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1. Introduction

Viral diseases have been known for millennia. Already under the Babylonians, it was known that rabies is transmitted
by the bite of the rabid dog. Smallpox, a disease causing high mortality, has accompanied humans foralong time and has
been found on mummies in Egypt.

In 1884, the development of the Chamberland Candles [1], which eliminated bacteria from a solution, represented the
first step in the discoveryof viruses. Adolf Mayer (1843-1942) described in detail a disease of tobacco plants which he
called tobacco mosaic. He realizes that the disease isinfectious because it can be transmitted by what he believes to be
bacteria.

The tobacco mosaic virus (TMV/VMT) will remain an importantmodel in all fundamental virus studies. In 1935,
Wendell Stanley succeeded in crystallizing the tobacco mosaic virus (TMV/VMT), which allowed its chemicalanalysis
and the following year Bawden and Pirie described astructure combining proteins and ribonucleic acid. The first human
virus,the agent of yellow fever, was identified in 1901 by Walter Reed, James Carroll and Jesse Lazear. Another example
is the Ebola virus, which causes Ebola hemorrhagic fever with a mortality rate from 50% to 90%.

Currently, new viruses continue to be discovered, such as the hepatitis C virus in 1989, the Nipah virus in 1999
(respiratory infection in pigs andencephalitis in humans), Metapneumovirus in 2001, the SARS virus (severeacute
respiratory syndrome) in 2003.

There exists in the literature, several mathematical models using ordinary differential equations (ODEs), delay
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differential equations (DDEs) and partial differential equations (PDEs), have been developed to help understand the
dynamics the mechanisms and dynamics of within-host viralinfections (see [2, 3, 4, 5, 6]).

There have been many advances in the understanding of infections ofcells by viruses, one can quote on this subject the
work of Spouge and al forthe transmission of virus to cell to cell via virological synapses ( cf [10]). In Zhang et al. [11],
they have developed the following model of viral transmissionbased on ODE with two different types of infection and a
cure rate:

J0H
(—= A—dH—-(BI+aV)H+pl

at
al
(D Frie BI+aV)H— (a+p)I
ov =ki V
at u

where H; I and V represent the concentrations of uninfected cells,infected cells, and free virus respectively. m is the
regeneration rate of uninfected cells, d; a and u are the death rates of three kinds of cellsrepresentsthe curate, kI is
the rate at which infected cells produce free viruses. (BI + aV)H represents the total infection rate of host cells, which
is divided into two parts BIH and aVH. The former represents the part whereinfected cells infect host cells by direct
contact, and the lattermeans that host cells are infected by the free virus. Using a Lyapunov functions, the authors have
establihed the local andglobal stability of the points of equilibrium.

In the basic mathematical model proposed by Zhang et al. [11], as well as in the other models which resulted fromthis
work (cf [12]), thespatial mobility of cells and viruses is ignored. Taking spatial movementinto account inmany
biological phenomena is no longer to be justifed, asevidenced by the work of Funk et al. [13] on the study of
virus-immunespatial dynamics, reaction-diffusion models of the hepatitis B (see [14]). Motivated by the work of Zhang
et al., we introduce diffusion into their model and analyze the impact ofspatial mobility on equilibrium states. More
precisely, we are interested in the following model:

J0H
[—= A—dH—-(BI+aV)H+pl

at
al
(2) Frie BI+aV)H— (a+p)I
aV—d AV + kI %4
a u

with homogeneous Neumann boundary conditions
(3)‘2—2: 0 on Qx(0, )
and initial conditions
(4) H(x,0)=H,, I1(x,0) = I, V(x,0) =V, xeQ.
Here Q isabounded domainin R™ with smooth boundary 9.2, ‘;—Z is the normal derivative of V on an.

The rest of paper is organized as follows. The next section deals with theglobal existence, positivity, and boundedness
of solutions of problem (2)-(4). In Section 3, we discuss the stability analysis of equilibria. In Section 4, we present the
numerical simulation to illustrate our result.

2. Global existence, positivity, and boundedness of solution

This section is devoted to the study of the global existence, positivity, and boundedness of solutions of problem 2-4.
We state the following result.

Theorem 1. For any given initial data ® = (H,,I,, V,)T satisfying condition (4); there exists a unique solution of
system (2) defined on [0, +c0) and this solution remains nonnegative and bounded for all ¢ = 0.

Proof. We define the Banach space X = (C (ﬁ) )3; problem can be written abstractly in the space X as follow:
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u' () = Au(t) + F(u®), t>0,

) u(0) = ug e C(Q)

where wu= (H, I, V), uy= (Hy Iy, Vo)" and Au= (0, 0, dy Au)" and
A—dH—(BI+aV)H+pl
F(u(t)) = ( (Bl +aV)H - (a+p)I >
kI —uV

Since F is locally Lipschitz in X, thus there exists a unique local solution of the system (2) on the interval
[0, T,y ); wWhere T, denotes the maximal existence time for solution of the system (2) (see [15]).

We have H(x,t) =0, I(x,t) =0, V(x,t) = 0,since 0 =(0,0,0) represents a lower-solution of the model (5).

In order to prove the boundedness of solutions, let us set W = H + I. This implies

ow
E=A—dH—pI—(a+p)I
(6) =A—dH —al
=A-—nW

where y; = mini{d, a). Hence
A
W(x, t) < max {)/_' max, .5 (Ho(x) + Iy (x))}
1

This implies that H and I are bounded. Furthermore, from the boundness for I and the system (2); it follows that
V satisfies the following system

av
i dyAV < ky, —uV  in 2% [0, Tnax )
av
(7) % =0 in 00 =* [0, Tmax)

V(x,0) =Vy(x) on 2

where y, = max {:—1, max, 5 (Ho(x) + Io(x))}.
Using the comparison principle [16], we deduce that V < V; where V(t) = Vp(x)e ™ + kuﬂ(l —e ™) js the
solution fo the following ODE
gzk}/z—uv on [0,Tnax )
7(0)=1Vollo =max (Vo).

ky2 ||V0||oo} forall t € (0, o); we have that

)
u

Since V < max{

8 V(xt) Smax{"uﬂ, ||V0||oo} forall (x,t)e 2 X [0, Tpar).
Using [17], Theorem 2, to establish the L* uniform boundedness of V, it is sufficient to show the L' uniform
boundedness.

. av
Since — =0 and
an

AH+1+V)

R — AdyV) < A+ ky, —ys(H+1+V),

where y; = min{y,,v,}, we get

9 %(I(H +1+ V)dx) < meas(Q)( + ky,) — y;3 (f(H +1+ V)dx).

Hence
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+ ky,

(10) f(H + 14+ V)dx < meas(Q) (max{A , ||Ho + 1o + Vo||oo})

which implies that
+ k]/z

 lH + 1o+ Lo}

Using [17, Theorem 3.1], we deduce that there exists a positive constant K* that depends on K and on ||Hy + I, +
V0//co such that

(10) Sup;>g (f V(x, t)dx) < K := meas(2) <max {A

(1) Supexo[lV(, Dlle = K7
From the above, we have proved that H, I and V are bounded on 2 X [0 , T, ). Therefore, it follows from the
standard theory for semilinear parabolic systems (see [18]) that T,,,, = +oo. This completes the proof of the theorem.

3. Qualitative analysis of the spacial model

The basis reproduction number [19, 20] of the model (2); is given by
Alak + Bu)
12 Ry= ——m—
(12) 0 du(a + p)
It is not hard to show that the system (2); is always a disease-free equilibrium of the form E, = (hy , 0, 0), where
hy = % Further, if Ry > 1; the system (2); has a unique endemic equilibrium E* = (H*, I*, V*) where

A

(13) H =
A 1

a4 1 _5(1— R—O)

(15) V*= SI*.
The objective of this section is to discuss the local and global stability of the equilibria.
3.1 Local stability of the equilibria

We now discuss the stability of the corresponding steady states of the model. Let us assumethat 0 < A4; <1, <+ <
A, be the eigenvalues of the operator —Aon Q with the homogeneous Neumann boundary conditions and €(A4;) be the
eigenfunction space corresponding to A; in C'(2). Let {q;i,-:j =1,2 ...,dimE(/li)} represent an orthonormal basis of

8(/1['), Xl’]‘ = {q)lpl] . ¢ € R3} and X = (6(9)1)3, then

0 dimE (4;)
X = @ Xi and Xi = @ XU- .
i=1 j=1
Let E= (H, 1, V) be an arbitrary steady state of the system (2). We define the following perturbation about E:
(16) U (e, t) =H,t)—H, Uy(x,t) =I1(x,t) — I and U3 (x,t) = V(x,t) = V

Linearizing the system (2); at E; we obtain

(17) U _ pav +] % U(x, t)

at
where
—d—(ﬁ 7+a7) p—B H aH
/= (B I+aV) BH-(a+p) aH
0 k -u

is the Jacobian matrix of (16); without diffusion (i.e. d,)at E and D = diag(0, 0, d,) and U = (U, ,U,,U3)".
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We define the operator L by
LU = DAU +] = U(x,t)

x; IS invariant under the operator L for all i > 1. Further, n is an eigenvalue of L if and only if it is a root of the
equation

(18) det(—A;D+]—-13)=0
forsome i > 1 and in this case, there exists an eigenvector in y; i
We have
—d-(B I+aV)—n p—B H aH
—AD+]—=nl; = (B 1+aV) B H—(a+p)—1 aH
0 k —Ady —u—n@

At the boundary equilibrium E, = (hy, 0, 0); it is easy to see that n; = —u — A;dy is one root of (18); and the
other two roots n,, 13 satisfy
m+n3=—(a+p+u+iidy —hg)
I R ) )
R, + Bhy Rg 1)+u+2dy
n2m3 = (@ + p — Bho)(u + A;dy) — akhy
> (a+p)(u+ 4dy)(1—Ry)

Then, when Ry <1, n, + 13 <0 and n,n3 > 0 all the root of (18); at E, have negative real parts then E, is
locally asymptotically stable. For R, > 0; we take 4; = 4, = 0 to obtain n,n3 < 0. Which implies that (18) has a
positive eigenvalue and E; is unstable.

Evaluating (18) at E* and using [11], we obtain

(21) An® +Bn®>+Cn+D =0,

(20)

where
A= (u+ Ady)H?
B = pAI* + (u + A;dy)*H* + akH*
C = alMH* + au? + apkH*I* + p(u + A;dy)*I" —uap(u + A, dy)I* — p?(u + 4;dy)I* + aB(u + A;dy)I"H*
+upBl*H",
D = aak(u + A dy)I"H* + af(u + A;dy)*H* 1" + pB(u + 4;dy)*H*I* — ap(u + A;dy)? 1" — p?(u + A;dy)? 1" +
pak(u + A;dy)H".
We have, A, B > 0 and noticing thatH*(uf + ak) = u(a + p) we deduce that
C = yakH* + yu? + puI* + uaBI*H* > 0
D = aqukI"H* + afu?I*"H* > 0
and
BC — AD = (yu + pul* + akH*?). (aAkH* + uafI"H* + Au? + pu?H")
+utH* (A + pI*) + aku?H**(A— al*) > 0

where Ry > 1 and H* = A/a(1 — 1/R,) are used.

Then, by the Routh-Hurwitz Criterion [21], we know that all the roots of (18) at E* always have negative real parts.
Thus, the epidemic equilibrium E* is locally asymptotically stable for R, > 1. The characterization of the local stability
of virus-free equilibrium Eyand endemic equilibrium are given by the following result.

Theorem 2. For model (2); we have the following conclusion:

I. E, islocally stable if Ry <1 and unstable if R, > 1.
Il. E* islocally stable if Ry > 1.
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3.2 Global stability of the two equilibria

Our aim in step is establish the global stability of virus-free equilibrium and endemic equilibrium for the for reaction
diffusion equations (2) — (4). Inspired by the work of Zhang et al., we construct the Lyapunov functions which allow us
under certain conditions to have the global stability of the equilibruim points.

Theorem 3.

If Ry < 1; the virus-free equilibrium E, is globally asymptotically stable.

Proof. In the case where the mobility of viruses is not taken into account, in the works of Zhang et al., the authors used

the following Lyapunovfunctional for the study of the global stability E,.

p

- _ 2
+2(d+a)h0(H ho+D*+1+pV

H
Ll(H,I,V) = H—ho —Holn(h_)
0

with p > 0 is a constant to be determined.
We introduce the following Lyapunov function

Ki(H,I,V) = f Ly(H(x, £),1(x,t),V(x,t))dx.

Differentiating K; with respect to ¢ along the solutions of the model (2) — (4); we obtain

dK;  (hy p dp ) ( a+p+,8h0> <ah0 ) f
(22) T <H+ Hh0+ (d+a)h0)(H Hy)“+kl|p . I+ o ~p)w + pdy | AVdx

Combining the divergence theorem and homogeneous Neumann boundary conditions(4); we have

J AVdx = 0and since Ry < 1; we have (au + Bk) < u(a + p); then taking p > 0 such that Buﬂ <p<
It follows that d{% < 0. Consequently, E, is globally asymptoticallystable.

Theorem 4.

If 1< R, <1+ 4; the epidemic equilibrium E* is globally asymptotically stable, where
B (Br+ (a—p)d+ J(Br+ (a—p)d)? + 4apd?)
a 2pd '

(a+p—ahy)
—

é

Proof.
Assuming that R, > 1; we define a Lyapunov functional for the system (2) — (4); at E* as follows

K,(H,I,V) = f Ly(H(x, 0),1(x,0),V(x,t))dx

where

H I
L,(H,I,V)=H—H*—H*In (H) + (1 —I"—TI"In (1—))

LA ST (V)
kI* "\

p
T

Differentiating K, with respectto t along the solutions of the model (2) — (4); we obtain

aKz—H H* — H*l (H)+1 =1 (I)
ot "\u* "\

.. (H\\aHV"
(23) = (H —H"—H*In (H*))T
__ P
2(d +a)
Differentiating K, with respectto t along the solutions of the model (2) — (4); we get

(H=—H"+1-1)?

(H=—H"+1-1?2.
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%: j{A—dH—(ﬁ1+aV)H+p1—%(n—dH—(BI+aV)H+P1)+(3’+“V)H

kY7 *

I aH*V 14
24) —(a+p)— = (BI+aV)H + (a+p)I) + T dyAV + kI —uv + 7(dVAV + kI — uv)

*

p * — * — —
Then, by the same method using in the proof of Theorem 2 of in the paper of Zhang et al., we deduce that
0K, dpH (H— H")? ap
—_—= H* — BI"H* — pI" + —— I - [ —17)?
ot j{(d g p +a+p+'0)+ HH* (d+a)H*( )
(25) HV* (3 n L Ive V*I)}
* H ' HVI VI

L (f AVd V*fAVd )
kl* * v

|A

2
Note that [AVdx =0 and [ AV—de = Vzl dx. Therefore, we have

%4
oK, dpH (H — H)? ap
—== dH* — BI*"H* — pI* + —— 1) - [—1%)?
Jat f{( A p +a+p+p + HH* (d+a)H*( )
2o v (3= TV V)
« H  HvI1 v

_adVH*V*Z( |AV |2 dx)
kI* &
Since the arithmetic mean is greater than or equal to the geometric mean, it follows that
H* [I'VH V*I
“HTHV P
Consequently if Ry > 1 anddH* — BI*"H* — pI* > 0 then % < 0. Moreover, % =0 ifand only H=H", I =
I* and V =V*. Therefore, under above conditions if M = {E*} represents the largest compact invariant set in
{(H, LV): % =0 } and by the LaSalle’s invariance principle [22] we deduce that E* is globally asymptotically
stable whenever R, > 1as the steady state E* exists whenever R, > 1.
Let remarks that the condition dH* — BI*H* — pI* = 0 is equivalent to
(Br+ (a—p)d+ (Br+ (a—p)d)? + 4apd?)
2pd

<0.

(27) 3

(28) 1<R, <1+ 146

4. Numerical simulation

In this section, we carry out some numerical simulations to illustrate the theoretical results obtained in the previous
sections. For this purpose, we consider three sets of parameters values corresponding to the cases R, > 1. For the sake
of simplicity of numerical simulations, we take one-dimensional spatial domain Q = [0, 50] and the values of the
diffusion coefficient as d, = 10.

In the first test (Figures 1-3), we choose the following data set of system (3)A =15, d =0.2, § =0.008, a =
0.005, p=0.1, a=0.02, k=2 and u = 1. Using these values, ones get R, = 1.125 and § = 0.3583 and we
have 1 < Ry <1+ 4. In this case, system (3) has a epidemic equilibrium E* which is globally asymptotically stable
(see Figures 1-3).

In Figures 4-6, we choose A = 20 and do not change the other parameter values. By calculation, we have R, which
satisfy Theorem 4; then the disease-free equilibrium is still present and the system (2) has a unique endemic equilibrium
E*. Therefore, by Theorem 4 E*is globally asymptotically stable. Numerical simulation illustrates our result
(see Figures 4-6).
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Figure 1. Concentrations of uninfected cells A =15, d =0.2, $ =0.008, a =0.005, p=0.1, a=0.02, k=2 and
u=1.
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Figure 2. Concentrations of infected cellsA =15, d =0.2, $ =0.008, « =0.005, p=0.1, a=0.02, k=2 and u=1.
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Figure 3. Concentrations of and free virus for A=15, d =0.2, $=0.008, « =0.005, p=0.1, a=0.02, k=2 and
u=1.
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Figure 4. Concentrations of uninfected cells A =20, d =0.2, $ =0.008, a =0.005, p=0.1, a=0.02, k=2 and
u=1.
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Figure 5. Concentrations of infected cells A =20, d =0.2, $=0.008, «a =0.005, p=0.1, a=0.02, k=2 and u=1.
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Figure 6. Concentrations of and free virus for A=20, d =0.2, $=0.008, «a =0.005, p=0.1, a=0.02, k=2 and
u=1.
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