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1. Introduction

Abstract

It is difficult or impossible to find the exact solutions for many partial differential
equations. In recent years, a variety of efficient and practical methods have been
proposed by mathematicians. This article investigates the exact solutions of partial
differential equations. The Gardner equation is well known in literature and is
applicable in various branches of physics. The Gardner equation belongs to the
category of non-linear partial differential equations. This equation and its
generalizations are used in many areas of applications, such as hydrodynamics,
plasma physics, and quantum field theory. The Gardner-type equations are the
useful model to understand the propagation of negative ion acoustic plasma waves.
These type of equations can be derived from the system of plasma motion
equations in one dimension with arbitrarily charged cold ions and inertia neglected
isothermal electrons. Numerous numerical and analytical methods have been used
to study this equation. That proves the importance of this equation. In this paper,
we examine the exact travelling wave solutions of the Gardner equation. The
Hirota’s bilinear method and the Cole-Hopf transformation is used to obtain an
elegant formula for the exact travelling wave solution. We demonstrate a correct
formula for exact solutions. Mathematica software and the standart LaTex tools
was used to perform the computations. The suggested approach can be used in
other real-world models in science and engineering.
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In the present paper by “Gardner equation”, we assume an equation in integro-differential form

3 _ _
U ABPUL, + Uy — Eazuzux +30%0; 'u,, — 3aou,d; ', =0,

o))

where g?==1, a, P are arbitrary constants and 9, ! is the inverse of a,with 9,19, = 9,0, = 1. The equation (1) is
widely used in plasma physics, fluid physics, quantum field theory and different branches of physics [1-7]. There are
different methods, such as the inverse scattering method, the Casorati and Grammian determinant solutions, and the
Hirota’s direct method for solving equation (1) see, for example, [1,10]. For the travelling wave solutions of the
Gardner-type equation in terms of corresponding ordinary differential equations see [12,13].

The more general forms of the equation (1) were examined in [11] by using the simplified Hirota’s method:

UABPULL, + Uyyy — %azuzux +30%0; 'u,, — 3aou,d; 'u, + 30205 'u,, =0, 2
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3a‘u‘uy

U+6PuUL, + Uy —

+30%0; 'u,, — 3aou,d; 'u, + 30205 tu,, — 3aou,d;'u, = 0. (3)
In this work, we analyze the equation (2) and find an elegant formula for the exact travelling wave solution.
2. The travelling-wave solutions of the generalized Gardner-type equation

In this Section, we first derive kink solutions for the Gardner-type equation (2), where

01N =7, fD, €
with decaying condition at infinity.
The transformation
u(x,y,z,t) =v,(x,y,21t) (5)
translates (2) into the equation
Vo OBV Ve + Uy — %azv,?vxx +30%v,, — 320V, v, + 30%v,, = 0. (6)
To obtain the exact solution we substitute
v(x,y,zt) = ehx+ry+sz—ct (7
into the linear terms of (6), which gives ¢ as
c= %(37“20'2 + 3s%0% + k%), (8)
and the dispersion variable as
0 =kx+ry+sz —%(37’202 + 3s%0% + kH)t. 9)
Next we use the Cole-Hopf transformation
u(x,y,z,t) = R(Inf(x,y,2z,t)), (10)
or
v(x,y,z,t) = R(Inf(x,y,z1t)). (11)

To get the auxiliary function f(x,y,z,t), we use the simplified Hirota’s method: Substituting

12 2,22, 2,4
£, y,2,t) = 1+ !ty +sz—(3riot+3s%0 4k 12)

into (6), [11] gives the single-kink solution:
ulx,y,z,t) = v.(x,y,2,t))
fx 4K CB—ak), +sz—<k3 } 3k(2i;“k)2 } 3a2%>t

2ke o«

= _ ok )2 ARV (13)
( kx #k(zﬁaak)y+szf(k3 €3k(21‘312ak) 5301257)1:)
al 1+e

(Eq. (20) in [11]). The author [11] then used the same approach to establish the similar formula for the double-kink
solution

2 2
k;(2B—ak;) 3 3k;(2B—ak;) 25
kjx =ty sz k7 At m Y t3a }(i t

252 ke

— (1)

L
a 1+Zi2=1 kie

Let us show that the formula (14) is not correct and prove the correct formula.
Example 2.1. Let ki=1, k==2, $;=1, $:=0, =2, p=0=1, it is easy to show that (14) is not the solution of the equation (6).
Indeed
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2 <ex } (2;2)y+z—(1 :3(2;2) ) 3%): + 262x+2(22_4)y—(8+@)t)

u =
2 1 2(2—-4 6(2—4)?
¢ HBPE | 2r s )y—(8+(T)))t>

2(1+ex'

—2) \ 3(2-2)%)
Ty +z—(1+==

262x—14t—2y + ex—5t+z

— — "]
e2x—14t-2y + ex—5t+z +1 x’

v = ln(l + e2x—14t=2y + ex—5t+z)
and simplifying the expression

3
Vo OBV Ve + Uy — Eazvaxx +30%v,, — 320V, v, + 30%,,

we obtain
6(63x—18t—2y+z + 295x—32t—4y+z + e7x—46t—6y+z + e4x—22t—2y+22 + eSx—26t—2y+32 + Ze6x—36t—4y+22)
(62x—14t—2y + ex—4t+z 4 1)4 '
We used standard LaTex techniques to simplify the expression in the left hand side of (6). This expression is positive

for any choice of x,y,z and t. That is (14) is not the solution of the equation (6).
Now to find a correct double-kink solution we set

v(x, v,z t) — R(ll’l’c'l + ek1x+r1y+slz+clt + ek2x+r2y+szz+czt)' (15)

klexk1+~-+kzexk2+-~
14exki+fexko+

Uy =

Xkt gxkp+e

clk1eXkl+'“+czk2ex"2+'“+Zi'j=1‘2 cikje

(1+exk1+m+exk2+m)2
klexk1+--- + kzexk2+---

1 + eXki+ § gxkg+-
k1zeXk1+m+kZZEXk2+m+k12€Xk1+”'€sz+m+k22(?Xk1+m€sz+m—2k1kZEXk1+meXk2+m

(1+exk1+---+exk2+---)2

Uyt =

6ﬁUXUXX = 6ﬁR2

R
— 4
Vxxxx = (1 + exki+- 4 gxkat)2 (kie

xkq+ _ 4k1462xk1+~~ + k24exk2+~-~

+ k1463xk1+--- _ 4k2462xk2+--- + k24e3xk2+--- + 3k14exk1+---exk2+--- + 3k24exk1+---exk2+---
+ 3kilexk1+--~62xk2+~~- _ Skilexk2+~~-62xk1+-~- + kilexk1+-~-63xk2+--~ + kaXk2+"'€3Xk1+'"
_Bkgexk1+--~62xk2+~- + 3kélexk2+~-~62xk1+-~- _4kil—62xk1+~~-62xk2+--~ + k363xk2+--~exk1+~-
+kge3xk1+---exk2+~-- _ 4k2162xk2+---92xk1+-~- _ 4k1kgexk1+---exk2+-~-
_4k13kzexk1+~-~exk2+-~- + 16k§k162xk2+~-~exk1+-~- _ 8k1k5‘>62xk1+~-~exk2+-~-
_8k13kzexk1+---62xk2+--- + 16k13kzexk2+---62xk1+--- _ 4k1k%exk1+---e3xk2+---
_4k%kle3xk1+~-~exk2+-~- _ 4k13kze3xk2+~~exk1+-~- _ 4k2k13€3xk1+~~exkz+-~-
+16k%k1erk1+---62xk2+--- + 16k13k262xk2+---62xk1+--- _ 6k12k%exk1+---exk2+---
+6k12k§exk1+---93xk2+-~- + 6k12k§exk2+---93xk1+-~- _ 24k12k§erk1+---92xk2+~-),

ket ka+2
_gazvzv _ —Ea2R3 (kieXrt 4 kyeXk2t)
2 x Vxx 3 (1 + exkrt 4 gxka+)2

k%exk1+~-+k%exkz+~<+k%exk1+~<exk2+~-+k%exk1+~<exk2+~-_2klkzexk1+mexk2+~-

(1+exk1+---+exk2+---)2

rRexkit 4 p2oxkate 2 gxkit gxlot 2 o kit g kot _ gp g gxkit gxkyt

(1 + exkit + gxkpt)2

]

30%v,, = 30°R
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3 300 R2 k12exk1+--~ + k%exk2+-~-+k12exk1+--~exk2+~~-+k%exk1+-~-exk2+~~ _ 2k1kzexk1+-~-exk2+~~
TOA0U Uy = —oa0 (1 + exk1t 4 exk2+--~)2

xk1+~<+rzexk2+~-

rie
1teXki+yoxka+-"

S%exk1+~-+S%exk2+~~+ks%exk1+~-exk2+--~+S%exk1+~-exk2+--~_2$1Szexk1+~-exk2+--~

30%v,, = 30%R
zz (1+exk1+~-+exk2+~-)2

Substituting into (6), multiplying by (1 + e**1t 4 e*k2+)*and equalizing the coefficients of e™*1+ and
e™k2t 'm=1, 2, 3, we obtain the equations

kit + 30%r? + 30%s? + c1k; = 0,

k¥ +30%r} + 302s5 + ¢k, = 0, (16)
2k? — 2RBk, + Raor, =0,

2k3 — 2RBk, + Raor, =0’ 10
—4Bk, + 2aor; + Ra’k? = 0, (18)

—4pk, + 2aor, + Ra’k3 =0,

which gives
2 1 1
R=—, n =E(2ﬁ’k1—ak12), T =E(2ﬂk2—ak%)-
Coefficients of mixed products e™**1+ en*k2+can pe translated into the equation

(ky = kz)* +30%(ry = 12)* +30%(s; — 52)* + (¢1 — ) (kg — k3) = 0, (19)

and we obtain the next system for unknowns s. and c (for given ki, s;, 1, = i(Z/?kl —ak), r, = i(ZBkz — ak?),
2 2
¢, =—ki—-3rt-315s% k)
k1 k1
ki +302(rf + s?) + c1k; = 0,

k3 +30%(r? + s2) + ¢k, =0, (20)
(ky — k2)* 4+ 30%(r; = 1)* +30%(s1 —53)* + (c1 — ) (kg — k) = 0

or
2 2
¢, = —k3—-3%r2 —3%s}
k1 k1
3 a? 2 a? 2
C; = —kz — 3_7"2 — 3_52 (21)
k2 k2
r1—12)%+(s1—s2)*
Cl—CZZ—(kl_k2)3—3O'2—(1 2; il 2) .
17K2

First and second equations replaced into the third one gives

2 2 2 2
(2 o o o

i} —3% 02— 306 — (—k§ —3%07 —323)
k1 k1 k2 k2

11— 2 S1—S 4 (22)
= —(k; — k2)3 — 342 (r1 2}31:((21 2)
and
(02(k1r2 - k2r1)2 + 02(k152 - k251)2 - k%k%(lﬁ - kz)z) =0. (23)

Now substituting
1 .
T = %(Z,Bki —ak?), i=1,2

we have
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2
0? (I = 2Bk, = k) = ke = (26k; — k)

+02(kysy — kys1)? — kK3 (e — kp)? (24)
= 02(k152 - k251)2
and
ka
Sy = —=5;. (25)

This relationship allows us to find the elegant double-kink solutions. First, we find c. from the second equation in (21)
and (25):

2k2
= —k2 - 3 Tz -3 512
k, k1
and therefore, the exact solution is
2 2 2
2Bkq— akl (Zﬁkl ‘1"1) a 51
2 k x+— +s1z— k +3ﬁ— +3—H)t
v=;1ni.f€£l+ ! o=l )
2pkp—ak} 3 (Zﬁkz—ak%)z 20 kzs
legx+=—2——2. —(k3+3 +3 1
te 2X+ y+ s z—(ky+ <2 )t (26)

2 - o262
2Bk;—ak? K, 28k;—ak? k

PPl ly+—klslz—(ki3+3( - l) 37 200y
— _ln 1 2:1 1e ao 1 a‘kq ki

Now to find a wave travelling solution of the equation (2), we take k; = ny +in,, ky =n,—in,, s; =s+ %si,
1
n4,N2, S € R and consider the function

—ln 1+Z

2Bk, — ak? s @By —akP)? o’st
k1x+Ty+slz—(k1+3 a2k, +3 k

—ak (Zﬁki—akiz)z Uzk 31
L k343 +3
y+ s1z (k;+3 pr )t

We have for i=1

N

2B8(n, + iny) — a(nq + iny)? n
(ny +iny)x + plu Z)aa (na 2) y+s(1+n—2i)z
1

ny .
@B(n + ing) — a(n + ing)?)? 30%5% (1+20)
a’(n, + iny) (n1 +iny)

—| (ny +iny)3 +3

2Bn, + ans — an? n.(28 — 2an n
=nyx + inyx + fra 2 1y+ (25 1)yi+5(1+—2i)z
ac aoc n,

2020? + 4a’nf — 12a’niné — 12afn3 + 12afnné + 12°n?)t

an,
n?(3s?a’c? + 12a?nt — 4a’nin3 — 24afnd + 12%n?)ti,

a’n?
and for i=2

2Bk, — ak? ks, (2Bkz, — ak3)? koo?

—(k3+3 3 t
ao y+ k1 2= (ke + a’k, + k? st)
2B(ny — ing) — a(ny —iny)? (M= inz)s(1+ n_Zi)
y+ —z
ao nq + in,
3(2B(ny — iny) — a(ng — iny)*)?
a®(ny — iny)

kzx +

= (ny—iny)x +

—((ny —iny)* +
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N 3(n1 — iny)o?s*(1 + (ny/nq)i)? ,
(n1 + inz)z
2Bn, + an3 —an?  ny(2B — 2an,) .
y— yi

=Nn.x — inyx +
ao ao

+s(1 — (nz/n1)i)z
(3s2a%0” + 4a*nt — 12a*n,*n — 12apn3 + 12afnné + 126*ni)t

2
n

-— (3s%a’c? + 12a*n} — 4a’ninj — 24afn} + 12B*n)ti.
a?n?

a’n,

+

This in turn gives

2
2 2Bkj—ak? ks (28k;—ak?)” ko2
Z kxt———Lly 4=ty (3433t L 43710 2y

e t ao k1 3 kl-az kg
n=1

2Bn, + anf — an?
= 2cosifn,x + hna aaz ! y+cz

(3s%a?a? + 4a’n} — 12a*n,*né — 12apn3 + 12afnn3 + 12p°nd)t

a’ng , ,
26n, + anj5 —an
= 2cosiihix + pa 02 ! y+cz

ﬁznl Tl% 0252 .8 2 2 .8 2
_12t< ) +?+ Al g T T N )

and the travelling-wave solution

dnisin(nix + p(ny, n2)y + sz — P (ny, ny, S)t)

where

) ) )t =
u(xy,2,t) a(l+ 2cos(nix + p(ny, ny)y + sz — P(nq, ny, S)t)
_ 2pny — an? + an}
p(ny, 7;2) = . Zaa )
pB‘ny ni o°s f B
1/’(”1;”2;5)512( a21 ?1 rm——n%—n%nl——n% .

3. Conclusions

This paper has described how the travelling-wave solutions can be received from double-kink solutions. We found the
necessary conditions for double kink solution to exist. The dispersion relations were also derived.
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