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1. Introduction and Preliminaries

Difference equations are usually expressed in the form of recursive sequences, which are widely used in various prac-
tical problems. It is worth noting that the difference equation model has been important developed and applied in the
fields of infectious disease dynamics [1], computer [2], engineering [3], biology [4], physics [5]. A large number of stu-
dies show that the dynamic behavior of difference equations with order greater than 1 is relatively complex, but can be
better applied to practical problems. Therefore, it has attracted the interest of many experts and scholars, and also pro-
duced a large number of meaningful results [6-9].

In this paper, we study the following seven-order fuzzy difference equation

AX

X :—n’l’n:O,llz,..., 1
B O XX @

where the parameters p,q,r are positive real number, A,B,C and the initial conditions x_,---,X_,%, are positive
fuzzy numbers. When the parameters p=q=r=1, A B,C and initial conditions are positive real numbers, Abo-Zeid
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[10] studied the global asymptotic stability of solutions to the above ordinary difference equation (1).
Next, we give some definitions and preliminary results, which can be founded in [11-13].
Definition 1 Let X be a non-empty set, assume T is a mapping from X to [0,1], ae. T:X —][0,],

X—>T(x),xe X ,thenwesay T isafuzzyseton X, T(x) be called a membership function on a fuzzy set T .
Definition 2 For a set X, we denote by X the closure of X . Assume T is a fuzzy set and « (0,1], the
a-cuts of T on R isdefinedas [T], ={xeR:T(x)>a} and [T], =supp (T). Itis clear that the [T], isa bounded

closed interval in R for any specific « [0,1].

Definition 3 We say that a fuzzy set T is a fuzzy number if it satisfies the following properties:
(1) T isanormal fuzzy set, i.e., there exists xe R suchthat T(x)=1;

(2) T isafuzzy convex set, i.e.,
T(ax+(1-a)y)=min{T (x),T(y)}.Vae(0,1),x,yeR;
(3) T isuppersemicontinuouson R ;
(4) T iscompactly supported, i.e., supp (T)=U, oy[T], ={x € R|T(x) >0} is compact.
Let us denote by R, the set of all fuzzy numbers. A fuzzy number T is positive if supp (T) < (0,+w), we denote

by R; the space of all positive fuzzy numbers. Similarly, a fuzzy number T is negative if supp(u) c (—,0), we
denote by R; the space of all negative fuzzy numbers. If T is a positive real number, then T is also a positive fuzzy

number with [T], =[T.T], a« [0,1], and we say that T is a trivial fuzzy number.
Definition 4 For any u,veR;, [ul, =[u ,.u. .1, V], =V, .. v, ], and AeR, the sum u+v, the scalar prod-

uct Au, multiplication uv and division — in the standard interval arithmetic (SIA) setting are defined by
v

uev], =[u], +[v], . [2u], =Au], Va <01

[U V]a :[mln{ul,a Vl,a’ ul,a Vr.a’ ul’,a Vl,a’ ur,avr,a}’ max{ul,a Vl,a’ ul,a Vr,a’ ul’,a Vl,a’ ur‘a Vl’,a}:|’

|:H:| — mln ul,a,ul,a,ur,a’ur,a 7max ul,a,ul,a,ur,a’ur,a , Oﬁ[v]a.
v a Vl,a Vr,a Vl,a Vr,a Vl,a Vr,a Vl,a Vr,a

Lemma 1 Let 1,1, be some intervals of real numbers and let f: 1" <1, —>1,, g:1"x 1™ — 1 be continu-

ously differentiable functions. Then for every set of initial conditions (x;, y;) eI, 1,

(i=-k,—k+1,---,0, j=—I,—-1+1,---, 0) , the following system of difference equations

{Xml = f(Xn’ Xowr 0 Xonaer Yoo Yoo o yn-l)! N=012,

Yo = g(xnl Xnar s Xoaor Yoo Yo oo yn-l)’

. - 0, +00 k+1
has a unique solution {(x,,y;)}_" Here, |

ket - is the product of k+1 intervals I, , and |'y+1 is the product of

I+1 intervals 1.

Lemma 2 [14] Let ueR,, write [u], =[u,,.u, ], <(0,1], then u, ,u,, are functions on (0,1], which satisfy
the following conditions: (a) u, , is non-decreasing and left continuous; (b) u, , is non-increasing and left continuous;
(©) u, <u,,. Conversely for any functions a(e) and b(a) defined on (0,1] which satisfy (a)-(c) in the above,
there exists a unique ue R, suchthat u(a)=[a(a), b(a)] forany a<(0,1].

2. Main results and proofs

In this section, by using fuzzy set theory, iterative method, inequality technology and mathematical induction as well
as the above lemmas, the existence and uniqueness of positive solutions of the seven-order exponential fuzzy difference
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equation (1) are studied.
Theorem 1 For the fuzzy difference equation (1), if the parameters p,q,r are positive real number,

A,B,C and initial conditions Xx,---,X,X, are positive fuzzy numbers, then for any Xx,---,X_;, X,
there exists a unique positive fuzzy solution {x,} to the fuzzy difference equation (1).

Proof. Assume for initial values X_,---,X_;,X,, there exists a sequence of positive fuzzy numbers {x,} that satisfies
the difference equation (1).

Considering o —cuts of the parameters A,B,C and the initial values x_g,---,X_;,%,, we have
[A]a = [A,a’A’,a]' [B]a = [Bl,a'Br,a]' [C]a :[Cl,a’cr,a]’[D]a :[Dl,a‘ Dr,a]’
[E]a :[El,a’ Er,a]’ [F]a :[Fl,a’ Fr,a]’ [G]a :[Gl,a’Gr,a]’[H]a :[Hl,a’ Hr,a]’ (2)
%), =[L R 1 n=-6,--,-10.

Then from (1), (2) and Definition 3, we have
A,a Ln—l,a A’,a Rn—l‘oz

Ln+1,a = ' Rn+l,a = . (3)

B,, +C,.R*,.R%, R B, +C L0, L, L

ra ‘n-2,a' ‘n-4,a' ‘n-6,a l,a =n-2,a " n—-4,a0 ~n-6,a

Moreover, according to Lemma 1, for any initial condition (L,
positive solution (L, ,,R,,),n=12,---, tosystem (3).
Conversely, we need to prove that [L, ,, R, ,],a€(0,1] determines the solution {x,} to the equation (1) with ini-

R,,)(=0,1--,6),a (0,1], there exists a unique

n,a’

tial conditions X _4,---, X, %, such that
[%.], =[Lya Ry.] @€ (01], n=-6,-5-4,-3,-10,-. )
In view of the parameters and initial conditions A,B,C,x; (i=0,12,---,6) are positive fuzzy numbers, for arbitrarily
a0, €(0,1],, <a,, according to Lemma 2, it follows that
0<A, <A, <A, <A, 0<B, <B, <B  <B , ,0<C
O<L,, <L,, <R, <R, (i=012345,6).

<c,,, <C,, <C,

Loy

Next, using the mathematical induction it hold that
o<L,, <L, <R, <R n=12,---. ©)

n,ay n,a !

From (5), it easy to see that (6) hold for n=-6,---,—1,0 . Suppose that (6) are true for n<k, ke{0,1,2,--}, then
from (4)-(6), we have that for n=k +1

L _ A1,al Lk—l,al < A,az Lk—l,az _ L
k+leqy — - - Mk+l,a
' Br,al + Cr,a1 Rkp—z,a1 RI?—4,(11 er—G,al Br,az + Cr,az Rkp—z,az RI?—4,a2 RI:—G,az ?
A’,az Rk—l,az _ ) < A’,al Rk—l,al _ Rk
= - la, = - +Lay "
Bl,a2 + Cl,az LE*Z,az Lﬁ74,a2 LL*G,az ’ Bl‘al + Cl,a1 LE*Z,al LE*4,0¢1 L[(76,a1 '
So, (6) is correct. Then, from (3), it holds that
L R
Lla — A,a -1a - , Rla — Ar,a -1a - ac (0,1] (7)
’ Br,a + Cr.a R—pz,a Rg4,a R—G,a ' Bl,a + Cl,a LEZ,a L(i4,ar L—G,a

Because A,B,C,x,(i=0,1---,6) are positive fuzzy numbers, from Lemma 2, A ,,A ,,B ,.B, .,
C.:Cro iR, (1=0,1---,6) are left continuous. According to (7), L ,,R,, arealso left continuous. By using the
mathematical induction we can prove that L, _,R .n=12--- are left continuous.

na' na’

Next, we will prove that the support set U, ,y[L, .. R,,] of X, iscompact. Itis easy to know that we just need to
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prove that U, o;[L,:R,,] isbounded.
When n=1, because of A,B,C,x,(i=0,1---,6) are positive fuzzy numbers, so there exists positive constants
M, Ny, Mg, Ng, M, N, M, N; (j=-6,---,-2,-1,0), so that for all « < (0,1], it follows that

[Ac A ]c[MaN BB, =[Ma.Ns],

_ ®)
[CuiCr ] M NC][ L0 Ry, [ <[ M) N ] (G =-6,-+-,-1,0).
So, from (7) and (8), it holds that
(LR, |c N Ml'vrl)*lq —, Nle* —— |.a<(0.1].
, +NNENGNT M, +M,MEMEMY,
Thus, we have
Mlel NlN—l
) ) , 0,1]. 9
Uae(O,l][Ll'a Ri'a:|c|:N2+N3N_p2N?4N_rG M2+M3M_p2Mg4M_re:| aE( ] ( )

According to (9), we can obtain that Uae(o,u[Lm,Rm] is compact and Uae(O,l]I:Ll,a’Rl,a]C(O’ +0) . Moreover,

from mathematical induction it can be concluded that U, [ L | is compact. Thus, it holds that

n,a! Rn,a

Uscon | Lnar Row | = (0,40),n=1,2,-. (10)

Therefore, from Lemma 2, relations (6) and (10), and L, _, R are left continuous it is proved that [Lnya,RM}

na' Na
determines a sequence of positive fuzzy numbers {x,}, which satisfies equation (1).
Now, we prove that {x,} is the solution to equation (1) with initial values x,---,x_,X,. Because forall « <(0,1] ,

we have

[Xn+1 ]a = |:Ln+1,a7 Rn+l,a:|
— A,a Ln—l,a A’,a Rn—l,a
B,,+C, R, R, R ¢ "B, +C L, L9, L

ra ‘n-2,a' ‘n-4,a' ‘n-6,a l,a =n-2,a “n-4,a “n-6,a

={ AX }
Pyl yf '
B+CXy o Xn aXog |,

n—

So {x,} is the solution to exponential fuzzy difference equation (1) with x_,---, X, X, as initial conditions.
Finally, we prove that the solution of equation (1) is unique. Suppose {X,}is another solution to equation (1) with ini-
tial values Xx_g,---,X_4, X, . In the light of the above method, it holds that

[x.1. =[L...R..1,a<(01],n=-6,---,-1,0,---. (11)
According to (4) and (11), it follows that
[Xn]a = [Yn]av e (011]1 n= _61"'1_1101"'1

from which it holds that x, =X ,n=-2,-1,0,---, and then the proof is completed.
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