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Abstract

In this research work, the Galerkin weighted residual method is used to find the
numerical solution of fourth-order fractional value problems with homogeneous
and non-homogeneous boundary conditions. The same approach is applied also to
compute the approximate solutions for the two-point fourth-order inte-
gro-differential problem in fractional order. The matrix formulation of both cases is
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Caputo fractional derivatives is used in this procedure. We experiment various
cases from the literature in order to calculate the accuracy and efficacy of the cur-
rent technique using Legendre and Bernoulli polynomials as bases. We find that
the present solutions converge to the exact solutions. The absolute errors are tabu-
lated, and we believe that absolute reliability has been achieved. The proposed
method may be implemented to partial differential equations of fractional order.
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1. Introduction

Fractional orders of differentiation are more perplexing because, unlike the traditional introduction to derivatives and
integrals as slopes and areas, they have no obvious geometric meaning. The book of Podlubny [1] contains the most
well-known works on fractional calculus. The numerical solutions of linear and non-linear boundary value problems of
fractional-order, as well as their applications, were established by Anatoly et al. [2]. Diethelm [3] pioneered the analytical
analysis to differential equations of fractional order, and the theory using the Riemann-Liouville and Caputo operators.
Oldham and Spanier [4] used diffusive transport in semi-infinite media to illustrate how the differ-integral may be used to
solve diffusion issues. Herrmann [5] discussed the practical implications of fractional calculus in numerous disciplines of
physics, including quantum mechanics. Li and Zeng [6] provided finite difference techniques for fractional ordinary dif-
ferential equations such as the Euler method, fractional Adams method, and fractional linear multistep approach. The finite
element technique is a sophisticated computational tool for approximate solutions to boundary value issues. Accordingly,
the weighted residual approach solves boundary value problems accurately in [7].

Islam and Shirin [8] provided the numerical solution of linear and non-linear 2nd order boundary value problems using
Bernoulli polynomials. Al-Refai et al. [9] established the series solution of the fractional order differential equations with
the starting condition. Many authors investigated the solution of second order fractional differential equations using various
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methods, including Legendre collocation method [10], Adomian Decomposition method [11], Galerkin Residual Method
[12], Sinc-Galerkin Method [13], the spline collocation approach for demonstrating the correctness of the results of second
order two-point fractional boundary value problems [14-18].

Kasi and Murali [19] provided Galerkin’s technique using quintic B-splines as the basis function for solving fourth-order
boundary value problems. Islam and Bellal used Legendre polynomials to solve linear and non-linear fourth-order
two-point boundary value problems using the Galerkin method [20].

Many scholars afterward used alternative approaches to solve fourth-order fractional boundary value problems that arise
in many domains of science and engineering, including physics, fluid mechanics, modeling of viscoelastic and inelastic
flows, control theory, statistics, and neurology. Zahra and Elkholy [21] performed converging analysis and solve
fourth-order fractional differential equations using quintic polynomial spline functions. The quintic spline collocation
technigue was used to find the solution to fourth-order fractional boundary value problems in Caputo’s fractional deriva-
tives [22]. Ali and Esra [23] introduced the kernel Hilbert space approach for addressing fourth-order fractional boundary
value issues. The quintic spline approach was utilized by Khalid et al. [24] to discuss fourth-order fractional boundary value
problems.

The Galerkin approach [31] was utilized by Rahman and Islam [25] to solve the Volterra Integral equations using La-
guerre polynomials as a trial function. Shirin and Islam [26] used the Galerkin technique with piecewise Bernstein poly-
nomials to solve non-singular Fredholm Integral equations. Rajagopal and Balaji [27] used the Bernoulli wavelet opera-
tional matrix of derivatives and integration with the Gaussian quadrature method to solve fractional Volterra integrodif-
ferential equations. Mohamed [28] used the Taylor series expansion method to solve fractional singular integro-differential
equations with the Cauchy Kernel. Jani et al. [29] presented the solutions of fractional integro-differential equations with
Bernstein polynomials. The Adomian decomposition approach was used by Momani and Noor [30] to present the linear
and non-linear fourth order fractional integro-differential equations.

In this paper, we consider the following general fourth-order FBVP:

VO () + D a(x)Vv(x) = g(x) , x €[a,b] 1)
subject to the boundary conditions
v(@) =A, v(b)=B,, Vvi(@=A, v'(b)=8
where A, A, B,, B, are real constants and q(x) is continuous function defined on [a,b], and fractional inte-
gro-differential equation is given by

D v (x) +v(x) + Jx'v(t)dt =g(x), x [a,b] )

subject to the boundary conditions v(a) = A,, v(b)=B,, v'(a)=A, Vv'(b)=B,
where A,, A, By, B, are real constants. Equation (2) is convert into the following FIBVPs:

DV (x) + D*v(X) + D“TV(t)d E4(x),  xelab] @)

where,
g(x) = D“g(x).

The main objective of this paper is to solve fractional order boundary value problems (BVP) using the Galerkin weighted
residual method. We explain how to solve non-homogeneous fractional differential equations using this method. Two
linear boundary value problems and two fourth-order integro-differential equations are tested by this technique. The sug-
gested approach, which is more accurate and innovative than the prior method, produces an approximate answer. We are
confident that the piecewise polynomial with weighted residual method will play a critical role in expanding the use of
fractional differential equations.

The following is a representation of the paper: Section 2 defines some fundamental fractional calculus notions and no-
tations. Section 3 is confined to discuss the matrix formulation to fourth order BVP of fractional order, followed by the
numerical results and discussions. Finally, in Section 4, we develop the matrix formulation to integro-differential equations,
of fractional order problems, for the numerical solutions.

2. Preliminaries

We consider some basic definitions and elementary facts of fractional calculus in this section. The common definitions
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of Gamma functions and some important lemma of Riemann-Liouville and Caputo’s fractional derivatives are also dis-
cussed here [6].
Definition 1. (a) By D, we denote the operator that maps a differentiable function onto its derivative, i.e.,

Df (x) := f'(x). (b) By J,, we denote the operator that maps a function f , assumed to be Reimann integrable on the
compact interval [a,b], into its primitive centered at a, i.e., J,f(X) ::j f(t)dt for a<x<b. (c) For neN e
use the symbols D, and J; to denote the n-fold iterates of D and J,, respectively, i.e., we set D, =D,
Ji=J,,and D,:=DD,, and J] =J,J,, for n>2.

Definition 2. The function T'(x):(0,00) — R, defined by

a’

(x):= [t e dt ()
0
is called Euler’s Gamma function or Euler’s integral of the second kind [6].

J,f(x) = [ox=t)" £ (t)dt (5)

1)I
Lemma If f(x) iscontinuousand «,f >0, then the foIIowmg relationships hold [1]
i) DD?f(x)=D’D*f(X)=D“7f(x)
oo TMAD o

Ir(m+a+1)

I'(k+1) (x=a)™ and D"f(x)= I'(k+1) (x—
I'(k+1-m) I'(k+1-n)
Comparing these two expression [6], we find in the limit n—> m:

D; f (x) = D,, f (x) uniformly on [a,b] if m<Kk.
For m=k we obtainthat D, f(x)=T(m+1), which is a non zero constant, whereas

0 if
D f@)=] o " 6)
woif n>m

(i) D™”x

Example D™ f(x) = a)k"

Modified Legendre Polynomials
The Rodrigues formula for the Legendre polynomials is

I'I

2 n
P (¥) = ,dn( -X) @)
To satisfy the condition p,(0) = p,(1) =0, n=>1, we modify the Legendre polynomials in equation (7) as [20]:
1d n n
P, (X) = [_'d - (¢ =x)" = (-1)"1(x~1) ©)

Bernoulli Polynomials
The Bernoulli polynomials of degree n can be defined over the interval [0, 1] implicitly as [20]

n(n
B,()=2>|  [Bx"" ©)
ol K
where, b, are Bernoulli numbers given by
1
b, =1 and b, =-[B (x)dx k=1 (10)
0

Also equations (10) can be written explicitly as B, (x) =1
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B, (X) = Z LSy { J(x+k)m—iii(—1)k@km, m>1

1k 0 k:0n+1k:0

3. Matrix Formulation of Fractional Fourth Order Differential Equations

(11)

We use Modified Legendre and Bernoulli polynomials as basis functions to obtain the approximate solutions to the
BVPsin the Galerkin weighted residual (GWR) method. Let v(x) be the exact solution while V(x) be the approximate

solutionto a BVP.
In this case, let us consider linear fourth order fractional order differential equation:

4

Po (X) + pl(X) + p, (X)v(x) = g(x), 0<x<1

subject to the boundary conditions
v(0) = A, v() =B, v'(0) = A, V'()=

We assume an approximate solution in a form
n
V(X) =y (x) + 2 & N; (x)
i=1

Choose ¢,(x)=0 and N;(0) =N;(1)=0 foreach i=12,..n
Now the residual function is given by

4~

d’v
e(x) = |Do(><)Ol + Py (X ) +p2(X)V(X) 9(x)
The Galerkin weighted residual equations are

jg(x)Nj (x)dx =0

O ey =

[Po() +I01() +P2(X)V(X) g(x)]N;(x)dx =0

I[po( ) +I01( ) +pz(X)V(X)]N (x)dx = IQ(X)N (x)dx, j=12. .n.

Integrating by parts on the left hand side of the equation (15), we obtain

j.p 3 Ndx—{ } j [ N] dx[smce N;(0)=N,;0)=0]
d d2v] *d? RY
|GG g

d a2 ] [ d? aw] tad? v
| e o | |l ] -FasTe 15

L gnn]] e SLan ] ae o 1] T o )2

Again,

1

e L= B L e T (P e

(12)

(13)

(14)

(15)

x (16)

17
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[since N;(0)=N;@)=0]
Substituting equations (16) and (17) into equation (15) and using approximation for V(x) given in equation (13), we
get a system of equations in the matrix form as

k& =Gy, j=L2..n (18)
where

k|

L[ g N, [ d dN, d? an, T
.([{F[pon]d—X'+{—&[pleM i~ dx}r NiNj}}dx{W[pONj]d—J (19)

=0

1 d d
G, =£g(x)Nj(X)d X{&[ponﬂxleZ—{&[ponﬂ

Solving the above system of equations specified by equation (18), we compute the values of the parameters, and then
substituting into equation (13) to get the approximate solution of the desired FBVP (12).

Examples and Discussions

Here, we consider two numerical problems to verify the proposed method.

Example 1. Consider the following fourth order fractional BVP [22, 23]

v (x) + D*xv(x) = g(x), Vxe[0,1] (21)

x A, (20)

X

with boundary conditions
v(0)=v(@)=0, v'(0)=0, v"(1)=26(a-1)
The exact solution of this problem is, v(x) = x®(x* —x*™*).
The obtained approximate solution is
V(x) = 0.00028x + 0.01695x> —0.24147x* +1.23534x* —3.11381x°
+4.80121x° — 2.69851x".

We compute the absolute errors using first 6 polynomials of each type: Modified Legendre and Bernoulli in example 1.
We compare the accuracy of the absolute errors versus the errors obtained by the Quintic spline collocation method [22],
also by kernel Hilbert space
method [23], which are shown in Table 1. In this case, the present method is reliable with good accuracy.

Table 1. Absolute errors obtained by GWR method using Legendre polynomials for example 1, when (« =0.1,0.2,0.3)

Absolute errors obtained by GWR method using 6 polynomials

X a=0.1 a=02 a=03

Legendre Bernoulli Legendre Bernoulli Legendre Bernoulli Ali &Esra [23]
0 0. 0. 0. 0. 0. 0. 1.54 x 1071
0.1 473x10™°  471x107° 2.83x107°  2.88x10™°  533x107° 5.27 x 107° 1.50 x 10~

02 3.08x1075 3.10 x 107° 448 x 107° 440 x 107° 214 x107° 2.05x 107° 292 x 107*
03 4.67x107° 4,69 x 1075 6.44 x 107° 6.35x 107> 2.80 x 107> 2.72 x 107° 416 x 107*
04 589x107° 5.88 x 10~° 1.74 x 1075 1.82 x 107° 1.08 x 107* 1.07 x 107* 5.10 x 10~*
05 1.26x107° 1.26 X 1075 7.06 x 107° 7.12 x 1075 1.55 x 107* 1.54 x 107* 5.65 x 107*
0.6 5.64x107° 5.65 x 107° 1.49 x 1075 1.52 x 1073 1.03 x 107* 1.03 x 107* 571 x 10~

0.7 491x1075 489 x107° 6.52 x 1075 6.52 x 107> 2.34%x107° 2.38%x107° 5.20 x 107*
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0.8 325x107° 3.23x107° 437 x107° 437 x 1073 1.78 x 1075 1.83 x 1073 4.05%x 107*

09 45x107° 451 %1075 2.76 X 107° 2.76 x 107° 483 x 1075 4.87 x 107° 230 x 107*
1. 0. 2.188 x 10715 0. 1.936 x 10715 0. 1.687 x 10715 2.08 x 1077
Example 2. Consider the following fourth order FBVP [22, 23, 24]:

v (x)+0.05D“v(x) = g(x), Vxe[0,1] (22)

with boundary conditions
v(0) =v() =0, v'(0) =0, v'()=8
The exact solution of this problem is, v(x) = x*(x-1).
The required approximate solution is
¥(x) = —0.000015x — 0.0000069x? + 0.0000449x> —1.000019x* +1.0000084x° —0.000024x°
+0.000012x" .

In this example, we compute the absolute errors using first 6 polynomials of each type: Modified Legendre and Ber-
noulli. We compare the accuracy of the absolute errors versus the errors obtained by the Quintic spline collocation me-
thod [22] and kernel Hilbert space
method [23], respectively, are shown in Table 2. Our accuracy is reliable.

Table 2. Absolute errors obtained by GWR method using Legendre and Bernoulli polynomials for example 2, when
(¢=0.1,0.2,0.3,0.99)

Absolute errors obtained by GWR method using 6 polynomials
X a=0.1 a=02 a=03 a=0.99

Legendre Bernoulli Legendre Bernoulli Legendre Bernoulli Legendre Bernoulli Ali &Esra [23]

0 0 0 0 0 0 0 0 0 0.

01 1.60x10°° 1.77 x 107° 395x107° 3.95x107° 6.69x107° 657x107° 443 x107° 3.66 x 107° 117 x 107*
02 310x10°® 335x10°° 7.51x 1076 7.48 x 107° 1.26 x 107° 1.24x 1075 7.15 % 107° 6.99 x 107° 2.05x 107
03 429%x10°° 4.57x10°° 1.02x 107° 1.02 x 107° 1.71x107° 1.70x 1075 8.48 x 107° 9.67 x 1075 2.50 x 107*
04 5.02x107° 530x10°° 1.19x 107° 118 x 107° 1.99 x 107° 1.98x 1075 1.01 x 107* 1.14x107* 2.50 x 107*
05 521x107% 547x10°° 1.23x107° 1.22x107° 2.06 x 107° 2.05x107° 1.19 x 107* 1.19x 107* 2.13x 107*
06 4.85x107° 5.08x10°° 1.15% 107° 114 x 107° 1.91x107° 1.90x 1075 1.25x 107* 1.12x107* 1.53x107*
07 4.01x107° 419x10° 953x10° 941x10°° 158 x 107° 1.57x 1075 1.05x10™*  9.38x107° 8.94 x 107°
08 281x107° 294x10°° 6.71x107%  6.60x 107° 1.10x 107° 1.10x 1075 6.44 x 107° 6.60 x 107° 3.72x107°
09 143x10°° 1.49 x 107° 342x107° 335x10°° 5.61x107° 5.62 x 107° 2.56 x 107° 3.34x107° 7.85 x 107°
1. 0 222 x 10716 0 222 x 10716 0 2.22x 10716 0 2.22x 10716 1.59x 1078

4. Formulation of Fractional Integro-differential Equation

We consider Modified Legendre and Bernoulli polynomials as basis functions to obtain the numerical solutions to the
BVP exploiting the proposed method. Let w(x) and W(x) be the exact and approximate trial solution, respectively.

Fractional integro differential equation is given by
D™W (x) +w(x) + [w(t)dt = f(x), x e[a,b] (23)
0

Subject to the boundary conditions w(a) = A,, w(b)=B,, w'(a)=A, w'(b)=B,
Where A, A, By, B, are real constants. Equation (23) is convert into the following FIBVPs:
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w® (x) + D*w(x) + D"Tw(t)d =tf (), 0<x<1 (24)

where
f(x)=D*f (x).
We assume that an approximate solution of the form:

W00 = 40+ 3L, () (25)

Choose ¢,(x)=0 and L;(0) =L (@1)=0 foreach i=12,..n
Now the residual function is given by

£(x) = W (x) + D*w(x) + Daiw(t)d — () (26)

The Galerkin weighted residual equations are
1
jg(x) L, (x)dx =0

1

jpo() +p1(x> +p2(x)j w(t)dt - (x) ] L, (k=0

0
j[po() +p1( ) +p2(x)j W (t)dt]L; (x)dx = jf(x)L (¥)dx, j=12. .n 27)
Integrating by parts on the left hand side of the equation (27), we obtain
d*w| td
J.po de_|:p0 TANE :| _{&[p
d d2w| *d? d?w
L R T
d d2w] [ d?2 aw] id? oW
:{&[F’OLJWL{W["OLJ&}O‘W[%LJ? ¥

d d d? aw] Ld? o
:_[&[pOLj]:L_lXB +{ [po ﬂ ><A2+{W[pOLJd—\;VL—IT[pOLj]—\;Vd) (28)

]‘Z ——-dx [since L;(0)=L,;(1)=0]

x=0

Again

1 da~ da~ 1 1 d 1 d da~
{leZVLjdx={ple IF""} j{ (oL, 1% }dx:—_{[{&[pleMKZde}dx 29)
[since L;(0)=L;(1)=0]

p, [[)AIL, = (1] p,L (@)dtlox (30)

Substituting equation (28), (29) and (30) into equation (27) and using approximation for W(x) given in equation (26),
we get a system of equations in the matrix form as

Dk =F, j=12..,n 31)

]
=1

where
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d3 dLI d daLi M
{W[%Lija{‘a[%]f ™ dX} LiL, +[£ p,L; (D)dt]L, :I}dx

x=1 (32)
d? dy |
Lael 1G]
1 d d
F, :! f ()L, (x)d X{&[poLj ]Lx B, —l:d—x[pOLjJ:Lo x A, (33)

Solving the system of equations specified by equation (31), we find the values of parameters and then substituting into
equation (25), we get the approximate solution of the desired FBVP (24).

5. Results and Discussion

In this case, we consider two problems with non-homogeneous boundary conditions to verify the proposed method.
The approximate results using the present method are computed for the problems of equation (34).
Example 3. Consider the fractional integro-differential boundary value problem [21]

D W™ (x) + w(X) +JX' w(t)dt = f(x), Yxe[01] (34)

with boundary conditions
w(0) =1, w'(0) =2, w(l)=1+e, W'(1)=3e
where
f(x) = x(L+e*)+3e*
The exact solution of this problem is w(x) =1+ xe”*.
The approximate solution of the given problem is
W(x) = * —0.13994x + 0.50016x° + 0.58308x> + 0.02334x" + 0.03261x°
+0.00204x° —0.00130x’ .

In this problem, we represent the absolute error using first 6 polynomials of each type: Modified Legendre and Ber-
noulli polynomials. We compare the accuracy of the obtained results with the spline solutions [21] which are shown in
Table 3. In this case, the exactness is found with good acceptance compare to the solutions of the existing method and
exact solutions.

Table 3. Absolute errors obtained by GWR method using Legendre and Bernoulli polynomials for example 3, when
(e =0,0.25,0.5,0.75)

Absolute errors obtained by GWR method using 6 polynomials

X a=0 a=0.25 a=05 a=0.75
Legendre Bernoulli W. K. ZAHRA[21] Legendre Bernoulli Zahra [21] Legendre Bernoulli Zahra [21] Legendre Bernoulli Zahra [21]
0 0 0 0 0 0 0 0 0 0 0 0 0
0.1 142x10™* 133x107* 5.17 x 10~* 143%x107% 1.44x1073 4.04x107° 362x1073 3.61x10% 112x1072 588x107° 586x107% 1.82x 1072
02 238x107* 230x107* 6.03x 1073 2.78x 1073 280x107° 690x10™* 6.88x107% 6.88x107° 124x1072 1.11x107% 1.10x107? 253 x 1072
03 278x107* 273x107* 8.46 x 1073 394x107% 396x107° 823x107° 9.49x10™3 949x10° 133x1072 1.51x107% 1.51x1072 3.07x107?
04 263x107* 260x107* 1.01x 1072 478 x107% 4.82x107° 129x1072 112x107% 111x107%2 139x1072 1.76x107%2 1.76x107%> 3.40x 1072
0.5 2.07x10™* 2.04x107* 1.08 x 1072 522x107° 526x1073 1.45x107%2 1.18x1072 1.18x1072 1.41x107%2 1.83x107% 183x1072 3.50x 1072
0.6 131x10™* 128x107* 1.05x 1072 516 x107° 521x107% 1.27x107%2 113x107%2 113x1072 1.40x107% 1.73x107% 173x1072 3.36x 1072
0.7 584x10™° 563x107° 8.70 x 1073 456%x 1073 4.62x107° 786%x107° 975x107% 9.74x107° 135%x1072 147x1072 147x107% 3.01x1072
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08 871x10° 810x107° 6.80 x 107° 344%x107° 349x107° 3.02x107° 7.16x107° 7.15x107° 1.26x107% 1.06x107% 1.06x 1072 2.46x 1072
09 810x10™° 829x107° 3.61%x 1073 1.86x 107 1.89x107° 928x107° 380x107° 379x107° 114x107% 562%x10~° 562x107° 1.77x 1072
1. 0 0 1.82x10°¢ 0 0 1.82x107° 0 0 1.71x 1077 0 0 1.82x 10°°

Example 4. Consider the fractional integro-differential boundary value problem [30]
D W (x) - [e wi(t)dt =1, Vxe[0.1] (35)
0

with boundary conditions
w(0) =1, w'(0) =1, w()) =e, W'(Q)=e
The exact solution of this problem is w(x) =e*.
The approximate solution of the given problem is
W(X) =e* —1.77x107° x + 0.0483x* — 0.4353x> +1.4030x"* —2.0999x°
+1.4903x° - 0.4064x’ .

In this problem, we represented absolute error using first 6 polynomials of each type: Modified Legendre and Bernoulli
polynomials. We compare the accuracy of the obtained result with the spline solutions [30] which are shown in Table 4.
In this case, a good agreement is found to the solutions of the existing method and exact solutions.

Table 4. Absolute errors obtained by GWR method using Legendre and Bernoulli polynomials for example 4, when
(¢ =0,0.25,0.5,0.75)

Absolute errors obtained by GWR method using 6 polynomials
X a=0 a=025 a=05 a=0.75

Legendre Bernoulli  Momani&Noor [30] Legendre Bernoulli  Momani&Noor [30] Legendre Bernoulli  Momani&Noor [30] Legendre Bernoulli  Momani&Noor [30]

0 0 0 0 0 0 0 0 0 0 0 0 0

0.1 593 x107° 8.14x 107 1.09 x 1075 9.54x 1077 8.21x 107° 9.79 x 107* 1.68 x 10™* 1.95 x 107° 1.57 x 1073 1.54x 10™* 1.75x 107° 137 x 1073
0.2 7.61x 107 1.48 x 1077 227 x107° 6.47 x 107% 1.50 x 1077 1.81 x 1073 1.14 x 107" 4.57 x 1077 291 %1073 1.08 x 107™* 4.47 x 10~/ 2.52%x107°
0.3 8.18x 1078 2.01x 1077 3.88 x 107° 1.79 % 107¢ 2.03 x 1077 244 x 1073 1.43x107* 2.89x 10°¢ 3.89 x 1073 120X 1073 2.39x 107 3.34x 1073

0.4 247 x1078 237 x 1077 4.46 X 107° 1.99 % 107¢ 2.39 x 107 2.80 x 1073 2.72x107* 3.22x 107 444 %1073 2.52x107% 3.12x 107 3.77 x 1073

0.5 2.17 x 1077 2.55x 1077 412 x 107° 2.54x 1077 2.58 x 107° 2.88 x 107° 1.51x 107" 221 x 1078 4.54 x 1073 1.31x 1073 2.11x 1078 3.82x 107°
0.6 4.17 x 1077 2.54 x 1077 4.88 X 107° 1.50 x 107° 2.57 x 107° 2.70 x 1073 7.12x 1075 3.28 x 107° 4.23 x 1073 6.52x 107° 3.02x 107° 3.53x 107°
0.7 523 x 1077 2.31x 1077 4.27 X 107° 136 x 107° 2.33x 107° 226 x 1073 1.68 x 10™* 2.97 x 107° 3.53x 1073 1.48 x 107 2.17x 107° 2.92%x107°
0.8 459 x 1077 1.83 x 1077 3.09 x 10~° 3.95x 1077 1.85x 10~° 1.62 x 1073 7.32x107° 3.66 x 1077 2.53x 1073 7.01x 107 3.46 x 1077 2.08 x 1073
0.9 2.31x1077 1.07 x 1077 231%x107° 1.14 X 107¢ 1.08 x 107 3.46 x 107* 3.28x 10™° 1.90 x 107 1.32x 1073 3.28x 10™° 1.30 x 107° 1.08 x 1073

1. 0 0 1.82x 107 0 0 1.82x10°¢ 0 0 1.71x 1077 0 0 1.82x10°¢

6. Conclusions

The goal of this approach is to solve fractional fourth-order fractional boundary value problems in a simple and con-
sistent manner. The Galerkin approach mentioned in this study is also implemented to fourth-order integro-differential
equations. The precise and approximate solutions for fourth-order fractional integro-differential equations are compared to
linear BVPs. This procedure is more exact and provides more accurate findings. This approach can be extended for frac-
tional partial differential equations in the Caputo sense.
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