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Abstract

The paper proposes an approach to the generalization of Lorentz transformations
for the real Euclidean spacetime of double dimensions. The approach is based on
symmetry considerations. It provides: a) Generalized additive decomposition of a
linear operator into self-adjoint (symmetric) and skewsymmetric parts; b) devel-
opment of the apparatus of non-associative octonions due to the double generaliza-
tion of the cross vector product for three arguments and eight-dimensional space;
¢) quaternion representation of Lorentz transformations as a linear combination of
spatial rotation and one more orthogonal transformation; d) analytical solution of
the eigenvector/eigenvalue problem for the composition of Lorentz boosts, in order
to extend the quaternion record of Lorentz boost composition to the octonionic
case. In general, our studies are consistent with those of Tevian Dray and Corinne
A. Manogue, but are limited to using only ordinary quaternions and octonions.
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1. Introduction

William Rowan Hamilton interpreted quaternions as vectors of real four-dimensional spacetime [1]. Since Hamilton’s
quaternions in a unique way generalize as octonions, the idea of an eight-dimensional spacetime arises. In order to mea-
ningfully interpret octonions [2] as an eight-dimensional spacetime, it is useful to generalize Lorentz transformation for
them.

As noted in [3, 4], the use of quaternions is still underestimated in the physics community, as there is no generally ac-
cepted way of using quaternions to represent Lorentz transformations, and many different authors such as L. Silberstein, P.
A. M. Dirac, P. Rastol, P. R. Girard, A. A. Ungar, S. I. Mocanu, S. De Leo, J. F. Barrett and followers use their own quite
distinct methods. Perhaps the elegant quaternion representation of Lorentz boosts, discovered by the American chemist D.
B. Sweetser [5], is just what is needed. At least, it would be appropriate to mention Sweetser’s representation in the last
paragraph of the section «Quaternions in vector symbolic» [6]. In this section, Erwin Madelung refers to the class of Lo-
rentz transformations the orthogonal transformation bub,(b,b):l of the complex plane spanned by vector b in the

quaternion or octonion space of vectors u, so that the novice reader does not confuse Lorentz transformations with or-
thogonal ones.

It is clear that the generalization of spacetime to the case of double dimensions is not unique. Therefore, simply writing
Lorentz transformations in terms of quaternions is not enough. And the trick is to use additional symmetry considerations,
which are irreplaceable in such problems.
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2. Double Generalization of the Cross Vector Product

At present, mainstream conventional calculations in terms of quaternions and, especially, octonions, are more of an art
than a beaten path [2, 7]. To transform the art into the routine calculations, it seems useful to first generalize the additive
decomposition of the operator into self-adjoint and skewsymmetric parts, and then generalize the cross vector product in a
double sense.

Let A be a linear operator in some vector space. Let the operation « * » be the linear conversion that doesn’t change

the operator A if it is performed twice: A*" = A. Then the conventional additive decomposition [8] expresses a linear
operator A asthe sum of its symmetric part (+) and its skewsymmetric part (-):

A+ A

A=+ T

A=0-07 A
2

+

The trivial property is expressed by the relationships: (+)* =(+) and (-)* =—(-), which specify the change or pre-

servation of the sign of treated parts under the action of the operation « T ». In the space of vectors u and v with a real
inner product (u,v), a typical example of the operation « ™ » is the Hermitian conjugation, which is defined by transfer-

ring from one part of the inner product to another: A*: (Au,v): (u, A+v). Let's agree to interpret the operation « * »

only in this sense.
For several operations of Hermitian conjugation type, which constitute an Abelian group of second-order elements, the
linear operator A is analogously decomposed into a sum of mixed symmetric-skewsymmetric operators that under the

action of each operation either do not change or change the sign. In the case of two commuting operations « * », and «~ »,
the symmetric-skewsymmetric expansion of the operator is expressed by the decompositions into symme-

wbiimiam N ek
A C}@*t +(j m A +4A: . A

m—[j (‘ AN +4A* . A+* , (1)
@_@ (_ _A+AT —4A* _ A+*
VO (e

where the upper signs in the two-component designations of the considered parts encode the action of the operation « * »,

*

. * ) (+ Y (+ " (+
and the lower ones correspond to the operation « = » So that: = = = , = :
+ + + + - -

* +* + +* * + * +*
+ + + - - - - - - - - - -
- - - + + + + + - - - - -
Let’s treat the product Au=(u,0)u, of three octonions u;, u and u,, with a conjugated central variable octonion
0 =2(u,ig )ig —u, where parentheses denote the inner product of vectors, and i, is the multiplicative unit in the octonion

algebra.
Let operation « " » be an operation of inversion of multiplicative order, which is carried out by conjugation of u to-

gether with both parameters u, and u, in combination with common conjugation: A”": A'u= iﬁlﬁ Ez .
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. + * . .
Then the results of operations « = » and « » are summarized in Table 1

Table 1. Operations with the Product of Three Octonions

+ *
«» « ' » « »

«» Au = u;uu, Afu= (UZLT)U]_ A*U =Uu, (Uul)
«*» Atu=u,ly, A™u=Au A U= u, (Gu,)
«» A'u=u,(tu) A™u =u,(Tu,) AU = Au

Table 1 describes the results of actions of two operations « * », «~ ». The table is symmetric and contains the same di-
agonal elements. This indicates that the operations under consideration form an Abelian group of the second-order ele-
ments.

It is a good exercise to create a tables similar to Table 1 for Au = (uu)u,, Au=u,(Tu,) and others.

Substituting the values of the elements of Table 1 in (1) we immediately get dual expressions:

{U1-U-U2}E(1)U _ (uyTu, ;'(UZU)ul _ ul(UUZ)ZUZ(Uul)l @)
[ul,u,uz]z(:ju=(ula)UZ;UZ(Hul)E (uu2)2(u2u)ul @)
(ul’ u, u2> _ (;)u _ (U, ; uy(Tu,) — u, (T U1)2 (uT )Ul (@)

(Fu-o. ©)

where {u;,u,u,} denotes a triple anticommutator, [u;,u,u,] denotes a triple commutator that is the customary notation
for a cross vector product generalized to the case of three arguments, and (ul,u,uz) denotes well known associator [9].
These anticommutator, commutator, and associator are mutually orthogonal and define the following expansions Au,

A*u, A*u,and A*"u
)t o

+(J_r)—(:j:{ul,u,uz}—[ul,u,uz]—(ul,u,u2>, U]
i (;)_(i)_(j = {uy,u,Up - [Ulyuvuz]‘*(Ul:U:Uz) : (8)
TR ) G R PPN S PR ©

The formulae (3) express the result of the cross product generalizing in octonions to the case of three arguments, which
is derived from symmetry considerations.
The generalized cross product [u;,u,u,] of vectors u,, u, u, is converted to the conventional cross product

[uj,u,] of vectors u;, u, when replacing the central argument u with the multiplicative unit i :

Au = (U, = [j +

U Uy —Uply
5 .

The specified definition (3) provides a generalization of the usual properties of the cross product, namely, zeroing for
the same arguments:

[ug,up ] = [uy,ig,uy ] = (10)

[ullUZ’Ul] [ullUZ’Ul] [Ulnuz,uz] 0 (11)
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and orthogonality of [u;,u,u,] to each of the arguments:

([ug, u,u;Jug) = (uy,u,u,}u)= (uy,u,uy ) uy)=0. 12)
As it follows from (11) the cross product of vectors changes the sign when rearranging two arguments:
~[ug,u,up )= [u,ug, 1= [up, u,u ] = [ug, up,ul. (13)

and similar formulae can be derived from (12).

Although (3) is easy to obtain from symmetry considerations [10], it took dozens of years to guess exactly this one of a
kind dual definition. So, in [11] the possible dimensionalities of the generalized cross product were specified. In [12], the
formula (6) was almost derived, but in a disassembled form and without the conjugation of the central factor. In [13], the
formula for [ul,u, uz] was proposed with a different arrangement of brackets. In [14], it was noted that in the case of the

location of brackets in accordance with [13], there are not one, but two alternative definitions from which the best cannot
be chosen.

In (11)-(13) relations, the triple cross vector product [ul, u, u2] can be replaced by an associator (ul, u, uz). However,

for quaternion arguments, the associator vanishes. In common case, the associator vanishes if at least one of the arguments
is proportional to the multiplicative unit ij.

The triple anticommutator {ul, u, uz} is expressed in a simple way in terms of inner products:

{ul,u,uz}z(ul,u),uz+(u2,u)u1—(ul,u2)u : (14)

The listed and other properties of the triple anticommutator, the triple vector product and the associator are described in
detail in [10].

3. Lorentz Transformations in Terms of Quaternions

Lorentz transformation /" is defined as a linear homogeneous transformation of the spacetime vectors u, v that pre-
serves the real inner product (u,v) of one vector u by another conjugated vector v = 2(v,ig )ig —V:

(v 0.7 v)=(uv), (15)

where i, is the unit vector of unit length /(iy,iy) =1 along the time axis.

For brevity, only one optionof +< uand = ~ u is treated.

The formula (15) is equivalent to the expression for the inverse operator ~ ~*:

v lu=vtm =, (16)

where the cross denotes the Hermitian conjugation in the quaternion space with the real-valued inner product of vectors
u,v: v (v uv)= (L/ u, +v) and « " » denotes the linear operation over operators.

For what follows, it is important that the inversion of the operator <~ into ™ is the linear operation over the set of
Lorentz transformations, since it is a superposition of two linear operations.

It is well known that Lorentz transformation <~ is expressed by the superposition of the rotation V and self-adjoint
Lorentz boost L, sothat: & =VL, where L :(Lu,v)=(u,L*v).

A quaternion record of Lorentz boost L was found in [5] and accomplished in [15]. It turns out that Lorentz boost is
aua aua
or
coshé coshé

tion either n or un, expressing in twofold ways by the formulae:

decomposed into a linear combination of rotation either and orthogonal multiplicative transforma-

Lu=aua—sinh@-n = L'u=aua -sinhg-un, (%))

where a:io.ch§+n.sh§, ip is the multiplicative unity (identity), n is the unit vector along the speed, & is the

rapidity: thé :X, v is the speed magnitude, c is the speed of light.
c

It is noteworthy that in [16] a halved expression aua was obtained due to the excessive dimension of the space.
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Expressions (17) of Lorentz boost through a pair of orthogonal transformations justify the consideration of real space-
time with a real Euclidean inner product.

The quaternion expressions (17) of Lorentz boost, as well as the rotation expression Vu =bub , (b,b)=1, due to the al-

ternativeness of octonion multiplication, do not require parentheses as do not depend on the multiplication order and retain
their meaning in octonions. At first glance, this is quite sufficient for the eight-dimensional generalization of Lorentz
transformations VL as a superposition of rotation V and Lorentz boost L . This may be true, but other options should
also be considered for comparison.

In four-dimensional space, both the rotation V and Lorentz boost L are the elementary transformations that modify
some two-dimensional plane and do not change the orthogonal vectors in another two-dimensional plane.

In both quaternions and octonions, Lorentz boost (17) describes the stretching by a certain number of times of one vec-
tor and the contraction by the same number of times of another vector that belong to the same complex plane while pre-
serving purely spatial vectors that are orthogonal to this complex plane. The transformation of the rotation Vu = bub ,
(b,b)=1 in octonions is more complicated than Lorentz boost, because it modifies the rest six-dimensional subspace of
pure spatial vectors, while maintaining the complex plane defined by the rotational axis. Maybe, it is better to represent the
rotation as a superposition of a pair of reflections? Anyway, additional considerations are required.

4. Eigenvector Quartet for Composition of Lorenz Boosts

General Lorentz transformations in the form of a composition VL of rotation V and boost L are subdivided into
boost-like transformations with a quartet of basis vectors, and the rest ones, referring to as rotation-like. The most interest-
ing is that the composition L;L, of Lorentz boosts L, and L, isalways a boost-like transformation [15].

The eigenvectors for the composition LjL, of Lorentz boosts together with the corresponding eigenvalues are listed in
Table 2.

Table 2. Eigenvectors for the composition L;jL, of Lorentz boosts L;, L,

Notation Eigenvector Eigenvalue
Co o — d|¢:exp(l) exp(z)
Cl iO —d |§ZEXP(_Z) eXp(— Z)
cothﬁ+(n1,n2)coth& cothﬁJr(nl,nz)cothﬁ
) P 2 2 2 2 1
1-(ng,n,) 1-(ng,n,)
Cs [ny,n, ] 1

In Table 1, n; and n, are the unit spatial vectors along the considered intersecting velocities, such that
(n,,ny)=(n,,n,)=1 and (ny,iy)=(n,,iy)=0. The cross vector product [n;,n,] is directed along the Wigner rotational

axis [17], so that [n,n,]=v+/1—(n,,n,)* . The spatial part of the eigenvectors ¢, and ¢, depends on the eigenvalue
¢ and, up to the sign, coincides with the unit vector d|§ that is defined as a function of eigenvalue ¢ in the form [15]:

nl\/Zsinh % +n,sinh 0—22

\/Zcosh o _ cosh %
2 2

(18)

The spatial parts ) and of the eigenvectors ¢, and c, are obtained by substituting in (18)

gy 29 gy
the values ¢ by exp(;() and exp(— ;() respectively. The scalar parameter y is defined in accordance with
well-known cosine rule:
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coshZ = coshﬁcosh&+(nl,nz)sinhﬁsinhﬁ (19)
2 2 2 2 2

and the scalar parameters ¢, and 6, are the rapidities, such that the velocities v;, v,divided by scalar speed of light
c areexpressedas v;/c=n,tanh@,, v,/c=n,tanh@, . Note that (19) refers to the half hyperbolic angles »/2,
6,/2 and 6,/2, while the well-known velocity addition is expressed via holistic hyperbolic angles ¢, 6, and 6,
[18, 19].

The eigenvectors from Table 2 form the basis of the considered space R *. Their pairwise pseudoscalar inner products

(ci , Ck), i,k =0,1,2,3, accounting for commutativity, are given by the formulae (20).

(Cofo): (Cofz): (00’53): (01:61): (01162): (Clv(_?s): (02153): 0,
sinh? £

(%151):—2 a a 2 a o
cosh? 2 4 cosh? %2 — 2cosh - cosh 2L cosh 22
2 2 2 2 2

(20)
coth? % 4 coth? %2 + 2(ny,n, )coth % coth %2
2 2 2 2

1‘(”11“2)2
(‘33:63)= (”1: nz)z -1

5. Expressing Lorentz boost composition in terms of eigenvectors

(02'62):1—

Let’s continue consideration of the composition of Lorentz boosts in terms of quaternions.
According to formulae (20), an arbitrary four-dimensional vector u can be easily represented as a linear combination of
eigenvectors of Lorentz boost composition, and then, using Table 2, get Lorentz boost composition LjL, itself and re-

lated expressions (L,L,)", (LL,)™ and (LL,)™ in the form:

'—1L2U=C0 exp(;()(u,El)+clexp(—;()(u,EO)+cz (U’EZ) +cq (U’E?’)
(co,c1) (c2:62) (es,23)

(L1L2)+u:EO exp(_lxu’cl)+glexp(//KXu’co)_,’_(—:,2 (u'cz) +Eg (U,C3) =L2L1U
oiebontrto) , Waf | e &
(LL,)  u= co exp(= 2 Nu. )+ ey exply U,Co)+c u.c) .. ch_s - Ll

= 2 — 3
(CO'cl) (Cslcz) (6’3:63)

_ Cp eX U,cy )+ ¢ expl— y \u, _ y, u, 4, Fr——
(LL,) " u= co exp(zu,c1) a p-2)u. ) +3, ( C2 ) _ Lt = L L,u
(CO'cl) (Cz-cz (03-03

The initial composition of two Lorenz boosts is expressed by the formula, which is written out at the top. The formula is
attractive because it describes the boost composition LjL, through its invariants, namely, constant pseudoscalar products

and eigenvectors that preserve their directions. In this case, one eigenvector is stretched, the other is compressed by the
same factor, and the rest two remain the same. Thus, the boost composition is interpreted as simply as a single Lorentz
boost.

It is also attractive that any transformation (21) is reversed by simply changing the sign of the parameter .

The disadvantage of the formula for L;L, is that it does not use quaternion multiplication. Meanwhile, according to (17)

boost L and with it the general Lorentz transformation VL is elegantly expressed through quaternion multiplication as
a linear combination of two orthogonal transformations, first of which is a rotation. So, in the general case, Lorentz trans-

formations VL and, in particular, the composition of Lorentz boosts L;L, and also the accompanying (L1L2)+,
(LL) " =(LL,) ™", (LL,) ™ are represented as:
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L L,u = bauab —sinh @-bntb = bauab —sinh & - btnb,
(LL, ) u = L,Lu=abuba—sinhd-nbub = abuba —sinh & - bubn,
(LL,) ™ u=L, 'L, 'u = abuba +sinh & - nbTb = abuba + sinh & - bTbn,
(LL,)"u =L "L, u = LL,0 = bauab +sinh § - binb = bauab +sinh 4 - bnab,

(22)

where a=i0-ch§+n-sh§, unit vector n along the speed, the rapidity &: th@:x, the speed magnitude v,
c

b=i, -cos%+v-sin%, unit vectorv along the rotational axis, rotational angle ¢, matching the composition LjL,,

are regarded as unknown parameters.

Solution of the problem «head on» by directly comparing the formulae for LiL, in (21) and (22) and additional
formulae for expressing the parameters for LjL, in (21) via the parameters for LL, in (22) does not use the parameter
y and leads to cumbersome calculations. Probably, the operator expansion (1) into symmetric-skewsymmetric parts will
be useful for obtaining the expected concise expressions.

Let's decompose LyL, in terms of a pair of operations « * » and « *" » (formula (16)).

Let's agree to use in (1) square brackets instead of round ones to indicate that we are talking about the expansion of not
of an arbitrary operator A, but about a specific expansion of L;L, and operations « © » and « " ».

Then we'll get:

1,2 Labpu+ (L) u (L) Tu+ (L) ™
|+ 4
(LL, ) u= F}u W{Jr U— {_ U— {_ U + U= LLu+(LLy) u-(LL, )71U -(LL, )71+U
+ - + - o L 4 . (23)
{_}u Tly= Lot —(Liky) U+ (Lky) u - (L) ™ u
L+ ] 4
(LL,) " u- mu - Hu - Hu .\ Hu ], 2 b= (L) u— (L, ) ru+ (L, ) ™u

+ - 4

Since the rotation B commutes with the conjugation operation, then in difference expressions of the LjL, —(LL,)™"

type, the (22) dependence on the rotation bauab , bauab , etc. is eliminated when substituting into (23). This is reassur-
ing.

Thus, it is probably useful to “assemble” the formula for L;L, in (21) into the sum of two products of quaternion
triples like in (22), using eigenvectors and eigenvalues from Tab 2. Then it will be possible to see whether the record re-
tains its meaning in octonions, or whether it will be necessary to clarify the order of quaternion multiplication in triplets.
As a result, the necessary considerations will probably appear for the best generalization of Lorentz transformations and
the concept of double-dimensional spacetime.

6. Conclusions

General Lorentz transformations and, in particular, Lorentz boost composition LjL, are elegantly represented by the
additive combination of the pair of orthogonal transformations, one of which is rotation. A feature of just the composition
of a pair of Lorentz boosts is that it always has an eigenvector quartet. We have established that the composition LL, of
Lorentz boosts L;, L, in terms of stretching/shrinking of eigenvectors is described in the same way as a single Lorentz
boost. These considerations allow to suppose that there is an elegant quaternion representation for Lorentz boost composi-
tion LyL,, which essentially uses the parameter y , ensuring the transition to the inverse transformation (L;L,)™" when

it's sign is reversed.

The only obstacle to immediately solve the problem is cumbersome calculations. Calculations in quaternions by them-
selves provide conciseness of calculations. To further reduce the complexity of calculations, it seems useful to use an addi-
tive decomposition of the composition of Lorentz boosts into symmetric-skewsymmetric parts. It is possible that this will
lead to success, just as it turned out to be useful for the double generalization of the cross vector product. For guaranteed
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eliminate computational errors, it would be useful if someone tried to generalize the composition of Lorentz boosts to the
case of octonions along with the author.
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