform (DLAT), double Ab-
oodh-Sumudu transform (DAST) and triple Laplace-Aboodh-Sumudu transform 
(TLAST). We presented some fundamental properties and theorems about them. 
Moreover, we use the triple Laplace-Aboodh-Sumudu transform to solve some 
kinds of partial differential equations. 
 
Keywords 
Double Laplace-Aboodh transform, Double Aboodh-Sumudu transform, Triple 
Laplace-Aboodh-Sumudu transform, Laplace transform, partial differential equa-
tions 

 
1. Introduction 

The topic of partial differential equations is one of the most important subjects in mathematics and other sciences. 
Therefore, it is very important to know methods to solve such partial differential equations. One of most popular and rather 
method for solving partial differential equations is the integral transform method. In the literature, several different 
transforms are introduced and applied to find the solution of partial differential equations such as Laplace transform [1, 2], 
Sumudu transform [3], Aboodh transform [4, 5], and so on. Aboodh transform has deeper connection with Laplace and 
Sumudu transforms [6], and the Sumudu transform is a simple variant of the Laplace transform. 

In recent years, great attention has been given to deal with double and triple integral transforms, see for example [7-10]. 
Aboodh [4] in 2013 introduced a new integral transform called Aboodh transform, which is derived from the Fourier 
integral and similar to Laplace transform, and applied it to solve ordinary differential equations, after that he introduced the 
double Aboodh transform and used it to solve integral differential equation and partial differential equation [11]. Recently, 
in 2020, the authors in [8] introduced a new double integral transform called Laplace-Sumudu transform and applied it to 
solve partial differential equations. In [7], the concept of triple Laplace transform was used to solve third order partial 
differential equations and the properties have been determined and studied also. For further detail and theories about triple 
integrals transform and their characteristics, see [2, 10, 12, 13]. 

The aim of this work is to study a new operator integral transform called triple Laplace-Aboodh-Sumudu transform with 
its main properties, studied double Laplace-Aboodh transform and double Aboodh-Sumudu transform and their properties. 
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In order to illustrate the applicability and efficiency of the triple Laplace-Aboodh-Sumudu transform, we apply this in-
teresting transform to solve some kinds of partial differential equations. 

1.1 Definition 
The Laplace transform [14] of the continuous function f (x) is defined by 

                         (1.1) 

The inverse Laplace transform is defined by 

                   (1.2) 

where κ is a real constant. 

1.2 Definition 
The Aboodh transform [4] of the real function f (y) of exponential order is defined over the set of functions, 

 
by the following integral 

             (1.3) 

The inverse Aboodh transform is 

               (1.4) 

1.3 Definition 
[3] The Sumudu transform of the function f (t) is defined over the set of functions, 

 
by 

                           (1.5) 

And the inverse Sumudu transform is 

               (1.6) 

1.4 Definition 
The double Laplace-Sumudu transform [8] of the continuous function f (x, t) and x, t > 0 is defined by 

             (1.7) 

It converges if the limit of the integral exists, and diverges if not. The inverse of double Laplace-Sumudu transform is 
given by 

           (1.8) 

where ω1 and ω2 are real constants. 
For further detail about double Laplace-Sumudu transform and its characteristics see [8, 15]. 
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2. Double Laplace-Aboodh Transform (DLAT) 
In this section, the definition of the double Laplace-Aboodh transform and its fundamental properties of some basic 

functions are presented, and we prove the existence and uniqueness of the double Laplace-Aboodh transform. 

2.1 Definition 
The double Laplace-Aboodh transform of the continuous function f (x, y) and x, y > 0 is denoted by the operator LxAy[f (x, 

y)] = F (p, q) and defined by 

               (2.1) 

provided the integral exists. 
The inverse double Laplace-Aboodh transform is defined by 

          (2.2) 

where ω�1 and ω�2 are real constants. 

2.2 Definition 
[16] A function f (x, y) is said to be of exponential order α > 0, β > 0, on 0 ≤ x < ∞, 0 ≤ y < ∞, if there are positive con-

stants K, X and Y such that 

 
and we write 

 
Or, equivalently, 

 
2.3 Theorem 

[12] Let f (x, y) be a continuous function in every finite intervals (0, X) and (0, Y) and of exponential order e(αx+βy), then the 
double Laplace-Aboodh transform of f (x, y) exists for all p > α and q > β. 

Proof. Let f (x, y) be of exponential order e(αx+βy) such that 

 
Using definition of double Laplace-Aboodh transform, we have 

 
Thus, the proof is complete. 

2.4 Theorem 
Let F1(p, q) and F2(p, q) be the double Laplace-Aboodh transform of the continuous functions f1(x, y) and f2(x, y) defined 

for x, y ≥ 0 respectively. If F1(p, q) = F2(p, q), then f1(x, y) = f2(x, y). 
Proof. Assume that 𝜅̅𝜅 and 𝜔𝜔� are sufficiently large, since 
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we deduce that 

 
and this proves the uniqueness of the double Laplace-Aboodh transform. 

2.5 Some Properties of The Double Laplace-Aboodh Transform. 
2.5.1 Linearity property 

If f (x, y) and g(x, y) be two functions such that 

 
Then for any constants α and β, we have 

     (2.3) 

Proof. Using the definition of double Laplace-Aboodh transform, we deduce 

 
2.5.2 Shifting property 

If the double Laplace-Aboodh transform of f (x, y) is F (p, q), then for real constants a and b, we have 

                       (2.4) 

Proof. Using the definition of double Laplace-Aboodh transform, we get 

      (2.5) 

2.5.3 Changing of scale property 
Let f (x, y) be a function such that 

 
Then for a, b > 0, we have 

                            (2.6) 

Proof. Using the definition of double Laplace-Aboodh transform, we deduce 
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Let τ = ax, υ = by, then 

 
2.5.4 Derivatives properties 

If LxAy[f (x, y)] = F (p, q), then 

(1)                                                      (2.7) 

Proof. 

 
Using integration by parts, let u = e−px, dv = fx(x, y)dx = ∂𝑓𝑓(𝑥𝑥 ,𝑦𝑦)

𝜕𝜕𝜕𝜕
dx, then we obtain 

 

(2)                                                  (2.8) 

Proof. 

 
Using integration by parts, let u = e−qy, dv = fy(x, y)dy = ∂𝑓𝑓(𝑥𝑥 ,𝑦𝑦)

𝜕𝜕𝑦𝑦
dy, then we obtain 

 
Similarly, we can prove that: 
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2.6 The Double Laplace-Aboodh Transform of some Functions 
(1) If f (x, y) = 1, then 

                      (2.9) 

(2) If f (x, y) = xy, then 

                   (2.10) 

(3) If f (x, y) = xnym,  n, m = 0, 1, 2,  ... , then 

               (2.11) 

(4) If f (x, y) = xσyν, σ ≥ −1, ν ≥ −1 , then 

 
let θ = px and 𝜑𝜑 = qy 

                (2.12) 

where, Γ(.) is the Euler gamma function. 
(5) If f (x, y) = e(nx+my), n, m = 0, 1, 2, ... , then 

       (2.13) 

Similarly, 

   (2.14) 

Consequently, 

 
(6) If f (x, y) = sinh(nx + my) or cosh(nx + my), n, m = 0, 1, 2,  ... . 
Recall that 

 
Therefore, 

 
(7) If f (x, y) = f1(x)f2(y), then 
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                 (2.15) 

Therefore, 

 

3. Double Aboodh-Sumudu Transform (DAST) 
In this section, we introduce the definition, some properties of the double Aboodh-Sumudu transform. Moreover, we 

prove the existence and uniqueness of the double Aboodh-Sumudu transform. 

3.1 Definition 
The double Aboodh-Sumudu transform of the continuous function h(y, t), y, t > 0 is denoted by the operator AySt[h(y, t)] 

= H(q, r) and defined by 

              (3.1) 

And the inverse double Aboodh-Sumudu transform is defined by 

            (3.2) 

where  and  are real constants. 

3.2 Theorem 
[12] Let h(y, t) be a continuous function in every finite intervals (0, Y) and (0, T), and of exponential order e(αy+βt), then the 

double Aboodh- Sumudu transform of h(y, t) exists for all q > α and 1
𝑟𝑟
 > β. 

Proof. Let h(y, t) be of exponential order e(αy+βt) such that 

 
Then, from the definition of double Aboodh-Sumudu transform, we have 

 
Thus, the proof is complete. 

3.3 Theorem 
Let h1(y, t) and h2(y, t) be continuous functions defined for y, t ≥ 0 and having the double Aboodh-Sumudu transform 
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H1(q, r) and H2(q, r) respectively. If H1(q, r) = H2(q, r), then h1(y, t) = h2(y, t). 
Proof. Assume that  and  are sufficiently large, since 

 
we deduce that 

 
This ends the proof of the theorem. 

3.4 Some Properties of The Double Aboodh-Sumudu Transform 
3.4.1 Linearity property 

If h(y, t) and g(y, t) be two functions such that 

 
Then for any constants α and β, we have 

         (3.3) 

Proof. Using the definition of double Aboodh-Sumudu transform, we obtain 

 
3.4.2 Shifting property 

If AySt[h(y, t)] = H(q, r), then for any pair of real constants b, c > 0 

                    (3.4) 

Proof. Using the definition of double Aboodh-Sumudu transform, we get 

 
Put 𝑧𝑧 = 𝑟𝑟

1−𝑐𝑐𝑐𝑐
, then 
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3.4.3 Changing of scale property 
Let h(y, t) be a function such that 

 
Then for b and c are positive constants, we have 

                             (3.5) 

Proof. Using the definition of double Aboodh-Sumudu transform, we deduce 

 
Let τ = by, υ = ct, then 

 
3.4.4 Derivatives properties 

If AySt[h(y, t)] = H(q, r), then: 

(1)                             (3.6) 

Proof. 

 
Using integration by parts, let u = e−qy, 𝑑𝑑𝑑𝑑 = 𝜕𝜕ℎ(𝑦𝑦 ,𝑡𝑡)

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑, then we obtain 

 

(2)                                     (3.7) 

Proof. 

 

Using integration by parts, let u = 𝑒𝑒−
𝑡𝑡
𝑟𝑟 , 𝑑𝑑𝑑𝑑 = 𝜕𝜕ℎ(𝑦𝑦 ,𝑡𝑡)

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑, then we obtain 
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Similarly, we can prove 

 
3.5 The Double Aboodh-Sumudu Transform of some Functions 

(1) Let h(y, t) = 1, then 

                      (3.8) 

(2). Let h(y, t) = yt, then 
 

                    (3.9) 

(3) Let h(y, t) = ymtk, m, k = 0,1,2,..., then 

               (3.10) 

(4) Let h(y, t) = yνtρ, ν ≥ −1, ρ ≥ −1 , then 

 
let θ = qy and 𝜑𝜑 = 𝑡𝑡

𝑟𝑟
 

          (3.11) 

where, Γ(.) is the Euler gamma function. 
(5) Let h(y, t) = e(my+kt), m, k = 0, 1, 2,..., then 

        (3.12) 

Similarly, 

       (3.13) 

Consequently, 

 



Ali Al-Aati, Mona Hunaiber, Yasmin Ouideen 

 

 
DOI: 10.26855/jamc.2022.09.003 300 Journal of Applied Mathematics and Computation 
 

As in the previous section, it is easy to prove 

 
(7) If h(y, t) = h1(y)h2(t), then 

                    (3.14) 

Therefore, 

 

4. Triple Laplace-Aboodh-Sumudu Transform (TLAST) 
First, we introduce the definition of triple Laplace-Aboodh-Sumudu transform. 

4.1 Definition 
Let 𝑓𝑓 be a continuous function of three variables say 𝑥𝑥,𝑦𝑦, 𝑡𝑡 > 0; then, the triple Laplace-Aboodh-Sumudu transform of 

𝑓𝑓 (𝑥𝑥,𝑦𝑦, 𝑡𝑡) is denoted by the operator 𝐿𝐿𝑥𝑥𝐴𝐴𝑦𝑦𝑆𝑆𝑡𝑡[𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡)] = 𝐹𝐹(𝑝𝑝, 𝑞𝑞, 𝑟𝑟) and defined by 

       (4.1) 

Provided the integral exists. 
The inverse triple Laplace-Aboodh-Sumudu transform is defined by 

 
where κ1, κ2 and κ3 are real constants. 

4.2 Existence and uniqueness of triple Laplace-Aboodh-Sumudu transform 

4.2.1 Definition. A function 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) is said to be of exponential order 𝑒𝑒(𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐), 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 > 0 on [0, ∞), if there are 
positive constants K, X, Y and T such that 

 
and we write 

 
Or, equivalently, 

 
4.3 Theorem 

Let 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) be a continuous function on the interval [0, ∞) and of exponential order 𝑒𝑒(𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐). Then the triple 
Laplace-Aboodh-Sumudu transform of 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) exists for all 𝑝𝑝 > 𝑎𝑎, 𝑞𝑞 > 𝑏𝑏, 𝑟𝑟 < 1

𝑐𝑐
. 
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Proof. Let 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) be of exponential order 𝑒𝑒(𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐) such that 

 
Then, we have 

 
4.4 Theorem 

Let 𝐹𝐹1(𝑝𝑝, 𝑞𝑞, 𝑟𝑟) and 𝐹𝐹2(𝑝𝑝, 𝑞𝑞, 𝑟𝑟) be the triple Laplace-Aboodh-Sumudu transforms of the continuous functions 𝑓𝑓1(𝑥𝑥,𝑦𝑦, 𝑡𝑡) 
and 𝑓𝑓2(𝑥𝑥,𝑦𝑦, 𝑡𝑡)  defined for 𝑥𝑥,𝑦𝑦, 𝑡𝑡 ≥ 0 respectively. If 𝐹𝐹1(𝑝𝑝, 𝑞𝑞, 𝑟𝑟) = 𝐹𝐹2(𝑝𝑝, 𝑞𝑞, 𝑟𝑟), then 𝑓𝑓1(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑓𝑓2(𝑥𝑥,𝑦𝑦, 𝑡𝑡). 

Proof. Assume that κ1, κ2 and κ3 are sufficiently large, since 

 
we deduce that 

 
This proves the uniqueness of the triple Laplace-Aboodh-Sumudu Transform. 

4.5 Some Properties of Triple Laplace-Aboodh-Sumudu Transform 
4.5.1 Linearity property 

If 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) and 𝑔𝑔(𝑥𝑥,𝑦𝑦, 𝑡𝑡) be two functions such that 

 
Then for any constants α and β, we have 

         (4.2) 
Proof. Using definition of triple Laplace-Aboodh-Sumudu transform, we obtain 
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4.5.2 Shifting property 
If the triple Laplace-Aboodh-Sumudu transform of 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) is 𝐹𝐹(𝑝𝑝, 𝑞𝑞, 𝑟𝑟), then for real constants a, b and c, we have 

          (4.3) 

Proof. Using the definition of triple Laplace-Aboodh-Sumudu transform, we get 

 
4.5.3 Changing of scale property 

Let 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) be a function such that 

 
Then for a, b and c are positive constants, we have 

                    (4.4) 

Proof. Using the definition of triple Laplace-Aboodh-Sumudu transform, we deduce 

 
Let 𝜏𝜏 = 𝑎𝑎𝑎𝑎;  𝜐𝜐 = 𝑏𝑏𝑏𝑏;  𝜑𝜑 = 𝑐𝑐𝑐𝑐, then 

 
4.5.4 Derivatives properties.  

If 𝐿𝐿𝑥𝑥𝐴𝐴𝑦𝑦𝑆𝑆𝑡𝑡[𝑓𝑓 (𝑥𝑥,𝑦𝑦, 𝑡𝑡)] = 𝐹𝐹 (𝑝𝑝, 𝑞𝑞, 𝑟𝑟), then: 

(1)               (4.5) 

Proof. 

 
Using integration by parts, let 𝑢𝑢 = 𝑒𝑒−𝑝𝑝𝑝𝑝 , 𝑑𝑑𝑑𝑑 = 𝜕𝜕𝑓𝑓(𝑥𝑥 ,𝑦𝑦 ,𝑡𝑡)

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑, then we obtain 
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(2)                       (4.6) 

Proof. 

 
Using integration by parts, let 𝑢𝑢 = 𝑒𝑒−𝑞𝑞𝑦𝑦 , 𝑑𝑑𝑑𝑑 = 𝜕𝜕𝜕𝜕 (𝑥𝑥 ,𝑦𝑦 ,𝑡𝑡)

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑, then we obtain 

 
Similarly, we can prove that: 

 

 
4.6 Triple Laplace-Aboodh-Sumudu Transform of Some Elementary Functions  

(1) If 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 1, then 

 
(2) If 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡)  = 𝑥𝑥𝑥𝑥𝑥𝑥, then 

 
(3) If 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑥𝑥𝑛𝑛𝑦𝑦𝑚𝑚𝑡𝑡𝑘𝑘 , 𝑛𝑛,𝑚𝑚, 𝑘𝑘 = 0,1,2, . . ., then 
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(4) If 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑥𝑥𝜎𝜎𝑦𝑦𝜈𝜈𝑡𝑡𝜌𝜌 , 𝜎𝜎 ≥ −1, 𝜈𝜈 ≥ −1 𝜌𝜌 ≥ −1, then 

 
let 𝜉𝜉 = 𝑝𝑝𝑝𝑝, 𝜍𝜍 = 𝑞𝑞𝑞𝑞 and 𝜂𝜂 = 𝑡𝑡

𝑟𝑟
 

 
where Γ(. ) is the Euler gamma function.  

(5) If f(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑒𝑒(𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐), then 

 
(6) If 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = sinℎ(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐) or cosℎ(𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐).  
Recall that 

 
Therefore, 

 
(7) If 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑒𝑒𝑖𝑖(𝑎𝑎𝑎𝑎+𝑏𝑏𝑏𝑏+𝑐𝑐𝑐𝑐), then 

 
Consequently, 

 
(8) If 𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑓𝑓1(𝑥𝑥)𝑓𝑓2(𝑦𝑦)𝑓𝑓3(𝑡𝑡), then 
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Therefore, 

 

5. Applications 
In this section, we apply the triple Laplace-Aboodh-Sumudu transform (TLAST) operator for solving some kinds of 

linear partial differential equations. 
Example 5.1. Consider the following nonhomogeneous Heat equation 

        (5.1) 

subject to the boundary and initial conditions 

         (5.2) 

        (5.3) 

                                (5.4) 
Solution. Applying TLAST on both sides of Eq. (5.1), we have 

        (5.5)  
By linearity property and partial derivative properties of TLAST, we get 

  (5.6) 

where 

 
Rearranging the terms, we have 

      (5.7) 

Using DAST for equations (5.2), DLST for equations (5.3) and DLAT for equation (5.4), we obtain 

                      (5.8) 

                     (5.9) 

                     (5.10) 

                      (5.11) 

          (5.12) 
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Substitute equations (5.8)-(5.12) into equation (5.7) and simplify to obtain 

 (5.13) 

Taking the inverse TLAST of equation (5.13), we get 

      (5.14) 

Which is the desired solution of (5.1) 
Example 5.2. Consider the following nonhomogeneous Wave equation 

     (5.15) 

subject to the boundary and initial conditions 

                    (5.16) 

Solution. Taking the TLAST to both sides of equation (5.15) and rearranging the terms, we get 

       (5.17) 

where 

 
Applying DLAT, DLST and DAST to the given conditions, we obtain 

        (5.18) 

by simple computation, we get 

                 (5.19) 

Applying the inverse TLAST on equation (5.19), we get 

       (5.20)  
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Which is the required solution of (5.15). 
Example 5.3. Consider the following boundary Laplace equation 

               (5.21) 
subjected to the conditions 

                    (5.22) 

Solution. Applying TLAST to the equation gives and by linearity property and partial Derivative properties of TLAST, 
we get 

                  (5.23) 

Substituting 

 
in equation (5.23) and simplifying, we get 

             (5.24) 

Taking the inverse of TLAST, we get 

                  (5.25) 

Which is the required solution of the considered Laplace equation. 
Example 5.4. Consider the following Poisson partial differential equation 

    (5.26) 

subjected to the conditions 

                  (5.27) 

Solution. Applying TLAST on both sides of equation (5.26) and by using properties of TLAST, then we have 

   (5.28) 

where 
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Substituting 

 
in equation (5.28), we obtain 

           (5.29) 

After some simple algebraic operations, we get 

           (5.30) 

Taking 𝐿𝐿𝑥𝑥−1𝐴𝐴𝑦𝑦−1𝑆𝑆𝑡𝑡−1 for equation (5.30), we get 

                 (5.31) 

Which is the required solution of Poisson equation (5.26). 
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