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1. Introduction

The topic of partial differential equations is one of the most important subjects in mathematics and other sciences.
Therefore, it is very important to know methods to solve such partial differential equations. One of most popular and rather
method for solving partial differential equations is the integral transform method. In the literature, several different
transforms are introduced and applied to find the solution of partial differential equations such as Laplace transform [1, 2],
Sumudu transform [3], Aboodh transform [4, 5], and so on. Aboodh transform has deeper connection with Laplace and
Sumudu transforms [6], and the Sumudu transform is a simple variant of the Laplace transform.

In recent years, great attention has been given to deal with double and triple integral transforms, see for example [7-10].
Aboodh [4] in 2013 introduced a new integral transform called Aboodh transform, which is derived from the Fourier
integral and similar to Laplace transform, and applied it to solve ordinary differential equations, after that he introduced the
double Aboodh transform and used it to solve integral differential equation and partial differential equation [11]. Recently,
in 2020, the authors in [8] introduced a new double integral transform called Laplace-Sumudu transform and applied it to
solve partial differential equations. In [7], the concept of triple Laplace transform was used to solve third order partial
differential equations and the properties have been determined and studied also. For further detail and theories about triple
integrals transform and their characteristics, see [2, 10, 12, 13].

The aim of this work is to study a new operator integral transform called triple Laplace-Aboodh-Sumudu transform with
its main properties, studied double Laplace-Aboodh transform and double Aboodh-Sumudu transform and their properties.
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In order to illustrate the applicability and efficiency of the triple Laplace-Aboodh-Sumudu transform, we apply this in-
teresting transform to solve some kinds of partial differential equations.

1.1 Definition
The Laplace transform [14] of the continuous function f (x) is defined by

Lif(z)]=F(p) = / e " fx)de. (1.2)
J0
The inverse Laplace transform is defined by

LG = f@) =5 [ e F), (12)

o =00

where x is a real constant.
1.2 Definition
The Aboodh transform [4] of the real function f (y) of exponential order is defined over the set of functions,

M = {.f{!f} AR T, > 0, f(y)] < Ke Wim e (—1) x [0,00), i =1, 2}-

by the following integral

o » | I .
Alf(y)] = F(q) = = / e f(y)dy, 1 < q < 7o (1.3)
q.Jo
The inverse Aboodh transform is
. 1 reee . i
A7 F(g) = fly) = 5 / qe™ F(q)dg, w = 0. (1.4)

1.3 Definition

[3] The Sumudu transform of the function f (t) is defined over the set of functions,
ﬁ(::{fﬁ):ajﬁpbpyﬁ 0.1F(8)] < Me#s . ¢ e(_4}fx[n¢xy,;:1_z}
by
s =) =1 [ et 15)
And the inverse Sumudu transform is

w100 R
S”U%ﬂ]:f@):—i;/ ?*Fom#,uer (1.6)

1.4 Definition

The double Laplace-Sumudu transform [8] of the continuous function f (x, t) and x, t > 0 is defined by

L,St[f(x,t)] = F(p,r) / / e P f(x, t)dadt
0

- limy / / ) £, ) dvdt.
I a—oo,8—=00 [

It converges if the limit of the integral exists, and diverges if not. The inverse of double Laplace-Sumudu transform is

given by
flet) = L] I.S, l:r‘"[p. 7)) rl,}: /L f’“'{‘/’*_ . %r : Fip. r_]rfr}u’p, (1.8)

Wy =100 wo=ioo

.7

where w, and w, are real constants.
For further detail about double Laplace-Sumudu transform and its characteristics see [8, 15].
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2. Double Laplace-Aboodh Transform (DLAT)

In this section, the definition of the double Laplace-Aboodh transform and its fundamental properties of some basic
functions are presented, and we prove the existence and uniqueness of the double Laplace-Aboodh transform.

2.1 Definition

The double Laplace-Aboodh transform of the continuous function f (x, y) and x, y > 0 is denoted by the operator L,A[f (X,
y)] = F (p, q) and defined by

) 1 [~ [~ Loy
LA f(z,y)] = F(p.q) = f_I/ / e~ Prray) f(x y)dady. (2.1)
0 S0

provided the integral exists.
The inverse double Laplace-Aboodh transform is defined by

_ ] @ 4ioo 4100
flay) = L7 ATF (p.q)] = B .]-}/ f"”{/ qe™ F(p, ff)n’rf}ffw- (2.2)
‘ 2T ) J o -
where ®; and ®, are real constants.
2.2 Definition

[16] A function f (x, y) is said to be of exponential order & >0, >0, 0n 0 < x <0, 0 <y <o, if there are positive con-
stants K, X and Y such that

|f(z.y)| < Kl forall o > X, y > Y,
and we write
fla,y) = o(e" ")) as &,y — oo
Or, equivalently,

lim o« ”"""“”|_f(.r.;}]| =K lim e Prorela=Ay — p=a, q= 0.
T30, =00 T—00, =400

2.3 Theorem

[12] Let f (x, y) be a continuous function in every finite intervals (0, X) and (0, Y) and of exponential order e, then the
double Laplace-Aboodh transform of f (x, y) exists for all p > a and q > §.
Proof. Let f (x, y) be of exponential order e such that

[fz,y)|< K™ Vo> X, y>Y.

Using definition of double Laplace-Aboodh transform, we have

|F(p. q)| = |E [ f e~ WPt £ (g, y)dady|
J0) [}] !

1 o0 oo _

= / [ f'-_"”""‘*-‘”|f(,r. y)|dxdy

qd.Jo Jo

R

. e (P Faqy) elad 1 'jl'(!]f'z"fd‘i}
a.Jo Jo

K e

R ‘ |
= — e P “""'d;t.’/ ey
q Jo Jo
N
qlp—a)qg—58)

VAN

I

Thus, the proof is complete.
2.4 Theorem

Let F1(p, ) and Fx(p, q) be the double Laplace-Aboodh transform of the continuous functions fy(x, y) and f,(x, y) defined
for x, y > 0 respectively. If Fi(p, ) = F2(p, q), then fi(x, y) = fa(X, y).
Proof. Assume that © and @ are sufficiently large, since
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) o ) 1 R4i00 i w4ioo
S(z.y) = L;h—‘l? F(p.q) = IPrnE] / e {[ qe™ F(p, q)dg}dp.

=100 J =100

1 R+ioo ‘ wtioo '
e = g [ ([ wrFwadda

00 o W—100

1 F+i00 wtioo .
= pr Y o ( .
(27)? /,:_ e {[ L Fs(p. q)rfq}rfp

= fola,y),
and this proves the uniqueness of the double Laplace-Aboodh transform.
2.5 Some Properties of The Double Laplace-Aboodh Transform.

2.5.1 Linearity property
If f (x, y) and g(x, y) be two functions such that
LAy f(x.y)] = F(p.q).
L. A[g(x. )] = G(p.q).

we deduce that

Then for any constants « and 8, we have

LA, af(x.y)+ Bgla,y)] = aL, A, f(x,y)] + BL.A,[g(x. y)].

Proof. Using the definition of double Laplace-Aboodh transform, we deduce

L. Aylaf(x,y) + Bg(x,y)] = (—i / ) A el (u-,/‘(‘::.;;) +..;i_rf(:t-'-y))d:t-’d;f
1] JA

_l / [ o (petay) f{? ;i}}(f;l’rfy

f 0
+ / e~ P g (g y)dady
f (

L,{U[j x,y)) + 8L A, g(x. )]

o

2.5.2 Shifting property
If the double Laplace-Aboodh transform of f (x, y) is F (p, q), then for real constants a and b, we have

L.}'-"'lr;[('[alr-‘_bny{'.r‘ UJJ — q;bF[p —a,q — bJ
1 oy q )

Proof. Using the definition of double Laplace-Aboodh transform, we get

(a4by) L[ = taw) (a N
L_‘.A” [f.l‘u.: t by'lf(v?'- ")‘)j| _ = / / e~ (Prtay) o(axd by) f(i’ ,’j)!’f’,?-’!’f’y
1 q

—1
— q ) / / {p—rr Jar+(g— .’J]r;) f(-]’. l’j)d?vfhf
qlqg—b)

= j_bF{p—r_f.q—b).
p \ )

2.5.3 Changing of scale property
Let f (x, y) be a function such that

LA, f(x,y) = F(p.q).
Then for a, b > 0, we have
P q
( =)

LA, f(ax,by)|= b »

Proof. Using the definition of double Laplace-Aboodh transform, we deduce

2.3)

(2.4)

(2.5)

(2.6)

DOI: 10.26855/jamc.2022.09.003 293 Journal of Applied Mathematics and Computation



Ali Al-Aati, Mona Hunaiber, Yasmin Quideen

1 e ) ) .
L. Ay[f(az,by)]= - / / e~ W) f(qz., by)drdy.
Let z = ax, v = by, then )

{! (2l
1 0o o0 o 1y
LA [ f(rv)] = @/U x e~ f (7, v)drdu

= m’)UA / —@m3) £ (7, 0)drdv

_ 4
N uh~ (re EJ)
2.5.4 Derivatives properties
If AT (x, )] = F (p, ), then
df(r.
1 L.A, [ f{gj; v) } =pF(p.q) — A[f(0.y)]. 27)
Proof.
of(x.y) 1 /"“ /‘“"’ —(pay) OF (2. y)
L.A, = - .~ (pr+ay) L,
‘ "'[ o } alo Jo ‘ ox Y

1 [ e .
= —[ e ‘*'”dy{/ e f““fJ.(;:.‘.y)u':::}‘
74 Jo 0

Using integration by parts, let u = e ™, dv = f(x, y)d, = %dx, then we obtain

L.A, Uf(f f})} _ £ /MXJ (:—q?“'(fy{—f((]. y)+p /[:x. e f(a, y)(};;r}

ox q.Jo
pE(p.q) — ALf(0,y)]
af(x. 1
@) L,A, [%J =qF(p.q) — ;{L[.f (z,0)]. (2.8)

Proof.

of (@.y)1 / / —C G2 )] f( Y i
LJ\A_U[ 7y } =7/, —=dxdy

= - e Pdr / W (x,y)dy
(I/U {{J It ) }

of ;’;‘y )dy, then we obtain

Using integration by parts, letu =e ¥, dv = fy(x, y)d, =

of(x.y)) _ 1 /* | /‘m
LA | ——| = - P s — (2,0 W (e y)d
A =] = s e =0 | e gy
. 1 ., -
= qF(p.q) - ELU(LU)_-
Similarly, we can prove that:
FP f(a,y))

L_,._—l”_ = PPF(p.q) — pA[f(0,y)] — A[f.(0,y)].
~ 02 - .

LA, %j“” = P () - LU (2.0)] - LU .0,
[ fley) » Do e

L.r-’iy ng = paF(p.q) — GL_f(J-:U)] - *”fy(u I})]‘
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2.6 The Double Laplace-Aboodh Transform of some Functions
(1) Iff(x,y) =1, then
LA, ,— (P2 tay) o d _;
yLf(x.y) / [ ¢ drdy v (2.9)
(2) If f (x, y) = xy, then

L.A,[f(x,y)] f / e~ Pt W pydedy = (2.10)
@ Iffx,y)=xy", n,m=0,1,2, ..,then
| |
Lo Ay[f(x,y)] [ / e” gty dady = I:I E]:?Iz’;:j‘ (2.11)

@) IFf(x,y)=x%y", 0>~-1,v>~-1,then

oo ) ’)(..1
L. A,[f(x.y)) / / ~Prraw) p 7V e dy = [ r_’“,r"r,".r'[ “WyYdy,
Jo Jo "1

letd=pxand ¢ =qy

] gl o] OO0
LA f(x,1 = / e~%0°do —,/ e Furdy
Alf@y) = = | - grdp) o012

T +1).

where, I'(.) is the Euler gamma function.
G)IfFf(x,y)=e™™ nm=0,1,2,. then

1 1
L., rl‘ (2,2 ~(prray) p(netmy) gy = - .
(@) N, 4 / Y (p—mn)qlg—m) (213)

Similarly,
) ) . 1 X0 20 ) ) ) 1 1
L.r‘"'ly 6__!(!!.1'-{-“!5”] _ _/ f E,—{_p.r——qg,r_ler[_m‘—my}d:rdy_ - y
o qato Jo (p—in)q(g—1im)
_ N 4 i (2.14)
(pq — mn) +i(mp + nq)
- q(p? +n2)(¢* +m?)
Consequently,

pg —mn
q(p* +n?)(¢* +m?)’
mp + ng
q(p? +n2)(¢* +m?)’
(6) If f (x, y) = sinh(nx + my) or cosh(nx + my), n,m=0, 1, 2,
Recall that

L, A,[cos(nx +my)| =

L, Ay [sin(nz +my)| =

elna may) ¢ (na+tmy) ([NJ! my) e (nx+4my)

5 . cosh(nx + my) 5

sinh(na + my)
Therefore,
pg +mn
q(p? — n2)(¢2 —m?)’
mp + ng
q(p* —n*)(q* —m?)

L, A, [sinh(nz + my)] =

L, A,[cosh(nx +my)| =

(M) 1f £ (x, y) = fu(x)f(y), then
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LA f(x,y)] = i{/ / __{J‘-‘-"_{"-”:'{fl(*E'\_)f'_)(y)}r.’f;l-'(u",lj

| e n@a {2 [ e (2.15)

= Ly[fi(x)] Ay[f2(y)].

Therefore,
I )

(P2 +a?)q(¢? +0%)’
P 1
(p? + a?) (¢ + b?)

L. A,[sin(ax)sin(by)] =

L, A,[cos(ax) cos(by)] =

3. Double Aboodh-Sumudu Transform (DAST)

In this section, we introduce the definition, some properties of the double Aboodh-Sumudu transform. Moreover, we
prove the existence and unigqueness of the double Aboodh-Sumudu transform.

3.1 Definition

The double Aboodh-Sumudu transform of the continuous function h(y, t), y, t > 0 is denoted by the operator A,S{h(y, t)]
= H(q, r) and defined by

p - p 1 o > f t
AySi[h(y. 1)) = H(q. 1) = — / / e IRy, t)dydt. (3.1)
. . . . ar /o _ {
And the inverse double Aboodh-Sumudu transform is defined by
h) = A8 ) = = [ e [ Letmgrar b
: Py 2 T (271)? /5 —i Y fa—ico T R A 32

where 71 and 72 are real constants.
3.2 Theorem

[12] Let h(y, t) be a continuous function in every finite intervals (0, Y) and (0, T), and of exponential order e®*), then the
double Aboodh- Sumudu transform of h(y, t) exists for all g > « and % > B.
Proof. Let h(y, t) be of exponential order e such that

[y, t)|< Ke®0 vy >y, ¢ > T.

Then, from the definition of double Aboodh-Sumudu transform, we have

|H(q..r')’ = —(ay+y Ry, t)dydt
"N 0 0
o0
< —/ / e~lavts }l.r‘: (y. )| dydt
qr
1{ o0 o0
S Xf gyt ,lm; ﬂl(h}n’h‘
qr

K [~
. "“"fr'.-,r ¢ (7 I gt
qr-Jo 0

K
qlg — a)(1 — 5r)

Thus, the proof is complete.
3.3 Theorem

Let hy(y, t) and hy(y, t) be continuous functions defined for y, t > 0 and having the double Aboodh-Sumudu transform
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Hi(q, r) and Hy(q, r) respectively. If Hi(q, r) = Hx(q, r), then hy(y, t) = hy(y, t).
Proof. Assume that 7, and 7, are sufficiently large, since

1 F1+ioo +Fa+ioo 1 .
hiy.t) = ‘-l;'.S'f_l[H(q. r)| = i j q{””{/ —er H{(q, ;')H'r}tfq.

1 —ioc Fa—ioo !

we deduce that

Y1Fico Yotico 1
hily,t) = qet f fuﬂl(q r)dr }dq
H1—ioo o —ioo
J1+ioo Fa2+ioo 1 .
= B )/ qet” f —cng(q r)dr }dq
mi)? 51 —ico -
= ha(y,t).

This ends the proof of the theorem.
3.4 Some Properties of The Double Aboodh-Sumudu Transform

3.4.1 Linearity property
If h(y, t) and g(y, t) be two functions such that

4,5¢[h(y.t) = H(q.7),

A,Silg(y. )] = G(q.7).
Then for any constants a and 3, we have

A, Silah(y.t) + B9y, t)] = aA, S h(y.t)] + A, S g(y, t)]. (3.3)

Proof. Using the definition of double Aboodh-Sumudu transform, we obtain

A S[ah(y,t) + Bgly.t)] = o [ / ~(ay+3) (nh{u t)+ 3qly, f})dr;rh‘

= ~lavty t)dydt

G‘?[ / 1y, t)dye

- [ / e~ @D gy, t)dydt
qr

= *'1;}5’ .h(:’}- f)] + .j-'l.r;b [5‘ U, ”]

3.4.2 Shifting property
If A,Sih(y, t)] = H(q, r), then for any pair of real constants b, ¢ >0

-0 r

v 1 (by+et) _ q 1
A, S e hiy. 1)) = H(g—b T r'r‘)' (3.4)
Proof. Using the definition of double Aboodh-Sumudu transform, we get
J' [ bu-'—“‘lif?(ij.f:}- — - / / P—{q!}-——] |!'3r;+rf|h{y f)dl}(t’if
B ff 0

/‘ / q by+(L —b]r) h(fj. !’)f:’;fﬂ”-
qr
Put z = —— then

1—cr

o 1 00 o ) , )
AySt [*‘- ['h"mw’-[!?l‘f:‘] = m/ / [ ('-” Bt '-)Jrl(.t,hf}:‘f'_-_t}{f!'
- 1]

= |q by ' ; Dyt
f,'ll—rf}[q—h / / Wy, t)dye

b ] r
= —H —b.z)= —H — b
q(1 —cr) (4 ?) g(1 —cr) (=0
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3.4.3 Changing of scale property
Let h(y, t) be a function such that

AySih(y.t)) = H(q.r)

Then for b and c are positive constants, we have

. 1
A, Si[h(by, ct)] = E_H (E cr). (3.5)
Proof. Using the definition of double Aboodh-Sumudu transform, we deduce
A, Si[h(by, ct)) / / ~@t D h(by, ct)dydt,
Let z = by, v = ct, then
A,Si h(t.v)] = O (r ) drdo
_ b =t A "
= m/ /(: e\ h(r, v)drdt
_ —H cr
(&.er).
3.4.4 Derivatives properties
If A,Sih(y, t)] = H(q, r), then:
Idh(y.t) 1
Ats[ - ]:H.———s;.o.f. |
W ASi|—5 qH(q.7) . [h(0,1)] (3.6)
Proof.
‘)1:’”9’ [dfi(i;.f)} — / / —I'qr;ill()h Y, f} E (H
' Ay q: dy
o e h(y.
= — G h‘{/ f_‘“"if h,(y'ﬂu'y}.
qr . 0 dy '
Using integration by parts, letu=¢e ¥, dv ah(y £) ——=dy, then we obtain

oh(y.t) 1 [ . /'c‘ _
A,8 o= — [ e rat{—n(o. Wy, t
y.f{ 9 } o, € r.h‘{ h(0,t) +q ; ¢ Wy r_)dy}
= qH(q.r)— éS[h(O. t)].
Myt 1 1
@ A5 [%} = -H(g.r) = ~Aln(y, 0)]. 3.7)

Proof.

Ah(y.t Oh(y.t
‘4.z;*9f[ jgy )] = {”/ / e~ (avts) Ij )dgi!

Al
= — r_'”rh {/ e »d] . ” }
qr Jo 0 ot

t
Using integration by parts, letu= e r, dv = %dt, then we obtain

] oo

C(Oh(yt)y 1L, oo, L L _
‘.-1_9.5,[ ~ } - E‘/U c dy{—h(y.u)-l—;./” ; h(y.f}u’f}

1 1 .
= =H(q.r)—=Alh{y.0)].
- r
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Similarly, we can prove

Phiy.t)) o
1@[" ’)(”; )]_ ¢ H(0,r) = SIh(0.0] = 5[y (0.0)]

L rPh(yt 1 [ 1. _
A,S, [%} = SH(¢.1) = SAR(y.0)) - ~Alhu(y,0)].
Ph(y.t)

) {q [
———|= ~H(q,r) = =A[h(y,0)] = =S[h(0,1)].
Dyl ] CH(g,r) = “A[(y, 0)] Sl )

A, [

3.5 The Double Aboodh-Sumudu Transform of some Functions

(1) Leth(y, t) = 1, then
1
A,Silh(y. 1) = — / / ~t D) qydt = ek (3.8)

(2). Let h(y, t) = yt, then

r
AySilh(y = / f S Dytdydt = el (3.9)

(3) Leth(y, t) =y"t m, k=0,1,2,..., then
NN
+ = ) myk m
A St qr f / qy t d dt_ qm-l-'l : (310)
(4) Leth(y,t) =y't", v=—1,p>—1, then

=1 *1
Ay Seh(y, b)) = / / ~lay+3) y t’dydt = / —f'_q”;j"rl;;[ —e v iPdt,
Jo 4 Jo T

let 9 =qyand <p=;

o[> R
A,Sih(y.t)] = gr/-i-'E/ e0"do {r’"/ ff‘*',:’"dp}
Jo Jo

C(v+1) (1)
_ P
=~ C(p+1)r’.
where, I'(.) is the Euler %amma function.
(5) Leth(y, t) =e™™ m k=0,1,2,.., then
o L[> [~ 1
AS Wy, t)] = — e~ avt) o (mytht) gy gy — :
uy I'_ (}l )] qr ./n '/n J q(q _ f”)(]_ _ 'I'.r) (312)
Similarly,
v il kt) Ly ket 1 1
A, Syle! M = ~lay+ ) g my ) gy g — —
S q.r ’ qlg —im) (1 —ikr)
(g — uu’ ) +i(m + kqr) (3.13)
q(q® + m?)(1 + k*r?)
Consequently,
, q — mkr
A, Silcos(my + kt) = - - =7
ySe[cos(my )] 2@ + m2) (L + k2r2)
) m + kqr
A, Sisin(my + kt)] = — - —
ySilsin(my )] (g2 +m?)(1 + k2r?)
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As in the previous section, it is easy to prove
g+ mnr

q(q?2 —n2)(1 —m?r?)’
kqr +m

q(q> —m?)(1 = E*r?)

A, St[cosh(my + kt)] =

A, S[sinh(my + kt)] =
(7) 1T h(y, ) = hy(y)ha(t), then

A, S h(y.t)] = g;/ / ~(ay+s ' h.(_t,r)hg(f)}dydr
1]

"] l e o] . )
_ - —qy | = Fo ()t (3.14)
"I./n I )“{ /u f f‘()(}

= ‘;iy[hl(y)] Sf[hﬁ( )]
Therefore,
cr
q(q? +b%) (1 + c2r2)’
1 1
(g2 +02) (1 + c*r?)
4. Triple Laplace-Aboodh-Sumudu Transform (TLAST)
First, we introduce the definition of triple Laplace-Aboodh-Sumudu transform.

4.1 Definition

Ay Si[sin(by) sin(ct)] =

A, Si[cos(by) cos(et)] =

Let f be a continuous function of three variables say x,y,t > 0; then, the triple Laplace-Aboodh-Sumudu transform of
f (x,y,t) is denoted by the operator L, A, S, [f(x,y,t)] = F(p, q,7) and defined by

L, AS [ f(x,y.t)] = F(p,q.7) / / / ~prrart ) £ (g oy, ¢ dadydt (4.1)
(N 0 '

Provided the integral exists.
The inverse triple Laplace-Aboodh-Sumudu transform is defined by

flx.y.t) LAYST Y F(pog.r)]

1 ) +i00 Ko+ioo Ka+ioo 1 .
= el qe?? —e" F(p,q,r)dr »dq sdp.
(2I'H)I; o K1 —i00 of Ko—ioo J Ka—ioo r

where x1, k, and x3 are real constants.

4.2 Existence and uniqueness of triple Laplace-Aboodh-Sumudu transform

4.2.1 Definition. A function f(x,y,t) is said to be of exponential order e(@*+by+<t) " q b ¢ > 0 on [0, ), if there are
positive constants K, X, Y and T such that

|f(x,y.t)| < Kelowtbvtet), forallz>X, y>Y. t>T,
and we write

[y, t) = oelaetbute) as (x,y.t = 00).

. [fxy Oy _
sup € (ax+by+ct) = .

Tt =0

Or, equivalently,

4.3 Theorem

Let f(x,y,t) be a continuous function on the interval [0,00) and of exponential order e(@**+by+<t) Then the triple
Laplace-Aboodh-Sumudu transform of f(x,y,t) existsforall p > a,q > b,r < %
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Proof. Let f(x,y,t) be of exponential order e(@**by+¢t) sych that
[flz oy )| < K@ forall o> X, y> VY, t>T.
Then, we have

‘L.,.A_U.S} fla,y.t)] ‘ e~ (prtayd %:’f{.r‘ y. t)dadydt

1
!’ 0

/)
/ / [ e~ prtayt D)) f fla,y. t)|dedydt
qr
[ ] / _—|pl (HH |(Il.' byH”fh(hﬂH
(H
¢ o

J‘ . o oo
— F—'.Tlf = / E:—iq by [ r,—l.I'J uu ﬂiU f!’f'
qr . q.Jo Jo

K
qlp—a)lqg—0)(1—cr)

I

[\

4.4 Theorem

Let F;(p,q,7) and F,(p,q,r) be the triple Laplace-Aboodh-Sumudu transforms of the continuous functions f; (x,y,t)
and f,(x,y,t) defined for x,y,t = 0 respectively. If F;(p,q,7) = F,(p,q,7), then fi(x,v,t) = fo(x,y,t).
Proof. Assume that «;, k, and k5 are sufficiently large, since

1 h oo - K -+ina iy o 1 .
feyt) = w3 / e / gt / —er F(p,q,r)dr pdq pdp.
(2‘”) Sy —ico J Kro—ico Jra—ico !

we deduce that
| i oo Ko Hioo Katioo | ¢
o e Ay -
Tila.y.t) e ‘/,,-1—;«; ( ‘/H!_hC e ./h-_.‘_;x (r rFi(p.og.r)dr pdg pdp

1 K +ino . Ko +100 Ka+ing 1 :
= — et get? —ev Fy(pog.r)dr ydg sdp
L')r;:}-; . . ) r
= of Kp—100 o Ho—100 o Ky =100

= [olx,y.t).
This proves the uniqueness of the triple Laplace-Aboodh-Sumudu Transform.

4.5 Some Properties of Triple Laplace-Aboodh-Sumudu Transform

4.5.1 Linearity property
If f(x,y,t) and g(x,y,t) be two functions such that

L AS f(x.y, )] = Fp.q.r).
L. AS [g(r.y.t)] = G(p.q.r).
Then for any constants a and S, we have
LA SHaf(xy. t) 4 Bg(a,y. t)] = al, AyS: [ fle.y. t)] + 5L, A,S:[g(x, y. t)]. 4.2)
Proof. Using definition of triple Laplace-Aboodh-Sumudu transform, we obtain

L. A,Siaf(e,y.t)+ Bgla,y. 1) = = / / / — ”_'*”"*_} fI fle oy t)+ Bgle, y, T)}rhrr’ud?‘

B / / / —(pr+qy+ }f“ 1. T}(;’Hh}f”

qr

oo o0 00

N / / / —1 n—.rm-—f }fj( TR T}fh(hﬂf‘r
qr Jo 0

= ol A,S|f(x.y.t)]+ BLA,S g(x. y.1)]
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4.5.2 Shifting property
If the triple Laplace-Aboodh-Sumudu transform of f(x,y,t) is F(p, q, 1), then for real constants a, b and c, we have

ax+by+ct) — qa—- b nJ — — I
LA Si[el vt (o, y,t)] = m[ (p—a.q—0>, T ”_). (4.3)

Proof. Using the definition of triple Laplace-Aboodh-Sumudu transform, we get
LA, S;[els e f(g y 1)] = / f f e~ Prtauts) elartbutel) g0y t)dadydt
qr

= / f f [P Wa+a-b+ (o)) fla,y. t)dedydt
qr 0
qg—0b
o 1—1}/ [ [ ih a)a+(g— !:}aH‘[ })f(} fff)fhfh}f“
{(} _I} or )T

1(}

qg—>b
= ——F(p— —1
q(1 —er) (p=a.q="b 1 —cr

).

4.5.3 Changing of scale property
Let f(x,y,t) be afunction such that

LrAySt [f(l’ Y, f)] — F(]), q. 7“).
Then for a, b and c are positive constants, we have

. 2
L. A,Si[f (ax. by, ct)] = b)F( z’ or). 4.4

Proof. Using the definition of triple Laplace- Aboodh Sumudu transform, we deduce

L,A,S [ f(ax, by, ct)] / ] / —(prtay+y D f(az, by, ct)dedydt,
qr

Let T = ax; v = by; ¢ = ct, then

LAS[f(ro.9) = o / j / e~ CETHEE) £(1 . S drdudy
- [ / / SR (1,0, g)drdudy
r:b~’u[

_ EE..
T ab? [ b’ )

4.5.4 Derivatives properties.
If L A,S[f (x,y,)] = F (p,q,7), then:

1) L,A,S; [‘”(;j””] =pF(p.q.r) — A,S[f(0,y,1)] (4.5)

L.A,S, M — e~ prtayt ()f Y )(h(.’yrh‘
y O
WL q-’ 0 0

= — q”(h;/ e :(h‘{] e (. 1;)(?1}
ar.Jo Jo 0

Using integration by parts, let u = e™*, dv = %dx, then we obtain

Proof.
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. df(r.y.t) I /C’C ' X /'x .
LA,s [0 [ ey Ldtd = 0.yt 22 (g ) de
a1y 1[ Ox ] ar € U)‘l g e e S0y }+1'" : € Jle y t)da

= pf (p.q.r) — AS:f(0,y.1)]

df(r,y.t)
dy

@ L, 4,;5,[ ]—(;F(p 0,7) — jL S,f(,0.1)]. (4.6)

/ / / ~(prtay+y LAY thth,-'n"f

qr dy

— r"”u’:/ i_vn'f{/ e, (. f}u’:;}
qrJo Jo Jo

0f Geyt)
oy

Proof.

f(x,y.1) }

L. 4ySe { dy

then we obtain

L,A,S [M] = i/ .{' 3""(!;."/ e rdt — flx.0.1) ——q/ e (. y t)dy
dy qr Jo Jo Jo

|
= qF(p.q.r)— EL_,.S; [f(x.0,t)].

Using integration by parts, let u = e™%, dv =

Similarly, we can prove that:

0 t 1 1 i
L.A,S: [M] = SF(pq.r) — =LA [f(2,1.0)].
ot r r -
TPy ) 9 Ly
L.A,S, ‘f(d'ii”) = PF(p.q.r) — pASF0.5.6) — A, S [£.(0..1)].
2 f(a,y. 1) . 1
L,A,S ¢ fng-ff ) — qu—“(_p. q.r) — L.S; [f{r 0.t) — qL_,-»S‘f[‘fy(J'. 0. f)]
02y 1 A | o , -
L.A,S, _%_ = ;I—_EF(;J_ q.r) — r—_ztr,\,._-ly_f(.r. y. 0) — Ff,\,..-ly[lfrf.r. y.0)],
1P f oy ) \ Py cre v
y _ g . T — A8
L,A,S 0wy paF(p.q.r) ‘ LSy f(2,0,8)] — AS:[f,(0, 5. 1)].
(L y ) . . ) i
L.A,S, U\:'Uf ' = i'F(p_ q.r) — 1; f..‘..-lu[f(,r._.-;_[]'}] - A,S fi(0,y.1)]
e (P f(r. gy, 1) q. . Ay 4 refm 1 y .
LaAy S| Dyt = Flpa.r) = LoA[f(r.y.0)] = (}L.J‘St[.ft(-’-U-.U')]-

4.6 Triple Laplace-Aboodh-Sumudu Transform of Some Elementary Functions
Q) If f(x,y,t) =1, then

1 e e ¢ 1
L A,S[f(z.y.t)] = — s~ Pyt D) oy dydt = —.
JSifa,.0] = = [ [ [ ’ dydt = —

) If f(x,y,t) = xyt, then
| I Y e e £ r
LA St f(x,y.t) = — Pty S eyt dadydt = .
st [ [ [

) If f(x,y,t) = x"y™tk, n,m k =0,1,2,. then

LA, S f(x,y,t)] = - / / / e~ Prtayts) y" t* dadydt
f|
n!

m!

pn qm—}-z
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DI flx,y,t) =x°y'tP,0=—-1,v=—-1 p=—1,then

L, AS [ f(e,y,t)] = (ﬂ/ [ / ~(prravty STyt dudydt

T i l i =
e Pedy — ey dy — e tPdt,
0 a4 Jo " Jo
let £ =px, ¢=gqy and 77=£

J_ o0 . l OO . g ol
L, A,Sf(x,y.1)] = +1[ e~ E%d¢E _2] e~ CvdC r”] e dn
P° Jo 7" Jo 0

_ I(e+1) T(v+1) F(p+1)r"

po+l qu+.!

where T'(.) is the Euler gamma function.
(5) If f(x, y, t) = e(@ by +et) "then

Liu’r'l-yst [f(.’l,‘ v, f)] _ " / / / —(pr+qy++ ]( Etn—}-hr,:——r.")d,tdydf

q(p — a)(q - 0)(1—=cr)
(6) If f(x,y,t) =sinh(ax + by + ct) or cosh(ax + by + ct).
Recall that

P.{a.r Fhytet) _ e~ laz Fhytet) r__[r.’.r thy+ct) +e (ax+-by+ct)

sinh(aa + by + ct) 5 . cosh(ax + by + ct) 5

Therefore,
pq + ab + bepr + acqr

q(p? —a®)(q* — ?)(1 — 2r2)’
bp + aq + cpqr + aber

q(p? —a?)(g? = v2)(1 — 2r2)’
() If f(x,9,6) = ei@+by+e) then

L. A,S(f(x,y,t)] = "J_-'/ [ / e~ Prtaut ) gilazbytet) oy i

q(p —ia)(q —ib)(1 —icr)
(pq — bepr — acqr — ab) + i(epqr + bp + aq — aber)
q(p? + a®) (@ + 0*)(1 + 2r?) '

L,A,S[cosh(ax + by + ct)] =

L,A,S;sinh(ax + by + ct)] =

consequenty pq — bepr — acqr — ab

q(p? +a®)(q* + 0*)(1 4 c*r2)’
cpqr + bp + aq — aber

q(p? + a?)(q* + D) (1 + c*r?)

L,A,Si[cos(ax + by + ct)] =

L, A,S;[sin(ax + by + ct)] =
@) If f(x,y,t) = fi(x) () f3(t), then
LSy t] = o [7 [T [T e (1w f) o)) dedy

»—PT l . 4y F l = '_% .
= /{; fl() {E£ .](2(,?}} {!' ,/[) ( ﬂ;(f)(."f}{fy}(f,g

= L.[fi(x)] Ay[fay)] St[fs(t)].
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Therefore,
1 a \ : p I I
L. A,S;[cos(ax) cos(by) cos(ct)] = ,
A, Se[cos(ax) cos(by) cos(et)] 1) @1 e
a b cr

L,A,S[sin(ax)sin(by) sin(ct)] =

(P? +a?) q(q> + 0*) (1 4 2r?)
5. Applications

In this section, we apply the triple Laplace-Aboodh-Sumudu transform (TLAST) operator for solving some kinds of
linear partial differential equations.
Example 5.1. Consider the following nonhomogeneous Heat equation

Ui(z.y, t) = Ui, y.t) + Uy (2, y.t) + 2cos(z + y), (z,y) €R2, ¢ >0, (5.1)

subject to the boundary and initial conditions

U(0,y,t) = e siny+cosy. U,(0,y.1) =e *cosy — siny, (5.2)

U(x,0,t) = e ?'sinx + cos, Uy(2.0,t) = e~ cosx — sin ., (5.3)

U(x,y,0) = sin(x +y)+ cos(x +y). (5.4)
Solution. Applying TLAST on both sides of Eq. (5.1), we have

L, ASHUi(x,y.t)] = LpAySi[Upe (2, y.t) + Uy, y, ) + 2cos(x + y)]. (5.5)

By linearity property and partial derivative properties of TLAST, we get

lf“(p, q.r) — lJ‘L\,.:l_u[['[.r. y,0)] = P’F(p.q.r)— pA,SHU0,y,t)] — A,S [U.(0,y.1)] + ¢ F(p.q.r)
r r

— [ 2(pg — 1) 6
where
_ 20pg —1)
L.A,S2cos(x +y)| = 5 T 5 -
Aot 0l = e )
Rearranging the terms, we have
F(p.q.r) = L pA,SH U0y, t)] + AySi[U(0,y,t)] + LSe[U(z,0.,¢)]
(pPr +q*r—1) o ’
| I 2( 1) &)
. v T 1 T :_ .f”q -
+ —L.SU (2.0.)] — =L, AU (x,y.0)] — — :
(_;LJ Si[Uy(a )l ;.L‘ L,[U(z,y,0)] qp? + 1)+ 1) }
Using DAST for equations (5.2), DLST for equations (5.3) and DLAT for equation (5.4), we obtain
B 1
A, S U0, y.t = ,
SOVl = e T @ 9
] . 1 1
AS U0, y.1)] = — .
wSiUz(0,y.1) (P+1)(1+2r) q(¢>+1) (5.9)
. 1 P
LS| U(xz.0.t)] = .
+Si{U(,0,1)] i+ i (5.10)
S P 1
L,S,|U,(x.0.t) = i .
) f[ _t;(" )] (pj 4 l)(l 1 2!) (1,)2 4+ ]) (511)
P p+q pg—1
LA JU(x,y,0)] = ——— + — -
=AU (2,9, 0)] qp*+ 1) +1)  qp?+1)(¢*+1) (5.12)
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Substitute equations (5.8)-(5.12) into equation (5.7) and simplify to obtain

F(p.q.r) = ! P+a@r+¢r—1)  (pg—1)@°r+¢r—1)
PO = Rt @D P+ D@+ D+ 21) qr(p® + 1)(¢2 + 1) (5.13)
P+q pg—1 :

qPP+ D@+ +2r)  qpP+1) (@ +1)

Taking the inverse TLAST of equation (5.13), we get
p+yq pg — 1 }

Ulz.y.t) = L—_i‘;l—ls—]{
(3 Y ) x Y t fj(sz+l)(rfl+ l}(l +2r) q(pg_{_ l)(!’jl—}— l}

(5.14)

= ¢ *sin(x+y) + cos(x + y).

Which is the desired solution of (5.1)
Example 5.2. Consider the following nonhomogeneous Wave equation
2Un(v.y. t) = Upp(2,y. t) + Uyy (2. y. 1) + 2417 + 4y, (x,y) € R, t >0, (5.15)

subject to the boundary and initial conditions

U, y.t) =t + yt?, U,(0,y,t) = sinysint,
Uz, 0.t) =t Uy(2.0.t) = t* + sinasint, (5.16)
Ux.y.0) =0, U(,1.0) = sina siny.

Solution. Taking the TLAST to both sides of equation (5.15) and rearranging the terms, we get

1'2 : .
F(p.gq.r) = : A, S U0y, 0)] + A,S: U0, 9.t
(). j ) (p-_}rg + qu""} _ 2) 1 U f[ ( } )] u t[ : ( }! )]
R | I 2 .
+ L,Si[U(2.0,t)] + EL‘,..S, [Uy(2,0.1)] — r—,ZL‘,.AI,,[{.-' (x.y,0)] (5.17)
2 487 4
- =L AU(x,y.0)] — — — —{}
r g g
where
) 4872 4
LA, S 2412 4 4y] = — + —.
Py= py
Applying DLAT, DLST and DAST to the given conditions, we obtain
r? 2prt  2pr?
Fp.q.r) =
(p.q7) (p?r? + ¢?r2 = 2) { g2 i ¢
r 24rt 2r2 r
— = + T ,} .) (5.18)
q@+0)+r)  p  pg qp*+1)(1+7r?)
2 4817 4
ar(p+ (@ +1)  pg2 pd |7
by simple computation, we get
24rt 22 r
Flp.q.v) = F— \ . 5.19
(p.0.7) p*  pg* q(p*+1)(¢* +1)(1+1?) 549
Applying the inverse TLAST on equation (5.19), we get
L[240t 22 r
Ule,yt) = L'A'ST | S + 25 - _ |
(F Yy ) 1 y Tt ng f”f% T fj(x“g 1 l)(fjg I l)(_l ] !,2) (5_20)

= th+yt* +sinesinysint.
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Which is the required solution of (5.15).
Example 5.3. Consider the following boundary Laplace equation

Upe(z,y, t) + Uy, y, t) + Unl(z,y, t) =0, (z,y,t) € Ri. (5.21)
subjected to the conditions
U(0.y.t) =0, U,(0,y.t) = siny sinh/2t,
Ux,0,t) =0, U,(2.0,t) = sinz sinh v/2t, (5.22)
Ulr,y,0) =0, U(x,y,0) =2sinx siny.

Solution. Applying TLAST to the equation gives and by linearity property and partial Derivative properties of TLAST,
we get

0 = pP*F(p.a.r) = pA,S U0, y,0)] = A S [U.(0,y,1)]

o . 1 . .
- g Fp.q,r) — LS [U(x,0,1)] — . LS U, (2.0, 1)]

(5.23)
1 1 ) | : ;
+ 5 Fp.0.1) = LAy U 5.0)] = = Lo A, V(. 5.0)]
Substituting
I ) V2r S Vor
A, S U0, 9,1)] = RS T LS |U,(2,0,1)] = FIDI=2%)"
) : V2
LA, Ula,y,0)] = I ETD
in equation (5.23) and simplifying, we get
. . r? V22 + ¢?r2 + 1)
F(p.gq.r) = 5 o { 5 5 - ; .,.}
(p=r2 + g2+ 1) Lgr(p* + 1)(g* + 1)(1 — 2r°) 5 24
B V2r (5.24)
g+ D2+ 1D)(1=2r2)
Taking the inverse of TLAST, we get
. _ V2r
Ule,y,t) = f:‘_r's—'[ - !
wrt) = B S D+ D - 2) (5:25)

= sinasinysinh V2t

Which is the required solution of the considered Laplace equation.
Example 5.4. Consider the following Poisson partial differential equation

U (2,4, 1) + Uy (2, y, 1) + U (2, y, ) = 2sinx cosysinh 2t, (z,y,t) € RY, (5.26)

subjected to the conditions

U(0.y.t) =0, U,(0.y.t) = cosysinh 2.
U(a,0.t) = sina sinh 2t, U,(x.0,t) =0, (5.27)
Ux.y.0) =0, Ui(x,y,0) = 2sinxcos y.

Solution. Applying TLAST on both sides of equation (5.26) and by using properties of TLAST, then we have

. 1
(P +q° + F)J~‘:,u. q.r) = pASIHU.y.0)] + AyS (U0, y. )] + L.Si[U(x.0,1)]
1. S i L1 .
+ EL_,..S_,[{.-‘_,J,(,:'. 0.1)] + FL_,.A”[[; (r.y.0)] + FLJ. A, U(2,y.0)] (5.28)
4r

(P2 + 1)(q? + 1)(1 — 4r2)’

where
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4y
P2+ D2+ 1)(1 —4r2)

L, A,S:[2sinxcosysinh 2t] =

Substituting
1Sy 0, (0, . 1)) 2r L.S/[U(x,0,1)] 2r
AS U0, y, = — o Lo UL U = — 2y’
v 1) (@ + 1)1 —4r2) LA (p? + 1)(1 — 412)
o
LA U(r,y.0) = -
1 ,,.’{ (. y.0) P+ D2 +1)

in equation (5.28), we obtain

; -?+ -1+ I \E( ) 4y + 2y
> S =)l (p.gq.r
W T )T P D@E D0 —4r2) " (@ + (1 a2
(5.29)
21 2
(p2+ 1)1 —4?) + r(p? + 1)(q? 4 1)}'
After some simple algebraic operations, we get
i r? 2’ + ¢*r? +1)
F(p,g. 1) = ———— . SR E—— 3
(pPre4+q*r+1) | r(p* + 1)(¢% + 1)(1 — 4r2)
(5.30)
2r
PP+ D(@R+ D)1 —4r2)
Taking Ly'A;*S;t for equation (5.30), we get
U,y t) = L7487 2r ]
B YT+ D (2 + 1)(1 —4r2) (5.31)

= sinacosysinh 2¢.

Which is the required solution of Poisson equation (5.26).
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