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  Abstract 
At present, the difference equations studied by most scholars are ordinary differ-
ence equations with real parameters and initial values. However, for the difference 
equation describing many natural phenomena, the parameter information is uncer-
tain, incomplete and fuzzy. Based on the above fact, if the parameters and initial 
values in the ordinary difference equation model are transformed into fuzzy num-
bers, the research on the existence and uniqueness of its solution will have greater 
practical value and significance. In this paper, a class of seven-order exponential 
fuzzy difference equations is studied. Firstly, the fuzzy difference equation is 
transformed into the corresponding ordinary difference equations with parameter 
by using the fuzzy set theory, in which the value range of the parameter is 0 to 1. 
Then, by using iterative method, inequality technique and mathematical induction, 
the existence and uniqueness of solutions of ordinary differential equations are 
obtained. Thus, the existence and uniqueness for the solution of the exponential 
fuzzy difference equation is proved. 
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1. Introduction and Preliminaries 

Difference equations are usually expressed in the form of recursive sequences, which are widely used in various prac-
tical problems. It is worth noting that the difference equation model has been important developed and applied in the 
fields of infectious disease dynamics [1], computer [2], engineering [3], biology [4], physics [5]. A large number of stu-
dies show that the dynamic behavior of difference equations with order greater than 1 is relatively complex, but can be 
better applied to practical problems. Therefore, it has attracted the interest of many experts and scholars, and also pro-
duced a large number of meaningful results [6-9].  

In this paper, we study the following seven-order fuzzy difference equation 
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where the parameters , ,p q r  are positive real number, , ,A B C  and the initial conditions 6 1 0, , ,x x x− −  are positive 
fuzzy numbers. When the parameters 1p q r= = = , , ,A B C  and initial conditions are positive real numbers, Abo-Zeid 
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[10] studied the global asymptotic stability of solutions to the above ordinary difference equation (1). 
Next, we give some definitions and preliminary results, which can be founded in [11-13]. 
Definition 1 Let X  be a non-empty set, assume T  is a mapping from X  to [0,1] , a.e. : [0,1]T X → , 

( ),x T x x X→ ∈ , then we say T  is a fuzzy set on X , ( )T x  be called a membership function on a fuzzy set T . 

Definition 2 For a set X , we denote by X  the closure of X . Assume T  is a fuzzy set and (0,1]α ∈ , the 
cutsα −  of T  on R  is defined as { }[ ] : ( )T x R T xα α= ∈ ≥  and 0[ ] supp ( )T T= . It is clear that the [ ]T α  is a bounded 

closed interval in R  for any specific [0,1]α ∈ . 
Definition 3 We say that a fuzzy set T  is a fuzzy number if it satisfies the following properties: 
(1) T  is a normal fuzzy set, i.e., there exists x R∈  such that ( ) 1T x = ; 
(2) T  is a fuzzy convex set, i.e., 

( )( (1 ) ) min{ ( ), ( )}, 0,1 , ,T ax a y T x T y a x y R+ − ≥ ∀ ∈ ∈ ; 
(3) T  is upper semicontinuous on R ; 
(4) T  is compactly supported, i.e., (0,1]supp ( ) [ ] { ( ) 0}T T x R T xα α∈= = ∈ >  is compact. 
Let us denote by fR  the set of all fuzzy numbers. A fuzzy number T  is positive if supp ( ) (0, )T ⊂ +∞ , we denote 

by fR+  the space of all positive fuzzy numbers. Similarly, a fuzzy number T  is negative if supp( ) ( ,0),u ⊂ −∞  we 

denote by fR−  the space of all negative fuzzy numbers. If T  is a positive real number, then T  is also a positive fuzzy 

number with [ ] [ , ]T T Tα = , [ ]0,1α ∈ , and we say that T  is a trivial fuzzy number. 
Definition 4 For any , fu Rν ∈ , , ,[ ] [ , ]l ru u uα α α= , , ,[ ] [ , ]l rα α αν ν ν= , and Rλ ∈ , the sum u ν+ , the scalar prod-

uct uλ , multiplication uν  and division u
ν

 in the standard interval arithmetic (SIA) setting are defined by 

[ ] [ ] [ ] [ ] [ ], , [0,1],u u u u
α α α α α

ν ν λ λ α+ = + = ∀ ∈  

[ ] { } { }, , , , , , , , , , , , , , , ,min , , , , max , , , ,l l l r r l r r l l l r r l r ru u u u u u u u uα α α α α α α α α α α α α α α αα
ν ν ν ν ν ν ν ν ν =    

[ ], , , , , , , ,

, , , , , , , ,

min , , , , max , , , , 0 .l l r r l l r r

l r l r l r l r

u u u u u u u uu α α α α α α α α
α

α α α α α α α α α

ν
ν ν ν ν ν ν ν ν ν

         = ∉               
 

Lemma 1 Let ,x yI I  be some intervals of real numbers and let 1 1: ,k l
x y xf I I I+ +× →  1 1: k l

x y yg I I I+ +× →  be continu-
ously differentiable functions. Then for every set of initial conditions ( , )i j x yx y I I∈ × ,  
( , 1, , 0, , 1, , 0)i k k j l l= − − + = − − +  , the following system of difference equations 
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has a unique solution ,
j ,{( , )}i i k j lx y +∞ +∞

=− =− . Here, 1k
xI +  is the product of 1k +  intervals xI , and 1l

yI +  is the product of 
1l +  intervals yI . 

Lemma 2 [14] Let fu R∈ , write , ,[ ] [ , ], (0,1]l ru u uα α α α= ∈ , then , ,,l ru uα α  are functions on (0,1] , which satisfy 
the following conditions: (a) ,lu α  is non-decreasing and left continuous; (b) ,ru α  is non-increasing and left continuous; 
(c) , ,l ru uα α≤ . Conversely for any functions ( )a α  and ( )b α  defined on (0, 1]  which satisfy (a)-(c) in the above, 
there exists a unique fu R∈  such that ( ) [ ( ), ( )]u a bα α α=  for any (0, 1]α ∈ . 

2. Main results and proofs 
In this section, by using fuzzy set theory, iterative method, inequality technology and mathematical induction as well 

as the above lemmas, the existence and uniqueness of positive solutions of the seven-order exponential fuzzy difference 
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equation (1) are studied. 
Theorem 1 For the fuzzy difference equation (1), if the parameters , ,p q r  are positive real number,  

, ,A B C  and initial conditions 6 1 0, , ,x x x− −  are positive fuzzy numbers, then for any 6 1 0, , ,x x x− −  
there exists a unique positive fuzzy solution { }nx  to the fuzzy difference equation (1). 

Proof. Assume for initial values 6 1 0, , ,x x x− − , there exists a sequence of positive fuzzy numbers { }nx  that satisfies 
the difference equation (1). 

Considering cutsα −  of the parameters , ,A B C  and the initial values 6 1 0, , ,x x x− − , we have 

, , , , , , , ,

, , , , , , , ,

, ,

[ ] [ , ], [ ] [ , ], [ ] [ , ],[ ] [ , ],
[ ] [ , ], [ ] [ , ], [ ] [ , ],[ ] [ , ],
[ ] [ , ], 6, , 1,0.

l r l r l r l r

l r l r l r l r

n n n

A A A B B B C C C D D D
E E E F F F G G G H H H
x L R n

α α α α α α α α α α α α

α α α α α α α α α α α α

α α α

= = = =

= = = =

= = − −

        (2) 

Then from (1), (2) and Definition 3, we have 

, 1, , 1,
1, 1,

, , 2, 4, 6, , , 2, 4, 6,

, .l n r n
n np q r p q r

r r n n n l l n n n

A L A R
L R

B C R R R B C L L L
α α α α

α α
α α α α α α α α α α

− −
+ +

− − − − − −

= =
+ +

            (3) 

Moreover, according to Lemma 1, for any initial condition , ,( , ) ( 0,1, ,6), (0,1]i iL R iα α α− − = ∈
, there exists a unique 

positive solution , ,( , ) 1, 2, ,n nL R nα α =， 
 to system (3). 

Conversely, we need to prove that , ,[ , ]n nL Rα α , (0, 1]α ∈  determines the solution { }nx  to the equation (1) with ini-
tial conditions 6 1 0, , ,x x x− −  such that 

, ,[ ] [ , ], (0,1], 6, 5, 4, 3, 1,0 .n n nx L R nα α α α= ∈ = − − − − − ，                  (4) 

In view of the parameters and initial conditions , , , ( 0,1, 2, ,6)iA B C x i− =   are positive fuzzy numbers, for arbitrarily 

1 2 1 2, (0,1],α α α α∈ ≤ , according to Lemma 2, it follows that 

1 2 2 1 1 2 2 1 1 2 2 1

1 2 2 1

, , , , , , , , , , , ,

, , , ,
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0 ( 0,1,2,3,4,5,6).
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i i i i
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L L R R i
α α α α α α α α α α α α

α α α α− − − −

< ≤ ≤ ≤ < ≤ ≤ ≤ < ≤ ≤ ≤

< ≤ ≤ ≤ =

，
    (5) 

Next, using the mathematical induction it hold that 

1 2 2 1, , , ,0 , 1, 2, .n n n nL L R R nα α α α< ≤ ≤ ≤ =                            (6) 

From (5), it easy to see that (6) hold for 6, , 1,0n = − − . Suppose that (6) are true for ,n k≤  {0,1,2, }k ∈  , then 
from (4)-(6), we have that for 1n k= +  
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So, (6) is correct. Then, from (3), it holds that 

( ], 1, , 1,
1, 1,

, , 2, 4, 6, , , 2, 4, 6,

, , 0,1 .l r
p q r p q r

r r l l

A L A R
L R

B C R R R B C L L L
α α α α

α α
α α α α α α α α α α

α− −

− − − − − −

= = ∈
+ +

             (7) 

Because , , , ( 0,1, ,6)iA B C x i− =   are positive fuzzy numbers, from Lemma 2, , , , ,, , , ,l r l rA A B Bα α α α   

, , , ,, , , ( 0,1, ,6)l r i iC C L R iα α α α− − =   are left continuous. According to (7), 1, 1,,L Rα α  are also left continuous. By using the 
mathematical induction we can prove that , ,, , 1, 2,n nL R nα α =   are left continuous. 

Next, we will prove that the support set (0,1] , ,[ , ]n nL Rα α α∈  of nx  is compact. It is easy to know that we just need to 
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prove that (0,] , ,[ , ]n nL Rα α α∈  is bounded. 
When 1n = , because of , , , ( 0,1, ,6)iA B C x i− =   are positive fuzzy numbers, so there exists positive constants

, , , , , , ,A A B B C C j jM N M N M N M N  ( 6, , 2, 1,0)j = − − − , so that for all (0,1]α ∈ , it follows that 

[ ] [ ]
[ ]

, , , ,

, , , ,

, , , , , ,

, , , , , ( 6, , 1,0).
l r A A l r B B

l r C C j j j j

A A M N B B M N

C C M N L R M N j
α α α α

α α α α

   ⊂ ⊂   
     ⊂ ⊂ = − −      

                (8) 

So, from (7) and (8), it holds that 

( ]1 1 1 1
1, 1,

2 3 2 4 6 2 3 2 4 6

, , 0,1 .p q r p q r

M M N NL R
N N N N N M M M M Mα α α− −

− − − − − −

 
  ⊂ ∈   + + 

，  

Thus, we have 

( ] ( ]1 1 1 1
1, 1,0,1

2 3 2 4 6 2 3 2 4 6

, , 0,1 .p q r p q r

M M N NL R
N N N N N M M M M Mα αα

α− −
∈

− − − − − −

 
  ⊂ ∈   + + 

，


            (9) 

According to (9), we can obtain that (0,1] 1, 1,,L Rα α α∈     is compact and ( )(0,1] 1, 1,, 0,L Rα α α∈   ⊂ +∞  . Moreover, 

from mathematical induction it can be concluded that (0,1] , ,,n nL Rα α α∈     is compact. Thus, it holds that 

( )(0,1] , ,, 0, , 1, 2, .n nL R nα α α∈   ⊂ +∞ =                            (10) 

Therefore, from Lemma 2, relations (6) and (10), and , ,,n nL Rα α  are left continuous it is proved that , ,,n nL Rα α    

determines a sequence of positive fuzzy numbers { }nx , which satisfies equation (1). 
Now, we prove that { }nx  is the solution to equation (1) with initial values 6 1 0, , ,x x x− − . Because for all (0,1]α ∈  , 

we have 

[ ]1 1, 1,

, 1, , 1,

, , 2, 4, 6, , , 2, 4, 6,

1

2 4 4

,

,

.

n n n

l n r n
p q r p q r

r r n n n l l n n n

n
p q r
n n n

x L R

A L A R
B C R R R B C L L L

Ax
B Cx x x

α αα

α α α α

α α α α α α α α α α

α

+ + +

− −

− − − − − −

−

− − −

 =  
 

=  
+ +  

 
=  + 

 

So { }nx  is the solution to exponential fuzzy difference equation (1) with 6 1 0, , ,x x x− −  as initial conditions. 
Finally, we prove that the solution of equation (1) is unique. Suppose { }nx is another solution to equation (1) with ini-

tial values 6 1 0, , ,x x x− − . In the light of the above method, it holds that 

, ,[ ] [ , ], (0,1], 6, , 1,0, .n n nx L R nα α α α= ∈ = − − 
                         (11) 

According to (4) and (11), it follows that 

[ ] [ ] , (0,1], 6, , 1,0, ,n nx x nα α α= ∈ = − −   

from which it holds that , 2, 1,0,n nx x n= = − −  , and then the proof is completed. 

3. Acknowledgments 
This work is supported by the Scientific Research Fund of Chengdu University of Information Technology (Grant no. 

KYTZ201820) of China, the State Key Laboratory of Robotics (Grant no. 2019-O13) of China, the Sichuan Science and 
Technology Program (Grant no. 2021ZYD0009) of China. 



Changyou Wang et al.  
 

 
DOI: 10.26855/jamc.2022.03.009 70 Journal of Applied Mathematics and Computation 
 

References 
[1] R. Willox, B. Grammaticos, A. S. Carstea, et al. (2003). Epidemic dynamics: discrete-time and cellular automaton 

models. Physica A: Statistical Mechanics and its Applications, 2003, 328(1-2): 13-22. 
[2] Q. Yang, J. Tian, W. Si. (2017). An improved particle swarm optimization based on difference equation analysis. 

Journal of Difference Equations and Applications, 2017, 23(1-2): 135-152. 
[3] Z. Li, Y. Jiang, C. Hu, et al. (2017). Difference equation based empirical mode decomposition with application to 

separation enhancement of multi-fault vibration signals. Journal of Difference Equations and Applications, 2017, 
23(1-2): 457-467. 

[4] G. Papaschinopoulos, C. J. Schinas, G. Ellina. (2014). On the dynamics of the solutions of a biological model. 
Journal of Difference Equations and Applications, 2014, 20(5-6): 694-705.  

[5] J. Tan, J. Xia, M. Gu, et al. (2020). Research on Heat Conduction Model of Special Equipment Based on Difference 
Equation [C]. Journal of Physics: Conference Series. IOP Publishing, 2020, 1670(1): 012035. 

[6] R. Abo-Zeid. (2014). Global behavior of a higher order difference equation. Mathematica Slovaca, 2014, 64(4): 
931-940. 

[7] M. M. El-Dessoky, E. M. Elabbasy, A. Asiri. (2018). Dynamics and solutions of a fifth-order nonlinear difference 
equation. Discrete Dynamics in Nature and Society, 2018, Article ID: 9129354. 

[8] I. Dekkar, N. Touafek, Q. Din. (2019). On the global dynamics of a rational difference equation with periodic coef-
ficients. Journal of Applied Mathematics and Computing, 2019, 60(1): 567-588. 

[9] R. Abo-Zeid. (2020). On the solutions of a higher order difference equation. Georgian Mathematical Journal, 2020, 
27(2): 165-175. 

[10] R. Abo-Zeid. (2015). On the oscillation of a third order rational difference equation. Journal of the Egyptian 
Mathematical Society, 2015, 23(1): 62-66. 

[11] H. Sedaghat. (2003). Nonlinear Difference Equations: Theory with Applications to Social Science Models, Kluwer 
Academic Publishers, Dordrecht, 2003. 

[12] Q. H. Zhang, F. B. Lin. (2018). On dynamical behaviour of discrete time fuzzy logistic equation. Discrete Dynamics 
in Nature and Society, 2018, Article ID: 8742397. 

[13] Q. H. Zhang, F. B. Lin, X. Y. Zhong. (2019). On discrete time Beverton-Holt population model with fuzzy envi-
ronment. Mathematical Biosciences and Engineering, 2019, 16(3): 1471-1488. 

[14] C. Y. Wang, X. L. Su, P. Liu, et al. (2017). On the dynamics of a five-order fuzzy difference equation. Journal of 
Nonlinear Sciences and Applications, 2017, 10(6): 3303-3319. 


