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  Abstract 
The solution of a system of nonlinear equations is presumably one of the most 
common but difficult features in numerical analysis in the sense of different aspira-
tions for instance; high accuracy, minimum computation time, a small number of 
iterations along with less computational cost. In this study, four distinct iterative 
methods are presented for solving a system of nonlinear equations such as Broy-
den’s method (BM), Optimal fourth-order method (OFOM), Optimal sixth order 
method (OSOM), and Homotopy continuation method (HCM). Detail formulations 
are explained along with the solution procedure. In addition, the rate of conver-
gence and computational complexities are also explained within the formulations. 
Furthermore, to demonstrate and compare the efficiency of these methods, we 
solve two real-world practical nonlinear models. However, the results are presented 
numerically in a tabular form and the approximate results are compared with the 
exact and approximate solutions of other existing iterative methods. After analyz-
ing the results, we conclude which method is better in what aspects. 
 
Keywords 
Broyden’s method, Optimal fourth order method, Optimal sixth order method, 
Homotopy continuation method 

 
1. Introduction 

Usually, the solution of a system of nonlinear equations is required in the conclusive stage of real-world problems 
generated in mathematical physics, electrical engineering, robotics, mechanical and chemical engineering. Most of them 
are constructed based on various schemes such as Taylor series, variational iteration, quadrature formula, perturbation, 
and decomposition method; for instance, see the references [1-8]. Different methods have different amenities and limita-
tions [9, 10]. While some methods give good accuracy but take a large number of iterations [24]. On the other hand, some 
methods provide high accuracy in short iteration numbers but the computational complexity is immense which takes 
huge time to compute [25, 26, 27]. For this consequence, it is inevitable to compare these iterative methods from various 
aspects. 

In this paper, we are going to present four iterative methods for solving a system of nonlinear equations such as Broy-
den’s method, Optimal fourth and sixth-order methods, and Homotopy continuation method. After detailed formulation 
along with the application procedure, we will apply these methods to some practical models that arise in engineering. 
Finally, we will analyze the methods based on our experiments from different directions. 
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2. Mathematical formulation 
In this section, we will represent the derivations of four different iterative methods for the numerical solution of the 

system of nonlinear equations. 
Let us consider a generalized form of the system of nonlinear equations as 

𝑓𝑓1(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛) =  0  
𝑓𝑓2(𝑥𝑥1, 𝑥𝑥2, . . . , 𝑥𝑥𝑛𝑛) =  0  

 . 
. 
. 

𝑓𝑓𝑛𝑛(𝑥𝑥1, 𝑥𝑥2, . . . , 𝑥𝑥𝑛𝑛) =  0  
Assume that the system is solvable and its solution is (𝑥𝑥1, 𝑥𝑥2, . . . , 𝑥𝑥𝑛𝑛)  =  (𝑎𝑎1,𝑎𝑎2, . . . ,𝑎𝑎𝑛𝑛). 

2.1 Broyden’s method 

Let us consider a system of nonlinear of the form F(X)  =  0, where F is a vector valued function of X. Here 
X = (𝑥𝑥1, 𝑥𝑥2, . . . , 𝑥𝑥𝑛𝑛) and 

F(X) = �f1(x1, x2. . . , xn ), f2(x1, x2. . . , xn ), . . . . , fn (x1, x2. . . , xn )� . 

Also let 𝑋𝑋𝑘𝑘  for 𝑘𝑘 =  0 is the initial condition and 𝜀𝜀1, 𝜀𝜀2 are two stopping criteria. 
First of all, we should compute 

Δ𝑋𝑋𝑘𝑘 = −
𝐹𝐹(𝑋𝑋𝑘𝑘)
𝐽𝐽𝑘𝑘

 

where 𝐽𝐽𝑘𝑘  is the Jacobian computed as 
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Then we should update by 
𝑋𝑋𝑘𝑘+1 = 𝑋𝑋𝑘𝑘  + Δ𝑋𝑋𝑘𝑘                                     (2.1) 

Now the Jacobian will be updated by using previous results as 

𝐽𝐽𝑘𝑘+1 = 𝐽𝐽𝑘𝑘 +
Δ𝐹𝐹𝑘𝑘 − 𝐽𝐽𝑘𝑘Δ𝑋𝑋𝑘𝑘
�|𝑋𝑋𝑘𝑘 |�2

𝑋𝑋𝑘𝑘𝑇𝑇 

where Δ𝐹𝐹𝑘𝑘 = 𝐹𝐹(𝑋𝑋𝑘𝑘+1) − 𝐹𝐹(𝑋𝑋𝑘𝑘) Using the updated Jacobian in equation (2.1), we can find the most updated solution. 
Same procedure would be continued until 

𝑚𝑚𝑚𝑚𝑚𝑚 �|𝑋𝑋𝑘𝑘+1 − 𝑋𝑋𝑘𝑘 |� < 𝜀𝜀1 

or 

𝑚𝑚𝑚𝑚𝑚𝑚�|𝐹𝐹(𝑋𝑋𝑘𝑘+1)|� < 𝜀𝜀2. 

2.2 Optimal 𝟒𝟒th order method 

Let us consider a problem of nonlinear system 𝐹𝐹(𝑥𝑥)  =  0 with 𝑛𝑛equations and 𝑛𝑛unknowns. There are several kinds 



Hazrat Ali, Trishna Datta, Md. Kamrujjaman 
 

 
DOI: 10.26855/jamc.2021.12.011 333 Journal of Applied Mathematics and Computation 
 

of optimal fourth order method. Here we are considering the Optimal fourth order method combining Newton’s and 
Traub’s Method. 

At first, we consider two step weighted-Newton method 

𝑦𝑦𝑛𝑛  =  𝑥𝑥𝑛𝑛  − 𝜃𝜃
𝑓𝑓(𝑥𝑥𝑛𝑛)
𝑓𝑓′(𝑥𝑥𝑛𝑛) 

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 − �𝛼𝛼 + 𝛽𝛽
𝑓𝑓′(𝑥𝑥𝑛𝑛)
𝑓𝑓′(𝑦𝑦𝑛𝑛) + 𝛾𝛾

𝑓𝑓′(𝑦𝑦𝑛𝑛)
𝑓𝑓′(𝑥𝑥𝑛𝑛)�

𝑓𝑓(𝑥𝑥𝑛𝑛)
𝑓𝑓′(𝑥𝑥𝑛𝑛)                                                      (2.2) 

Here, 𝛼𝛼,𝛽𝛽, 𝛾𝛾,𝜃𝜃 are constants whose values determine the order of the method. To determine these values, let us con-
sider the following theorem [11]. 

Theorem 1. [11] Let 𝑓𝑓(𝑥𝑥) be a real or complex function. Assuming that f(x) is sufficiently differentiable in an in-
terval  I ⊆ R, if f(x) has a simple root  x ∈ I  and x0 is sufficiently close to root X, then (2.2) has fourth order con-
vergence if  α =  − 1

2
, β = 9

8
, γ =  3/8, and θ = 2

3
. 

Then the proposed Optimal fourth-order method becomes 

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 − �−1
2

+ 9
8
𝑓𝑓′ (𝑥𝑥𝑛𝑛 )
𝑓𝑓′ (𝑦𝑦𝑛𝑛 )

+ 3
4
𝑓𝑓′ (𝑦𝑦𝑛𝑛 )
𝑓𝑓′ (𝑥𝑥𝑛𝑛 )

� 𝑓𝑓(𝑥𝑥𝑛𝑛 )
𝑓𝑓′ (𝑥𝑥𝑛𝑛 )

                           (2.3) 

Where 𝑦𝑦𝑛𝑛 = 𝑥𝑥𝑛𝑛 −
2
3
𝑓𝑓(𝑥𝑥𝑛𝑛 )
𝑓𝑓′ (𝑥𝑥𝑛𝑛 )

 
To apply this method for solving system of nonlinear equations, we have to follow the following procedure. 
Let us consider the initial guess 𝑥𝑥𝑘𝑘  for 𝑘𝑘 =  0 and ε be the tolerance. First of all, we should compute 𝑦𝑦𝑘𝑘  by using 

Newton’s method as follow 

𝑦𝑦𝑘𝑘 = 𝑥𝑥𝑘𝑘  − 2
3
𝐹𝐹′(𝑥𝑥𝑘𝑘)−1𝐹𝐹(𝑥𝑥𝑘𝑘). 

Which will be updated again by Traud’s method as 

𝑧𝑧𝑘𝑘  =  𝑥𝑥𝑘𝑘  −  𝐹𝐹′(𝑥𝑥𝑘𝑘)−1�𝐹𝐹(𝑥𝑥𝑘𝑘)  +  𝐹𝐹(𝑦𝑦𝑘𝑘)�                          (2.4) 

The updated roots will then be calculated as 
𝑥𝑥𝑘𝑘+1 =  𝑦𝑦𝑘𝑘 − [𝐹𝐹′(𝑧𝑧𝑘𝑘)]−1𝐹𝐹(𝑦𝑦𝑘𝑘)                                (2.5) 

The procedure will be continued until �|𝑥𝑥𝑘𝑘+1 − 𝑥𝑥𝑘𝑘 |� < 𝜀𝜀 

2.3 Optimal 6th order method 

Another optimal method for solving nonlinear system of equations 𝐹𝐹(𝑥𝑥)  =  0 is Optimal Sixth-order method. And it 
is local order of convergence is six. 

In this method, a new function calculation is required which is denoted by 𝐽𝐽𝑓𝑓(𝑥𝑥𝑘𝑘) and defined as, 

𝐽𝐽𝑓𝑓(𝑥𝑥𝑘𝑘) =
3𝑓𝑓′(𝑦𝑦𝑘𝑘) + 𝑓𝑓′(𝑥𝑥𝑘𝑘)

6𝑓𝑓′(𝑦𝑦𝑘𝑘) − 2𝑓𝑓′(𝑥𝑥𝑘𝑘) 

Where 𝑦𝑦𝑘𝑘  = 𝑥𝑥𝑘𝑘  − 2
3
� 𝑓𝑓(𝑥𝑥𝑘𝑘)
𝑓𝑓′ (𝑥𝑥𝑘𝑘)

� 
Once again, we consider an initial guess 𝑥𝑥𝑘𝑘  for 𝑘𝑘 =  0 and a terminal condition 𝜀𝜀. The beginning procedure, we 

should compute 𝑦𝑦𝑘𝑘  by using 𝑥𝑥𝑘𝑘  as 𝑦𝑦𝑘𝑘  = 𝑥𝑥𝑘𝑘  − 2
3
� 𝑓𝑓(𝑥𝑥𝑘𝑘)
𝑓𝑓′ (𝑥𝑥𝑘𝑘)

� 
Further, the following iterations need to be performed 

𝐽𝐽𝑓𝑓(𝑥𝑥𝑘𝑘) =
3𝑓𝑓′(𝑦𝑦𝑘𝑘) + 𝑓𝑓′(𝑥𝑥𝑘𝑘)

6𝑓𝑓′(𝑦𝑦𝑘𝑘) − 2𝑓𝑓′(𝑥𝑥𝑘𝑘) 𝑧𝑧𝑘𝑘 = 𝑥𝑥𝑘𝑘 − 𝐽𝐽𝑓𝑓(𝑥𝑥𝑘𝑘)
𝑓𝑓(𝑥𝑥𝑘𝑘)
𝑓𝑓′(𝑥𝑥𝑘𝑘) 

Finally, the updated roots will be calculated as 

𝑥𝑥𝐾𝐾+1 = 𝑧𝑧𝑘𝑘 − ��𝑓𝑓(𝑧𝑧𝑘𝑘)� × �3
2
𝐽𝐽𝑓𝑓(𝑥𝑥𝑘𝑘)𝑓𝑓′(𝑦𝑦𝑘𝑘) + �1 − 3

2
𝐽𝐽𝑓𝑓(𝑥𝑥𝑘𝑘)� 𝑓𝑓′(𝑥𝑥𝑘𝑘)�

−1

�           (2.6) 

This procedure will be repeated until �|𝑥𝑥𝑘𝑘+1 −  𝑥𝑥𝑘𝑘 |� <  𝜀𝜀. 
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3. Homotopy Continuation Method 

In a similar manner, we consider a system of nonlinear equations such that 𝐹𝐹(𝑥𝑥)  =  0 and 𝑋𝑋 be a solution of our 
problem. We are going to introduce a parameter 𝜆𝜆 that take values from the interval [0, 1]. 

When 𝜆𝜆 =  0, the solution 𝑥𝑥0 is the initial solution. And the solution 𝑥𝑥1 = 𝑋𝑋 corresponding to 𝜆𝜆 =  1 is the un-
known solution of the system [12]. 

Suppose that the initial approximation 𝑥𝑥0, the solution 𝐹𝐹(𝑋𝑋)  =  0 is defined by 
T   ∶  [0,1] × ℝ𝑛𝑛 →  ℝ𝑛𝑛 , 

where T (𝜆𝜆,𝑋𝑋)  =  𝜆𝜆𝜆𝜆(𝑋𝑋)  + (1 −  𝜆𝜆)[𝐹𝐹(𝑋𝑋) −  𝐹𝐹(𝑋𝑋0)]. 
We are going calculate a solution to 

T (𝜆𝜆,𝑋𝑋)  =  0                                     (3.1) 
for various values of 𝜆𝜆. The function T provides us a family of functions with different values of 𝜆𝜆 and this is going 

to lead us to the solution 𝑋𝑋1 =  𝑋𝑋. The function T, between the function T (0,𝑋𝑋) and T(1,𝑋𝑋) is called a homotopy [12]. 
Now we are going to describe the continuation process. We assume an unique solution to the equation 

T(𝜆𝜆,𝑋𝑋) =  0,                                           𝜆𝜆 ∈ [0,1]                                                            (3.2) 
If the functions 𝜆𝜆 →  𝑋𝑋(𝜆𝜆) and T are differentiable, then from equation (3.2), we have 

𝜕𝜕 𝑇𝑇�𝜆𝜆,𝑋𝑋(𝜆𝜆)�
𝜕𝜕𝜕𝜕

+
𝜕𝜕 𝑇𝑇�𝜆𝜆,𝑋𝑋(𝜆𝜆)�

𝜕𝜕𝜕𝜕
𝑋𝑋′(𝜆𝜆) = 0  

𝑋𝑋′(𝜆𝜆) = −�
𝜕𝜕 𝑇𝑇�𝜆𝜆,𝑋𝑋(𝜆𝜆)�

𝜕𝜕𝜕𝜕
�
−1 𝜕𝜕 𝑇𝑇�𝜆𝜆,𝑋𝑋(𝜆𝜆)�

𝜕𝜕𝜕𝜕
 

Now we have a system of equations with an initial condition 𝑋𝑋0. Since, 

T�𝜆𝜆,𝑋𝑋(𝜆𝜆)�  =  𝐹𝐹�𝑋𝑋(𝜆𝜆)�  +  (𝜆𝜆 −  1)𝐹𝐹(𝑋𝑋0) 

So, we can determine both the Jacobian matrix 𝐽𝐽�𝑋𝑋(𝜆𝜆)� and 

𝜕𝜕𝜕𝜕�𝜆𝜆,𝑋𝑋(𝜆𝜆)�
𝜕𝜕𝜕𝜕

= 𝐹𝐹(𝑋𝑋0) 

The system of differential equation becomes 

𝑋𝑋′(𝜆𝜆)  =  −�𝐽𝐽�𝑋𝑋(𝜆𝜆)��−1𝐹𝐹(𝑋𝑋0),           0 ≤ 𝜆𝜆 ≤  1. 

This system of differential equations can be solved by Runge-Kutta method of fourth order [12]. 

4. Numerical examples and applications 
System of nonlinear equations appear inside of many numerical computations [18-23]. In this section, we will consider 

the solution of some practical models that are generated in engineering and mathematical physics. The error norm is cal-
culated as follows 

�|𝑒𝑒|�
2

= �𝑒𝑒1
2 + 𝑒𝑒2

2 + 𝑒𝑒3
2+. . . +𝑒𝑒𝑛𝑛2. 

4.1 Chemical Model 

The following system of nonlinear equations represents a model of a chemical system that is used as a test system 
[13, 14]. This system at steady state represents a model of two Continuous, Series, and non-adiabatic Tank Reactors 
(CSTR) with recycle and an exothermic irreversible reaction of order one. The equations are [15, 16] 

⎩
⎪
⎨

⎪
⎧ (1 − 𝑅𝑅) � 𝐷𝐷

10(1+𝛽𝛽1)
−Φ1� exp� 10𝛷𝛷1

1+10𝛷𝛷1
𝛾𝛾
� − Φ1 = 0

(1 − 𝑅𝑅) � 𝐷𝐷
10

 − 𝛽𝛽1Φ1 − (1 + 𝛽𝛽2)Φ2� exp� 10𝛷𝛷2

1+10𝛷𝛷2
𝛾𝛾
�  + Φ1 − (1 + 𝛽𝛽2)Φ2 = 0

�      (4.1) 
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0 ≤ Φ𝑖𝑖 ≤ 1, 𝑖𝑖 = 1, 2 
Here, we have two variables representing the reactor’s temperature. They are respectively Φ1 and Φ2. In this system, 

𝛽𝛽1,  𝛽𝛽2, 𝛾𝛾, 𝐷𝐷 are constants and 𝑅𝑅 is the recycle ratio. For different values of 𝑅𝑅, the number of the solution vary. The 
initial condition for the problem is (0.7, 0.6). Exact result of the problem is (0.724987, 0.245240). 

 

Table 1. Numerical comparison between Broyden’s, Optimal 4th and 6th order and Homotopy continuation methods with 
(𝑹𝑹,𝑫𝑫,𝜷𝜷𝟏𝟏,𝜷𝜷𝟐𝟐,𝜸𝜸)  =  (𝟏𝟏𝟏𝟏,𝟐𝟐𝟐𝟐,𝟐𝟐,𝟐𝟐,𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏) of problem 𝟒𝟒.𝟏𝟏 

Methods Iterations Roots(Φ1,Φ2) Error 

BM 11 (0.72499, 0.24524) 2.604569 × 10−07 
OFOM 5 (0.724987, 0.245241) 1.111916 × 10−07 

OSOM 37 (0.724987, 0.245240) 8.956775 × 10−07 

HCM 200 (0.724987, 0.245241) 2.311787 × 10−03 
This problem is solved by applying Broyden’s method (BM), optimal fourth-order method (OFOM), optimal 

sixth-order method (OSOM), and Homotopy continuation method (HCM), and the numerical comparison is depicted in 
tabular form in Table 1. From the tabulated values, it is apparent that the optimal fourth-order method provides a good 
accuracy within a short iteration number, and the homotopy continuation method is computationally expensive. 

4.2 Thin wall problem 

This system of nonlinear equation is generated to find the solution of a thin wall rectangle girder section [16, 17]. 

⎩
⎨

⎧
𝑔𝑔1 (𝑤𝑤,ℎ, 𝑡𝑡)  =  𝑤𝑤ℎ + (𝑤𝑤 − 2𝑡𝑡)(ℎ − 2𝑡𝑡) − 165 = 0

𝑔𝑔2(𝑤𝑤,ℎ, 𝑡𝑡)  = 𝑤𝑤ℎ3

12
− (𝑤𝑤−2𝑡𝑡)(ℎ−2𝑡𝑡)3

12
− 9369 = 0

𝑔𝑔3(𝑤𝑤,ℎ, 𝑡𝑡)  = 2(ℎ−𝑡𝑡)2(𝑤𝑤−𝑡𝑡)2𝑡𝑡
𝑤𝑤+ℎ−2𝑡𝑡

− 6835 = 0

�                      (4.2) 

Here 𝑤𝑤,ℎ, 𝑡𝑡are the width, height and thickness of the rectangular section respectively, and 𝑤𝑤,ℎ, 𝑡𝑡 ≥  0. 

Table 𝟐𝟐. Numerical comparison between Broyden’s, Optimal 4th and 6th order, and Homotopy continuation methods of prob-
lem 𝟒𝟒.𝟐𝟐 

Methods Iterations Roots(𝑤𝑤, ℎ, 𝑡𝑡) Error 

BM 17 (43.155566, 10.128950, 12.944048) 3.639618 × 1006  

OFOM 5 (43.155566, 10.128950, 12.944048) 1.595745 × 1007 

OSOD 50 (43.155566, 10.128952, 12.944050) 2.365034 × 1006 

HCM 400 (43.155566, 10.128950, 12.944048) 2.515823 × 1003 
Similarly, we experiment with the methods that are discussed earlier to this real-world problem, and the results are 

presented in comparative tabular form (Table 2). The same consequences are noticed here as before which is that the 
optimal fourth iterative method is by far the most efficient compared to other methods that are discussed in this paper. It 
takes only 5 iterations to reach an accuracy of 6th decimal places. 

4.3 Complex problem 

Finally, we consider a system of nonlinear problem that is comprised with trigonometric and exponential functions 
[12]. 

�
6𝑥𝑥1 − 2 cos(𝑥𝑥2𝑥𝑥3)  − 1 =  0

9𝑥𝑥2 + �𝑥𝑥1
2 + 𝑠𝑠𝑠𝑠𝑠𝑠 𝑥𝑥3 + 1.06 + 0.9 = 0

60𝑥𝑥3 + 3𝑒𝑒−𝑥𝑥1𝑥𝑥2 + 10𝜋𝜋 − 3 = 0

�                         (4.3) 

Using initial condition as 𝑥𝑥0 =  (0, 0, 0)𝑡𝑡  and solving by prior discussed methods, we find the following results that is 
presented in Table 3. 
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Table 𝟑𝟑. Numerical comparison between Broyden’s, Optimal 4th and 6th order, and Homotopy continuation methods of prob-

lem 𝟒𝟒.𝟑𝟑 

Methods Iterations Roots (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3) Error 

BM 5 (0.49814,−0.19961,−0.52883) 8.1909 × 10−09 
OFOM 4 (0.49814,−0.19961,−0.52883) 1.7224 × 10−14 

OSOM 15 (0.49815,−0.19961,−0.52883) 5.6282 × 10−07 

HCM 2000 (0.49815,−0.19961,−0.52883) 3.7921 × 10−04 

5. Concluding Remarks 
In this paper, we have presented detailed formulations of four iterative methods for solving a system of nonlinear equ-

ations. These methods are applied for solving two nonlinear models that are arisen in chemical and mechanical engineer-
ing. The numerical results are well presented in tabular form along with comparison. Here it is clear that the computa-
tional complexity of the Homotopy continuation method is immense. Also, both Broyden’s, and optimal sixth-order me-
thods provide better accuracy within a reasonable number of iterations. After analyzing the results, we can conclude that 
the optimal fourth-order method is the most efficient, computationally economical method. 
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