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  Abstract 
The Adomian decomposition method is employed in the solution of the linear 
nonhomogeneous one-dimensional wave equation. This method leads to an ana-
lytical solution in the form of an infinite power series. A comparison of the results 
obtained by the numerical method with the exact solution from d’Alembert’s 
formula shows the high degree of accuracy of the Adomian decomposition me-
thod. 
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1. Motivation 

The wave equation is one of three fundamental equations in mathematical physics, the other two being the heat and 
Laplace equations. These equations occur in applied mathematics, engineering and many branches of physics. There are 
two types of these equations: The homogeneous equations that have constant coefficients with many classical solutions 
such as the separation of variables, the method of characteristics, the single Laplace transform and the Fourier transform 
[1-5] and the nonhomogeneous equations with constant coefficients solved by means of the double Laplace transform and 
operation calculus [6, 7]. 

The linear homogeneous one-dimensional wave equation has been solved using the Adomian decomposition method 
(ADM) in Kasumo [8] where the merits and demerits of the ADM have been beautifully outlined. This paper seeks to 
extend [8] by applying the ADM to obtain the exact or near-exact solutions to the linear nonhomogeneous 
one-dimensional wave equation. The concern here is how to deal with the source term and hopefully set the stage for 
solving the nonlinear wave equation. Consider the following basic nonhomogeneous setup for the wave equation:  

�
𝑢𝑢𝑡𝑡𝑡𝑡 − 𝑐𝑐2𝑢𝑢𝑥𝑥𝑥𝑥 = 𝐹𝐹(𝑥𝑥, 𝑡𝑡)

𝑢𝑢(𝑥𝑥, 𝑡𝑡0) = 𝑓𝑓(𝑥𝑥)
𝑢𝑢𝑡𝑡(𝑥𝑥, 𝑡𝑡0) = 𝑔𝑔(𝑥𝑥)

�                                        (1) 

where 𝐹𝐹(𝑥𝑥, 𝑡𝑡), 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) are sufficiently smooth known functions. In this work, we use the Adomian series solu-
tion method which yields the exact solution of problem (1). The rest of the paper is organised as follows: Section 2 out-
lines the method of solution, Section 3 gives a sampling of numerical examples and Section 4 concludes the study. 
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2. Adomian Decomposition Method 
2.1 Operator form 

In this section, we outline the steps to obtain a solution of (1) using the ADM which was formulated by Adomian [9-11]. 
In the standard form, (1) can be rewritten as: 

𝐿𝐿𝑡𝑡�𝑢𝑢(𝑥𝑥, 𝑡𝑡)� = 𝐿𝐿𝑥𝑥�𝑐𝑐2𝑢𝑢(𝑥𝑥, 𝑡𝑡)� + 𝐹𝐹(𝑥𝑥, 𝑡𝑡)                         (2) 

Where the differential operators are defined, respectively, as 𝐿𝐿𝑡𝑡 =  𝜕𝜕
2

𝜕𝜕𝑡𝑡2 and 𝐿𝐿𝑥𝑥 =  𝜕𝜕
2

𝜕𝜕𝑥𝑥2. Suppose the inverse operator 𝐿𝐿𝑡𝑡−1 
exists. Then 𝐿𝐿𝑡𝑡−1 is the two-fold integral operator from 0 to 𝑡𝑡 defined by: 

𝐿𝐿𝑡𝑡−1 = � � (. )
𝑡𝑡

0

𝑡𝑡

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

Applying this inverse operator on both sides of equation (2) gives 
𝐿𝐿𝑡𝑡−1�𝐿𝐿𝑡𝑡�𝑢𝑢(𝑥𝑥, 𝑡𝑡)�� = 𝐿𝐿𝑡𝑡−1�𝐿𝐿𝑥𝑥�𝑐𝑐2𝑢𝑢(𝑥𝑥, 𝑡𝑡)�� + 𝐿𝐿𝑡𝑡−1[𝐹𝐹(𝑥𝑥, 𝑡𝑡)] 

Since 𝑐𝑐2 is a constant, it can be factored out and the above equation can be written as: 
𝐿𝐿𝑡𝑡−1�𝐿𝐿𝑡𝑡�𝑢𝑢(𝑥𝑥, 𝑡𝑡)�� = 𝑐𝑐2𝐿𝐿𝑡𝑡−1�𝐿𝐿𝑥𝑥�𝑢𝑢(𝑥𝑥, 𝑡𝑡)�� + 𝐿𝐿𝑡𝑡−1[𝐹𝐹(𝑥𝑥, 𝑡𝑡)]                     (3) 

2.2 Application of the ADM to the solution of the problem 
From equation (3), it follows that 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴 + 𝐵𝐵𝐵𝐵 + 𝑐𝑐2𝐿𝐿𝑡𝑡−1�𝐿𝐿𝑥𝑥�𝑢𝑢(𝑥𝑥, 𝑡𝑡)�� + 𝐿𝐿𝑡𝑡−1[𝐹𝐹(𝑥𝑥, 𝑡𝑡)]                    (4) 
Where 𝐴𝐴 and 𝐵𝐵 are constants of integration which can be found from the boundary or initial conditions. Assuming that 
𝑡𝑡0 = 0 in the given initial conditions, 𝐴𝐴 = 𝑓𝑓(𝑥𝑥) and 𝐵𝐵 = 𝑔𝑔(𝑥𝑥), so that we have 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑓𝑓(𝑥𝑥) + 𝑡𝑡𝑡𝑡(𝑥𝑥) + 𝑐𝑐2𝐿𝐿𝑡𝑡−1�𝐿𝐿𝑥𝑥�𝑢𝑢(𝑥𝑥, 𝑡𝑡)�� + 𝐿𝐿𝑡𝑡−1[𝐹𝐹(𝑥𝑥, 𝑡𝑡)]                 (5) 
Where the unknown function 𝑢𝑢 is decomposed into a sum of components defined by the decomposition series: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = �𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡)
∞

𝑛𝑛=0

 

with 𝑢𝑢0 identified as 𝑢𝑢(𝑥𝑥, 0) and the components 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡) obtained from the recursive formula: 
∑ 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡)∞
𝑛𝑛=0 = 𝑓𝑓(𝑥𝑥) + 𝑡𝑡𝑡𝑡(𝑥𝑥) + 𝑐𝑐2𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(∑ 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡)∞

𝑛𝑛=0 )] + 𝐿𝐿𝑡𝑡−1[𝐹𝐹(𝑥𝑥, 𝑡𝑡)]          (6) 
or 

𝑢𝑢0(𝑥𝑥, 𝑡𝑡) = 𝑓𝑓(𝑥𝑥) + 𝑡𝑡𝑡𝑡(𝑥𝑥) + 𝐿𝐿𝑡𝑡−1[𝐹𝐹(𝑥𝑥, 𝑡𝑡)] 
𝑢𝑢𝑛𝑛+1(𝑥𝑥, 𝑡𝑡) = 𝑐𝑐2𝐿𝐿𝑡𝑡−1�𝐿𝐿𝑥𝑥�𝑢𝑢(𝑥𝑥, 𝑡𝑡)��,𝑛𝑛 ≥ 0 

i.e., 
𝑢𝑢0 = 𝑓𝑓(𝑥𝑥) + 𝑡𝑡𝑡𝑡(𝑥𝑥) + 𝐿𝐿𝑡𝑡−1[𝐹𝐹(𝑥𝑥, 𝑡𝑡)] 

𝑢𝑢1 = 𝑐𝑐2𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢0)] 
𝑢𝑢2 = 𝑐𝑐2𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢1)]                                      (7) 

⋮ 
𝑢𝑢𝑛𝑛+1 = 𝑐𝑐2𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢𝑛𝑛)] 

Thus, the ADM is concerned with finding the components 𝑢𝑢0,𝑢𝑢1,𝑢𝑢2, … individually and summing them up to obtain the 
solution 𝑢𝑢(𝑥𝑥, 𝑡𝑡). If the PDE contains a nonlinear term, this term is represented as 𝑁𝑁𝑁𝑁 and decomposed into a series: 

𝑁𝑁𝑁𝑁 = �𝐴𝐴𝑛𝑛

∞

𝑛𝑛=0

 

Where the 𝐴𝐴𝑛𝑛 , depending on 𝑢𝑢0,𝑢𝑢1,𝑢𝑢2, … ,𝑢𝑢𝑛𝑛 , are called Adomian polynomials obtained, for the nonlinearity 𝑁𝑁𝑁𝑁 = 𝛽𝛽(𝑢𝑢), 
by the formula: 
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𝐴𝐴𝑛𝑛 =
1
𝑛𝑛!
𝐿𝐿𝜆𝜆 �𝛽𝛽 ��𝑢𝑢𝑖𝑖𝜆𝜆𝑖𝑖

∞

𝑖𝑖=0

�� 

Where 𝜆𝜆 is a grouping parameter of convenience and 𝐿𝐿𝜆𝜆 = 𝜕𝜕𝑛𝑛

𝜕𝜕𝜆𝜆𝑛𝑛
. In this way, the components 𝑢𝑢0,𝑢𝑢1,𝑢𝑢2, …  are identified 

and the series solution to the wave equation is completely determined. The exact solution may be determined using the 
approximation: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = lim
𝑛𝑛→∞

Φ𝑛𝑛  

Where Φ𝑛𝑛 = ∑ 𝑢𝑢𝑘𝑘𝑛𝑛−1
𝑘𝑘=0 . 

Remark 2.1. Note that the recursive relationship (7) is constructed on the basis that the zeroth component 𝑢𝑢0(𝑥𝑥, 𝑡𝑡) is 
defined by all the terms that arise from the initial conditions and from integrating the source term. The remaining com-
ponents 𝑢𝑢𝑛𝑛(𝑥𝑥, 𝑡𝑡),𝑛𝑛 ≥ 1 are completely determined recursively such that each term is computed by using the immediately 
preceding term. Accordingly, considering the first few terms only, the recursive relation (7) gives 
𝑢𝑢0(𝑥𝑥, 𝑡𝑡),𝑢𝑢1(𝑥𝑥, 𝑡𝑡),𝑢𝑢2(𝑥𝑥, 𝑡𝑡) , … 

Remark 2.2. Adomian and Rach [11] and Wazwaz [12] investigated the phenomenon of self-cancelling “noise” terms 
where some terms in the series vanish in the limit. These “noise” terms do not appear for homogeneous equations but only 
for specific types of nonhomogeneous equations. Furthermore, it has formally been shown that if some terms in 𝑢𝑢0 are 
cancelled by identical terms in 𝑢𝑢1  with opposite signs, even though 𝑢𝑢1  includes additional terms, the remaining 
non-cancelled terms in 𝑢𝑢0 constitute the exact solution of the given equation (Kaya and Inc [13]; Almazmumy et al. [14]). 
However, it is necessary and essential to verify that the remaining non-cancelled terms satisfy the given equation. 

2.3 D’Alembert’s formula for the nonhomogeneous wave equation 
Given certain regularity, the unique analytical solution of the linear nonhomogeneous one-dimensional wave equation is 

given by a general form of d’Alembert’s formula according to the following theorem. 
Theorem 2.3. Consider the nonhomogeneous wave equation given in (1). Fix 𝑘𝑘 ≥ 1and take𝑡𝑡0 ∈ (𝑇𝑇−,𝑇𝑇+). If 𝑓𝑓 ∈

𝐶𝐶𝑘𝑘+1(ℝ), 𝑔𝑔 ∈ 𝐶𝐶𝑘𝑘(ℝ), 𝐹𝐹 ∈ 𝐶𝐶𝑘𝑘[(𝑇𝑇−,𝑇𝑇+) × ℝ], then ∃  a unique solution 𝑢𝑢 ∈ 𝐶𝐶𝑘𝑘+1[(𝑇𝑇−,𝑇𝑇+) × ℝ] given by: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 1
2
𝑓𝑓�𝑥𝑥 − 𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)� + 1

2
𝑓𝑓�𝑥𝑥 + 𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)� + 1

2𝑐𝑐 ∫ 𝑔𝑔(𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐(𝑡𝑡−𝑡𝑡0)
𝑥𝑥−𝑐𝑐(𝑡𝑡−𝑡𝑡0) + 1

2𝑐𝑐 ∫ �∫ 𝐹𝐹(𝑦𝑦, 𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐(𝑡𝑡−𝑠𝑠)
𝑥𝑥−𝑐𝑐(𝑡𝑡−𝑠𝑠) � 𝑑𝑑𝑑𝑑𝑡𝑡

𝑡𝑡0
   (8) 

Proof. See Hopkins [15] for proof of the case 𝑐𝑐 = 1. 
Remark 2.4. If 𝑡𝑡0 = 0, then (8) becomes: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 1
2
𝑓𝑓(𝑥𝑥 − 𝑐𝑐𝑐𝑐) + 1

2
𝑓𝑓(𝑥𝑥 + 𝑐𝑐𝑐𝑐) + 1

2𝑐𝑐 ∫ 𝑔𝑔(𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐𝑐𝑐
𝑥𝑥−𝑐𝑐𝑐𝑐 + 1

2𝑐𝑐 ∫ �∫ 𝐹𝐹(𝑦𝑦, 𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐(𝑡𝑡−𝑠𝑠)
𝑥𝑥−𝑐𝑐(𝑡𝑡−𝑠𝑠) � 𝑑𝑑𝑑𝑑𝑡𝑡

0           (9) 

Which is the solution of the nonhomogeneous Cauchy wave problem. The first two terms of (9) come from d’Alembert’s 
formula for the homogeneous wave equation (see Kasumo [8]). The third term is called Duhamel’s principle and generally 
works for linear differential equations. Thus, (9) is the solution of the wave equation (1) with 𝑡𝑡0 = 0. Using the linearity of 
this equation, we divide it into two smaller sub-problems, namely, 

𝑣𝑣𝑡𝑡𝑡𝑡 − 𝑐𝑐2𝑣𝑣𝑥𝑥𝑥𝑥 = 0, 𝑣𝑣(𝑥𝑥, 0) = 𝑓𝑓(𝑥𝑥), 𝑣𝑣𝑡𝑡(𝑥𝑥, 0) = 𝑔𝑔(𝑥𝑥)                          (10) 
and 

𝑤𝑤𝑡𝑡𝑡𝑡 − 𝑐𝑐2𝑤𝑤𝑥𝑥𝑥𝑥 = 𝐹𝐹(𝑥𝑥, 𝑡𝑡),𝑤𝑤(𝑥𝑥, 0) = 0,𝑤𝑤𝑡𝑡(𝑥𝑥, 0) = 0                          (11) 
and solve them separately. 

Lemma 2.5. Let 𝑣𝑣 be the solution of (10) and 𝑤𝑤 the solution of (11). Then 𝑢𝑢 = 𝑣𝑣 + 𝑤𝑤 is the solution of (1) when 
𝑡𝑡0 = 0, and this solution happens to be (9). 

3. Numerical Examples 
In this section, we give numerical examples of linear nonhomogeneous wave equations and show their solution using the 

ADM. The examples show that in most cases the exact solution in closed form can be obtained. All the computations 
associated with these examples were performed using a Samsung Series 3 PC with an Intel Celeron CPU 847 at 1.10GHz 
and 6.0GB internal memory. The figures were constructed using MATLAB R2016a. 

Example 3.1. Consider the nonhomogeneous wave equation 
𝑢𝑢𝑡𝑡𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑥𝑥 = 1,−∞ ≤ 𝑥𝑥 ≤ ∞, 𝑡𝑡 > 0 
𝑢𝑢(𝑥𝑥, 0) = 𝑥𝑥2 
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𝑢𝑢𝑡𝑡(𝑥𝑥, 0) = 1 
We use d’Alembert’s formula (Theorem 2.3, equation (9)) with 𝑐𝑐 = 1,𝐹𝐹(𝑥𝑥, 𝑡𝑡) = 1, 𝑓𝑓(𝑥𝑥) = 𝑥𝑥2 and 𝑔𝑔(𝑥𝑥) = 1. Thus, 

we have 

1) 1
2
𝑓𝑓(𝑥𝑥 − 𝑐𝑐𝑐𝑐) + 1

2
𝑓𝑓(𝑥𝑥 + 𝑐𝑐𝑐𝑐) = 1

2
[(𝑥𝑥 − 𝑡𝑡)2 + (𝑥𝑥 + 𝑡𝑡)2] = 𝑥𝑥2 + 𝑡𝑡2 

2) 1
2𝑐𝑐 ∫ 𝑔𝑔(𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐𝑐𝑐

𝑥𝑥−𝑐𝑐𝑐𝑐 = 1
2 ∫ 𝑑𝑑𝑑𝑑 = 1

2
[(𝑥𝑥 + 𝑡𝑡) − (𝑥𝑥 − 𝑡𝑡)]𝑥𝑥+𝑡𝑡

𝑥𝑥−𝑡𝑡 = 𝑡𝑡 

3) 1
2𝑐𝑐 ∫ �∫ 𝐹𝐹(𝑦𝑦, 𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐(𝑡𝑡−𝑠𝑠)

𝑥𝑥−𝑐𝑐(𝑡𝑡−𝑠𝑠) � 𝑑𝑑𝑑𝑑 = 1
2 ∫ ∫ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =𝑥𝑥+𝑡𝑡−𝑠𝑠

𝑥𝑥−𝑡𝑡+𝑠𝑠
𝑡𝑡

0
𝑡𝑡

0 ∫ (𝑡𝑡 − 𝑠𝑠)𝑑𝑑𝑑𝑑 = 𝑡𝑡2 − 𝑡𝑡2

2
= 𝑡𝑡2

2
𝑡𝑡

0  

Adding these three quantities gives the exact solution as, 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑥𝑥2 + 𝑡𝑡2 + 𝑡𝑡 + 𝑡𝑡2

2
= 𝑥𝑥2 + 3𝑡𝑡2

2
+ 𝑡𝑡                          (12) 

The numerical solution obtained by the ADM will be compared with the exact solution (12). The ADM solution is given 
by the recursive relationship, 

𝑢𝑢0(𝑥𝑥, 𝑡𝑡) = 𝑓𝑓(𝑥𝑥) + 𝑡𝑡𝑡𝑡(𝑥𝑥) + 𝐿𝐿𝑡𝑡−1[𝐹𝐹(𝑥𝑥, 𝑡𝑡)] 

𝑢𝑢𝑛𝑛+1(𝑥𝑥, 𝑡𝑡) = 𝑐𝑐2𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �� 𝑢𝑢𝑛𝑛
∞

𝑛𝑛=0
�� = 𝑐𝑐2𝐿𝐿𝑡𝑡−1 ��� 𝑢𝑢𝑛𝑛

∞

𝑛𝑛=0
�
𝑥𝑥𝑥𝑥
� 

i.e., 

𝑢𝑢0 = 𝑥𝑥2 + 𝑡𝑡 + 𝐿𝐿𝑡𝑡−1[1] = 𝑥𝑥2 + 𝑡𝑡 + � � 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =
𝑡𝑡

0

𝑡𝑡

0
𝑥𝑥2 + 𝑡𝑡 + � 𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑥𝑥2 + 𝑡𝑡 +

𝑡𝑡

0

𝑡𝑡2

2
 

𝑢𝑢1 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢0)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �𝑥𝑥2 + 𝑡𝑡 +
𝑡𝑡2

2
�� = 𝐿𝐿𝑡𝑡−1[2] = � � 2𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =

𝑡𝑡

0
𝑡𝑡2

𝑡𝑡

0
 

𝑢𝑢2 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢1)] = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑡𝑡2)] = 0 = 𝑢𝑢𝑛𝑛+1,𝑛𝑛 ≥ 2 
Thus, the ADM solution is 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑢𝑢0 + 𝑢𝑢1 + 𝑢𝑢2 = 𝑥𝑥2 + 3𝑡𝑡2

2
+ 𝑡𝑡                              (13) 

which is the exact solution (equation (12)) obtained by d’Alembert’s formula for the nonhomogeneous wave equation (9). 
The results for 0 < 𝑥𝑥 < 3 and 0 < 𝑡𝑡 < 2 are given in Figure 1. 

 

(a) Surface 𝒖𝒖(𝒙𝒙, 𝒕𝒕) = 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑𝟐𝟐

𝟐𝟐
+ 𝒕𝒕                      (b) Contour diagram 

Figure 1. Approximate and exact solution and contour diagram for Example 3.1. 
Example 3.2. Consider the following one-dimensional nonhomogeneous wave equation: 
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          𝑢𝑢𝑡𝑡𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑥𝑥 = 𝑡𝑡 sin 𝑥𝑥 ,−∞ ≤ 𝑥𝑥 ≤ 𝜋𝜋, 𝑡𝑡 > 0 

𝑢𝑢(𝑥𝑥, 0) = sin 𝑥𝑥 
           𝑢𝑢𝑡𝑡(𝑥𝑥, 0) = sin 3𝑥𝑥 

Here, 𝑐𝑐 = 1,𝐹𝐹(𝑥𝑥, 𝑡𝑡) = 𝑡𝑡 sin 𝑥𝑥 , 𝑓𝑓(𝑥𝑥) = sin 𝑥𝑥 and 𝑔𝑔(𝑥𝑥) = sin 3𝑥𝑥. Thus, 

1) 1
2
𝑓𝑓(𝑥𝑥 − 𝑐𝑐𝑐𝑐) + 1

2
𝑓𝑓(𝑥𝑥 + 𝑐𝑐𝑐𝑐) = 1

2
[sin(𝑥𝑥 − 𝑡𝑡) + sin(𝑥𝑥 + 𝑡𝑡)] = sin 𝑥𝑥 cos 𝑡𝑡 

2) 1
2𝑐𝑐 ∫ 𝑔𝑔(𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐𝑐𝑐

𝑥𝑥−𝑐𝑐𝑐𝑐 = 1
2 ∫ sin 3𝑠𝑠 𝑑𝑑𝑑𝑑 = − 1

6
[cos(3𝑥𝑥 + 3𝑡𝑡) − cos(3𝑥𝑥 − 3𝑡𝑡)]𝑥𝑥+𝑡𝑡

𝑥𝑥−𝑡𝑡 = 1
3

sin 3𝑥𝑥 sin 3𝑡𝑡 

3) 1
2𝑐𝑐 ∫ �∫ 𝐹𝐹(𝑦𝑦, 𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐(𝑡𝑡−𝑠𝑠)

𝑥𝑥−𝑐𝑐(𝑡𝑡−𝑠𝑠) � 𝑑𝑑𝑑𝑑 = 1
2 ∫ ∫ 𝑠𝑠 sin𝑦𝑦 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =𝑥𝑥+𝑡𝑡−𝑠𝑠

𝑥𝑥−𝑡𝑡+𝑠𝑠
𝑡𝑡

0
𝑡𝑡

0 ∫ 𝑠𝑠 sin 𝑥𝑥 sin(𝑡𝑡 − 𝑠𝑠) 𝑑𝑑𝑑𝑑𝑡𝑡
0 = (𝑡𝑡 − sin 𝑡𝑡) sin 𝑥𝑥 

By d’Alembert’s formula, the exact solution is the sum of the three quantities obtained above: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = sin 𝑥𝑥 cos 𝑡𝑡 + 1
3

sin 3𝑥𝑥 sin 3𝑡𝑡 + (𝑡𝑡 − sin 𝑡𝑡) sin 𝑥𝑥                       (14) 

Now, applying the concept of ADM to the given wave equation, we have the recursive relationship 
𝑢𝑢0 = sin 𝑥𝑥 + 𝑡𝑡 sin 3𝑥𝑥 + 𝐿𝐿𝑡𝑡−1[𝑡𝑡 sin 𝑥𝑥] 

𝑢𝑢𝑛𝑛+1 = 𝑐𝑐2𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �� 𝑢𝑢𝑛𝑛
∞

𝑛𝑛=0
�� = 𝑐𝑐2𝐿𝐿𝑡𝑡−1 ��� 𝑢𝑢𝑛𝑛

∞

𝑛𝑛=0
�
𝑥𝑥𝑥𝑥
� ,𝑛𝑛 ≥ 0 

i.e., 

𝑢𝑢0 = sin 𝑥𝑥 + 𝑡𝑡 sin 3𝑥𝑥 + � � 𝑠𝑠 sin 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =
𝑡𝑡

0

𝑡𝑡

0
sin 𝑥𝑥 + 𝑡𝑡 sin 3𝑥𝑥 + �

𝑠𝑠2

2
sin 𝑥𝑥 𝑑𝑑𝑑𝑑 = sin 𝑥𝑥 + 𝑡𝑡 sin 3𝑥𝑥 +

𝑡𝑡

0

𝑡𝑡3

6
sin 𝑥𝑥 

𝑢𝑢1 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢0)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �sin 𝑥𝑥 + 𝑡𝑡 sin 3𝑥𝑥 +
𝑡𝑡3

6
sin 𝑥𝑥�� = 𝐿𝐿𝑡𝑡−1 �− sin 𝑥𝑥 − 9𝑡𝑡 sin 3𝑥𝑥 −

𝑡𝑡3

6
sin 𝑥𝑥� 

= � � �− sin 𝑥𝑥 − 9𝑡𝑡 sin 3𝑥𝑥 −
𝑠𝑠3

6
sin 𝑥𝑥� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =

𝑡𝑡

0

𝑡𝑡

0
� �−𝑠𝑠 sin 𝑥𝑥 −

9𝑠𝑠2

2
sin 3𝑥𝑥 −

𝑠𝑠4

24
sin 𝑥𝑥� 𝑑𝑑𝑑𝑑

𝑡𝑡

0
 

= −
𝑡𝑡2

2
sin 𝑥𝑥 −

9𝑡𝑡3

6
sin 3𝑥𝑥 −

𝑡𝑡5

120
sin 𝑥𝑥 

𝑢𝑢2 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢1)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �−
𝑡𝑡2

2
sin 𝑥𝑥 −

9𝑡𝑡3

6
sin 3𝑥𝑥 −

𝑡𝑡5

120
sin 𝑥𝑥�� = 𝐿𝐿𝑡𝑡−1 �

𝑡𝑡2

2
sin 𝑥𝑥 +

81𝑡𝑡3

6
sin 3𝑥𝑥 +

𝑡𝑡5

120
sin 𝑥𝑥� 

= � � �
𝑠𝑠2

2
sin 𝑥𝑥 +

81𝑠𝑠3

6
sin 3𝑥𝑥 +

𝑠𝑠5

120
sin 𝑥𝑥�

𝑡𝑡

0

𝑡𝑡

0
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = � �

𝑠𝑠3

6
sin 𝑥𝑥 +

81𝑠𝑠4

24
sin 3𝑥𝑥 +

𝑠𝑠6

720
sin 𝑥𝑥�

𝑡𝑡

0
𝑑𝑑𝑑𝑑 

=
𝑡𝑡4

24
sin 𝑥𝑥 +

81𝑡𝑡5

120
sin 3𝑥𝑥 +

𝑡𝑡7

5040
sin 𝑥𝑥 

and so on. Adding the above approximants gives the solution as, 
𝑢𝑢 = 𝑢𝑢0 + 𝑢𝑢1 + 𝑢𝑢2 + ⋯ 

= sin 𝑥𝑥 + 𝑡𝑡 sin 3𝑥𝑥 +
𝑡𝑡3

6
sin 𝑥𝑥 −

𝑡𝑡2

2
sin 𝑥𝑥 −

9𝑡𝑡3

6
sin 3𝑥𝑥 −

𝑡𝑡5

120
sin 𝑥𝑥 +

𝑡𝑡4

24
sin 𝑥𝑥 +

81𝑡𝑡5

120
sin 3𝑥𝑥 +

𝑡𝑡7

5040
sin 𝑥𝑥 + ⋯ 

= sin 𝑥𝑥 −
𝑡𝑡2

2
sin 𝑥𝑥 +

𝑡𝑡4

24
sin 𝑥𝑥 + ⋯ + 𝑡𝑡 sin 3𝑥𝑥 −

9𝑡𝑡3

6
sin 3𝑥𝑥 +

81𝑡𝑡5

120
sin 3𝑥𝑥 + ⋯+

𝑡𝑡3

6
sin 𝑥𝑥 −

𝑡𝑡5

120
sin 𝑥𝑥

+
𝑡𝑡7

5040
sin 𝑥𝑥 + ⋯ 

= sin 𝑥𝑥 �1 −
𝑡𝑡2

2
+
𝑡𝑡4

24
−⋯� +

1
3

sin 3𝑥𝑥 �3𝑡𝑡 −
27𝑡𝑡3

6
+

243𝑡𝑡5

120
−⋯� + sin 𝑥𝑥 �

𝑡𝑡3

6
−

𝑡𝑡5

120
+

𝑡𝑡7

5040
−⋯� 

= sin 𝑥𝑥 �1 −
𝑡𝑡2

2!
+
𝑡𝑡4

4!
−⋯� +

1
3

sin 3𝑥𝑥 �3𝑡𝑡 −
(3𝑡𝑡)3

3!
+

(3𝑡𝑡)5

5!
−⋯� + sin 𝑥𝑥 �

𝑡𝑡3

3!
−
𝑡𝑡5

5!
+
𝑡𝑡7

7!
−⋯� 

i.e., 
𝑢𝑢(𝑥𝑥, 𝑡𝑡)  = sin 𝑥𝑥 cos 𝑡𝑡 + 1

3
sin 3𝑥𝑥 sin 3𝑡𝑡 + (𝑡𝑡 − sin 𝑡𝑡) sin 𝑥𝑥                      (15) 
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which is the exact solution obtained from d’Alembert’s formula. Figure 2 gives the results for 0 < 𝑥𝑥 < 3 and 0 < 𝑡𝑡 < 2. 
Example 3.3. Consider the following Cauchy problem of the nonhomogeneous wave equation, 

𝑢𝑢𝑡𝑡𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑥𝑥 = 𝑡𝑡7,−∞ ≤ 𝑥𝑥 ≤ ∞, 𝑡𝑡 > 0 
𝑢𝑢(𝑥𝑥, 0) = 2𝑥𝑥 + sin 𝑥𝑥 
𝑢𝑢𝑡𝑡(𝑥𝑥, 0) = 0 

To find the solution, we first use d’Alembert’s formula with 𝑐𝑐 = 1,𝐹𝐹(𝑥𝑥, 𝑡𝑡) = 𝑡𝑡7, 𝑓𝑓(𝑥𝑥) = 2𝑥𝑥 + sin 𝑥𝑥 and 𝑔𝑔(𝑥𝑥) = 0. 

1) 1
2
𝑓𝑓(𝑥𝑥 − 𝑐𝑐𝑐𝑐) + 1

2
𝑓𝑓(𝑥𝑥 + 𝑐𝑐𝑐𝑐) = 1

2
[2(𝑥𝑥 − 𝑡𝑡) + sin(𝑥𝑥 − 𝑡𝑡) + 2(𝑥𝑥 + 𝑡𝑡) + sin(𝑥𝑥 + 𝑡𝑡)] = 2𝑥𝑥 + sin 𝑥𝑥 cos 𝑡𝑡 

2) 1
2𝑐𝑐 ∫ 𝑔𝑔(𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐𝑐𝑐

𝑥𝑥−𝑐𝑐𝑐𝑐 = 0 

3) 1
2𝑐𝑐 ∫ �∫ 𝐹𝐹(𝑦𝑦, 𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐(𝑡𝑡−𝑠𝑠)

𝑥𝑥−𝑐𝑐(𝑡𝑡−𝑠𝑠) � 𝑑𝑑𝑑𝑑 = 1
2 ∫ ∫ 𝑠𝑠7𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =𝑥𝑥+𝑡𝑡−𝑠𝑠

𝑥𝑥−𝑡𝑡+𝑠𝑠
𝑡𝑡

0
𝑡𝑡

0
1
2 ∫ [2𝑡𝑡 − 2𝑠𝑠]𝑠𝑠7𝑑𝑑𝑑𝑑 =𝑡𝑡

0 ∫ [𝑡𝑡𝑠𝑠7 − 𝑠𝑠8]𝑑𝑑𝑑𝑑 =𝑡𝑡
0

𝑡𝑡9

8
− 𝑡𝑡9

9
= 𝑡𝑡9

72
 

 

 

(a) Surface 𝒖𝒖(𝒙𝒙, 𝒕𝒕) = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜 𝒕𝒕 + 𝟏𝟏
𝟑𝟑
𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑 𝐬𝐬𝐬𝐬𝐬𝐬𝟑𝟑𝟑𝟑 + (𝒕𝒕 − 𝐬𝐬𝐬𝐬𝐬𝐬 𝒕𝒕) 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙                   (b) Contour diagram 

Figure 2. Approximate and exact solution and contour diagram for Example 3.2. 

The analytical solution is therefore, 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 2𝑥𝑥 + sin 𝑥𝑥 cos 𝑡𝑡 + 𝑡𝑡9

72
                                 (16) 

By the ADM, we have, recursively, the approximants: 

𝑢𝑢0 = 2𝑥𝑥 + sin 𝑥𝑥 + 𝐿𝐿𝑡𝑡−1[𝑡𝑡7] = 2𝑥𝑥 + sin 𝑥𝑥 + � � 𝑠𝑠7𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 2𝑥𝑥 + sin 𝑥𝑥 +
𝑡𝑡9

72

𝑡𝑡

0

𝑡𝑡

0
 

𝑢𝑢1 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢0)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �2𝑥𝑥 + sin 𝑥𝑥 +
𝑡𝑡9

72
�� = 𝐿𝐿𝑡𝑡−1[− sin 𝑥𝑥] = � � − sin 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = −

𝑡𝑡

0

𝑡𝑡

0

𝑡𝑡2

2
sin 𝑥𝑥 

𝑢𝑢2 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢1)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �−
𝑡𝑡2

2
sin 𝑥𝑥�� = 𝐿𝐿𝑡𝑡−1 �

𝑡𝑡2

2
sin 𝑥𝑥� = � �

𝑠𝑠2

2
sin 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =

𝑡𝑡

0

𝑡𝑡

0

𝑡𝑡4

24
sin 𝑥𝑥 

𝑢𝑢3 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢2)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �
𝑡𝑡4

24
sin 𝑥𝑥�� = 𝐿𝐿𝑡𝑡−1 �−

𝑡𝑡4

24
sin 𝑥𝑥�

= � � −
𝑠𝑠4

24
sin 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =

𝑡𝑡

0

𝑡𝑡

0
−

𝑡𝑡6

120
sin 𝑥𝑥 

and so on. Summing up the approximants 𝑢𝑢0,𝑢𝑢1,𝑢𝑢3, …, we obtain the desired approximate solution: 
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𝑢𝑢 = 𝑢𝑢0 + 𝑢𝑢1 + 𝑢𝑢2 + ⋯ = 2𝑥𝑥 + sin 𝑥𝑥 +
𝑡𝑡9

72
−
𝑡𝑡2

2
sin 𝑥𝑥 +

𝑡𝑡4

24
sin 𝑥𝑥 −

𝑡𝑡5

120
sin 𝑥𝑥 + ⋯ 

= 2𝑥𝑥 + sin 𝑥𝑥 �1 −
𝑡𝑡2

2!
+
𝑡𝑡4

4!
−
𝑡𝑡6

6!
+ ⋯� +

𝑡𝑡9

72
 

i.e., 
𝑢𝑢(𝑥𝑥, 𝑡𝑡)  = 2𝑥𝑥 + sin 𝑥𝑥 cos 𝑡𝑡 + 𝑡𝑡9

72
                                 (17) 

Which is simply the exact solution (16). The results for 0 < 𝑥𝑥 < 3 and 0 < 𝑡𝑡 < 2 are shown in Figure 3. 

 
(a) Surface 𝒖𝒖(𝒙𝒙, 𝒕𝒕) = 𝟐𝟐𝟐𝟐 + 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜 𝒕𝒕 + 𝒕𝒕𝟗𝟗

𝟕𝟕𝟕𝟕
                       (b) Contour diagram 

Figure 3. Approximate and exact solution and contour diagram for Example 3.3. 

Example 3.4. Consider the following Cauchy problem of the nonhomogeneous wave equation 
𝑢𝑢𝑡𝑡𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑥𝑥 = 1,−∞ ≤ 𝑥𝑥 ≤ ∞, 𝑡𝑡 > 0 
𝑢𝑢(𝑥𝑥, 0) = sin 𝑥𝑥 
𝑢𝑢𝑡𝑡(𝑥𝑥, 0) = 𝑥𝑥 

To find the solution, we first use d’Alembert’s formula with 𝑐𝑐 = 1,𝐹𝐹(𝑥𝑥, 𝑡𝑡) = 1, 𝑓𝑓(𝑥𝑥) = sin 𝑥𝑥 and 𝑔𝑔(𝑥𝑥) = 𝑥𝑥. 

1) 1
2
𝑓𝑓(𝑥𝑥 − 𝑐𝑐𝑐𝑐) + 1

2
𝑓𝑓(𝑥𝑥 + 𝑐𝑐𝑐𝑐) = 1

2
[sin(𝑥𝑥 − 𝑡𝑡) + sin(𝑥𝑥 + 𝑡𝑡)] = sin 𝑥𝑥 cos 𝑡𝑡 

2) 1
2𝑐𝑐 ∫ 𝑔𝑔(𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐𝑐𝑐

𝑥𝑥−𝑐𝑐𝑐𝑐 = 1
2 ∫ 𝑠𝑠𝑠𝑠𝑠𝑠 = 1

4
[(𝑥𝑥 + 𝑡𝑡)2 − (𝑥𝑥 − 𝑡𝑡)2] = 1

4
[4𝑡𝑡𝑡𝑡] = 𝑡𝑡𝑡𝑡𝑥𝑥+𝑡𝑡

𝑥𝑥−𝑡𝑡  

3) 1
2𝑐𝑐 ∫ �∫ 𝐹𝐹(𝑦𝑦, 𝑠𝑠)𝑑𝑑𝑑𝑑𝑥𝑥+𝑐𝑐(𝑡𝑡−𝑠𝑠)

𝑥𝑥−𝑐𝑐(𝑡𝑡−𝑠𝑠) � 𝑑𝑑𝑑𝑑 = 1
2 ∫ ∫ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =𝑥𝑥+𝑡𝑡−𝑠𝑠

𝑥𝑥−𝑡𝑡+𝑠𝑠
𝑡𝑡

0
𝑡𝑡

0
1
2 ∫ [2𝑡𝑡 − 2𝑠𝑠]𝑑𝑑𝑑𝑑 =𝑡𝑡

0 ∫ [𝑡𝑡 − 𝑠𝑠]𝑑𝑑𝑑𝑑 = 𝑡𝑡2 − 𝑡𝑡2

2
=𝑡𝑡

0
𝑡𝑡2

2
 

Thus, the exact solution to the given Cauchy wave problem is: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡)  = sin 𝑥𝑥 cos 𝑡𝑡 + 𝑡𝑡𝑡𝑡 + 𝑡𝑡2

2
                                   (18) 

and the ADM solution is found as the sum of the approximants: 

𝑢𝑢0 = sin 𝑥𝑥 + 𝑡𝑡𝑡𝑡 + 𝐿𝐿𝑡𝑡−1[1] = sin 𝑥𝑥 + 𝑡𝑡𝑡𝑡 + � � 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = sin 𝑥𝑥 + 𝑡𝑡𝑡𝑡 +
𝑡𝑡2

2

𝑡𝑡

0

𝑡𝑡

0
 

𝑢𝑢1 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢0)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �sin 𝑥𝑥 + 𝑡𝑡𝑡𝑡 +
𝑡𝑡2

2
�� = 𝐿𝐿𝑡𝑡−1[− sin 𝑥𝑥] = � � − sin 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = −

𝑡𝑡

0

𝑡𝑡

0

𝑡𝑡2

2
sin 𝑥𝑥 

𝑢𝑢2 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢1)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �−
𝑡𝑡2

2
sin 𝑥𝑥�� = 𝐿𝐿𝑡𝑡−1 �

𝑡𝑡2

2
sin 𝑥𝑥� = � �

𝑠𝑠2

2
sin 𝑥𝑥 𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠 =

𝑡𝑡

0

𝑡𝑡

0

𝑡𝑡4

24
sin 𝑥𝑥 

𝑢𝑢3 = 𝐿𝐿𝑡𝑡−1[𝐿𝐿𝑥𝑥(𝑢𝑢2)] = 𝐿𝐿𝑡𝑡−1 �𝐿𝐿𝑥𝑥 �
𝑡𝑡4

24
sin 𝑥𝑥�� = 𝐿𝐿𝑡𝑡−1 �−

𝑡𝑡4

24
sin 𝑥𝑥� = � � −

𝑠𝑠4

24
sin 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =

𝑡𝑡

0

𝑡𝑡

0
−

𝑡𝑡6

720
sin 𝑥𝑥 
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and so on. Adding the approximants gives the approximate solution: 

𝑢𝑢 = 𝑢𝑢0 + 𝑢𝑢1 + 𝑢𝑢2 + ⋯ = sin𝑥𝑥+ 𝑡𝑡𝑡𝑡+
𝑡𝑡2

2 −
𝑡𝑡2

2 sin𝑥𝑥+
𝑡𝑡4

24 sin𝑥𝑥 −
𝑡𝑡5

720 sin𝑥𝑥 +⋯ 

= sin 𝑥𝑥 �1 −
𝑡𝑡2

2!
+
𝑡𝑡4

4!
−
𝑡𝑡6

6!
+ ⋯� + 𝑡𝑡𝑡𝑡 +

𝑡𝑡2

2
 

i.e., 
𝑢𝑢(𝑥𝑥, 𝑡𝑡)  = sin 𝑥𝑥 cos 𝑡𝑡 + 𝑡𝑡𝑡𝑡 + 𝑡𝑡2

2
                                   (19) 

the same result obtained using d’Alembert’s formula. The results are given in Figure 4. 

 

(a) Surface 𝒖𝒖(𝒙𝒙, 𝒕𝒕) = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜 𝒕𝒕 + 𝒕𝒕𝒕𝒕 + 𝒕𝒕𝟐𝟐

𝟐𝟐
                          (b) Contour diagram 

Figure 4. Approximate and exact solution and contour diagram for Example 3.4. 

4. Conclusion 
In this paper, the Adomian decomposition method has been successfully implemented to find the solution of the linear 

nonhomogeneous one-dimensional wave equation. Illustrative numerical examples have been given and the results show 
that the ADM leads to exact solutions to the linear one-dimensional wave equation with a source term. In fact, the ADM can 
provide analytical or approximate solutions to a wide range of nonlinear and stochastic equations without the need for 
linearization, perturbation, closure approximation or discretization methods. This work can be improved by (1) using one 
of the many modifications of the ADM, e.g., Rach et al. [16], Wazwaz [17], Almazmumy et al. [14], Biazar and Hosseini 
[18] and Alderremy et al. [19]; (2) applying the ADM to the solution of Volterra integro differential and integral equations 
that frequently occur in insurance mathematics; (3) applying the ADM to partial differential equations with nonlinear 
terms. 
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