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Abstract
One of the main characteristics of transportation problems is not only the hard design model process; but also, in the characterization of the elements that make up the
supply chain. A more detailed analysis will grant undoubtedly a greater knowledge
of the system. However, the use of regular networks for the development of models
can eliminate key characteristics for correct decision making. Faced with this fact,
the characterization of transport models is proposed through the conceptualization of
complex networks. This new proposal will allow to apply metrics and perform more
detailed analysis to the distribution network; such as vulnerability analysis, fault
propagation, element grouping identification, among other metrics. The objective of
this research is to show a methodology to build the Vehicle Routing Problem models
and analyze the distribution network using the corresponding metrics of complex
networks.
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1. Introduction.
One of the great challenges of the industrial sector is undoubtedly the logistical aspect: the transfer of the product
through the supply chain [24]. This key and decisive factor influences the final cost of the product however, among the
activities carried out in the supply chain, it is considered as a necessary activity that does not generate more value to the
product. This is the reason why, its cost seeks to be minimized [17,26,40].
Transport models as mentioned in [21]; can be solved by the known VRP (Vehicle Routing Problem) which its objective
is to find the optimal set of routes for a fleet of vehicles that must meet the demands of a given set of customers. That is a
generalization of the well-known Traveling Salesman Problem (TSP, for its acronym in English).
An important characteristic [37] is that in most cases when VRP models are built, restrictions of the elements that make
up the distribution network or characteristics of the environment are often omitted, which can lead to transport models
with multiple objectives or with a high degree of computational complexity.
In [38] was written that a distribution network needs to be analyzed from a more complete perspective to give an overview of the network elements behavior for example, grouping of its elements, detection of bottlenecks, workloads balance between warehouses, as well as other metrics that can be applied before the development of a mathematical model.
However, the same author mentions the necessity to increase the detail of traditional networks to obtain a more specific
of the characteristics of each element that makes up the network. This new perspective is only achieved if the use of the
complex network concept in the VRP model is generalized; as proposed in this article.
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The scope of the research consists in showing the proposed methodology and justifying its contribution. In a future research, examples will be made that show the advantages and disadvantages of its application.
This paper is organized as follows: the first section presents a brief introduction to the networks and their relationship
with the problem of vehicle routing, addressing in a general way the problems to be solved by means of the proposed
methodology. In section two the problem is addressed from the state of the art with a description about the Vehicle
Routing Problem, the way in which they have been solved from the point of view of the traditional networks and the
contribution of the theme, as a Novel factor that has not been explored and applied to VRP. In section three, the proposed methodology is described in a general way. Section four mentions the expected results and future work. Finally,
section five presents the conclusions.

2. State Of The Art
The following state of the art is divided into two sections: the first shows a brief introduction to the problem of vehicle
routing; and the second, addresses the concept of complex network and VRP.
2.1 Brief description of the Vehicle Routing Problem
One of the first approaches to the VRP problem was undoubtedly the one developed by [22], their model and algorithm
were initially designed to solve a fuel distribution problem; This process was carried out by delivering gasoline to a
group of customers located at different points. However, over time, a large number of restrictions have been added that
have led to a wide variety of transportation models; as described in [21,36,41,44,45,48].
It is important to mention that the VRP model is NP-hard [39,51] as these authors refer it among others, which means
that they are classified as combinatorial problems with a non-polynomial computational complexity.
In [41] is defined the VRP as a complete network G = (V, E), where V = {0,1, ..., n} is the set of nodes, which represents
the set of clients, node 0 represents the central store; assigned to these client nodes, there is a non-negative demand value
dj. The set E, is the set of arcs (i, j) ∈ E; so that if there is an arc between i and j, it means that there is a path between
them. Assigned to each of these arcs, there is a cost cij that will be equivalent to the transfer cost between node i and
node j. The objective of the VRP is to find a route at the minimum cost by visiting each of the customers with satisfaction of the total demand. This type of models has been solved by applying different optimization techniques. However,
the most used for this type of model are the heuristic and metaheuristic methods [21].
A complete classification of the different VRP models can be found in [15] and [46]; however, new models and categories have emerged over time based on the need to model new real problems. In [41] is showed a VRP classification based
on its topology. On the other hand, same authors mention that, depending on the restrictions of the problem and the
characteristics of the system, it is possible to categorize this type of models.
The VRP models, as mentioned in [10,43], can be classified into two main branches, according to the characteristics and
restrictions for which they were created. The first is identified by the authors as classic or deterministic models, which
are based on the omission of unexpected factors that may put the reliability of the model at risk. The second one, stochastic models, is more attached to reality, where multiple factors are no longer controllable for both the modeler and the
decision maker, as also mentioned by [32]. This is synthesized in four different categories as shown in Table 1

Acronyms
VRPSC
VRPSD

Table 1. Types of Stochastic Vehicle Routing Problems, source [32].
Stochastic Parameter
Acronyms
Stochastic Parameter
Customers
VRPSCD
Customers and Demands
Demands
VRPSTT
Travel Times

VRP models usually have many applications; being solved by a great variety of heuristic techniques; among which we
can mention stochastic, evolutionary, physical, swarm and neural algorithms, described and classified in greater detail in
[16]. Table 2 shows the VRP models and the most used solution techniques.
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Table 2. Statistics of existing VRP models and their solution techniques; source: source [46].
Applied Method
Number of Previous
Number of Articles
Models
Work
2013
2014
2015
2016
Classical Heuristics
10
2
2
2
1
2
Metaheuristic
72
17
17
5
11
13
Hybridation
31
3
3
2
9
10
Exact Method
22
7
7
2
0
3
Simulation
9
4
4
1
0
3
Adaptative Algorithms
5
2
2
1
1
0
Total

2017
2
19
5
4
1
0

149

Figure 1 shows the statistics of different articles analyzed for the elaboration of this investigation; they are classified by
different applied methods.
This collection of works adds to the one previously made by [15] where a new classification of hybrid and adaptive algorithms that the authors include within the metaheuristics is attached.
Number of papers based on the solution method
Adaptative Algorithms
Simulation

5

9
22

Exact Method

31

Hybridation

72

Metaheuristic

Classical Heuristics

10

Figure 1. Preference of the use of the different techniques to solve VRP models, information of table 2.

Furthermore, it is important to mention that the process of hybridization is not only linked to the process of
metaheuristics with metaheuristics; as mentioned in [11], it can also be presented between exact and metaheuristic
methods. An important feature of these hybridization methods lies in improving the performance of the final algorithm,
since it will combine the best individual characteristics of its predecessors, mitigating the opposite effects when hybridized [13,56]. These characteristics make this new technique one of the preferred ones to face the computational complexity that arises when incorporating a greater level of detail to the VRP. As seen in the work carried out by [1,2,4,6,7].
In terms of simulation, there are different contributions depending on the characteristics of the model. for example, for
stochastic models, there are simulations that use Monte Carlo simulation or Bayesian networks to explain the behavior of
stochastic variables [28,32]. On the other hand, there are simulations based on agents that analyze the system and propose an ABS to solve dynamic vehicle routing, where the dynamic implies variation in the freight demand. Two types of
agents are considered: retailers and truck drivers. The optimization problem is formulated in terms of traveled distance
minimization. Retailer behavior is simulated with a lateness tolerance which is used as a constraint of the vehicle routing
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problem. The search algorithm for vehicle routes is the particle swarm [52]. Secondly [27] present the problem of location and routing of vehicles with transportation costs stochastic displacement speeds. The authors propose a hybrid solution procedure based on the optimization of ant colonies (ACO) and discrete event simulation (DES). Again, it can be
seen here other type of hybrid models, optimization and simulation. After using a sequential heuristic algorithm to solve
the location subproblem, the problem of routing the capacitated vehicle is solved using ACO.
During the last years, other techniques that have shown a remarkable growth in solving problems with a high level of
difficulty, as shown in Table 3 and Figure 2, are the swarm algorithms. These metaheuristic algorithms have the characteristic of guiding a group of individuals through a region of solutions, where there is an individual and group search.
Each individual shares search information with the rest of the swarm, which is moving towards that region where the
solution tends to a global optimal [3,8,20,40,42].
Table 3. Statistics based on the type of metaheuristics; source: [46].
Number
Number of Articles
Kind of Metaheuristic
of Arti- Previous
cles
Work
2013
2014
2015
Stochastic Algorithms
34
7
1
4
4
Evolutionary Algorithms
11
2
1
2
1
Physical Algorithms
11
1
2
1
2
Swarm Algorithms
16
7
1
0
4
Total of Papers
72

2016
6
2
3
2

2017
12
3
2
2

Percentage of the number of papers classified by type of
metaheuristics used
0%

0%

Swarm
Algorithms
22%
Stochastic
Algorithms
47%

Physical
Algorithms
15%
Evolutionary
Algorithms
16%

Figure 2. Preference of the use of the different metaheuristic algorithms.

2.2 Complex networks and VRP
A complex network is one whose structure has very peculiar characteristics that can be identified from certain very specific metrics; such as: number of node degree, levels of grouping, clustering coefficient and power law, among others
[23]. In the literature, three types of complex networks are commonly mentioned, which are usually the most common to
identify in real cases.
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In the first case, random networks are found. These networks have mainly two characteristics. The first of them refers to
the distribution of (their nodes degree) the degrees of their nodes that can behave as a Binomial or Poisson distribution.
In this case, the value of probability p must be between 0 and 1. The second characteristic is that the number of degrees
of a node always oscillates near the average of degrees of the entire network, making it impossible to identify communities [50].
One method for the generation of random networks is the Erdös-Rényi model. In this type of model, there is the peculiarity that a node within the network will have the same probability of being connected to the other elements of the network. This probability is presented independently for each of the elements of the network. An example of this type of
network can be identified in Figure 3.

Figure 3. Example of a random network. Source by authors.

The second type of complex network is scale-free networks. The distribution of these networks shows that the degrees of
their nodes behave like a power law with a probability p (k) that a node of the network is connected with k nodes and is
proportional to
that implies
, The exponent is not unique, but depends on the specific type of network. For
most systems it was found that the parameter α is between
[23]. In this way it can be said that there are
many nodes with a lower grade level, as shown in Figure 4.

Figure 4. Example of Free-Scale networks. Source: by authors.

Finally, the small world networks have two characteristics that are:
• Any two nodes in the network communicate over a relatively small intermediate nodes path (small number of nodes).
Noting that the maximum distance between two nodes grows logarithmically with the number of nodes in the network.
• They have high values of clustering coefficient (greater than one). This value indicates that if two nodes are not directly
DOI: 10.26855/jamc.2018.12.001
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connected to each other there is a high probability that they are connected through the intervention of other nodes. And
they have a shorter average route distance close to one [50].

Figure 5. Example of Small-World networks. Source: by authors.
If it can be demonstrated that the distribution network of a company maintains a scale free or small world network behavior, then it can be analyzed as a network with a complex structure. So, it is convenient to answer the question: What
are the advantages of doing a topological analysis of transport networks?
One of the main reasons to perform a topological analysis is the analysis of vulnerability and the detection of network
clusters. The first study allows to identify the level of efficiency of the network against possible failure scenarios of any
of its components. The second identifies groups with similar characteristics.
Consider the case of a company that has three different types of customers with different characteristics among them. A
cluster analysis will identify how different the groups are and generate a routing plan for each of them, which is more
like their characteristics, avoiding integrating them into a generic model that considers each one of the characteristics of
the groups, but adding more computational complexity to solve the problem. In this way, it will be possible to divide the
complexity according to the characteristics of the elements that make up the network.
Another way to visualize complex networks is the proposal of [12,35]; who make use of the concept of hierarchies and
layers to represent schematically the operation of a complex system; allowing with this structure to visualize the different
types of interrelationships at different levels of the system.
In [55] is mentioned that the logistic distribution system is a nonlinear dynamic system, which includes multilevel, multifunctional, multi-objective and multiple actors subject to many random factors. This feature, coupled with the fact that
companies are increasingly immersed in a globalized market that requires constant logistic optimization to maintain
competitive levels, as well as real-time distribution and routing, make imperative the use of devices such as GPS with
routing. In the analysis that is proposed, the different relationships that exist between the agents of the network are considered. These relationships, as mentioned in [38], are attributes associated with the nodes and generate multiple types of
relationships that are represented by arcs.
To understand the concept of complex network proposed by [12,35] mentioned above, first, it is necessary to start from
the definition of a regular network. This can be defined as a network
where
is the set
of nodes and
is the set of arcs connecting each pair of nodes
where
y
[19,33,50].
From this definition it follows that the subscripts v and k are equivalent to the maximum number of nodes and arcs. On
the other hand, the arc that joins two nodes i and j within the network, can be defined by eij; Some basic concepts of
networks are mentioned by [30,49,50]. There are different definitions of a complex network; like the one by [12]; authors identify the layers of a complex network as a phase change of the product that flows through it. Proposal that has
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been used in urban transport, where a change in the mode of transport is a phase change and therefore a layer [5,25].
However, in this research proposal, due to the conditions of the VRP it cannot be analyzed as a multilayer structure. The
concept of complex network is developed with the purpose of carrying out the analysis of the distribution network, according to each attribute in the model variables. In this way, it is possible to appreciate the indicators of the network, for
each of these factors.
Below is the definition of VRP based on.[12,38,41]:
Definition: Let G = (V, E), be a network where V = {0,1, ..., i} is the set of nodes, where {1, ..., i} represents the set of
clients, and node 0 represents the store central. It can be more nodes as stores and they must be marked as such ones.
Each node i ∈
V is associated with a set of attributes.
; such as
.
At least one of the attributes of the set of clients must represent its demand di; whereas the first attribute of the node must
be the number that identifies the node within the network.
The set of arcs E can be defined as
; where
and
; for all
. In this case arc
exists if and
only if
. Similarly, there may be a homogeneous or heterogeneous vehicle fleet in the model
capacity
and a set of attributes
to serve a set of clients.
In this way, the adjacency matrix is expressed as follows:

with

(1)
It is important to mention that in the adjacency matrix that a node i to be linked to a node j must share at least one attribute in common.
However, the arc generated
can exist in the system if and only if there is a cost
that represents that connection through that common attribute. Duplication of attributes should be avoided, as is the case of costs. The attributes
of the node can be expressed as capabilities in case of representing warehouses.
The metrics of complex networks that can be applied to the analysis of the distribution network can be found in [12].
Some of these metrics can be clusters, centralities, and node degrees, among others.
In [38] is mentioned that a distribution network is composed of many attributes that give personality to each of its elements, and that are important to understand their place and behavior within the network. As an example, in a social network there are multiple types of agents or individuals with individual and collective characteristics and that according to
the attribute that you want to analyze, can generate a different interaction network [12,19,53].
Simulation has worked well in the conceptualization of complex systems [5, 25] in particular, agent-based simulation, as
mentioned in [52]. This allows to identify the emergencies that arise from the interaction of the elements that make up
the complex system [31]. The simulation techniques, as mentioned in [18] help to build and analyze different scenarios
but to optimize it is necessary to use the simulation-optimization hybridization; that can be defined as the process to locate the best values for the input variables without an exhaustive exploration in a set of solutions. The same author identifies a set of optimization techniques that can be mixed with the simulation process. The latter will be used to obtain
different scenarios of system states.
In the review of the state of art of VRP, no articles were identified that made use of complex networks to characterize or
analyze the distribution network as shown in table 4 and figure 6. This lack of VRP analysis through complex networks
can be understood as [21] mention: The objective of these models is the general optimization of resources to obtain a
solution. This premise can be justified by the fact that most applications focus on reducing execution times and improving solutions through the application of metaheuristic methods that provide these two characteristics; as shown in the
following table and figure.
DOI: 10.26855/jamc.2018.12.001
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Table 4 Analysis of the use of complex and regular networks based on the state of the art, own design.
Transportation
Net- Total Number of Previous Number of Papers
work Design
Papers
Work
2013
2014
2015
2016
2017
Regular Network
184
89
13
21
22
17
17
Complex Network
0
0
0
0
0
0
0
Total of Articles
184

Techniques used to solve the VRP
Other Techniques
15%

Exact Techniques
53%

Heuristics
Technoques
32%

Figure 6. Techniques used to solve VRP.

In conclusion, the VRP models focus on reducing the computational complexity of the model; and complex networks
approach is not considered. From the supply chain point of view routing problems are more complicated and demanding
due to the fact that restrictions are added as companies grow and move towards a more globalized and competitive
world [34,54]. This growth requires a general knowledge of the entire distribution network.

3. Methodology
Methodology shown in figure 7 is based on [9].
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Figure 7. Generic scheme of the methodology. Adapted from [9].

The specific structure of the methodology is shown in Figure 8.
Problem Identification

Identify the Problem as a
Vehicle Routing Problem

Identify the Characteristics
of the VRP

System Definition

Select the solution method

Design of the Complex Network
(VRP model)

Model and Network
Analysis

Analysis of the Complex Network
Loss of optimality
of the system

Corrections
Programming

Programming the Model
Analysis Results

Analysis of Results

Validation

Validation

Implementation process

Analysis and Evaluation of System
Indicators

Figure 8. Proposed methodology. Source: by authors.
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Step 1 Problem identification
It is important in this step to identify the key logistic indicators related to the product distribution system. In order to detect potential breaches that may directly affect customer satisfaction or generate a cost to the company [29,47]. In the
absence of such indicators, they must be defined.
Once a failure is detected through the indicators, it must be identified if the failure is attributable to the company's routing system, if so, continue with the next step. Otherwise stop and check the problem in other part of the system.
Step II System definition
In this second step, through a systemic analysis [47], all the elements and interrelations that directly participate in the
product distribution process will be identified. Identifying the different types of nodes, arcs and flows within the network.
See figure 9.
Environment
Transportation Policy

Ecological Policies

Distribution System
Clients

Warehouse

Product

Vehicles

Demographic
characteristics

Figure 9. Systemic visualization of a supply chain. Source: by authors.

An important characteristic within this step, and that will differentiate the result with respect to other transport models
existing in the literature, is the ability to add attributes to each of the elements of the network.
Consider the distribution system as a system with its respective environment in which, the role of the environment consists of requiring each of the elements (Customers, Stores, Vehicles and Products) of the network a set of restrictions that
can be assigned as attributes to these same elements in a particular way; in such a way, that the elements close to each
other, are expected to retain similar characteristics. In Figure 10, a brief example of the attributes associated with customers and vehicles is shown.

DOI: 10.26855/jamc.2018.12.001

534

Journal of Applied Mathematics and Computation

G.P. Chí
puli, I.F. de la Mota, O.S.S. Reyna, J.L. de Paz

Distribution System

Customer Attributes
Each client can have a diverse set of attributes that
can be partially or totally shared with other clients;
how can be:
•

Accept a specific type of vehicles

•

Attention time window

•

Specific characteristics of the deliveries
(complete lots or division of the cargo)

•

Physical characteristics of the product

•

Demand (Stochastic or deterministic)

Distribution System

Vehicles Attributes
The attributes associated with the vehicles are the
following:

•

Type of Vehicle Requested by the Client

•

Type of Vehicle According to Ecological
Restriction by Region

•

Type of Vehicle According to Restrictions of the
Region for Free Transit

•

Type of Vehicle by Load Capacity

Figure 10. Brief example of attributes associated with customers and vehicles. Source: by authors

It is important to keep in mind that there may be two main types of attributes in the system; those that act as a restriction
on the problem, and those that generate new objectives; As shown in figure 11.

Figure 11. Classification of different types of attributes. Source: by authors.

Figure 12 shows some characteristics or attributes that can be associated to the different elements of the network in terms
of transport models. These characteristics will increase restrictions under the same objective, which is the minimization
of the route. But there may be attributes that match the objective function of the VRP in terms of minimization, such as
minimizing the level of contamination by CO2, in which case it can be modeled as a multi-objective if necessary.
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Network
Component

Nodes

Arcs

WAREHOUSES

Vehicles

Product

Time Horizon

TYPE OF ARC
KIND OF PRODUCT

HOMOGENEOUS
WEIGHTED

INVENTORY

CAPACITY

TIME

INVENTORY
POLICY

COST
CAPACITY

TIME WINDOWS

TYPE OF PACKAGING
BY PRODUCT

HETEROGENEOUS

DIMENSIONS

MULTIMODAL

VEHICLE CLASS

CAPACITATED

NOT WEIGHTED
CLIENTS

LOAD DESCRIPTION
DIRECTED
DEMAND
NOT DIRECTED
TIME WINDOWS

CHARACTERISTICS

Figure 12. Elements of a VRP network, Source: by authors.

With this information, it is possible to characterize the corresponding VRP model; using the classification shown in figure 13.
VRP

Kind of Variable
DETERMINISTIC
MODEL

Multi-Depot

Periodic
VRP

Capacity
Restructions

MIDVRP

STOCHASTIC
MODEL

DVRP

PVRP

CUSTOMERS

SVRP

SERVICE TIME

VRPTW

CUSTOMER
DEMAND

TRAVEL TIME

INVENTORY VRP

Loading
Constraints

CVRP

VRPB

LOADING
RESTRICTIONS

MIXTURE OF RESTRICTIONS

Figure 13. VRP classification; based on: [10,41].
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It is necessary to consider that from the attributes of the nodes or elements of the network it is possible to generate subgroups with common characteristics. These groups can generate different models of VRP with which the problem can be
divided into subproblems of smaller networks and therefore more manageable in terms of their data structure as shown in
Figure 14.

ATTRIBUTE 1 & 2

Central Depot

Customers with attribute 1

Transport Model 1

Customers with attribute 2

Transport Model 2

Central Depot

Figure 14. Identification of the VRP subgroups based on the attributes. Source by authors.

Once the general VRP and its subsets have been characterized, it is possible to identify suitable algorithms to optimize
and simulate to construct different scenarios.
Step III Design and analysis of the complex network (VRP Model)
The creation of the distribution network is generated by identifying the nodes and the respective arcs of union between
them. It is important to mention that, due to the existence of different attributes, a node can be duplicated if it shares
characteristics or variables with another group to which it belongs. In this way, the joining arc between a duplicated node
and the other nodes must be black; and in turn, it must include a phase change function between one attribute and another. This concept is used by multilayer transport models, shown by [5,25]. The authors duplicate the nodes when there is a
change of transport mode and joining these duplicate nodes through a transfer arc that transforms the variable from one
specific attribute to another. For example, if a person is in a public transport network such as the subway, and changes to
a taxi, the time that elapses in the change of transport is the transfer arc, in which the attributes of that person shifts to the
taxi transport network. In this same way, there may be attributes that share variables; and now that a variable is auxiliary
in the calculations of another attribute, it changes phases starting from a function. See figure 15.
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Atribute 1
Atribute 2

4
1

5
8
2
3

6

6
7

Central Depot

Figure 15. Distribution network based on [12].

The analysis of the distribution network will allow to identify the level of vulnerability of the network to possible failures and alternate routes among others. In the same way, it will validate the subgroups created from different attributes.
With the vulnerability analysis of the network, the different simulation scenarios can be executed.
Network Vulnerability Analysis

Figure 16. Analysis of the distribution network. Source: by authors.

Step IV Model programming
In this step, the model is programmed in an agent-based simulation software because of the compatibility with complex
networks, they can be Anylogic or SIMIO.
Step V Simulation and results analysis
In this step, the simulation and definition of the different scenarios are executed, looking for the vulnerability of the
network and its solution.
Step VI Validation and Verification
In this step, the results must be validated by comparing the results with respect to real data or with small examples of
other similar models; as mentioned in [31].
Validation

Other Models
(Small Instances)

Real Data

Figure 17. Validation modes. Source: by authors.
DOI: 10.26855/jamc.2018.12.001

538

Journal of Applied Mathematics and Computation

G.P. Chí
puli, I.F. de la Mota, O.S.S. Reyna, J.L. de Paz

Step VII Analysis and evaluation of indicators
The indicators corresponding to the distribution system identified in Step I must be constantly monitored to verify their
correct operation. In the case of detecting any defect or improvement in the system, the process is restarted from Step I.
Step VIII Operational plan
At this step is important to build an action plan, technical reports and guides for the users who will oversee the system.

4. Expected Results and Future Work
With the application of the methodology, it is expected to be able to design more robust VRP models that consider the
variability of the real systems and thus detect possible problems of supply and failures to be able to propose the optimization and construction of scenarios through simulation.
The research is at the level of the methodology that shows advantages, scope and limitations and makes possible corrections to any of its steps. Future work contemplates the application to a real case.

5. Conclusion
Based on the analysis carried out, there is a great concern about the limitation of resources in the design of VRP models.
These limitations are usually the execution times, or the quality of the solutions expected for the decision maker. However, it should not be forgotten that the main objective of a VRP is to solve a real-life problem, where multiple variables
converge with multiple characteristics and attributes that can be significant and whose omission results in a model that is
not real [14].
For this reason, modelers are encouraged to expand the details of their models to obtain a broader knowledge of what
happens within the distribution network.
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