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1. Motivation

The wave equation is one of three fundamental equations in mathematical physics, the other two being the heat and
Laplace equations. These equations occur in applied mathematics, engineering and many branches of physics. There are
two types of these equations: The homogeneous equations that have constant coefficients with many classical solutions
such as the separation of variables, the method of characteristics, the single Laplace transform and the Fourier transform
[1-5] and the nonhomogeneous equations with constant coefficients solved by means of the double Laplace transform and
operation calculus [6, 7].

The linear homogeneous one-dimensional wave equation has been solved using the Adomian decomposition method
(ADM) in Kasumo [8] where the merits and demerits of the ADM have been beautifully outlined. This paper seeks to
extend [8] by applying the ADM to obtain the exact or near-exact solutions to the linear nonhomogeneous
one-dimensional wave equation. The concern here is how to deal with the source term and hopefully set the stage for
solving the nonlinear wave equation. Consider the following basic nonhomogeneous setup for the wave equation:

Uy — c?uy, = F(x,t)
u(x, to) = f(x) 1)
u, (x, o) = g(x)
where F(x,t), f(x) and g(x) are sufficiently smooth known functions. In this work, we use the Adomian series solu-

tion method which yields the exact solution of problem (1). The rest of the paper is organised as follows: Section 2 out-
lines the method of solution, Section 3 gives a sampling of numerical examples and Section 4 concludes the study.
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2. Adomian Decomposition Method
2.1 Operator form

In this section, we outline the steps to obtain a solution of (1) using the ADM which was formulated by Adomian [9-11].
In the standard form, (1) can be rewritten as:

Li(u(x,0)) = L, (c*u(x,0)) + F(x,1) 2)

2 2
Where the differential operators are defined, respectively, as L, = :7 and L, = :7 Suppose the inverse operator L;*
exists. Then L;! is the two-fold integral operator from 0 to t defined by:

L= fot fot(.)dsds

Applying this inverse operator on both sides of equation (2) gives
LML (uCx, 0)] = L Ly (cPulx, )] + LTHF (x, 0)]
Since ¢? is a constant, it can be factored out and the above equation can be written as:
LY Le(ux, 0)] = 2L Ly (ulx, ©)] + LT HF (x, )] )
2.2 Application of the ADM to the solution of the problem
From equation (3), it follows that
u(x,t) = A+ Bt + > L7 L, (u(x, t)] + L7 [F (x, £)] (4)
Where A and B are constants of integration which can be found from the boundary or initial conditions. Assuming that
to = 0 inthe given initial conditions, A = f(x) and B = g(x), so that we have
u(x,t) = f(x) + tg(x) + L7 L, (u(x, £)] + L7 [F (x, £)] 5)
Where the unknown function u is decomposed into a sum of components defined by the decomposition series:

[oe]

u(x,t) = Z u, (x,t)

n=0
with u, identified as u(x,0) and the components u, (x,t) obtained from the recursive formula:
Ym0 un (6, 8) = () + tg(x) + c? L [Le (Birmo un (x, O] + LT [F (x, )] (6)
or
up(x,t) = f(x) +tg(x) + L' [F(x, )]
Unp1 (0, 8) = 2L L (u(x, )] ,n =0
ie.,

up = f(x) +tg(x) + LM F (x, )]
uy = 2L MLy (up)]
uy = 2L ML, (uy)] (7

Upt1 = Cth_l [Lx (un)]
Thus, the ADM is concerned with finding the components w, 1y, u,, ... individually and summing them up to obtain the
solution u(x,t). If the PDE contains a nonlinear term, this term is represented as Nu and decomposed into a series:

Nu = Z A,
n=0

Where the A4,,, depending on ug, uq, Uy, ..., U,, are called Adomian polynomials obtained, for the nonlinearity Nu = B (u),
by the formula:
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w-bb(5v)

i=0
Where A is a grouping parameter of convenience and L, = :7 In this way, the components u,, uq, u,, ... are identified

and the series solution to the wave equation is completely determined. The exact solution may be determined using the
approximation:

u(x, t) = lim @,
n—oo

Where &, = Y u,.

Remark 2.1. Note that the recursive relationship (7) is constructed on the basis that the zeroth component u,(x, t) is
defined by all the terms that arise from the initial conditions and from integrating the source term. The remaining com-
ponents u, (x,t),n = 1 are completely determined recursively such that each term is computed by using the immediately
preceding term. Accordingly, considering the first few terms only, the recursive relation (7) gives
Uy (x, t), ug (x, ), uy (x, t) , ...

Remark 2.2. Adomian and Rach [11] and Wazwaz [12] investigated the phenomenon of self-cancelling “noise” terms
where some terms in the series vanish in the limit. These “noise” terms do not appear for homogeneous equations but only
for specific types of nonhomogeneous equations. Furthermore, it has formally been shown that if some terms in u, are
cancelled by identical terms in u; with opposite signs, even though u; includes additional terms, the remaining
non-cancelled terms in w, constitute the exact solution of the given equation (Kaya and Inc [13]; Almazmumy et al. [14]).
However, it is necessary and essential to verify that the remaining non-cancelled terms satisfy the given equation.

2.3 D’Alembert’s formula for the nonhomogeneous wave equation

Given certain regularity, the unique analytical solution of the linear nonhomogeneous one-dimensional wave equation is
given by a general form of d’Alembert’s formula according to the following theorem.
Theorem 2.3. Consider the nonhomogeneous wave equation given in (1). Fix k = 1and taket, € (T_,T,). If f €
C**1(R), g € C¥(R), F € C¥[(T_,T,) x R], then 3 a unique solution u € C¥*1[(T_,T,) x R] given by:
1 1 1 rx+c(t—tg) 1 ,t x+c(t—s)
u(x, t) = Ef(x —c(t—ty) + Ef(x +e(t—ty)) + fo_c(t_too) g(s)ds + tho [fx_c(t_s) F(y, s)dy] ds (8)
Proof. See Hopkins [15] for proof of the case ¢ = 1.
Remark 2.4. If t, = 0, then (8) becomes:
1 1 1 +ct 1 ,t +c(t—s)
u(et) =g f(x—ct) +5f(x +ct) + fo_;t g(s)ds + Zfo [fx_cc(t_:) F(y, s)dy] ds 9)

X X

Which is the solution of the nonhomogeneous Cauchy wave problem. The first two terms of (9) come from d’Alembert’s
formula for the homogeneous wave equation (see Kasumo [8]). The third term is called Duhamel’s principle and generally
works for linear differential equations. Thus, (9) is the solution of the wave equation (1) with t, = 0. Using the linearity of
this equation, we divide it into two smaller sub-problems, namely,

vtt - szxx = O,U(x, 0) = f(x): vt(x, 0) = g(x) (10)
and
Wy — c?w,, = F(x,t),w(x,0) = 0,w,(x,0) =0 (11)
and solve them separately.
Lemma 2.5. Let v be the solution of (10) and w the solution of (11). Then u = v + w is the solution of (1) when
to = 0, and this solution happens to be (9).

3. Numerical Examples

In this section, we give numerical examples of linear nonhomogeneous wave equations and show their solution using the
ADM. The examples show that in most cases the exact solution in closed form can be obtained. All the computations
associated with these examples were performed using a Samsung Series 3 PC with an Intel Celeron CPU 847 at 1.10GHz
and 6.0GB internal memory. The figures were constructed using MATLAB R2016a.

Example 3.1. Consider the nonhomogeneous wave equation

Uy — Uy = 1,—00<x <00, >0

u(x, 0) = x?
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u(x,0) =1

We use d’Alembert’s formula (Theorem 2.3, equation (9)) with ¢ = 1,F(x,t) =1, f(x) = x? and g(x) = 1. Thus,

we have
1) lf(x—ct)+lf(x+ct)=%[(x—t)2+(x+t)2]=x2+t2
2) g&)ds =3 [lds =[G+~ @-0l =t

x+ct

x—ct
+c(t—s) + 2 2
3 f[fx cc(ttss) F(y,s)dy]ds_—f I ;SS S=f0t(t—s)ds:t2—%=%

Addlng these three quantities gives the exact solution as,

u(x, t) = x2 +t2+t+ 2+—+1:

(12)

The numerical solution obtained by the ADM will be compared with the exact solution (12). The ADM solution is given

by the recursive relationship,
up(x,t) = f(x) +tg(x) + L' [F (x, )]

U1 (x, 1) = L7! [Lx (Z;un)] =Lyt [(Z:;Oun) ]

t t t tZ
uO:x2+t+L{1[1]:x2+t+j jdsds=x2+t+fsds=x2+t+?
0 0

tZ t t
w = LY [L (ug)] = Lt [L,C (xz +t+ ?)] =L72] = J J 2dsds =t?
070

U; = L;1 [Lx(ul)] = L?l [Lx(tz)] =0= Up4+1, 1 = 2
Thus, the ADM solution is

u(x, t) = ug + uy +u, = x? +3 +t

(13)

which is the exact solution (equation (12)) obtained by d’Alembert’s formula for the nonhomogeneous wave equation (9).

The results for 0 < x <3 and 0 <t < 2 are given in Figure 1.

(a) Surface u(x,t) = x? + 3th +t (b) Contour diagram

Figure 1. Approximate and exact solution and contour diagram for Example 3.1.
Example 3.2. Consider the following one-dimensional nonhomogeneous wave equation:
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Uy — Uy = tsinx, -0 <x<mt>0
u(x,0) = sinx
u,(x,0) = sin3x
Here, ¢ = 1,F(x,t) = tsinx, f(x) = sinx and g(x) = sin3x. Thus,
1) lf(x —ct) +lf(x + ct) =l[sin(x— t) + sin(x + t)] = sinx cost
g(s)ds = [

x+c(t—s)

3) Zfo [ e

By d’Alembert’s formula, the exact solution is the sum of the three quantities obtained above:

x+ct
x—ct

2) sin3sds = — [cos(3x + 3t) — cos(3x — 3t)] = —sm 3xsin3t

+

. 1, , . )
u(x,t) =sinxcost + 3sin 3xsin 3t + (t — sint) sinx

c(t—s) F(y, s)dy] ds = f fxtt :ssinydyds = fo ssinxsin(t —s)ds = (t — sint) sinx

(14)

Now, applying the concept of ADM to the given wave equation, we have the recursive relationship

Uy = sinx + tsin 3x + Ly [t sin x]

> )| = [(Z“’Ou)

- - XX

un+1=c2L;1[Lx( ],nZO

i.e.,

t3

t t
u0=sinx+tsin3x+f fssinxdsds=sinx+tsin3x+f 75inxds=sinx+tsin3x+€sinx
0

t3 t3
wy = LY [Le (ugp)] = Lt [Lx (sinx + tsin3x + 2 sin x)] =Lt [— sinx — 9t sin 3x — 2 sin x]

S4

24

ff[—smx—9tsm3x——smx]dsds—f [—ssmx——sme——smx]ds

3 t? 9¢3 3
= 2Sll’lJC 6 sin 3x 120

t? 9¢3 t° t?
-1 -1 -1 .
u, = L7 L, (uy)] = L; [Lx (—?smx — ——sin3x — ——sin x)] =1L; 5 sinx +

——sinx

81t3
6

6 120

sin3x + ——sinx

5
120 ]

6

_ 81s3 s° trs3 81s* s
=f f 7smx+ 5 sin3x + ——sinx dsds—f —sinx + sin3x + ——sinx|ds
0 0

120 6 24

! +81t5 —— t7
—24smx 120 SIn >x 5040511’1)6

and so on. Adding the above approximants gives the solution as,

u=uy+u +u; +- -

T rsin3 +t3 t? 9t3 3 t° +t4 +81t5
=sinx sin3x + —sinx — —sinx — —sin3x — ——sinx + —sinx
6 2 6 120 24 120
£2 ¢ 3 5 ¢3
=sinx — —sinx +—sinx + - + tsin3x — —sin3x +
2 247 6 120 6
t

+Msmx + -

+ Lsinax(3e 27t3+
Sin 5x 6 120

. t?  t* 1 (3t)® (3t)°
=sinx 1——.+——--- +§sm3x 3t — 3 + =

6 120

u(x,t) =sinxcost + %sin 3xsin3t + (t —sint) sinx

sin 3x +

243t> ) _ <t3 t5
— ) +sinx| ————+

3t
- -->+smx(§—§+

720

t7

5040
£5

sinx + -

sin3x + -+ —sinx ——=sinx

120

t7
5040 "')

t7
ﬁ_...>

(15)
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which is the exact solution obtained from d’ Alembert’s formula. Figure 2 gives the results for 0 <x <3 and 0 <t < 2.
Example 3.3. Consider the following Cauchy problem of the nonhomogeneous wave equation,

Up — Uy =t/,—00 < x < 00,t >0
u(x,0) = 2x + sinx
u,(x,0) =0
To find the solution, we first use d’Alembert’s formula with ¢ = 1, F(x,t) = t’, f(x) = 2x + sinx and g(x) = 0.

1) %f(x —ct) +%f(x + ct) =%[2(x —t)+sin(x —t) + 2(x + t) + sin(x + t)] = 2x + sinx cost
1 px+ct

2) — gs)ds=0

2c Yx—ct

1 ot [ pxte(t—s) 1 ot cx+t— 1t t 2 2 ¢
3 0 [fxx_cc(t_ss) F(y, S)dy] ds =2 S s7dyds =2 Jy[2t = 2s]s7ds = [ [ts” = s®lds =5 -5 =

0.5 ’ 1.4
= ¢ 1.2
2z T
3 05 =1

(a) Surface u(x,t) = sinxcost + %sin 3xsin3t + (t —sint) sinx (b) Contour diagram

Figure 2. Approximate and exact solution and contour diagram for Example 3.2.

The analytical solution is therefore,

9
u(x,t) = 2x +sinxcost + ;—2 (16)

By the ADM, we have, recursively, the approximants:

t t tg
uo=2x+sinx+L{1[t7]=2x+sinx+f f s7dsds=2x+sinx+ﬁ
0 Jo

[ t9 t t t2
wy = LY Ly, (ug)] = Lt | Ly <2x + sinx + ﬁ)] = L;[-sinx] = j j —sinx dsds = —7sinx
I 0 Jo

- £2 £2 t ot e2 4
u, = L7YL, (u)] = Lt _Lx (—?sinx>] = L1 ?sinx] = L ) ?sinxdsds =ﬁsinx

[ [t* ¢t
us = LML, (up)] = LY L, (ﬁ sin x)] =L;! [—ﬁsin x]

54
24 120
and so on. Summing up the approximants w,, u,, us, ..., We obtain the desired approximate solution:

t t t
=f f ——sinxdsds = ———sinx
0 Jo
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t2 t? t* t°
u=1uy+u +u,;+-- —2x+smx+ﬁ—?smx+ﬁsmx—msmx+
t2 ¢t t® t°
=2x+smx<1—§+—'—a+ >+ﬁ
ie.,
u(x,t) =2x+sinxcost+% 17)

Which is simply the exact solution (16). The results for 0 < x < 3 and 0 < t < 2 are shown in Figure 3.

upxt)

t 0 9 x

(a) Surface u(x,t) = 2x + sinxcost +% (b) Contour diagram
Figure 3. Approximate and exact solution and contour diagram for Example 3.3.
Example 3.4. Consider the following Cauchy problem of the nonhomogeneous wave equation
Uy — Uy = 1,—00<x <00, >0

u(x,0) = sinx
u,(x,0) = x

To find the solution, we first use d’Alembert’s formulawith ¢ = 1,F(x,t) =1, f(x) = sinx and g(x) = x.

1) lf(x —ct) +lf(x + ct) =%[sin(x—t) + sin(x + t)] = sinxcost

2) xxtctt (s)ds = xx_+; sds = l[(x +t)?—(x—1t)?*] = %[4tx] =tx
x+c(t—s) =S o 1t t t2  t2
3) f [f et F(y,s)dy]ds——f S Zess dyds =5 [j[2t — 2s]ds = [([t —slds = t* — > ==
Thus, the exact solution to the given Cauchy wave problem is:
2
u(x,t) =sinxcost + tx + % (18)

and the ADM solution is found as the sum of the approximants:
t rt t2
uy =sinx + tx + L7[1] = sinx + tx + f f dsds = sinx + tx +?
0
i £2 t ot £2
w = Lo [L, (ug)] = L | L, (sinx +tx + ?)] = L;![-sinx] = f f —sinx dsds = —?sinx

[ t? t*

u, = LML, (u)] = L |L, (—751n x>] Ly —sm x] = f —smxdsds —ﬁsmx
e t®

us = LML, (up)] = Lt _Lx (ﬁ sin x)] =1 [—ﬁsin x] = fo fo —ﬁsinx dsds = — %smx
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and so on. Adding the approximants gives the approximate solution:

=uy+u +u; +--=sinx+tx+—-—5sinx+-—-sinx —s5=sinx + -
U T T 2 2 24 720
=smx<1—i+a—a+--~)+tx+7
ie.,
2
u(x, t) =sinxcost+tx+t? (19)

the same result obtained using d’Alembert’s formula. The results are given in Figure 4.

2
(a) Surface u(x,t) = sinxcost + tx + £ b) Contour diagram
2

Figure 4. Approximate and exact solution and contour diagram for Example 3.4.
4. Conclusion

In this paper, the Adomian decomposition method has been successfully implemented to find the solution of the linear
nonhomogeneous one-dimensional wave equation. Illustrative numerical examples have been given and the results show
that the ADM leads to exact solutions to the linear one-dimensional wave equation with a source term. In fact, the ADM can
provide analytical or approximate solutions to a wide range of nonlinear and stochastic equations without the need for
linearization, perturbation, closure approximation or discretization methods. This work can be improved by (1) using one
of the many modifications of the ADM, e.g., Rach et al. [16], Wazwaz [17], Almazmumy et al. [14], Biazar and Hosseini
[18] and Alderremy et al. [19]; (2) applying the ADM to the solution of Volterra integro differential and integral equations
that frequently occur in insurance mathematics; (3) applying the ADM to partial differential equations with nonlinear
terms.
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