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1. Introduction

Amir Schoor’s Algorithm is a fast algorithm for the multiplication of two sparse matrices, whose average time com-
plexity is O(d,d,n®) [1] where d; and d, are the densities of the pre-factor and post-factor matrices and it has already been
stated before that if the product of these densities is kept at 1/n, we can trivially get an empirical O(n?) [2] complexity in
sequential execution over continuous uniform probability distribution characterizing the matrix elements.

This paper presents how we can further reduce the average time complexity to an empirical O(n) for matrix multiplica-
tion in parallel execution (shared-memory system). We would also be ensuring if empirical O(n®) complexity for matrix
multiplication of two dense matrix still holds for sequential execution even after subjecting the matrices over different
probability distributions characterizing their elements applying Amir Schoor’s Algorithm.

For our study, we would be using statistical analysis [3] where the CPU time of algorithm is used as the weight [4] of a
computing operation which is the corresponding time taken for its execution.

Further using “Mintab” [5] statistics package we will be observing the fits to quadratic and linear plots for the outputs
of both sequential and parallel implementation to get to our conclusion.
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2. Algorithm Implementation
2.1 Amir Schoor’s Algorithm

Let us assume ‘A’, ‘B’, and ‘C’ be pre-factor, post-factor and product matrices respectively. Then Amir Schoor’s algo-
rithm states that for every non-zero element a(i, k) of pre-factor matrix ‘A’, multiply the k™ row of post-factor matrix ‘B’
by element a(i, k) and add it to the i'" row of product matrix ‘C.

Although Amir Schoor’s Algorithm was devised for multiplication of sparse matrices, we would be using it for multip-
lication of dense matrices where pre-factor matrix is kept as dense as triangular matrix with density (n+1)/(2n) [6] and
post-factor matrix is kept fully dense with density 1. We have initialized the product matrix with all zero entries for their
elements before execution of the algorithm.

As a triangular matrix is dense with density (n+1)/(2n) and there is no specific density defined at which the matrix
changes from sparse to dense, we would agree to refer the pre-factor matrix as dense matrix in which the fraction of ze-
roes is approximately equal to that in a triangular matrix.

Since the computer program for dense matrices would be used here rather than the one for sparse matrices, hence we
need not use Amir Schoor’s algorithm’s original data structure, i.e., the structure normally used for multiplication of
sparse matrices where our concern is the number of non-zero elements in the sparse matrix and not its size.

Matrix elements of pre and post-factor matrices are generated using two continuous probability distributions namely
normal distribution and exponential distribution and two discrete probability distributions namely Poisson distribution
and Binomial distribution.

For Normal distribution the value of p(mean) is set to 3.0 and o(standard deviation) is set to 4.0, for Exponential dis-
tribution the value of A(rate parameter) is set to 4.0, for Binomial distribution the value of n(number of trials) is set to 5.0
and p(success probability in each trial) is set to 0.3 and for Poisson distribution value of A(event rate) is setto 7.0 .

The program for both sequential and parallel implementations [7, 8] are executed on Windows 10 Pro 64-bit OS with
Intel i5-2450M CPU having dual-core architecture running at 2.50GHz with 8192MB RAM and with each core of CPU
running four threads.

2.2 Sequential Implementation

The program for sequential implementation is written in C++11 to calculate the execution time (in seconds) of Amir
Schoor’s algorithm for each probability distribution and the output is then used to generate the Regression plots using
Minitab Statistics Package as Fitted line plots and Residual plots for each probability distribution.

The pseudo code of the Amir Schoor’s Algorithm for sequential implementation is as follow:

start = clock(Q)
for i =1 ton
for k =1 to n
if(a(i,k) '= 0)
r = a(i, k)
for j =1 ton
bk, 3) = bk, J) *r
endfor
for j =1 ton
c(i, J) =c(, j) + bk, J)
endfor
endif
endfor
endfor

end = clock(Q)
Elapsed Time = (end - start)/float(CLOCKS PER_SEC)

For pre-factor matrix, zeros are assigned randomly using following condition:

if(r < d)
a[i,j]= distribution generated no.
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else
a[i,j]l= 0

where d = (n+1) and r = (distribution generated random no.)

2n (maximum value of random no. generated)

2.3 Parallel Implementation

The parallel implementation is done in shared-memory architecture and program for parallel execution is written in
C++11 using OpenMP (Open Multi-Processing) [9, 10] API (application programming interface) to calculate the execu-
tion time of algorithm for each probability distribution and the regression plots are generated using the output for each
probability distribution.

The NUM_THREADS i.e. the number of threads is set to 4 as the CPU core is designed to run 4 threads per core.

Since we are using OpenMP, we don’t need to specify the behaviour of each thread individually as each threads are as-
signed tasks by the compilar at the run time.

The pseudo code of the Amir Schoor’s Algorithm for parallel implementation is as follow:

start = omp_get_wtime();
omp_set_num_threads(NUM_THREADS) ;

#pragma omp parallel for private(i,j,k) schedule(dynamic)
for i =1 ton

for k =1 ton
if(a(i,k) '= 0)
= a(i, k)
for Jj =1 ton
bk, 3J) = bk, J) *r
endfor

endfor
endif
endfor
endfor
end = omp_get _wtime() — start
Parallel Multiplication Time = end

Here also, for pre-factor matrix, zeros are assigned randomly using the same condition as shown in sequential imple-
mentation.

3. Results and Discussion

The following points are noteworthy.

(1) In Fitted line plot, R-squared is a statistical measure of how close the data are to the fitted regression line. It is also
known as the coefficient of determination, or the coefficient of multiple determination for multiple regression. Its value is
always between 0 and 100%. The higher the R-squared, the better the model fits your data.

(2) The adjusted R-squared is a modified version of R-squared that has been adjusted for the number of predictors in
the model.

(3) “S’ is known both as the standard error of the regression and as the standard error of the estimate. It represents the
average distance that the observed values fall from the regression line. Smaller values of ‘S’ are better because it indi-
cates that the observations are closer to the fitted line.

(4) A Residual plot is a graph that is used to examine the goodness-of-fit in regression where a residual is the differ-
ence between an observed value and its corresponding fitted value.

(5) A histogram of the residuals shows the distribution of the residuals for all observations. It is used to determine
whether the data are skewed or whether outliers exist in the data.

(6) Normal probability plot of residuals uses the normal plot of residuals to verify the assumption that the residuals are
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normally distributed.

(7) Residuals versus fits uses the residuals versus fits plot to verify the assumption that the residuals have a constant
variance.
(8) Residuals versus order of data use the residuals versus order plot to verify the assumption that the residuals are un-

correlated with each other.

3.1 Sequential Execution

For the results generated by Normal, Exponential, Binomial and Poisson Distributions refer to Tables 1, 2, 3 and 4 re-
spectively.

For the corresponding fitted line plots refer to Figures 1a, 2a, 3a and 4a and for the corresponding residual plots refer
to Figures 1b, 2b, 3b and 4b respectively.

Table 1. Sequential Execution Time for Normal Distribution (in seconds)

Trials 1 2 3 4 5 6 7 8 9 10 Avg.
n
2200 0015 0015 0016 0015 0017 0015 0014 0017 0018 0016  0.0158
2500 0021 0022 0022 0022 0022 0020 0022 0024 0023 0022  0.0220
2800 0027 0026 0025 0025 0028 0024 0025 0028 0027 0024  0.0259
3100 0033 0028 0029 0028 0029 0029 0028 0029 0029 0028  0.0290
3400 0.034 0033 0034 0033 0033 0036 0033 0034 0036 0033 00339
3700 0.039 0043 0046 0041 0042 0042 0039 0042 0044 0041  0.0419
4000 0.046 0046 0048 0045 0047 0046 0046 0046 0050 0.048  0.0468
4300 0.055 0055 0056 0058 0063 0059 0056 0058 0058 0054  0.0572
4600 0.063 0064 0071 0062 0063 0070 0063 0064 0064 0074  0.0658
4900 0073 0069 009 0070 007. 0070 0076 0072 0077 0075  0.0749
Fitted Line Plot
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Figure 1a. Fitted line plot of Sequential Execution for Normal Distribution.
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Residual Plots for C2

Normal Probability Plot Versus Fits
99 ° e
0.001
90 . o
= E *
g 50 g 0.000 . ®
& &
-0.001 ®
10
[ ]
[ ]
1 -0.002
-0.002 -0.001 0.000 0.001 0.002 0.02 0.04 0.06 0.08
Residual Fitted Value
Histogram Versus Order
3
0.001
) —
c 2 S
g o 0.000
[on (7]
(] [J]
g & _0.001
0 -0.002
-0.0015 -0.0010 -0.0005 0.0000 0.0005 0.0010 0.0015 1 2 3 4 5 6 7 8 9 10
Residual Observation Order
Figure 1b. Residual plot of Sequential Execution for Normal Distribution.
Table 2. Sequential Execution Time for Exponential Distribution (in seconds)
Trials 1 2 3 4 5 6 7 8 9 10 Avg.

n
2200 0.014 0.015 0.017 0.018 0.017 0.014 0.015 0.017 0.014 0.018 0.0159
2500 0.018 0.024 0.021 0.021 0.025 0.020 0.022 0.018 0.022 0.021 0.0212
2800 0.027 0.026 0.025 0.027 0.027 0.027 0.032 0.026 0.024 0.027 0.0268
3100 0.028 0.029 0.029 0.028 0.027 0.029 0.028 0.029 0.029 0.028 0.0284
3400 0.034 0.034 0.034 0.034 0.035 0.034 0.034 0.034 0.037 0.035 0.0345
3700 0.039 0.047 0.040 0.041 0.048 0.039 0.041 0.045 0.044 0.044 0.0428
4000 0.044 0.049 0.048 0.046 0.046 0.046 0.047 0.047 0.048 0.046 0.0467
4300 0.061 0.053 0.059 0.053 0.055 0.062 0.055 0.055 0.057 0.055 0.0565
4600 0.065 0.068 0.063 0.068 0.072 0.070 0.062 0.064 0.064 0.062 0.0658
4900 0.070 0.070 0.084 0.070 0.075 0.072 0.070 0.077 0.074 0.072 0.0734

On analyzing the fitted line plots of sequential implementation, we can certainly say that the observed data is perfectly
fitting to the quadratic regression model as the value of R-squared and adjusted R-squared is above 99% for each distri-
bution with binomial distribution having the highest value as 99.8% (see Figure 3a) and Poisson distribution having the
lowest value as 99.5% (see Figure 4a). We can also observe that the value of ‘S’ is also very low each distribution.
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Fitted Line Plot
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Figure 2a. Fitted line plot of Sequential Execution for Exponential Distribution.
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Figure 2b. Residual plot of Sequential Execution for Exponential Distribution.
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Table 3. Sequential Execution Time for Binomial Distribution (in seconds)

Trials 1 2 3 4 5 6 7 8 9 10 Avg.

n

2200 0.014 0.017 0.017 0.014 0.017 0.017 0.015 0.014 0.017 0.017 0.0159
2500 0.018 0.018 0.021 0.021 0.020 0.022 0.021 0.021 0.020 0.021 0.0203
2800 0.026 0.026 0.025 0.026 0.022 0.025 0.026 0.025 0.026 0.025 0.0252
3100 0.027 0.027 0.028 0.028 0.028 0.027 0.028 0.028 0.028 0.027 0.0276
3400 0.034 0.033 0.033 0.033 0.038 0.033 0.034 0.034 0.038 0.033 0.0343
3700 0.042 0.045 0.039 0.039 0.040 0.045 0.038 0.049 0.040 0.042 0.0419
4000 0.046 0.049 0.059 0.046 0.050 0.045 0.047 0.048 0.046 0.048 0.0484
4300 0.054 0.059 0.057 0.053 0.057 0.068 0.056 0.054 0.060 0.052 0.0570
4600 0.063 0.079 0.062 0.062 0.067 0.065 0.061 0.062 0.059 0.063 0.0643

4900 0.069 0.074 0.072 0.069 0.069 0.070 0.070 0.093 0.073 0.076 0.0735

Fitted Line Plot
C2 = 0.01037 - 0.000006 C1
+ 0.000000 C1A2

0.08 s 0.0008863

R-Sq 99.8%
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c1

Figure 3a. Fitted line plot of Sequential Execution for Binomial Distribution.

On observing the Residual plots, we can analyze that the Normal probability plot for each distribution is almost a
straight line except for Binomial distribution which suggest that residuals are normally distributed for each distribution
except for Binomial distribution (see Figure 3b) with a point far away from the tail showing an outlier.
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Residual Plots for C2
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Figure 3b. Residual plot of Sequential Execution for Binomial Distribution.
Table 4. Sequential Execution Time for Poisson Distribution (in seconds)
Trials 1 2 3 4 5 6 7 8 9 10 Avg.
n
2200 0.014 0.014 0.015 0.014 0.015 0.017 0.015 0.014 0.014 0.014 0.0146
2500 0.021 0.021 0.021 0.022 0.021 0.018 0.022 0.019 0.021 0.021 0.0207
2800 0.028 0.026 0.027 0.022 0.026 0.026 0.026 0.026 0.026 0.027 0.0260
3100 0.027 0.029 0.028 0.028 0.028 0.029 0.028 0.027 0.027 0.027 0.0278
3400 0.035 0.033 0.035 0.034 0.033 0.038 0.035 0.034 0.035 0.033 0.0345
3700 0.040 0.041 0.040 0.042 0.039 0.039 0.039 0.045 0.044 0.038 0.0407
4000 0.049 0.049 0.051 0.045 0.050 0.048 0.046 0.059 0.048 0.046 0.0491
4300 0.057 0.058 0.057 0.054 0.056 0.054 0.056 0.060 0.055 0.057 0.0564
4600 0.061 0.080 0.071 0.074 0.063 0.062 0.062 0.065 0.064 0.062 0.0664
4900 0.071 0.069 0.072 0.070 0.075 0.077 0.067 0.074 0.079 0.157 0.0811

For residual versus fitted value plot analysis, we should check if the residuals should be scattered randomly about zero

which is true for each probability distributions in our case.

Histogram shows the spread of residuals and suggests the skewness if there is long tails and an outlier if a bar far away
from the other bars. We can observe the skewness in almost each distribution but we cannot confirm the outlier, so histo-

gram is used with normal probability plot to confirm the outlier, as in our case Binomial distribution has an outlier.
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Fitted Line Plot
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Figure 4a. Fitted line plot of Sequential Execution for Poisson Distribution.
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Figure 4b. Residual plot of Sequential Execution for Poisson Distribution.

In residuals versus observation order plot, the residuals in the plot should fluctuate in a random pattern around the cen-
tral line which is true in our case for each distribution and we should also see if any correlation exists between the error
terms that are near to each other which is not true in our case as no pattern is observed.

3.2 For Parallel Execution
For the results generated by Normal, Exponential, Binomial and Poisson Distributions refer to Tables 5, 6, 7 and 8 re-
spectively.

For the corresponding fitted line plots refer to Figures 5a, 6a, 7a and 8a and for the corresponding residual plots refer
to Figures 5b, 6b, 7b and 8b respectively.
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Table 5. Parallel Execution Time for Normal Distribution (in seconds)

Trials 1 2 3 4 5 6 7 8 9 10 Avg.
n
2200 0.0061 0.0060 0.0060 0.0075 0.0087 0.0061 0.0060 0.0060 0.0060 0.0062  0.0065
2500 0.0076  0.0083 0.0096 0.0066  0.0078 0.0076 0.0078 0.0078 0.0076  0.0076  0.0078
2800 0.0095 0.0095 0.0095 0.0095 0.0096 0.0095 0.0083 0.0103 0.0086  0.0087  0.0093
3100 0.0102 0.0112 0.0101 0.0102 0.0103 0.0123 0.0140 0.0108 0.0131 0.0105 0.0113
3400 0.0138 0.0140 0.0121  0.0130  0.0142 0.0138 0.0133 0.0144 0.0149 0.0143 0.0138
3700 0.0154 0.0163 0.0161 0.0153 0.0176  0.0185 0.0160 0.0173  0.0226  0.0234  0.0179
4000 0.0197 0.0195 0.0242 0.0177 0.0167 0.0197 0.0253 0.0169  0.0218 0.0184  0.0200
4300 0.0234 0.0202 0.0218 0.0235 0.0213 0.0236  0.0229  0.0216  0.0260  0.0233  0.0227
4600 0.0236  0.0273  0.0254  0.0275 0.0220 0.0224  0.0220 0.0221  0.0218 0.0221  0.0236
4900 0.0249  0.0251  0.0251 0.0247  0.0255 0.0253  0.0254  0.0249 0.0256  0.0249  0.0251

On analyzing the fitted line plots of parallel implementation we can certainly say that the observed data is perfectly fit-
ting to the linear regression model as the value of R-squared and adjusted R-squared is above 95% for each distribution
with binomial distribution having the lowest value as 96.3% (see Figure 7a) and Normal and Exponential distribution
having the highest value as 98.3% (see Figure 5a and Figure 6a). We can also observe that the value of ‘S’ is also very
low each distribution.

On observing the Residual plots we can analyze from Normal probability plot and Histogram that there is outlier in
Binomial and Poisson distributions (see Figures 7b and 8b) as there is a point far away from the tail and skewness is also
present in every distribution.

For residual versus fitted value plot analysis we can see that the residuals are scattered randomly about zero which for
each probability distributions.

In residuals versus observation order plot the residuals in the plot is also fluctuating in a random pattern around the
center line for each distribution.

Fitted Line Plot
C2 = - 0.01111 + 0.000008 C1

s 0.0009611
0.025 R-Sq 98.3%
R-Sq(adj) 98.1%
0.020
(V]
Y o015
0.010
0.005
2000 2500 3000 3500 4000 4500 5000

(&

Figure 5a. Fitted line plot of Parallel Execution for Normal Distribution.
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Residual Plots for C2
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Figure 5b. Residual plot of Parallel Execution for Normal Distribution.
Table 6. Parallel Execution Time for Exponential Distribution (in seconds)
Trials 1 2 3 4 5 6 7 8 9 10 Avg.

2200 0.0058  0.0058 0.0058  0.0057 0.0057 0.0058 0.0062 0.0058 0.0058  0.0057  0.0058
2500 0.0074  0.0074  0.0074 0.0064 0.0074 0.0064 0.0075 0.0074 0.0114 0.0074  0.0076
2800 0.0093 0.0080 0.0081 0.0092 0.0092 0.0093 0.0082 0.0080 0.0080 0.0081  0.0086
3100 0.0101  0.0102 0.0101  0.0098 0.0106 0.0113 0.0124 0.0138 0.0100  0.0107  0.0109
3400 0.0141  0.0139 0.0132 0.0125 0.0147 0.0122 0.0133 0.0134 0.0158  0.0221  0.0145
3700 0.0161 0.0155 0.0159 0.0181 0.0180 0.0168 0.0176 0.0184 0.0186 0.0169  0.0172
4000 0.0227  0.0198 0.0210 0.0168 0.0216 0.0201  0.0200 0.0198 0.0204 0.0173  0.0199
4300 0.0247  0.0228 0.0236  0.0237 0.0228 0.0257 0.0232 0.0227 0.0238  0.0234  0.0236
4600 0.0276  0.0270  0.0272  0.0296 0.0215 0.0270 0.0218  0.0215 0.0216  0.0221  0.0247
4900 0.0245 0.0246  0.0244 0.0279  0.0290 0.0248 0.0259 0.0246  0.0244  0.0244  0.0255
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Table 7. Parallel Execution Time for Binomial Distribution (in seconds)
Trials 1 2 3 4 5 6 7 8 9 10 Avg.
n

2200 0.0050  0.0058 0.0058 0.0049 0.0057 0.0050 0.0057 0.0057 0.0057  0.0057  0.0055
2500 0.0074  0.0074  0.0063 0.0066  0.0074 0.0074 0.0064 0.0074 0.0074 0.0073  0.0071
2800 0.0094  0.0101 0.0080  0.0093 0.0093 0.0080 0.0080 0.0081 0.0081  0.0084  0.0087
3100 0.0106  0.0119 0.0099 0.0104 0.0105 0.0098 0.0108 0.0116 0.0101  0.0109  0.0107
3400 0.0145 0.0136 0.0129 0.0149 0.0151 0.0149 0.0139 0.0147 0.0123 0.0150 0.0142
3700 0.0170 0.0185 0.0182 0.0181 0.0182 0.0178 0.0171 0.0192 0.0178 0.0188  0.0181
4000 0.0198  0.0235  0.0177 0.0202 0.0192 0.0218 0.0213 0.0220 0.0213  0.0203  0.0207
4300 0.0212  0.0261  0.0253 0.0218 0.0240 0.0240 0.0241  0.0404 0.0249 0.0254  0.0257
4600 0.0295  0.0263  0.0277  0.0287 0.0216  0.0216 0.0229 0.0215 0.0215 0.0216  0.0243
4900 0.0246  0.0245 0.0251 0.0289 0.0274 0.0243  0.0243 0.0243  0.0247  0.0275 0.0256

Table 8. Parallel Execution Time for Poisson Distribution (in seconds)
Trials 1 2 3 4 5 6 7 8 9 10 Avg.
n

2200 0.0050 0.0057 0.0060 0.0057 0.0087 0.0052 0.0057 0.0057 0.0058 0.0050  0.0059
2500 0.0074 0.0066  0.0067 0.0066 0.0078 0.0073 0.0074 0.0073  0.0074  0.0064  0.0071
2800 0.0093 0.0084 0.0081 0.0083 0.0080 0.0080 0.0080 0.0081  0.0080  0.0087  0.0083
3100 0.0113  0.0126  0.0105 0.0099 0.0115 0.0127 0.0124 0.0136  0.0129  0.0107  0.0118
3400 0.0148  0.0142 0.0151 0.0135 0.0158 0.0133 0.0149 0.0152  0.0149  0.0147 0.0146
3700 0.0181 0.0178 0.0184 0.0191 0.0184 0.0176 0.0180 0.0174  0.0170  0.0163  0.0178
4000 0.0212 0.0209 0.0188 0.0184 0.0200 0.0211 0.0201 0.0198  0.0180  0.0178  0.0196
4300 0.0239  0.0228 0.0335 0.0246 0.0257 0.0274 0.0255 0.0224  0.0238  0.0221  0.0252
4600 0.0288  0.0270 0.0269 0.0263 0.0215 0.0215 0.0214 0.0215 0.0215 0.0217  0.0238
4900 0.0245 0.0281  0.0276  0.0281 0.0353  0.0245 0.0244  0.0260  0.0282  0.0279  0.0275
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Figure 6a. Fitted line plot of Parallel Execution for Exponential Distribution.
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Residual Plots for C2
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Figure 6b. Residual plot of Parallel Execution for Exponential Distribution.
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Figure 7a. Fitted line plot of Parallel Execution for Binomial Distribution.
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Residual Plots for C2
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Figure 7b. Residual plot of Parallel Execution for Binomial Distribution.
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Figure 8a. Fitted line plot of Parallel Execution for Poisson Distribution.
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Figure 8b. Residual plot of Parallel Execution for Poisson Distribution.

As a final comment, Amir Schoor’s algorithm, although initially developed for Sparse matrices, also performs well for
dense matrices for two reasons. First, it is faster to work with rows only (as in Schoor’s algorithm) than to work with
both rows and columns (as in classical matrix multiplication). Secondly, as we have shown, the n? comparisons turn out
to be “heavier” (in terms of weight, with time of an operation being considered as its weight) than the O(d,d,n®) multip-
lications on the average, wherein lies the concept of a weight based statistical bound whose empirical estimate over a
finite feasible range is empirical Oemp(nz) in our case. Empirical O notation was introduced in [2].

Readers interested in recent works on fast matrix multiplication are referred to [11, 12, 13, 14].

4. Conclusion

From the observed data and plots we can certainly deduce that for parallel execution using the observed data is per-
fectly fitting the linear regression model when implemented in OpenMP using shared-memory architecture, which im-
plies that we can certainly get an empirical O(n) average case time complexity for Amir Schoor’s Algorithm for multip-
lication of two dense matrices while keeping pre-factor matrix as dense as triangular matrix and post-factor matrix fully
dense.

Since the observed data from sequential execution is also perfectly fitting to the quadratic regression model, we can
also confirm that an empirical O(n? time complexity for average case can be obtained for sequential execution of matrix
multiplication using Amir Schoor’s Algorithm.

The robustness of the algorithm is totally ensured for both sequential and parallel implementations as the fitting re-
mains the optimum even after subjecting the matrices elements over different input conditions using various probability
distributions, which in turn supports the correctness of its empirical time complexity.

Since we are only dealing with rows of the matrices for performing matrix multiplication using Amir Schoor’s algo-
rithm we can easily say that our algorithm is not only fast for sparse matrices but also fast for dense matrices and is fast
in both parallel and sequential environment as it is faster to work with rows only than both rows and columns.
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