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  Abstract 
In this paper, it is presented algorithms constructing all possible vectors of dimen-
sion 𝑛𝑛 with elements ±1. This leads to the construction of efficient algorithms 
specifying the determinants of 𝑛𝑛 × 𝑛𝑛 matrices with elements ±1. Is presented 
the notion of lexicographically ordered sequences of integers and matrices and we 
describe algorithms creating all possible lexicographically ordered vectors of di-
mension. We give three sequential algorithms computing all possible determinants 
and we compare these algorithms according to their speed and efficiency. The pa-
rallel implementation of the algorithms is introduced and analysed the complexity, 
concerning the performance of the methods according to the number of available 
processors are given. The speedup and the efficiency of the proposed methods for 
the case of 𝑛𝑛 = 7 and 8 is presented and their efficiency is examined by com-
paring them with known ones. 
 
Keywords 
Numerical Linear Algebra, ±1 matrices, Determinant Calculus, Gaussian Elimi-
nation, Complete Pivoting, Parallel algorithm 

 
1. Introduction 

The Hadamard maximum determinant problem poses the question what is the maximum determinant among ±1 
matrices of given order. The set of values that the determinant function for ±1 matrices takes, is defined as the spectrum 
of the determinant. The specification of the full spectrum of the determinant has interested mathematicians and is closely 
connected with several applications. We are interested in the absolute value of the determinant, since we can always 
change the sign of the determinant by changing the sign of the row. The problem in its full generality has been first posed 
by Hadamard [1], and has applications to areas such as Experimental Design and Coding Theory. The spectrum of these 
matrices is closely connested with the specification of minors of Hadamard matrices [2]. Further progress in this issue 
can help in the study of distribution of minors [3] and of the growth conjecture [4] which is open from 1968. A survey on 
this problem and current update and results can be found in [5]. 

Let 𝐵𝐵 be an 𝑛𝑛 × 𝑛𝑛 matrix with elements ±1. It holds that [2]   
1. 𝑑𝑑𝑑𝑑𝑑𝑑 𝐵𝐵 is an integer and 2𝑛𝑛−1 divides 𝑑𝑑𝑑𝑑𝑑𝑑 𝐵𝐵; 
2. when 𝑛𝑛 ≤ 6, the only possible values for 𝑑𝑑𝑑𝑑𝑑𝑑 𝐵𝐵 are the following, and they do all occur:  
For 2 ≤ 𝑛𝑛 ≤ 7, the spectrum includes all integers between 0 and 𝑚𝑚𝑚𝑚𝑚𝑚�𝑑𝑑𝑑𝑑𝑑𝑑(𝐵𝐵)�. The spectrum for 𝑛𝑛 = 8 was first 

computed by Metropolis, Stein, and Wells [6], who found that gaps occur. A (non-computer-based) proof of the existence 
of gaps was later given by Craigen [7]. At present, the spectrum is known for 𝑛𝑛 ≤ 11. The results for 𝑛𝑛 = 9 and 10 
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are due to 𝑍𝑍�ivkovi𝑐𝑐′  [8], and those for 𝑛𝑛 = 11 are due to Orrick [9]. The spectra for 𝑛𝑛 ≤ 11, and conjectured spectra 
for 𝑛𝑛 = 12 and 14 ≤ 𝑛𝑛 ≤ 17, may be found at [5]. 

Table 1. Possible determinant values for 𝒏𝒏 × 𝒏𝒏 ±𝟏𝟏 matrices 

n 1 2 3 4 5 6 

det B 1 0, 2 0, 4 0, 8, 16 0, 16, 32, 48 0, 32, 64, 96, 128, 160 

In this paper, are developed fast parallel algorithms determining the spectrum of determinants of ±1 matrices. It is 
confirmed that for the 7 × 7 case the possible values for the determinants are developed 0, 64, 128, 192, 256, 320, 384,
448, 512, 576 and they do all occur. Also for the 8 × 8 case we reconfirmed that all possible existing values for the 
determinant are 𝑘𝑘 ⋅ 27, 𝑘𝑘 = 1, … ,32 excluding the values 𝑘𝑘 = 19,21,23,25 − 31. 

Furthermore, we developed a theoretical framework which attains the evaluation of spectrum of matrices of order up to 
7 in a direct way and in an almost negligible complexity. In Section 2, it is presented the notion of lexicographically 
ordered sequences of integers and matrices and are described algorithms creating all possible lexicographically ordered 
vectors of dimension 7. In Section 3, we give three sequential algorithms computing all possible determinants for 𝑛𝑛 × 𝑛𝑛 
matrices with elements ±1. Furthermore, we compare these algorithms according to their speed and efficiency. Their 
complexity is also described In section 4 the parallel implementation of the fastest of the sequential algorithms is 
presented. Two alternative methods are developed and compared according to their speedup and efficiency. Finally, 
comments concerning the performance of the methods according to the number of available processors are given. 

2. Vectors and matrices lexicographically ordered 
The notion of lexicographically order matrices and vectors is a powerful tool which has been used in many 

applications [8], [9]. The definitions of lexicographically ordered vectors and matrices that will be used in all used 
algorithms are given in the following, algorithms. 

2.1 The lexicographic ordering of sequences 

2.2 The lexicographic ordering of matrices 
Definition 2.1 Matrix A precedes matrix B (𝐴𝐴 > 𝐵𝐵), if comparing lexicographically the rows of A and B, from top to 

bottom, we specify first in A a row which precedes the corresponding one in B. The rest rows of the matrices can appear 
in any ordering.  

Example 2.1 

𝐴𝐴 = �

1 1 1
1 1 1
−1 −1 −1� > 𝐵𝐵 = �

1 1 1
1 1 −1
1 1 1 � 

It is deduced from Example 2.1 that the second row of 𝐴𝐴 precedes the second row of 𝐵𝐵, whereas the third row of 𝐵𝐵 
precedes the corresponding one in 𝐴𝐴. 

The above definitions will help as in constructing distinct vectors and matrices lexicographically ordered. 

Notation: 
Let 𝑄𝑄𝑝𝑝  denote the set of strictly decreasing sequences of 𝑝𝑝  integers (1 ≤ 𝑝𝑝 ≤ 𝑛𝑛)  chosen from 1,−1,  e.g. 

𝑄𝑄2 = {(1,1), (1,−1), (−1,1), (−1,−1)}. The number of the sequences which belong to 𝑄𝑄𝑝𝑝  is 2𝑝𝑝 . 
Definition 1.1 If 𝑚𝑚, 𝑏𝑏 ∈ 𝑄𝑄𝑝𝑝  we say that a precedes 𝑏𝑏 (𝑚𝑚 > 𝑏𝑏), if for the elements 𝑚𝑚𝑖𝑖 ,𝑏𝑏𝑖𝑖  of the sequence, there exists 

an integer 𝑑𝑑  (1 ≤ 𝑑𝑑 ≤ 𝑝𝑝)  for which 𝑚𝑚1 = 𝑏𝑏1, … ,𝑚𝑚𝑑𝑑−1 = 𝑏𝑏𝑑𝑑−1,  𝑚𝑚𝑑𝑑 > 𝑏𝑏𝑑𝑑 ,  and the rest elements can apper in any 
ordering.  

This describes the lexicographic ordering of the elements of 𝑄𝑄𝑝𝑝 .  
Example 1.1 In the set 𝑄𝑄3 it holds (1,1,1) > (1,1,−1).  

2.3 Constructing vectors of dimension 𝐧𝐧 with elements ±𝟏𝟏 
The next algorithm constructs directly all vectors of dimension 𝑛𝑛 with elements ±1. 

2.3.1 Repetitive algorithm 
Set as matrix A a zero matrix into which will be stored the created vectors.  
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Define a vector s with elements s=[1,-1]^t  
for j=1 to n  
    t=0;  
    while(t< 2^n )  
        for i=1 to 2  
            for k=1 to 2^(j-1)  
                A[t][n-j-1]=S[i];  
                t=t+1;  
Executing the above algorithm, we create a matrix 𝐴𝐴  of order 2𝑛𝑛 × 𝑛𝑛  with rows all possible 2𝑛𝑛  vectors in 

decreasing lexicographically order. 

2.3.2 Anadromic algorithm 
We formulate an anadromic algorithm which is more general and elegant than the repetitive one, is developed.  
Set as matrix A a zero matrix into which will be stored the created vectors.  
Define a vector S with elements S[1]=1, and S[2]=-1, with dimension S max_S=2.  
// Create the anadromic function  
[Number of lines]=vector(matrix A, Index line i,  
                     number of column n_col, vector S,  
                     dimension S max_S,  
                     max dimension of created vector max_size)  
for k=1 to max_S  
    A[i][n_col]=S[k]  
    if n_col < max_size  
        i=vector(A,i,n_col+1,S,max_S,max_size);  
    else  
        for t=1 to max_size  
            if A[i][t] is equal to 0  
                A[i][t]=A[i-1][t]  
         Increase i by one  
return [Number of line i]  
End function vector  
 
Implementation  
if we call the above anadromic function as  
 
[Number of lines]=vector(A,1,1,S,2,7)  
are Created all vectors of dimension 7 with elements 1,-1.  

3. Sequential calculation of determinants. 
From all the sequences of ±1  vectors of dimension 𝑛𝑛,  all possible 𝑛𝑛 × 𝑛𝑛  matrices and then specify their 

determinants. The following sequential algorithms are proposed. 

3.1 Exhaustive Search, Bruteforce Algorithm 
STEP 1. Create all possible 2𝑛𝑛  vectors with elements {-1,1}  
STEP 2. Create row by row all possible 𝑛𝑛 × 𝑛𝑛 matrices by making all possible (2𝑛𝑛)𝑛𝑛  combinations.  
STEP 3. For each of the above matrices compute its determinant using Gaussian elimination with complete 

pivoting (GECP).  
Since the above algorithm is exhaustive, it requires the computation of (2𝑛𝑛)𝑛𝑛  determinants, and will never be 

implementd in practice. 

3.2 Partial Search 
STEP 1. Create matrix 𝐴𝐴 with rows all possible 2𝑛𝑛  vectors with elements {-1,1} (with 𝐴𝐴[𝑘𝑘] we will denote 

the 𝑘𝑘 − 𝑑𝑑ℎ row of 𝐴𝐴).  
STEP 2. From the rows of 𝐴𝐴 create row by row a 𝑛𝑛 × 𝑛𝑛 matrix 𝐵𝐵 as follows.   
         For 𝑘𝑘1 = 1 to (2𝑛𝑛 − 𝑛𝑛 + 1)  
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             For 𝑘𝑘2 = (𝑘𝑘1 + 1) to (2𝑛𝑛 − 𝑛𝑛 + 2)  
                 For 𝑘𝑘3 = (𝑘𝑘2 + 1) to (2𝑛𝑛 − 𝑛𝑛 + 3)  
                          ⋮  
                          ⋮  
                          For 𝑘𝑘𝑛𝑛−1 = (𝑘𝑘𝑛𝑛−2 + 1) to (2𝑛𝑛 − 1)  
                              For 𝑘𝑘𝑛𝑛 = (𝑘𝑘𝑛𝑛−1 + 1) to (2𝑛𝑛) 

𝐵𝐵 ≔

⎣
⎢
⎢
⎢
⎢
⎢
⎡
− − 𝐴𝐴[𝑘𝑘1] − −
− − 𝐴𝐴[𝑘𝑘2] − −
− − 𝐴𝐴[𝑘𝑘3] − −
− − ⋮ − −
− − ⋮ − −
− − 𝐴𝐴[𝑘𝑘𝑛𝑛−1] − −
− − 𝐴𝐴[𝑘𝑘𝑛𝑛 ] − −⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

STEP 3: For each of the above constructed matrices 𝐵𝐵 compute its determinant using GECP.  
Remark 1 An exhaustive search of performed by the above algorithm, requires for each of the above steps to take 

𝑘𝑘 = 1  𝑑𝑑𝑡𝑡  2𝑛𝑛 . This is not needed since for 𝑖𝑖 = 2 to 𝑛𝑛, we start the repetition 𝑘𝑘𝑖𝑖  from exactly where the previous 
repetion 𝑘𝑘𝑖𝑖−1 was, plus one step more, specifically 𝑘𝑘𝑖𝑖 = 𝑘𝑘𝑖𝑖−1 + 1. Doing so, we avoid the same row combinations (row 
interchanges does not affect the determinant), and the possibility the same row to appear more than one times in the 
same matrix (in this case the determinant would be zero). Due to this reason, we terminate the iteration in the 2𝑛𝑛 − 𝑛𝑛 +
𝑖𝑖 step, with 𝑖𝑖 = 1 …𝑛𝑛. Thus, we eliminate many thousands of determinant computations. The total repetitions that will 
be done (and thus and the required determinant computations) are �2𝑛𝑛

𝑛𝑛 �. 

3.3 Partial Sign-Invariance (SI) Search 
It is known Due to the property of determinants, to be invariant in sign changes, we don’t need all the rows of matrix A. 

Since the rows of 𝐴𝐴 are lexicographically ordered, the 𝑖𝑖 − 𝑑𝑑ℎ row of 𝐴𝐴 is equal with the 2𝑛𝑛 − 𝑖𝑖 + 1 row multiplied 
by −1, for 𝑖𝑖 = 1, … , 2𝑛𝑛−1. The totally required repetitions (and thus and the required determinant calculations) are 
reduced to �2𝑛𝑛−1

𝑛𝑛
�. 

3.4 Comparison of Algorithms 
Comparing the above algorithms  

Table 2. Required Determinant computations for 𝐧𝐧 × 𝐧𝐧 matrices with elements ±𝟏𝟏 

Technique Computations Determinant 

Exhaustive Search (2𝑛𝑛)𝑛𝑛  

Partial Search �2𝑛𝑛
𝑛𝑛 � 

Partial SI-Search �2𝑛𝑛−1

𝑛𝑛
� 

we can say that the third algorithm is (2𝑛𝑛 )𝑛𝑛

�2𝑛𝑛−1

𝑛𝑛
�
 times faster than the first one, and 

�2𝑛𝑛
𝑛𝑛
�

�2𝑛𝑛−1

𝑛𝑛
�
 times faster than the second one. 

For 𝑛𝑛 = 7, we can say that the third algorithm is 906,206.18 ≈ 𝑂𝑂(106) times faster than the first one and 152.16 times 
faster than the second one. 

3.5 Numerical Results 
Running the above developed algorithms, we firstly confirmed the results of Table 1, We derived also the following.  
Proposition 3.1 The spectrum of the determinant of 7 × 7 matrices with elements ±1, are the following and they do 

all occur: 0, 64, 128, 192, 256, 320, 384, 448, 512, 576.  
In Table 3, we present some interesting statistical information concerning the frequencies, according to which, appear 

the above determinant values. 
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Table 3. The appearing frequencies of determinants for 𝟕𝟕 × 𝟕𝟕 matrix with elements ±𝟏𝟏 

Determinant Frequency Percentage 

0 256,052,892 41.218% 

64 234,636,782 37.771% 

128 97,290,610 15.661% 

192 19,631,852 3.160% 

256 10,504,620 1.691% 

320 1,620,208 0.261% 

384 1,177,952 0.190% 

448 180,296 0.029% 

512 107,540 0.017% 

576 13,440 0.002% 

Total 621,216,192  

In Table 4, we present the computational complexity of the applied algorithms for the case of 7 × 7 matrices.  

Table 4. Required Determinant computations for 𝟕𝟕 × 𝟕𝟕 matrices with elements ±𝟏𝟏, per technique 

Technique Computations Determinant Order 

Exhaustive Search Algorithm 562,949,953,421,312 𝑂𝑂(1015) 

Partial Search 94,525,795,200 𝑂𝑂(1011) 

Partial SI Search 621,216,192 𝑂𝑂(109) 

Proposition 3.2 The spectrum of the determinant of 8 × 8 matrices with elements ±1, are 𝑘𝑘 ⋅ 27, 𝑘𝑘 = 1, … ,32 
excluding the values 𝑘𝑘 = 19,21 − 23,25 − 31.  

In [7] is given a theoretical proof for the non existence of determinant values for 𝑘𝑘 = 27 − 31. In [3], a theoretical 
proof for the non existence of determinant values for 𝑘𝑘 = 19,21 − 23,25 − 31 for orthogonal matrices is developed. 
More information concerning the spectrum of the determinant function can be found in [5]. 

In Table 5, we present the computational complexity of the applied algorithms for the case of 8 × 8 matrices.  

Table 5. Required Determinant computations for 𝟖𝟖 × 𝟖𝟖 matrices with elements ±𝟏𝟏, per technique 

Technique Computations Determinant Order 

Exhaustive Search 18,446,744,073,709,551,616 𝑂𝑂(1020) 

Partial Search 409,663,695,276,000 𝑂𝑂(1015) 

Partial SI Search 1,429,702,652,400 𝑂𝑂(1013) 

We can say that the third algorithm is 1.29 ∗ 107 times faster than the first one and 286,537 times faster than the 
second one. 

4. Parallel Implementation of the Algorithms 
Next, we will present the parallel implementation of the Algorithm Partial SI Search. The Partial SI Search algorithm 

consists of three main procedures. The first one, implemented as STEP 1, is not so important to be modified in parallel. 
STEP 2 and STEP 3 are the most time consuming since they create the matrix and they execute GECP. Thus it is 
important if the procedural STEP 2 and STEP 3 can be appropriately implemented in a parallel way. Next, we will 
demonstrate two methods according to the way that STEPS 2 and 3 will be evaluated. Let us suppose that we have 
available 𝑃𝑃 processors. In method 1 we equally share the required repetitions (loops) to the available 𝑃𝑃 processors. The 
𝑃𝑃 processors don’t have any interaction between them.  
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4.1 Method 1: 
In this method, we use one loop and we assign to each available processor some of the steps of the Partial SI Search 

algorithm. 
STEP 1. Create matrix A with rows all possible 2n  vectors with elements {-1,1}  
STEP 2. From the rows of A create row by row a n × n matrix B as follows.   
     Share the steps of each iteration per processor 
     Integer h ≔ 2n−1−n+1

P
 

     Rank:=number this processor (Rank = 0, … , P − 1) 
     For k1 = h ∗ Rank + 1 to (h*(Rank+1))  
             For k2 = (k1 + 1) to (2n − n + 2)  
                 For k3 = (k2 + 1) to (2n − n + 3)  
                          ⋮  
                          ⋮  
                          For kn−1 = (kn−2 + 1) to (2n − 1)  
                              For kn = (kn−1 + 1) to (2n ) 

B ≔

⎣
⎢
⎢
⎢
⎢
⎢
⎡
− − A[k1] − −
− − A[k2] − −
− − A[k3] − −
− − ⋮ − −
− − ⋮ − −
− − A[kn−1] − −
− − A[kn ] − −⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

STEP 3: For each of the above constructed matrices B compute its determinant using GECP.  
Implementation of Method 1: Whereas with this method we can equally share (balance) the repetitions to the 

processors, we cannot attain the same with the required operations. It is impossible to split the first loop of the Partial SI 
Search algorithm �𝑓𝑓𝑡𝑡𝑓𝑓 𝑘𝑘1 = 1 𝑑𝑑𝑡𝑡 (2𝑛𝑛−1 − 𝑛𝑛 + 1)� to 𝑃𝑃 processors, since the first processor is obliged to execute more 

repetitions than the others. More precisely the first processor would execute �2𝑛𝑛−1 − 1
𝑛𝑛 − 1

� operations. 

For example with n=7, if we had 58th processors the first processor would have executed �64 − 1
6 �  = 67,945,521 

operations, whereas the 50th processor would have done �64 − 50
6 � = 3,003 operations and finally the 58th processor 

would have done only �64 − 58
6 � = 1 operation. 

We notice that in the first step is executed the 10.9375% of the operations whereas in the next 6 first steps are done 
51.59912% of the total operations. We could say that we have a triangle sharing of operations, as we can see from the 
next figure, depicting the case when two processors (A, B) are available. 

 
If the balancing of operations to the processors is not done in the fist repetition but in a subsequent one i.e. the last, 

some of the processors will not be used counting a loose in computational power. Also the above mentioned triangle 
sharing of operations will not be avoided although the triangle may be smaller. 

Optimum number of processors required for Method 1. 
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The total required operations are ∑ �2𝑛𝑛−1 − 𝑖𝑖
𝑛𝑛 − 1

�2𝑛𝑛−1−(𝑛𝑛−1)
𝑖𝑖=1 = �2𝑛𝑛−1 − 1

𝑛𝑛
�. In the first loop are needed �2𝑛𝑛−1 − 1

𝑛𝑛 − 1
� 

operations, which will be executed by the first processor. Each of the rest processors must not execute more operations 
than the first one. In Table 6, we show an example of how we can specify the optimum number 𝑃𝑃 of processors for the 
case of 𝑛𝑛 = 7. The total required operations are ∑ 58

𝑖𝑖=1 �
64 − 𝑖𝑖

6 � = �64
7 �. 

These operations are split in such a way providing that none of the available processors will do more operations than 
the first one (which executes the first loop). It is possible each processor to be assigned many loops.  

Table 6. Sharing loops to processors 

Processors 1 2 3 4 

Loops 1 2 3 4 

Operations �64 − 1
6 � �64 − 2

6 � �64 − 3
6 � �64 − 4

6 � 

 67,945,521 61,474,519 55,525,372 55,525,372 
 

Processors 5 6 7 8 

Loops 5 6 7 8-9 

Operations �64 − 5
6 � �64 − 6

6 � �64 − 7
6 � �64 − 8

6 � + �64 − 9
6 � 

 45,057,474 40,475,358 36,288,252 61,458,111 
 

Processors 9 10 11 12 

Loops 10-11 12-14 15-21 22-58 

Operations �64 − 10
6 � + �64 − 11

6 � � 
14

𝑖𝑖=12
�64 − 𝑖𝑖

6 � � 
21

𝑖𝑖=15
�64 − 𝑖𝑖

6 � � 
58

𝑖𝑖=22
�64 − 𝑖𝑖

6 � 

 48,784,645 54,258,680 67,660,286 32,224,114 

From Table 6, we can see that the optimum number of processors for the case of 𝑛𝑛 = 7 is 12. Even if more than 12 
processors are available, this will not reduce the execution time of the method. 

4.2 Method 2: 
STEP 1.  Create matrix A with rows all possible 2n  vectors with elements {-1,1}  
STEP 2. From the rows of A create row by row a n × n matrix B as follows.   
       For k1 = 1 to (2n − n + 1)  
             For k2 = (k1 + 1) to (2n − n + 2)  
                 For k3 = (k2 + 1) to (2n − n + 3)  
                          ⋮  
                          ⋮  
                          For kn−1 = (kn−2 + 1) to (2n − 1)  
                          Share the steps of each iteration per processor 
                          Integer h ≔ (2n−1−1)−(kn−1+1)

P
 

                          Rank:=number this processor (Rank = 0, … , P − 1) 
                              For kn = (kn−1 + 1) + (ℎ ∗ 𝑅𝑅𝑚𝑚𝑛𝑛𝑘𝑘) to (kn−1 + 1) + (ℎ ∗ (𝑅𝑅𝑚𝑚𝑛𝑛𝑘𝑘 + 1)) 

B ≔

⎣
⎢
⎢
⎢
⎢
⎢
⎡
− − A[k1] − −
− − A[k2] − −
− − A[k3] − −
− − ⋮ − −
− − ⋮ − −
− − A[kn−1] − −
− − A[kn ] − −⎦

⎥
⎥
⎥
⎥
⎥
⎤
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STEP 3: For each of the above constructed matrices B compute its determinant using GECP.  
Implementation of Method 2: In this method we equally share (balance) the operations to the processors. More 

precisely each of the processor would execute precisely 
�2𝑛𝑛−1

𝑛𝑛
� 

𝑃𝑃
 operations. 

For example with n=7, if we had 58th processors each of the processor would execute 
�64

7 �.

58
= 10,710,624 operations. 

The following table shows the operations executed by the processors in the two methods. 

Table 7. Operations assigned to processors 

Processors 12 58 100 

Method 1 (first proc.) 67,945,521 67,945,521 67,945,521 

Method 2 (each proc.) 51,768,016 10,710,624 6,212,162 

We notice that in Method 2, the sharing of operations depends on the number of available processors and can be 
seriously decreased if we have available a large number of processors. Also Method 2 overcomes the difficulty of the 
triangle sharing of operations. 

Although in this technique the computations are balanced, all the processors have to execute all the repetitions. This 
increases the communication cost between the processors. The performance of Method 2 could be improved if we had 
available a super array (size 𝑛𝑛 × �2𝑛𝑛−1

𝑛𝑛
�) into which we would have stored all possible line combinations and balance 

them to the processors. 

4.3 Numerical Results 
Let us suppose that we want to apply a parallel processing of data using 𝑃𝑃 processors. 
Definition 4.3.1 The speedup of parallel implementation is defined as 𝑆𝑆𝑃𝑃 = 𝑇𝑇1

𝑇𝑇𝑃𝑃
, where 𝑇𝑇1 is the execution time of the 

sequential algorithm and 𝑇𝑇𝑃𝑃 is the execution time of the parallel algorithm.  
Speedup refers to how faster a parallel algorithm is in comparison with the corresponding sequential one. When 

𝑆𝑆𝑃𝑃 = 𝑃𝑃, we have the so-called linear speedup or ideal speedup. When running an algorithm with linear speedup, 
doubling the number of processors doubles the speed. This is considered to be a very good scalability. 

Definition 4.3.2 The speedup of the required execution time among two methods 𝑀𝑀1  and 𝑀𝑀2  is defined as: 
𝑆𝑆𝑀𝑀1,𝑀𝑀2
𝑃𝑃 = 𝑇𝑇𝑀𝑀1

𝑇𝑇𝑀𝑀2
, where 𝑇𝑇𝑀𝑀1 ,𝑇𝑇𝑀𝑀2  are the execution times of the parallel algorithms of methods 𝑀𝑀1 and 𝑀𝑀2 respectively.  

Definition 4.3.3 The efficiency of a parallel implementation is defined as 𝐸𝐸𝑃𝑃 = 1
𝑃𝑃
⋅ 𝑇𝑇1
𝑇𝑇𝑃𝑃

= 𝑆𝑆𝑃𝑃
𝑃𝑃

.  
Efficiency is a performance metric with values between 0 and 1, estimating how well utilized the processors are in 

solving the problem, compared to the effort wasted in communication and synchronization. Algorithms with linear 
speedup and algorithms running on a single processor have an efficiency of 1. 

We implemented Methods 1 and 2 using the cluster of Athens University and of Foundation for Research and 
Technology - Hellas (FORTH). The following results are from the Computing Cluster of FORTH with technical 
characteristics: 13-node, 72-core Linux Cluster including 1-Dell PowerEdge 2850, 7-Dell Poweredge SC1425 with 
Dual-Core Xeon 64-bit systems 3.2Ghz, 5-Dell PowerEdge 1950 with Intel Xeon X5355 Quad Core, total 1,5TB disk 
space, utilizing Gigabit Ethernet, SuSE Linux OS and the computation software Packages: Mpich2, C Compilers. The 
presented examples concern matrices of order 7 with elements ±1. 

The algorithms are executed with 1,2,4,8 and 16 processors. In Tables 8 and 9 we present the speedup and the 
efficiency of Methods 1 and 2 respectively.  

Table 8. Executions Times (in sec) for Methods 1 and 2 

Proc 𝑻𝑻𝑴𝑴𝟏𝟏 𝑻𝑻𝑴𝑴𝟐𝟐 𝑺𝑺𝑴𝑴𝟏𝟏,𝑴𝑴𝟐𝟐
𝑷𝑷  

1 2,217 2,237 0.99 
2 2,173 1,176 1.85 
4 1,930 582 3.32 
8 1,261 306 4.12 

16 652 175 3.73 
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Figure 1. Graphical representations of execution time in terms of the required processors. 

We see that if we have available 1 processor (sequential execution) the two methods are equivalent. For 2 processors 
the speedup of Method 2 is doubled. The speedup of 𝑀𝑀2 increeases with the number of available processors. As the 
number of processors increases, the required time for their interface increases too. This restricts the speedup of the 
methods. This is the reason why we don’t see a remarkable speedup when we use 16 processors. From the required 
execution time its easy to see that the second method is superior from the first method (see Table 8). Figure 1 represants 
graphically the results of Table 8.  

In the first methods as it seems from Table 9, we don’t gain in time for small number of processors, but for a large 
number it seems to be affected from the large number of operations that the first processor has to do. 

The second method is really effective in relation with the number of processors as we can see from Table 10. 

Table 9. Quotient of times in relation with the number of processors for 𝟕𝟕 × 𝟕𝟕 matrices with elements ±𝟏𝟏, for Method 1 

Proc 𝑺𝑺𝑷𝑷 𝑬𝑬𝑷𝑷 

1 1.00 1.00 

2 1.02 0.51 

4 1.15 0.29 

8 1.76 0.22 

16 3.40 0.21 

Table 10. Quotient of times in relation with the number of processors for 𝟕𝟕 × 𝟕𝟕 matrices with elements ±𝟏𝟏, for Method 2 

Proc 𝑺𝑺𝑷𝑷 𝑬𝑬𝑷𝑷 

1 1.00 1.00 

2 1.90 0.95 

4 3.84 0.96 

8 7.31 0.91 

16 12.78 0.80 

The only reason for not achieving the 100% performance of the processors is that all the iterations are executed from 
all the processors although each one computes only the assigned to it determinants by executing GECP. 

5. A theoretical construction of the spectrum 
Next, we present some theoretical constructions attaining the evaluation of the spectrum of matrices 𝑀𝑀 with elements 

±1. 
We express matrix 𝑀𝑀 in the following block from  
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𝑀𝑀 = �
𝑏𝑏 𝑣𝑣1
𝑣𝑣2 𝐶𝐶𝑀𝑀�,                  (1) 

where 𝑏𝑏 ∈ IR, 𝑣𝑣1, 𝑣𝑣2 appropriate vectors and 𝐶𝐶𝑀𝑀 a core matrix.  
Lemma 5.1 (Schur determinant formula ([6],p21) 

Let 𝐵𝐵 = �𝐵𝐵1 𝐵𝐵2
𝐵𝐵3 𝐵𝐵4

�, B non singular. Then  

𝑑𝑑𝑑𝑑𝑑𝑑(𝐵𝐵) = 𝑑𝑑𝑑𝑑𝑑𝑑(𝐵𝐵4)𝑑𝑑𝑑𝑑𝑑𝑑(𝐵𝐵1 − 𝐵𝐵2𝐵𝐵4
−1𝐵𝐵3)                  (2) 

Applying the Schur determinant formula given by Eq. (2) to matrix M in Eq. (1) it is deduced that  
𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀)𝑑𝑑𝑑𝑑𝑑𝑑(𝑏𝑏 − 𝑣𝑣1(𝐶𝐶𝑀𝑀)−1𝑣𝑣2).                   (3) 

By appropriate selection of the core matrix 𝐶𝐶𝑀𝑀 and for 𝑏𝑏 and vectors 𝑣𝑣1, 𝑣𝑣2, taking the values of ±1, we can 
directly construct matrices, which give the spectrum for several orders. Next we present two methods. 

5.1 The spectrum of order 7. 
Based on Paley matrices [11], which arise in the constuction of Hadamard matrices, core matrix 𝐶𝐶𝑀𝑀 according to the 

following cases. 
Case I 

Consider a Paley matrix 𝑄𝑄 of order 3, 𝑄𝑄 = �
0 +1 −1
−1 0 +1
+1 −1 0

� and let 𝐽𝐽 an all one matrix. Set as the core matrix 

𝐶𝐶𝑀𝑀 = �
𝑄𝑄 + 𝐼𝐼 𝐽𝐽
𝐽𝐽 −(𝑄𝑄 + 𝐼𝐼)𝑇𝑇�, 𝑣𝑣2 an all ones vector of order 6 and 𝑣𝑣1 = [𝑚𝑚1,𝑚𝑚2,𝑚𝑚3,𝑚𝑚4,𝑚𝑚5,𝑚𝑚6]. From (3) and due to the 

special form of matrix 𝑄𝑄 + 𝐼𝐼, we have  

𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀)(𝑏𝑏 − 2
10

(2𝑚𝑚1 + 2𝑚𝑚2 + 2𝑚𝑚3 + 𝑚𝑚4 + 𝑚𝑚5 + 𝑚𝑚6) (4) 

with 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀) = 160 = 2.5 ∗ 26. By selecting appropriately b, 𝑚𝑚𝑖𝑖 , 𝑖𝑖 = 1, … ,6 from the set −1,1 in Eq. (4), we find 
the following values  

𝑏𝑏 𝑣𝑣1 𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀
1 [−1,1,1,1,1,1] 0 ∗ 26

1 [1,1,−1,−1,1,1] 1 ∗ 26

1 [1,1,1,1,1,1] 2 ∗ 26

−1 [1,−1,1,−1,1,−1] 3 ∗ 26

−1 [1,1,1,−1,−1,−1] 4 ∗ 26

−1 [−1,1,1,1,1,1] 5 ∗ 26

−1 [1,1,1,1,1,−1] 6 ∗ 26

−1 [1,1,1,1,1,1] 7 ∗ 26

 

Case II 

Consider a Paley matrix 𝑄𝑄 of order 3 and set as 𝐶𝐶𝑀𝑀 = �
𝑄𝑄 + 𝐼𝐼 2𝐼𝐼 − 𝐽𝐽
2𝐼𝐼 − 𝐽𝐽 −(𝑄𝑄 + 𝐼𝐼)𝑇𝑇�. From (3) and due to the special form 

of 𝐶𝐶𝑀𝑀 we have  
𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀)(𝑏𝑏 + 𝑚𝑚4 + 𝑚𝑚5 + 𝑚𝑚6) (5) 

By selecting appropriately b, 𝑚𝑚𝑖𝑖 , 𝑖𝑖 = 4,5,6 in Eq. (5), from the set −1,1 we find the following values  
𝑏𝑏 𝑣𝑣1 𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀

−11 [−1,1,1] 0 ∗ 26

−11 [1,1,1] 4 ∗ 26

1 [1,1,1] 8 ∗ 26

 

Case III 

Consider the matrix 𝐴𝐴 = �
1 1 1
−1 1 1
−1 −1 1

� and set as 𝐶𝐶𝑀𝑀 = �−𝐴𝐴 2𝐼𝐼 − 𝐽𝐽
2𝐼𝐼 − 𝐽𝐽 𝐴𝐴 �. From (3) we get  
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𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀)(𝑏𝑏 + 2
10

(𝑚𝑚1 + 3𝑚𝑚2 + 4𝑚𝑚3 + 2𝑚𝑚4 + 𝑚𝑚5 − 2𝑚𝑚6). (6) 

By selecting b, 𝑚𝑚𝑖𝑖 , 𝑖𝑖 = 1, … ,6 in Eq. (6), from the set −1,1 we have  
𝑏𝑏 𝑣𝑣1 𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀
−1 [1,−1,1,−1,1,−1] 1 ∗ 26

−1 [1,1,1,1,1,1] 2 ∗ 26

1 [1,−1,1,−1,1,−1] 4 ∗ 26

1 [−1,1,1,1,1,1] 6 ∗ 26

1 [1,1,1,1,1,1] 7 ∗ 26

1 [1,1,1,1,1,−1] 9 ∗ 26

 

5.2 The spectrum of order up to 7. 
Using as core matrix the lexicographicaly smallest matrix with the largest determinant and choosing appropriately 

vectors 𝑣𝑣1,𝑣𝑣2 and a scalar 𝑏𝑏 we can attain the spectrum for all values up to order 7. 
More specifically, for the spectrum of order 7, if we consider as  

𝐶𝐶𝑀𝑀 =
�

�

1 1 1 1 1 1
1 1 1 1 −1 −1
1 1 1 −1 1 −1
1 1 −1 −1 −1 1
1 −1 1 −1 −1 1
1 −1 −1 1 1 −1

�

�
 

we notice that 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀) = 160 = 2.5 ∗ 26 Since the spectrum of order 7 is of the form 𝑖𝑖 ∗ 26, 𝑖𝑖 = 0,1,2, … ,9, we can 
seek if we can specify appropriate values for 𝑏𝑏, 𝑣𝑣1, 𝑣𝑣2 such as  

𝑖𝑖 = 2.5 ∗ 𝑑𝑑𝑑𝑑𝑑𝑑(𝑏𝑏 − 𝑣𝑣1(𝐶𝐶𝑀𝑀)−1𝑣𝑣2). 
By choosing 𝑣𝑣2 such as the absolute value of (𝐶𝐶𝑀𝑀)−1𝑣𝑣2 equals to 2.6 we can attain the largest value. By choosing 

𝑣𝑣2 = [−1,1,1,1,1,1], formula (1) becomes  

𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 2.5 ∗ 26(𝑏𝑏 +
2

10
(−4𝑚𝑚1 + 𝑚𝑚2 + 𝑚𝑚3 + 2𝑚𝑚4 + 2𝑚𝑚5 + 3𝑚𝑚6), 

which is simplified as  

𝑖𝑖 = 2.5(𝑏𝑏 + 2
10

(−4𝑚𝑚1 + 𝑚𝑚2 + 𝑚𝑚3 + 2𝑚𝑚4 + 2𝑚𝑚5 + 3𝑚𝑚6). (7) 

For all possible values of 𝑖𝑖 in Eq. (7) and by constructing appropriately 𝑣𝑣1 and for 𝑏𝑏 = 1 we directly take the full 
spectrum of order 7. 

𝑖𝑖 𝑣𝑣1 𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀)
0 [1,1,1,1,1,1] 0 ∗ 26

1 [−1,1,1,1,1,1] 1 ∗ 26

2 [−1,−1,1,1,1,1] 2 ∗ 26

3 [−1,1,−1,1,1,1] 3 ∗ 26

4 [−1,1,−1,−1,−1,1] 4 ∗ 26

5 [−1,1,−1,1,1,−1] 5 ∗ 26

6 [−1,1,−1,−1,1,1] 6 ∗ 26

7 [1,1,−1,−1,1,1] 7 ∗ 26

8 [−1,1,−1,−1,1,−1] 8 ∗ 26

9 [1,1,−1,−1,1,−1] 9 ∗ 26

 

In the Appendix we present the full spectrum of orders 3 to 6. 

6. Conclusions 
We developed efficient algorithms computing all determinant values of ±1 matrices of order n. Since we applied the 

lexicographic ordering, all first rows of these matrices where consisting of all 1’s. Using the fact that the determinant of 
such a matrix A of order n can be expressed as 𝑑𝑑𝑑𝑑𝑑𝑑𝐴𝐴 = 2𝑛𝑛−1𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵, where 𝐵𝐵 is matrix of 1’s, and 0’s, we can validate 
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our result with the ones presented in [5] corresponding to matrices with elements, 0’s and 1’s. 
The extension of the presented algorithms to higher orders manipulating also matrices with elements 0’s and 1’s is 

under consideration. 
Furthermore, we presented novel direct constructions of matrices of orders up to 7 attaining the spectrum of these 

dimensions. These computations require only few flops and thus their complexity is almost negligible. The extension of 
these constructions to general cases is under study. 
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Appendix 
Spectrum of order 6. 

𝐶𝐶𝑀𝑀 = �
�

1 1 1 1 1
1 1 1 −1 −1
1 1 −1 1 −1
1 −1 1 1 −1
1 −1 −1 −1 1

�
�, 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀) = 48, 𝑣𝑣2 = [−1,−1,1,1,1] 

𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 1.5 ∗ 25(𝑏𝑏 +
1
3

(𝑚𝑚1 − 2𝑚𝑚2 − 2𝑚𝑚3 + 𝑚𝑚4 − 𝑚𝑚5) 
For 𝑏𝑏 = 1 and for all 𝑖𝑖 we have  

𝑖𝑖 𝑣𝑣1 𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀)
0 [−1,−1,−1,1,1,1] 0 ∗ 25

1 [1,−1,1,1,1,1] 1 ∗ 25

2 [−1,−1,1,1,1,1] 2 ∗ 25

3 [1,1,1,1,1,1] 3 ∗ 25

4 [1,1,1,1,1,1] 4 ∗ 25

5 [−1,1,1,1,−1,1] 5 ∗ 25

 

Spectrum of order 5. 

𝐶𝐶𝑀𝑀 = �

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

�, 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀) = 16, 𝑣𝑣2 = [−1,1,1,1] 

𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 24(𝑏𝑏 +
1
2

(𝑚𝑚1 − 𝑚𝑚2 − 𝑚𝑚3 − 𝑚𝑚4) 
For 𝑏𝑏 = 1 and for all 𝑖𝑖 we have  

𝑖𝑖 𝑣𝑣1 𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀)
0 [1,1,1,−1,−1] 0 ∗ 24

1 [1,1,1,−1,1] 1 ∗ 24

2 [1,1,1,1,1] 2 ∗ 24

3 [−1,1,1,1,1] 3 ∗ 24

 

Spectrum of order 4. 

𝐶𝐶𝑀𝑀 = �
1 1 1
1 1 −1
1 −1 1

�, 𝑑𝑑𝑑𝑑𝑑𝑑(𝐶𝐶𝑀𝑀) = 4, 𝑣𝑣2 = [−1,1,1] 

𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 22(𝑏𝑏 + (𝑚𝑚1 − 𝑚𝑚2 − 𝑚𝑚3) 
For 𝑏𝑏 = 1 and for all 𝑖𝑖 we have  

𝑖𝑖 𝑣𝑣1 𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀)
0 [1,1,−1] 0 ∗ 23

1 [1,1,1] 1 ∗ 23

2 [−1,1,1] 2 ∗ 23
 

Spectrum of order 3. 
𝐶𝐶𝑀𝑀 = �1 1

1 −1�, 𝑑𝑑𝑑𝑑𝑑𝑑
(𝐶𝐶𝑀𝑀) = 2, 𝑣𝑣2 = [1,1] 

𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀) = 2(𝑏𝑏 + 𝑚𝑚1) 
For 𝑏𝑏 = 1 and for all 𝑖𝑖 we have 

𝑖𝑖 𝑣𝑣1 𝑑𝑑𝑑𝑑𝑑𝑑(𝑀𝑀)
0 [1,1] 0 ∗ 22

1 [−1,1] 1 ∗ 22  


