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  Abstract 
It is difficult or impossible to find the exact solutions for many partial differential 
equations. In recent years, a variety of efficient and practical methods have been 
proposed by mathematicians. This article investigates the exact solutions of partial 
differential equations. The Gardner equation is well known in literature and is 
applicable in various branches of physics. The Gardner equation belongs to the 
category of non-linear partial differential equations. This equation and its 
generalizations are used in many areas of applications, such as hydrodynamics, 
plasma physics, and quantum field theory. The Gardner-type equations are the 
useful model to understand the propagation of negative ion acoustic plasma waves. 
These type of equations can be derived from the system of plasma motion 
equations in one dimension with arbitrarily charged cold ions and inertia neglected 
isothermal electrons. Numerous numerical and analytical methods have been used 
to study this equation. That proves the importance of this equation. In this paper, 
we examine the exact travelling wave solutions of the Gardner equation. The 
Hirota’s bilinear method and the Cole-Hopf transformation is used to obtain an 
elegant formula for the exact travelling wave solution. We demonstrate a correct 
formula for exact solutions. Mathematica software and the standart LaTex tools 
was used to perform the computations. The suggested approach can be used in 
other real-world models in science and engineering. 
 
Keywords 
Gardner-type equation, Hirota bilinear method, soliton solutions, kink solutions 

 
1. Introduction 

In the present paper by “Gardner equation”, we assume an equation in integro-differential form 

𝑢𝑢𝑡𝑡+6β𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥 −
3
2
𝛼𝛼2𝑢𝑢2𝑢𝑢𝑥𝑥 + 3𝜎𝜎2𝜕𝜕𝑥𝑥−1𝑢𝑢𝑦𝑦𝑦𝑦 − 3𝛼𝛼𝛼𝛼𝑢𝑢𝑥𝑥𝜕𝜕𝑥𝑥−1𝑢𝑢𝑦𝑦 = 0,               (1) 

where σ²=±1, α, β are arbitrary constants and 𝜕𝜕𝑥𝑥−1 is the inverse of 𝜕𝜕𝑥𝑥with 𝜕𝜕𝑥𝑥−1𝜕𝜕𝑥𝑥 = 𝜕𝜕𝑥𝑥𝜕𝜕𝑥𝑥−1 = 1. The equation (1) is 
widely used in plasma physics, fluid physics, quantum field theory and different branches of physics [1-7]. There are 
different methods, such as the inverse scattering method, the Casorati and Grammian determinant solutions, and the 
Hirota’s direct method for solving equation (1) see, for example, [1,10]. For the travelling wave solutions of the 
Gardner-type equation in terms of corresponding ordinary differential equations see [12,13]. 

The more general forms of the equation (1) were examined in [11] by using the simplified Hirota’s method: 

𝑢𝑢𝑡𝑡+6βu𝑢𝑢𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥 −
3
2
𝛼𝛼2𝑢𝑢2𝑢𝑢𝑥𝑥 + 3𝜎𝜎2𝜕𝜕𝑥𝑥−1𝑢𝑢𝑦𝑦𝑦𝑦 − 3𝛼𝛼𝛼𝛼𝑢𝑢𝑥𝑥𝜕𝜕𝑥𝑥−1𝑢𝑢𝑦𝑦 + 3𝜎𝜎2𝜕𝜕𝑥𝑥−1𝑢𝑢𝑧𝑧𝑧𝑧 = 0,            (2) 
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ut+6βu𝑢𝑢𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥 −
3𝛼𝛼2𝑢𝑢2𝑢𝑢𝑥𝑥

2
+ 3𝜎𝜎2𝜕𝜕𝑥𝑥−1𝑢𝑢𝑦𝑦𝑦𝑦 − 3𝛼𝛼𝛼𝛼𝑢𝑢𝑥𝑥𝜕𝜕𝑥𝑥−1𝑢𝑢𝑦𝑦 + 3𝜎𝜎2𝜕𝜕𝑥𝑥−1𝑢𝑢𝑧𝑧𝑧𝑧 − 3𝛼𝛼𝛼𝛼𝑢𝑢𝑥𝑥𝜕𝜕𝑥𝑥−1𝑢𝑢𝑧𝑧 = 0.     (3) 

In this work, we analyze the equation (2) and find an elegant formula for the exact travelling wave solution. 

2. The travelling-wave solutions of the generalized Gardner-type equation 
In this Section, we first derive kink solutions for the Gardner-type equation (2), where 

(𝜕𝜕𝑥𝑥−1𝑓𝑓)(𝑥𝑥) = ∫ 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑,𝑥𝑥
−∞                                  (4) 

with decaying condition at infinity. 
The transformation 

𝑢𝑢(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑣𝑣𝑥𝑥(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡)                                                                         (5) 
translates (2) into the equation 

𝑣𝑣𝑥𝑥𝑥𝑥+6β𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥𝑥𝑥 + 𝑣𝑣𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 −
3
2
𝛼𝛼2𝑣𝑣𝑥𝑥2𝑣𝑣𝑥𝑥𝑥𝑥 + 3𝜎𝜎2𝑣𝑣𝑦𝑦𝑦𝑦 − 3𝛼𝛼𝛼𝛼𝑣𝑣𝑥𝑥𝑥𝑥𝑣𝑣𝑦𝑦 + 3𝜎𝜎2𝑣𝑣𝑧𝑧𝑧𝑧 = 0.                     (6) 

To obtain the exact solution we substitute 

𝑣𝑣(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑒𝑒𝑘𝑘𝑘𝑘+𝑟𝑟𝑟𝑟+𝑠𝑠𝑠𝑠−𝑐𝑐𝑐𝑐                                  (7) 
into the linear terms of (6), which gives c as 

𝑐𝑐 = 1
𝑘𝑘

(3𝑟𝑟2𝜎𝜎2 + 3𝑠𝑠2𝜎𝜎2 + 𝑘𝑘4),                                (8) 

and the dispersion variable as 

𝜃𝜃 = 𝑘𝑘𝑘𝑘 + 𝑟𝑟𝑟𝑟 + 𝑠𝑠𝑠𝑠 − 1
𝑘𝑘

(3𝑟𝑟2𝜎𝜎2 + 3𝑠𝑠2𝜎𝜎2 + 𝑘𝑘4)𝑡𝑡.                      (9) 

Next we use the Cole-Hopf transformation 
𝑢𝑢(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑅𝑅(𝑙𝑙𝑙𝑙𝑙𝑙(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡))𝑥𝑥                              (10) 

or 
𝑣𝑣(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑅𝑅(𝑙𝑙𝑙𝑙𝑙𝑙(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡)).                              (11) 

To get the auxiliary function f(x,y,z,t), we use the simplified Hirota’s method: Substituting 

𝑓𝑓(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 1 + 𝑒𝑒𝑘𝑘𝑘𝑘+𝑟𝑟𝑟𝑟+𝑠𝑠𝑠𝑠−1
𝑘𝑘�3𝑟𝑟2𝜎𝜎2+3𝑠𝑠2𝜎𝜎2+𝑘𝑘4�𝑡𝑡                       (12) 

into (6), [11] gives the single-kink solution: 
𝑢𝑢(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑣𝑣𝑥𝑥(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡)) 

= 2𝑘𝑘𝑒𝑒
𝑘𝑘𝑘𝑘+𝑘𝑘(2𝛽𝛽−𝛼𝛼𝛼𝛼 )

𝜎𝜎𝜎𝜎 𝑦𝑦+𝑠𝑠𝑠𝑠−�𝑘𝑘3+3𝑘𝑘(2𝛽𝛽−𝛼𝛼𝛼𝛼 )2

𝛼𝛼2 +3𝛼𝛼2𝑠𝑠2
𝑘𝑘 �𝑡𝑡

𝛼𝛼�1+𝑒𝑒
𝑘𝑘𝑘𝑘+𝑘𝑘(2𝛽𝛽−𝛼𝛼𝛼𝛼 )

𝜎𝜎𝜎𝜎 𝑦𝑦+𝑠𝑠𝑠𝑠−�𝑘𝑘3+3𝑘𝑘(2𝛽𝛽−𝛼𝛼𝛼𝛼 )2
𝛼𝛼2 +3𝛼𝛼2𝑠𝑠2

𝑘𝑘 �𝑡𝑡�

,                        (13) 

(Eq. (20) in [11]). The author [11] then used the same approach to establish the similar formula for the double-kink 
solution 

𝑢𝑢 = 2∑ 𝑘𝑘𝑖𝑖
2
𝑖𝑖=1 𝑒𝑒

𝑘𝑘𝑖𝑖𝑥𝑥+
𝑘𝑘𝑖𝑖(2𝛽𝛽−𝛼𝛼𝑘𝑘𝑖𝑖)

𝜎𝜎𝜎𝜎 𝑦𝑦+𝑠𝑠𝑖𝑖𝑧𝑧−�𝑘𝑘𝑖𝑖
3+

3𝑘𝑘𝑖𝑖�2𝛽𝛽−𝛼𝛼𝑘𝑘𝑖𝑖�
2

𝛼𝛼2 +3𝛼𝛼2𝑠𝑠𝑖𝑖
2

𝑘𝑘𝑖𝑖
�𝑡𝑡

𝛼𝛼

⎝

⎜
⎜
⎛

1+∑ 𝑘𝑘𝑖𝑖2
𝑖𝑖=1 𝑒𝑒

𝑘𝑘𝑖𝑖𝑥𝑥+
𝑘𝑘𝑖𝑖(2𝛽𝛽−𝛼𝛼𝑘𝑘𝑖𝑖)

𝜎𝜎𝜎𝜎 𝑦𝑦+𝑠𝑠𝑖𝑖𝑧𝑧−�𝑘𝑘𝑖𝑖
3+

3𝑘𝑘𝑖𝑖�2𝛽𝛽−𝛼𝛼𝑘𝑘𝑖𝑖�
2

𝛼𝛼2 +3𝛼𝛼2𝑠𝑠𝑖𝑖
2

𝑘𝑘𝑖𝑖
�𝑡𝑡

⎠

⎟
⎟
⎞

                   (14) 

Let us show that the formula (14) is not correct and prove the correct formula. 
Example 2.1. Let k₁=1, k₂=2, s₁=1, s₂=0, α=2, β=σ=1, it is easy to show that (14) is not the solution of the equation (6). 
Indeed 
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𝑢𝑢 =
2 �𝑒𝑒𝑥𝑥+(2−2)

2 𝑦𝑦+𝑧𝑧−(1+3(2−2)²)
4 +31

1)𝑡𝑡 + 2𝑒𝑒2𝑥𝑥+2(2−4)
2 𝑦𝑦−(8+6(2−4)²)

4 )𝑡𝑡�

2 �1 + 𝑒𝑒𝑥𝑥+(2−2)
2 𝑦𝑦+𝑧𝑧−(1+3(2−2)²)

4 +31
1)𝑡𝑡 + 𝑒𝑒2𝑥𝑥+2(2−4)

2 𝑦𝑦−(8+6(2−4)²)
4 )𝑡𝑡�

 

=
2𝑒𝑒2𝑥𝑥−14𝑡𝑡−2𝑦𝑦 + 𝑒𝑒𝑥𝑥−5𝑡𝑡+𝑧𝑧

𝑒𝑒2𝑥𝑥−14𝑡𝑡−2𝑦𝑦 + 𝑒𝑒𝑥𝑥−5𝑡𝑡+𝑧𝑧 + 1
= 𝑣𝑣𝑥𝑥 , 

𝑣𝑣 = 𝑙𝑙𝑙𝑙(1 + 𝑒𝑒2𝑥𝑥−14𝑡𝑡−2𝑦𝑦 + 𝑒𝑒𝑥𝑥−5𝑡𝑡+𝑧𝑧), 
and simplifying the expression 

𝑣𝑣𝑥𝑥𝑥𝑥+6β𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥𝑥𝑥 + 𝑣𝑣𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 −
3
2
𝛼𝛼2𝑣𝑣𝑥𝑥2𝑣𝑣𝑥𝑥𝑥𝑥 + 3𝜎𝜎2𝑣𝑣𝑦𝑦𝑦𝑦 − 3𝛼𝛼𝛼𝛼𝑣𝑣𝑥𝑥𝑥𝑥𝑣𝑣𝑦𝑦 + 3𝜎𝜎2𝑣𝑣𝑧𝑧𝑧𝑧  

we obtain 

6(𝑒𝑒3𝑥𝑥−18𝑡𝑡−2𝑦𝑦+𝑧𝑧 + 2𝑒𝑒5𝑥𝑥−32𝑡𝑡−4𝑦𝑦+𝑧𝑧 + 𝑒𝑒7𝑥𝑥−46𝑡𝑡−6𝑦𝑦+𝑧𝑧 + 𝑒𝑒4𝑥𝑥−22𝑡𝑡−2𝑦𝑦+2𝑧𝑧 + 𝑒𝑒5𝑥𝑥−26𝑡𝑡−2𝑦𝑦+3𝑧𝑧 + 2𝑒𝑒6𝑥𝑥−36𝑡𝑡−4𝑦𝑦+2𝑧𝑧)
(𝑒𝑒2𝑥𝑥−14𝑡𝑡−2𝑦𝑦 + 𝑒𝑒𝑥𝑥−4𝑡𝑡+𝑧𝑧 + 1)4 . 

We used standard LaTex techniques to simplify the expression in the left hand side of (6). This expression is positive 
for any choice of 𝑥𝑥,𝑦𝑦, 𝑧𝑧 and t. That is (14) is not the solution of the equation (6). 

Now to find a correct double-kink solution we set 

𝑣𝑣(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑅𝑅(ln⁡(1 + 𝑒𝑒𝑘𝑘1𝑥𝑥+𝑟𝑟1𝑦𝑦+𝑠𝑠1𝑧𝑧+𝑐𝑐1𝑡𝑡 + 𝑒𝑒𝑘𝑘2𝑥𝑥+𝑟𝑟2𝑦𝑦+𝑠𝑠2𝑧𝑧+𝑐𝑐2𝑡𝑡),            (15) 

𝑣𝑣𝑥𝑥 = 𝑅𝑅 𝑘𝑘1𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑘𝑘2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

1+𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ , 

𝑣𝑣𝑥𝑥𝑥𝑥 = 𝑅𝑅
𝑐𝑐1𝑘𝑘1𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑐𝑐2𝑘𝑘2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+∑ 𝑐𝑐𝑖𝑖𝑘𝑘𝑗𝑗 𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

𝑖𝑖 ,𝑗𝑗=1,2

�1+𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑒𝑒𝑥𝑥𝑘𝑘2+⋯�
2 , 

6𝛽𝛽𝑣𝑣𝑥𝑥𝑣𝑣𝑥𝑥𝑥𝑥 = 6𝛽𝛽𝛽𝛽²
𝑘𝑘₁𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑘𝑘₂𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

1 + 𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑒𝑒𝑥𝑥𝑘𝑘2+⋯  

𝑘𝑘₁²𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑘𝑘₂²𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑘𝑘₁²𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑘𝑘₂²𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯−2𝑘𝑘₁𝑘𝑘₂𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

�1+𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑒𝑒𝑥𝑥𝑘𝑘2+⋯�
2 , 

𝑣𝑣𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥 =
𝑅𝑅

(1 + 𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑒𝑒𝑥𝑥𝑘𝑘2+⋯)4 (𝑘𝑘₁⁴𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ − 4𝑘𝑘₁⁴𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯ + 𝑘𝑘₂⁴𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ 

+ 𝑘𝑘₁⁴𝑒𝑒3𝑥𝑥𝑘𝑘1+⋯ − 4𝑘𝑘₂⁴𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯ + 𝑘𝑘₂⁴𝑒𝑒3𝑥𝑥𝑘𝑘2+⋯ +  3𝑘𝑘₁⁴𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ + 3𝑘𝑘₂⁴𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ 

+ 3𝑘𝑘1
4𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯ − 8𝑘𝑘1

4𝑒𝑒𝑥𝑥𝑘𝑘2+⋯𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯ + 𝑘𝑘1
4𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒3𝑥𝑥𝑘𝑘2+⋯ + 𝑘𝑘1

4𝑒𝑒𝑥𝑥𝑘𝑘2+⋯𝑒𝑒3𝑥𝑥𝑘𝑘1+⋯ 

−8𝑘𝑘2
4𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯ + 3𝑘𝑘2

4𝑒𝑒𝑥𝑥𝑘𝑘2+⋯𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯ − 4𝑘𝑘1
4𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯ + 𝑘𝑘2

4𝑒𝑒3𝑥𝑥𝑘𝑘2+⋯𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ 

+𝑘𝑘2
4𝑒𝑒3𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ − 4𝑘𝑘2

4𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯ − 4𝑘𝑘1𝑘𝑘2
3𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ 

−4𝑘𝑘1
3𝑘𝑘2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ + 16𝑘𝑘2

3𝑘𝑘1𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ − 8𝑘𝑘1𝑘𝑘2
3𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ 

−8𝑘𝑘1
3𝑘𝑘2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯ + 16𝑘𝑘1

3𝑘𝑘2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯ − 4𝑘𝑘1𝑘𝑘2
3𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒3𝑥𝑥𝑘𝑘2+⋯ 

−4𝑘𝑘2
3𝑘𝑘1𝑒𝑒3𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ − 4𝑘𝑘1

3𝑘𝑘2𝑒𝑒3𝑥𝑥𝑘𝑘2+⋯𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ − 4𝑘𝑘2𝑘𝑘1
3𝑒𝑒3𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ 

+16𝑘𝑘2
3𝑘𝑘1𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯ + 16𝑘𝑘1

3𝑘𝑘2𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯ − 6𝑘𝑘1
2𝑘𝑘2

2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ 

+6𝑘𝑘1
2𝑘𝑘2

2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒3𝑥𝑥𝑘𝑘2+⋯ + 6𝑘𝑘1
2𝑘𝑘2

2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯𝑒𝑒3𝑥𝑥𝑘𝑘1+⋯ − 24𝑘𝑘1
2𝑘𝑘2

2𝑒𝑒2𝑥𝑥𝑘𝑘1+⋯𝑒𝑒2𝑥𝑥𝑘𝑘2+⋯), 

−
3
2
𝛼𝛼2𝑣𝑣𝑥𝑥2𝑣𝑣𝑥𝑥𝑥𝑥 = −

2
3
𝛼𝛼2𝑅𝑅3 (𝑘𝑘1𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑘𝑘2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯)2

(1 + 𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑒𝑒𝑥𝑥𝑘𝑘2+⋯)2  

𝑘𝑘1
2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑘𝑘2

2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑘𝑘1
2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑘𝑘2

2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯−2𝑘𝑘1𝑘𝑘2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

�1+𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑒𝑒𝑥𝑥𝑘𝑘2+⋯�
2 , 

3𝜎𝜎2𝑣𝑣𝑦𝑦𝑦𝑦 = 3𝜎𝜎2𝑅𝑅
𝑟𝑟12𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑟𝑟2

2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑟𝑟12𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑟𝑟2
2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ − 2𝑟𝑟1𝑟𝑟2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

(1 + 𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑒𝑒𝑥𝑥𝑘𝑘2+⋯)2 , 
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−3𝛼𝛼𝛼𝛼𝑣𝑣𝑥𝑥𝑥𝑥𝑣𝑣𝑦𝑦 = −3𝛼𝛼𝛼𝛼𝑅𝑅2 𝑘𝑘1
2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑘𝑘2

2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑘𝑘1
2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑘𝑘2

2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ − 2𝑘𝑘1𝑘𝑘2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

(1 + 𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑒𝑒𝑥𝑥𝑘𝑘2+⋯)2  

𝑟𝑟1𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑟𝑟2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

1+𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑒𝑒𝑥𝑥𝑘𝑘2+⋯ , 

3𝜎𝜎2𝑣𝑣𝑧𝑧𝑧𝑧 = 3𝜎𝜎2𝑅𝑅 𝑠𝑠1
2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑠𝑠2

2𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑘𝑘𝑘𝑘1
2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯+𝑠𝑠2

2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯−2𝑠𝑠1𝑠𝑠2𝑒𝑒𝑥𝑥𝑘𝑘1+⋯𝑒𝑒𝑥𝑥𝑘𝑘2+⋯

�1+𝑒𝑒𝑥𝑥𝑘𝑘1+⋯+𝑒𝑒𝑥𝑥𝑘𝑘2+⋯�
2 . 

Substituting into (6), multiplying by  (1 + 𝑒𝑒𝑥𝑥𝑘𝑘1+⋯ + 𝑒𝑒𝑥𝑥𝑘𝑘2+⋯)4 and equalizing the coefficients of 𝑒𝑒𝑚𝑚𝑚𝑚𝑘𝑘1+⋯  and 
𝑒𝑒𝑛𝑛𝑛𝑛𝑘𝑘2+⋯, m=1, 2, 3, we obtain the equations 

𝑘𝑘1
4 + 3𝜎𝜎2𝑟𝑟12 + 3𝜎𝜎2𝑠𝑠1

2 + 𝑐𝑐1𝑘𝑘1 = 0,
𝑘𝑘2

4 + 3𝜎𝜎2𝑟𝑟2
2 + 3𝜎𝜎2𝑠𝑠2

2 + 𝑐𝑐2𝑘𝑘2 = 0,
                               (16) 

2𝑘𝑘1
2 − 2𝑅𝑅𝑅𝑅𝑘𝑘1 + 𝑅𝑅𝑅𝑅𝑅𝑅𝑟𝑟1 = 0,

2𝑘𝑘2
2 − 2𝑅𝑅𝑅𝑅𝑘𝑘2 + 𝑅𝑅𝑅𝑅𝑅𝑅𝑟𝑟2 = 0

,                                 (17) 

−4𝛽𝛽𝑘𝑘1 + 2𝛼𝛼𝛼𝛼𝑟𝑟1 + 𝑅𝑅𝛼𝛼2𝑘𝑘1
2 = 0,

−4𝛽𝛽𝑘𝑘2 + 2𝛼𝛼𝛼𝛼𝑟𝑟2 + 𝑅𝑅𝛼𝛼2𝑘𝑘2
2 = 0,

                                (18) 

which gives 

𝑅𝑅 =
2
𝛼𝛼

, 𝑟𝑟1 =
1
𝛼𝛼𝛼𝛼

(2𝛽𝛽𝑘𝑘1 − 𝛼𝛼𝑘𝑘1
2), 𝑟𝑟2 =

1
𝛼𝛼𝛼𝛼

(2𝛽𝛽𝑘𝑘2 − 𝛼𝛼𝑘𝑘2
2). 

Coefficients of mixed products  𝑒𝑒𝑚𝑚𝑚𝑚𝑘𝑘1+⋯ 𝑒𝑒𝑛𝑛𝑛𝑛𝑘𝑘2+⋯can be translated into the equation 
(𝑘𝑘1 − 𝑘𝑘2)4 + 3𝜎𝜎2(𝑟𝑟1 − 𝑟𝑟2)2 + 3𝜎𝜎2(𝑠𝑠1 − 𝑠𝑠2)2 + (𝑐𝑐1 − 𝑐𝑐2)(𝑘𝑘1 − 𝑘𝑘2) = 0,          (19) 

and we obtain the next system for unknowns s₂ and c₂ (for given k₁, s₁, 𝑟𝑟1 = 1
𝛼𝛼𝛼𝛼

(2𝛽𝛽𝑘𝑘1 − 𝛼𝛼𝑘𝑘1
2),  𝑟𝑟2 = 1

𝛼𝛼𝛼𝛼
(2𝛽𝛽𝑘𝑘2 − 𝛼𝛼𝑘𝑘2

2), 

𝑐𝑐1 = −𝑘𝑘1
3 − 3 𝜎𝜎2

𝑘𝑘1
𝑟𝑟12 − 3 𝜎𝜎2

𝑘𝑘1
𝑠𝑠1

2, k2) 

𝑘𝑘1
4 + 3𝜎𝜎2(𝑟𝑟12 + 𝑠𝑠1

2) + 𝑐𝑐1𝑘𝑘1 = 0,
𝑘𝑘2

4 + 3𝜎𝜎2(𝑟𝑟2
2 + 𝑠𝑠2

2) + 𝑐𝑐2𝑘𝑘2 = 0,
(𝑘𝑘1 − 𝑘𝑘2)4 + 3𝜎𝜎2(𝑟𝑟1 − 𝑟𝑟2)2 + 3𝜎𝜎2(𝑠𝑠1 − 𝑠𝑠2)2 + (𝑐𝑐1 − 𝑐𝑐2)(𝑘𝑘1 − 𝑘𝑘2) = 0

              (20) 

or 

𝑐𝑐1 = −𝑘𝑘1
3 − 3 𝜎𝜎2

𝑘𝑘1
𝑟𝑟12 − 3 𝜎𝜎2

𝑘𝑘1
𝑠𝑠1

2

𝑐𝑐2 = −𝑘𝑘2
3 − 3 𝜎𝜎2

𝑘𝑘2
𝑟𝑟2

2 − 3 𝜎𝜎2

𝑘𝑘2
𝑠𝑠2

2

𝑐𝑐1 − 𝑐𝑐2 = −(𝑘𝑘1 − 𝑘𝑘2)3 − 3𝜎𝜎2 (𝑟𝑟1−𝑟𝑟2)2+(𝑠𝑠1−𝑠𝑠2)4

𝑘𝑘1−𝑘𝑘2
.

                         (21) 

First and second equations replaced into the third one gives 

−𝑘𝑘1
3 − 3 𝜎𝜎2

𝑘𝑘1
𝑟𝑟12 − 3 𝜎𝜎2

𝑘𝑘1
𝑠𝑠1

2 − �−𝑘𝑘2
3 − 3 𝜎𝜎2

𝑘𝑘2
𝑟𝑟2

2 − 3 𝜎𝜎2

𝑘𝑘2
𝑠𝑠2

2�

= −(𝑘𝑘1 − 𝑘𝑘2)3 − 3𝜎𝜎2 (𝑟𝑟1−𝑟𝑟2)2+(𝑠𝑠1−𝑠𝑠2)4

𝑘𝑘1−𝑘𝑘2

                       (22) 

and 
(𝜎𝜎2(𝑘𝑘1𝑟𝑟2 − 𝑘𝑘2𝑟𝑟1)2 + 𝜎𝜎2(𝑘𝑘1𝑠𝑠2 − 𝑘𝑘2𝑠𝑠1)2 − 𝑘𝑘1

2𝑘𝑘2
2(𝑘𝑘1 − 𝑘𝑘2)2) = 0.                   (23) 

Now substituting 

𝑟𝑟𝑖𝑖 =
1
𝛼𝛼𝛼𝛼

(2𝛽𝛽𝑘𝑘𝑖𝑖 − 𝛼𝛼𝑘𝑘𝑖𝑖2), 𝑖𝑖 = 1, 2 

we have 
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𝜎𝜎2 �𝑘𝑘1
1
𝛼𝛼𝛼𝛼

(2𝛽𝛽𝑘𝑘2 − 𝛼𝛼𝑘𝑘2
2) − 𝑘𝑘2

1
𝛼𝛼𝛼𝛼

(2𝛽𝛽𝑘𝑘1 − 𝛼𝛼𝑘𝑘1
2)�

2

+𝜎𝜎2(𝑘𝑘1𝑠𝑠2 − 𝑘𝑘2𝑠𝑠1)2 − 𝑘𝑘1
2𝑘𝑘2

2(𝑘𝑘1 − 𝑘𝑘2)2

= 𝜎𝜎2(𝑘𝑘1𝑠𝑠2 − 𝑘𝑘2𝑠𝑠1)2

                        (24) 

and 

𝑠𝑠2 = 𝑘𝑘2
𝑘𝑘1
𝑠𝑠1.                                         (25) 

This relationship allows us to find the elegant double-kink solutions. First, we find c₂ from the second equation in (21) 
and (25): 

𝑐𝑐2 = −𝑘𝑘2
3 − 3

𝜎𝜎2

𝑘𝑘2
𝑟𝑟2

2 − 3
𝜎𝜎2𝑘𝑘2

𝑘𝑘1
𝑠𝑠1

2 

and therefore, the exact solution is 

𝑣𝑣 = 2
𝛼𝛼

ln⁡(1 + 𝑒𝑒𝑘𝑘1𝑥𝑥+2𝛽𝛽𝑘𝑘1−𝛼𝛼𝑘𝑘1
2

𝛼𝛼𝛼𝛼 𝑦𝑦+𝑠𝑠1𝑧𝑧−(𝑘𝑘1
3+3

�2𝛽𝛽𝑘𝑘1−𝛼𝛼𝑘𝑘1
2�

2

𝛼𝛼2𝑘𝑘1
+3𝜎𝜎

2𝑠𝑠1
2

𝑘𝑘1
)𝑡𝑡

+𝑒𝑒
𝑘𝑘2𝑥𝑥+2𝛽𝛽𝑘𝑘2−𝛼𝛼𝑘𝑘2

2

𝛼𝛼𝛼𝛼 𝑦𝑦+𝑘𝑘2
𝑘𝑘1
𝑠𝑠1𝑧𝑧−(𝑘𝑘2

3+3
�2𝛽𝛽𝑘𝑘2−𝛼𝛼𝑘𝑘2

2�
2

𝛼𝛼2𝑘𝑘2
+3𝜎𝜎

2𝑘𝑘2𝑠𝑠1
2

𝑘𝑘1
2 )𝑡𝑡

= 2
𝛼𝛼

ln�1 + ∑ 𝑒𝑒
𝑘𝑘𝑖𝑖𝑥𝑥+

2𝛽𝛽𝑘𝑘𝑖𝑖−𝛼𝛼𝑘𝑘𝑖𝑖
2

𝛼𝛼𝛼𝛼 𝑦𝑦+
𝑘𝑘𝑖𝑖
𝑘𝑘1
𝑠𝑠1𝑧𝑧−(𝑘𝑘𝑖𝑖

3+3
�2𝛽𝛽𝑘𝑘𝑖𝑖−𝛼𝛼𝑘𝑘𝑖𝑖

2�
2

𝛼𝛼2𝑘𝑘1
+3

𝜎𝜎2𝑘𝑘𝑖𝑖𝑠𝑠1
2

𝑘𝑘1
2 )𝑡𝑡2

𝑖𝑖=1 �

                   (26) 

Now to find a wave travelling solution of the equation (2), we take 𝑘𝑘₁ = 𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂, 𝑘𝑘₂ = 𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂, 𝑠𝑠₁ = 𝑠𝑠 + 𝑛𝑛₂
𝑛𝑛₁
𝑠𝑠𝑠𝑠, 

𝑛𝑛₁,𝑛𝑛₂, 𝑠𝑠 ∈ 𝑅𝑅 and consider the function 

2
𝛼𝛼

ln�1 + �𝑒𝑒
𝑘𝑘𝑖𝑖𝑥𝑥+

2𝛽𝛽𝑘𝑘𝑖𝑖−𝛼𝛼𝑘𝑘𝑖𝑖
2

𝛼𝛼𝛼𝛼 𝑦𝑦+
𝑘𝑘𝑖𝑖
𝑘𝑘1
𝑠𝑠1𝑧𝑧−(𝑘𝑘𝑖𝑖

3+3
�2𝛽𝛽𝑘𝑘𝑖𝑖−𝛼𝛼𝑘𝑘𝑖𝑖

2�
2

𝛼𝛼2𝑘𝑘1
+3

𝜎𝜎2𝑘𝑘𝑖𝑖𝑠𝑠1
2

𝑘𝑘1
2 )𝑡𝑡

2

𝑖𝑖=1

�. 

We have for i=1 

𝑘𝑘1𝑥𝑥 +
2𝛽𝛽𝑘𝑘1 − 𝛼𝛼𝑘𝑘1

2

𝛼𝛼𝛼𝛼
𝑦𝑦 + 𝑠𝑠1𝑧𝑧 − (𝑘𝑘1

3 + 3
(2𝛽𝛽𝑘𝑘1 − 𝛼𝛼𝑘𝑘1

2)2

𝛼𝛼2𝑘𝑘1
+ 3

𝜎𝜎2𝑠𝑠1
2

𝑘𝑘1
)𝑡𝑡 

(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂)𝑥𝑥 +
2𝛽𝛽(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂) − 𝛼𝛼(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂)2

𝛼𝛼𝛼𝛼
𝑦𝑦 + 𝑠𝑠(1 +

𝑛𝑛₂
𝑛𝑛₁
𝑖𝑖)𝑧𝑧 

−�(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂)3 + 3
(2𝛽𝛽(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂) − 𝛼𝛼(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂)2)2

𝛼𝛼2(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂)
+

3𝜎𝜎2𝑠𝑠2 �1 + 𝑛𝑛₂
𝑛𝑛₁
𝑖𝑖�

2

(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂)
�𝑡𝑡 

= 𝑛𝑛₁𝑥𝑥 + 𝑖𝑖𝑖𝑖₂𝑥𝑥 +
2𝛽𝛽𝛽𝛽₁ + 𝛼𝛼𝑛𝑛2

2 − 𝛼𝛼𝑛𝑛1
2

𝛼𝛼𝛼𝛼
𝑦𝑦 +

𝑛𝑛₂(2𝛽𝛽 − 2𝛼𝛼𝛼𝛼₁)
𝛼𝛼𝛼𝛼

𝑦𝑦𝑦𝑦 + 𝑠𝑠(1 +
𝑛𝑛₂
𝑛𝑛₁
𝑖𝑖)𝑧𝑧 

= −
1

𝛼𝛼2𝑛𝑛₁
(3𝑠𝑠2𝛼𝛼2𝜎𝜎2 + 4𝛼𝛼2𝑛𝑛1

4 − 12𝛼𝛼2𝑛𝑛1
2𝑛𝑛2

2 − 12𝛼𝛼𝛼𝛼𝑛𝑛1
3 + 12𝛼𝛼𝛼𝛼𝛼𝛼₁𝑛𝑛2

2 + 12𝛽𝛽2𝑛𝑛1
2)𝑡𝑡 

−
1

𝛼𝛼2𝑛𝑛1
2 𝑛𝑛

2(3𝑠𝑠2𝛼𝛼2𝜎𝜎2 + 12𝛼𝛼2𝑛𝑛1
4 − 4𝛼𝛼2𝑛𝑛1

2𝑛𝑛2
2 − 24𝛼𝛼𝛼𝛼𝑛𝑛1

3 + 12𝛽𝛽2𝑛𝑛1
2)𝑡𝑡𝑡𝑡, 

and for i=2 

𝑘𝑘₂𝑥𝑥 +
2𝛽𝛽𝛽𝛽₂ − 𝛼𝛼𝑘𝑘2

2

𝛼𝛼𝛼𝛼
𝑦𝑦 +

𝑘𝑘₂𝑠𝑠₁
𝑘𝑘₁

𝑧𝑧 − (𝑘𝑘2
3 + 3

(2𝛽𝛽𝛽𝛽₂ − 𝛼𝛼𝑘𝑘2
2)2

𝛼𝛼2𝑘𝑘₂
+ 3

𝑘𝑘₂𝜎𝜎2

𝑘𝑘1
2 𝑠𝑠1

2)𝑡𝑡 

= (𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂)𝑥𝑥 +
2𝛽𝛽(𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂) − 𝛼𝛼(𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂)2

𝛼𝛼𝛼𝛼
𝑦𝑦 +

(𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂)𝑠𝑠(1 + 𝑛𝑛₂
𝑛𝑛₁
𝑖𝑖)

𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂
𝑧𝑧 

−((𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂)³ +
3(2𝛽𝛽(𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂) − 𝛼𝛼(𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂)²)²

𝛼𝛼²(𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂)
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+
3(𝑛𝑛₁ − 𝑖𝑖𝑖𝑖₂)𝜎𝜎²𝑠𝑠²(1 + (𝑛𝑛₂/𝑛𝑛₁)𝑖𝑖)²

(𝑛𝑛₁ + 𝑖𝑖𝑖𝑖₂)²
𝑡𝑡 

= 𝑛𝑛₁𝑥𝑥 − 𝑖𝑖𝑖𝑖₂𝑥𝑥 +
2𝛽𝛽𝛽𝛽₁ + 𝛼𝛼𝑛𝑛2

2 − 𝛼𝛼𝑛𝑛1
2

𝛼𝛼𝛼𝛼
𝑦𝑦 −

𝑛𝑛₂(2𝛽𝛽 − 2𝛼𝛼𝛼𝛼₁)
𝛼𝛼𝛼𝛼

𝑦𝑦𝑦𝑦 
+𝑠𝑠(1 − (𝑛𝑛₂/𝑛𝑛₁)𝑖𝑖)𝑧𝑧 

−
1

𝛼𝛼²𝑛𝑛₁
(3𝑠𝑠²𝛼𝛼²𝜎𝜎² + 4𝛼𝛼²𝑛𝑛1

4 − 12𝛼𝛼²𝑛𝑛₁²𝑛𝑛2
2 − 12𝛼𝛼𝛼𝛼𝑛𝑛1

3 + 12𝛼𝛼𝛼𝛼𝛼𝛼₁𝑛𝑛2
2 + 12𝛽𝛽²𝑛𝑛1

2)𝑡𝑡 

+
𝑛𝑛2

𝛼𝛼2𝑛𝑛1
2 (3𝑠𝑠2𝛼𝛼2𝜎𝜎2 + 12𝛼𝛼2𝑛𝑛1

4 − 4𝛼𝛼2𝑛𝑛1
2𝑛𝑛2

2 − 24𝛼𝛼𝛼𝛼𝑛𝑛1
3 + 12𝛽𝛽2𝑛𝑛1

2)𝑡𝑡𝑡𝑡. 

This in turn gives 

�𝑒𝑒
𝑘𝑘𝑖𝑖𝑥𝑥+

2𝛽𝛽𝑘𝑘𝑖𝑖−𝛼𝛼𝑘𝑘𝑖𝑖
2

𝛼𝛼𝛼𝛼 𝑦𝑦+
𝑘𝑘𝑖𝑖𝑠𝑠₁
𝑘𝑘1

𝑧𝑧−(𝑘𝑘𝑖𝑖
3+3

�2𝛽𝛽𝑘𝑘𝑖𝑖−𝛼𝛼𝑘𝑘𝑖𝑖
2�

2

𝑘𝑘𝑖𝑖𝛼𝛼2 +3
𝑘𝑘𝑖𝑖𝜎𝜎

2

𝑘𝑘1
2 𝑠𝑠1

2)𝑡𝑡
2

𝑛𝑛=1

 

= 2cos⁡(𝑛𝑛₁𝑥𝑥 +
2𝛽𝛽𝛽𝛽₁ + 𝛼𝛼𝑛𝑛2

2 − 𝛼𝛼𝑛𝑛1
2

𝛼𝛼𝛼𝛼
𝑦𝑦 + 𝑐𝑐𝑐𝑐 

−
1

𝛼𝛼²𝑛𝑛₁
(3𝑠𝑠²𝛼𝛼²𝜎𝜎² + 4𝛼𝛼²𝑛𝑛1

4 − 12𝛼𝛼²𝑛𝑛₁²𝑛𝑛2
2 − 12𝛼𝛼𝛼𝛼𝑛𝑛1

3 + 12𝛼𝛼𝛼𝛼𝛼𝛼₁𝑛𝑛2
2 + 12𝛽𝛽²𝑛𝑛1

2)𝑡𝑡 

= 2cos⁡(𝑛𝑛₁𝑥𝑥 +
2𝛽𝛽𝛽𝛽₁ + 𝛼𝛼𝑛𝑛2

2 − 𝛼𝛼𝑛𝑛1
2

𝛼𝛼𝛼𝛼
𝑦𝑦 + 𝑐𝑐𝑐𝑐 

−12𝑡𝑡 �
𝛽𝛽2𝑛𝑛₁
𝛼𝛼2 +

𝑛𝑛1
3

3
+
𝜎𝜎2𝑠𝑠2

4𝑛𝑛1 −
𝛽𝛽
𝛼𝛼
𝑛𝑛1

2 − 𝑛𝑛2
2𝑛𝑛₁ −

𝛽𝛽
𝛼𝛼
𝑛𝑛2

2�), 

and the travelling-wave solution 

𝑢𝑢(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) =
4𝑛𝑛₁𝑠𝑠𝑠𝑠𝑠𝑠(𝑛𝑛₁𝑥𝑥 + 𝜙𝜙(𝑛𝑛₁,𝑛𝑛₂)𝑦𝑦 + 𝑠𝑠𝑠𝑠 − 𝜓𝜓(𝑛𝑛₁,𝑛𝑛₂, 𝑠𝑠)𝑡𝑡)

𝛼𝛼(1 + 2𝑐𝑐𝑐𝑐𝑐𝑐(𝑛𝑛₁𝑥𝑥 + 𝜙𝜙(𝑛𝑛₁,𝑛𝑛₂)𝑦𝑦 + 𝑠𝑠𝑠𝑠 − 𝜓𝜓(𝑛𝑛₁,𝑛𝑛₂, 𝑠𝑠)𝑡𝑡)
 

where 

𝜙𝜙(𝑛𝑛₁,𝑛𝑛₂) ≡
2𝛽𝛽𝛽𝛽₁ − 𝛼𝛼𝑛𝑛1

2 + 𝛼𝛼𝑛𝑛2
2

𝛼𝛼𝛼𝛼
, 

𝜓𝜓(𝑛𝑛₁,𝑛𝑛₂, 𝑠𝑠) ≡ 12�
𝛽𝛽²𝑛𝑛₁
𝛼𝛼²

+
𝑛𝑛1

3

3
+
𝜎𝜎²𝑠𝑠
4𝑛𝑛₁

−
𝛽𝛽
𝛼𝛼
𝑛𝑛1

2 − 𝑛𝑛2
2𝑛𝑛₁ −

𝛽𝛽
𝛼𝛼
𝑛𝑛2

2�. 

3. Conclusions 
This paper has described how the travelling-wave solutions can be received from double-kink solutions. We found the 

necessary conditions for double kink solution to exist. The dispersion relations were also derived. 
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