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  Abstract 

We consider the inhomogeneous Initial-Boundary value problem (IBVP) for the 

one dimensional Maxwell-Dirac system, which is a difficult and meaningful cou-

pled equation to study. First, from Laplace transform and semigroup theory, we 

obtain the local well-posedness (LWP) of the system by contraction map, in addi-

tion, we give that the bound is independent of time T, and hence obtain the global 

well-posedness (GWP) with small solutions of the system. Finally, we obtain a 

sharp estimate in the long time asymptotics result. 
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1. Introduction 

In this paper, we will discuss the quantum operator-valued Maxwell-Dirac (M-D) equations, which has some important 

sense in the classical electromagnetism. Dirac field (1.1) denoting fermion field, Maxwell field describing the 

electromagnetic interactions with the Dirac equation. 

 (1.1) 

The nonlinear Dirac (1.1) equation is known as the Thirring model [1]. The Cauchy problem for the nonlinear Dirac 

(1.1) has been studied by many authors. Selberg et al. [2] obtained the local existence in the case of s > 0 in 
,s bX   and 

,s bX   by null-form estimate. Furthermore, they obtained the global existence for s > 1/2 by the method of Delgado [3]. 

The Cauchy problem for the nonlinear Dirac equation in different space dimensions and various types of nonlinearities 

was studied in [4], [5], [6] and the references therein. 

The M-D system has been well-studied at least in the last several decades, by many authors. As far as we know, [7] 

obtained the existence and uniqueness of solutions, in suitable function spaces, for the first time. [8], [9] obtained the 

local solution by using the standard techniques for handling abstract hyperbolic equations. [10] obtains that the Cauchy 

problem for Eq. (1.2) in one dimensional space has a unique global solution regardless of the size of g or the data. He 

also proved [11] that there exists a solution of the M-D equations in 1 + 3 dimensions region. For more details about M-D 

equations, we can see [3], [12], [13] and the references therein. 

In general, the boundary conditions may lead to some extra difficulties compared with Cauchy problems. For instance, 

for the linear problem, the existence of a unique solution is conditioned by the quantity of the boundary data. On the 

other hand, the compatibility conditions between the initial and boundary data are required to guarantee the well- 



Fengxia Liu, Yitong Pei, Boling Guo 

 

 

DOI: 10.26855/jamc.2023.03.005 29 Journal of Applied Mathematics and Computation 

 

possedness. As we know, there exists a method based on the Laplace transform and contraction mapping that can be used 

to study the existence and asymptotics of solutions to the IBVP for integrable nonlinear evolution PDEs (especially for 

the dispersive equation), such as the KdV and Schrodinger equations with a particular class of boundary conditions, we 

can refer [14], [15], [16] and the references therein. However, there are no results about the IBVP for M-D equation as 

far as we know, the aim of the present paper is to fill this gap. 

In this paper, we study the local existence and global existence for the initial-boundary value problem (IBVP) of the 

nonlinear Maxwell-Dirac equation 

 (1.2) 

where wave operator , the 
'V 
 are the components of the electromagnetic (real) vector field (µ=0,1), 

and is the Maxwell spinor field; f  denotes t f , ,  

V =  are both two-spinor fields. α, β, g are hermitian (2 × 2)-matrices satisfying β2 = α2 = I, 

and the anticommutation relation 

0.    

A particular representation of the matrices α, β is given by 

0 1 1 0
, .

1 0 0 1
 

   
    

   
 

Furthermore, g is the Minkowski metric in 1 1 , namely, 

1 0
.

0 1
g

 
  

 
 

And   denotes 
* 0 *,    being the Hermitian conjugate of  . The Dirac matrices 

  are defined by 

0 1
0 1 0 1

, .
1 0 1 0

 
   

    
   

 

Let us now give our results. Firstly, we introduce some notations and definitions. 

Definition 1.1. We define the Laplace transform L and the inverse Laplace transform L-1 

 
and 

 

where ε > 0. 

We denote by  the Lebesgue space on  and the weighted  

Lebesgue space ,p kL  is defined by 

 

where 

 

We define the weighted Sobolev spaces by 
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where  Note that for k = 0 we obtain the usual Sobolev spaces ,0mH , we denote it by mH  instead of 

,0mH . We denote by  
2

pL ,  
2

,p kL  and  
2

,m kH , the spaces  2;pL 
;  , 2;p kL 

 and  , 2;m kH 
, 

respectively. For simplicity we will omit these higher indexes. Finally,  denotes that there exists positive 

constant C satisfying A CB . We define 

                      (1.3) 

                          (1.4) 

Also, we define the boundary operators by 

               (1.5) 

                    (1.6) 

Let 

 

where  and .  will be given later. We denote the Fourier sine 

transform  and the Fourier cosine transform  by 

 sin pxdx,  cos pxdx. 

Let Θ(x) be the step function 

 

Finally, we denote the nonlinearity and coupled-term of the M-D equation by 

 

Theorem 1.2. Let , , , , ,

. The initial- boundary value problem (1.2) is equivalent to the integral equation be such that 

               (1.7) 

                    (1.8) 

Moreover, there exists T > 0 such that the problem (1.2) has a unique local solution , 

. 

We also obtain the global well-possedness and the long time asymptotics results: 
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Theorem 1.3. Let ,  and , , ,  

, satisfying . Then, there is 

 such that for all , (1.2) has a unique global solution 

 

with the following time decay estimate 

                           (1.9) 

                            (1.10) 

Remark 1.4. Here we should notice that we only need to give the boundary condition of one component for ψ and V. 

In Proposition 2.1, we will see the reason for ψ, and the condition of  gives the relation of V1 and V2. 

The paper is organized as follows. In Section 2, we study the linear IBV problem for the Maxwell equation (we can see 

[17] for the linear IBV problem for the Dirac equation), we find the integral representation for the solution and we find 

the long-time asymptotics for the linear flow . Section 3 is divided into three parts. In the first subsection, we 

obtain some estimates that take important roles in the proof of our results. In the second part, we find the asymptotics of 

the nonlinearity  and coupled-term . In the third subsection, we obtain an asymptotic expansion for 

the solutions (see Lemma 3.8). Finally, we give the proofs of Theorem 1.2 and Theorem 1.3 in Section 4. 

2. Dirichlet IBVP for the Maxwell equation 

Let . Firstly, we consider the initial- boundary value problem of Maxwell 

equation on the positive half- line 

                   (2.1) 

Proposition 2.1. Let the initial data  the boundary data ,  and 

. Then, the solution  of the initial-boundary value problem (2. 1) is given by 

   (2.2) 

where 

 

 

Proof. Let us consider the homogeneous linear Maxwell equation 
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                  (2.3) 

We apply the Laplace transforms  and  with respect to space and time variables to (2.3). We get 

            (2.4) 

then 

               (2.5) 

the left hand side of (2.5) is analytic if Re p > 0, Re ξ > 0. 

As , where , then the left hand side of (2.4) is zero. We have 

the following relation between the initial and boundary data 

                (2.6) 

Using (2.6) in (2.5), we obtain 

    (2.7) 

Since 

 

expand the above equation, we have 

   (2.8) 

And since , then 

 

This implies that we need to fix one component of the solution on the boundary:  

 
Then the second equation of (2.8) can be rewritten as 

 

Using the boundary condition in (2.7) and (2.4), we have 

          (2.9) 

Taking the inverse transforms with respect to p and ξ in (2.9), we get 
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where 

      (2.10) 

where 

 

Taking the residuum in the points ξ = pei(θ2 -θ 1 ) , then 

 

and 

                                (2.11) 

In fact, the residuum is zero when . 

         (2.12) 

Moreover, 

      (2.13) 

where 
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Analogously, by residuum theorem we obtain 

 

where 

                          (2.14) 

Then, from above estimates we have 

 

So the solution V can be expressed as 

            (2.15) 

and 

        (2.16) 

Then we have 

       (2.17) 

The general case that the nonlinearity  follows by Duhamel’s principle:  

            (2.18) 
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Lemma 2.2. (see Lemma 2.5 of [18]) Let . Then, 

         (2.19) 

where 

 

Moreover, we have 

       (2.20) 

with , and 

            (2.21) 

with . 

Lemma 2.3. For x > 0, the asymptotic expansion 

 

holds, where 

 

Proof. In fact, by Lemma 2.2 

 

where 

 

3. Nonlinear estimates 

3.1 A prior estimates 

Lemma 3.1. The following relations hold: 

                   (3.1) 

where Ψ 1, Ψ2 have been defined in (2.11), (2.14) . 

                              (3.2) 
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                             (3.3) 

Proof. From Jordan’s lemma, we have 

 

Analogously, we have 

 

then 

 

It is clear that 

 

Similarly, we have 

 

Then, we obtain (3.1). By Jordan’s Lemma, we can also obtain (3.2), (3.3). 

Lemma 3.2. Let , for any . Then, the inequalities 

                   (3.4) 

               (3.5) 

and 

             (3.6) 

hold, where  have been defined in (2.11), (2.14). 

Proof. The proof (3.5) and (3.6) can be seen in [17]. We give the proof of (3.4). Note that 
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here we have used (3.1). Similar argument leads to 

                           (3.7) 

The proof of Ψ2 is similar, so we omit the proof. 

Define 

 

Lemma 3.3. For all t, , moreover, for , the equalities 

                 (3.8) 

and 

       (3.9) 

hold. 

Proof. Noting that , integrating by parts yields that 

       (3.10) 

On the other hand, 

                 (3.11) 

Thus (3.8) holds. 

Taking  in (3.10), combing (3.11), we obtain 

    (3.12) 
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Integrating by parts in the second term on the right hand-side of (3.12), we have 

        (3.13) 

Introducing (3.13) into (3.12), we have (3.9). 

Lemma 3.4. The inequality 

 

is true . 

Proof. In (3.8), we choose , then 

          (3.14) 

Furthermore, 

               (3.15) 

then we have 

 

Derivating (3.15) with respect to x, thus 

 

Furthermore, 

 
thus lemma 3.4 holds. 

Lemma 3.5. For any , and , the estimates 

                     (3.16) 

                   (3.17) 

hold, . 

Proof. Here, we only consider Ψ1, since Ψ2 is similar to Ψ1. 

           (3.18) 
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Next, we will prove that (3.18) belongs to H2. First, we consider the first term of (3.18). Let , where  

denotes Fourier transformation to x; t, then we have , namely,  

 

So, 

 

Similarly, we obtain . In fact, 

 

Next, we will consider the second term of (3.18). Let , then we have 

 

So, 

 

Similarly, we obtain  In fact, 

 

Next, we will give the relationship between  dy and . 

                 (3.19) 

               (3.20) 

Similarly, we get 

   (3.21) 

  (3.22) 

Hence, we obtain (3.16). Finally, we will prove (3.17). Integrating by parts, we have 

  (3.23) 
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We give the estimate for the right hand side of (3.23), 

 

Then, combining (3.19), (3.20), (3.21), (3.22), we obtain (3.17). 

We give the estimates for nonlinearity and coupling term. 

Lemma 3.6. 

                  (3.24) 

                  (3.25) 

Here, 

 

Proof. The proof of (3.25) is similar to (3.24), we omit it here. Next, we give the proof of (3.24). Note that 

 

where 

 

Here, we only consider the  case,  is similar to . By (3.9), we have 

 

For M11, M12 , 

 

For M13, integration by parts, we have 
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For the first term A 

 

Analogously, we have 

 

Hence, we obtain (3.24). 

Lemma 3.7. For boundary term, the following estimate holds: 

             (3.26) 

Proof. Let , then, 

 

 

Similarly, we obtain  estimates: 

 

3.2 Asymptotic representation for the nonlinearity 

We separate the linear evolution into the nonlinear Dirac equation and Maxwell equation by making the change: 
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                                    (3.27) 

                                    (3.28) 

We study the behaviour of the function   and  . Substituting (3.27), (3.28) into (1 .2), we get the following 

equation for new unknown functions ω and  . 

                     (3.29) 

First, we will discuss the coupling term. Note 

 

and, 

                (3.30) 

where 

 

 

For right hand side of (3. 30), as , using Laplace transformation on (3.30), then 

 

Noting that 

                        (3.31) 

and 

                        (3.32) 

By Lemma 2.2, we obtain 

      (3.33) 
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where 

 

Taking , then combing lemma 2.2 of [17], we have 

     (3.34) 

where 

 
and 

 
Analogously, we have 

    (3.35) 

where  

 

Because  have similar results, we omit the estimates here . Then 

     (3.36) 
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where 

 
Similarly, we can get : 

       (3.37) 

where 

 
For Maxwell equation, we have 

                         (3.38) 

where  will be given later. 

Here we only consider the first equation of (3.38). For the left hand side of (3.38), we have 

           (3.39) 

           (3.40) 

The first equation of (3.38) equals: 

         (3.41) 

Now we will take Laplace transformation on both hand side of (3.41). Taking , then 

     (3.42) 



Fengxia Liu, Yitong Pei, Boling Guo 

 

 

DOI: 10.26855/jamc.2023.03.005 45 Journal of Applied Mathematics and Computation 

 

Combing (3.31), (3.32), and Lemma 2.2 of [17] we obtain 

    (3.43) 

where 

 
Similarly, 

                        (3.44) 

where 

 

Next, we will prove  Since  and  are similar, we 

only consider . In fact, 

 
We will prove that 

 
Indeed, 
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i = 1, 2. Similarly, we can get the estimates of , they all can be controlled by  and 

. 

3.3 Long-time behaviour for the solutions to (3.29) 

Note that 

             (3.45) 

Let us consider the following ordinary equations: 

                      (3.46) 

Combining (3.45) and (3.36), we have 

       (3.47) 

Simplify the equation (3.47), we obtain 

     (3.48) 

where 

 

The first equation of (3.38) equals 

         (3.49) 
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where  have been defined in Section 3.1. 

Next we will consider the ODE: 

       (3.50) 

where . We have the following result. 

Lemma 3.8. Let . Then, the solution  of 

(3.50) satisfies the estimate 

                          (3.51) 

for  small enough, where . 

Proof. Let  We will consider the problem 

 

Firstly, as for 

                            (3.52) 

we can obtain that 

                              (3.53) 

Suppose that (3.53) does not hold. Then, by continuity, there is some T > 0 such that 

                              (3.54) 

Multiplying (3.52) with  and then integrating it, we have 

               (3.55) 

here we have used that  

Note that , integrating by parts and using that 

          (3.56) 

                    (3.57) 

Combining (3.54)-(3.57), we obtain 

 
Hence, we arrive to 
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which contradicts to the assumption (3.54). Hence (3.53) holds. Similar to the above estimates, we obtain (3.51). 

4. Proofs of Theorems 1.2 and 1.3. 

4.1 Proof of Theorem 1.2 

We introduce the function space 

 

where 

 

for σ > 0 small enough, and . Theorem 1.2 follows from the following proof: Proof. For some 

, we define the set  by 

 

For given  and  we denote 

 

                (4.1) 

We equip  with the distance  

respectively, so that they are complete metric spaces. Let us show that  for all  for all 

 and that the map  contraction , . 

By [17], to obtain the  part, we also need to prove that 

               (4.2) 

and 

     (4.3) 

where . By Lemma 3.2 and Sobolev inequality, we can obtain (4.2) and 

(4.3). 

Next, we will consider the V part. Lemma 3.2 implies that 

                   (4.4) 

and by Sobolev inequality, 

   (4.5) 

Lemma 3.1 and (3.26) imply that 
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                                (4.6) 

and 

                          (4.7) 

                         (4.8) 

Hence, using (4.4) and (4.6) we see that  and moreover, as  and (4.7) 

 

Furthermore, from Lemma 3.2 it follows 

 

Taking . we conclude that  for all  

and that the map  is a strict contraction  for some  sufficiently small. 

Therefore, it has a fixed point. Hence, we finish the proof of Theorem 1.2. 

4.2 Proof of Theorem 1.3 

Proposition 4.1. (i): Suppose that , . 

Then, for some T > 0 there exists solution to (1 .2) satisfying 

 

for some K1, K2 > 0. 

(ii): The existence time T given in (i) can be extended to infinity, which then yields the result of Theorem 1.3. 

Proof. (i): We define the sets: 

 

for K > 0. Then by a contraction mapping argument, similarly to Proof of Theorem 1.2, we obtain the result. 

(ii): We will prove the result by contradiction. Suppose that the result is false, then for some minimal T > 0, the a priori 

estimates  fail. Namely, we have 

                                      (4.9) 

                                        (4.10) 

We will show the equalities lead to the estimates 

                                     (4.11) 

                                         (4.12) 

which contradict with (4.9), (4.10) for ε > 0 sufficiently small. 

First, we prove that 

                                     (4.13) 

Combining [17], we only need to prove 

              (4.14) 

By Lemma 2.2 of [19] (see also [20]), we have 
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             (4.15) 

for , such that . Putting  

 and  in (4.15) we arrive to the estimate 

                            (4.16) 

Then, from above estimates, we obtain 

 

We obtain (4.13) by (4.11). Next, we prove that 

                                  (4.17) 

By (4.1) we have 

            (4.18) 

By Lemma 3.2, we have 

                        (4.19) 

Using (3.2), (3.3) in (1.6), we have 

                                (4.20) 

                                  (4.21) 

Using Lemma 3.2, we have 

                     (4.22) 

Similar to (4.16), we obtain 

                              (4.23) 

Using the last equality in (4.22), we obtain 

                     (4.24) 

Therefore, from (4.20)-(4.24), we obtain 

 

Hence, we obtain (4.17). 

Furthermore, we can obtain 

                                (4.25) 

and 

                            (4.26) 

The proof of (4.25), (4.26) maybe referred in [17]. Analogously, we obtain 

                               (4.27) 

Finally, we will give the proof of 
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                        (4.28) 

                       (4.29) 

Firstly, we give the proof of (4.29). By (3.38), consider 

  (4.30) 

where 

 

for ε > 0, where  have been defined in section 3.1.  

Multiplying (4.30) by , and denoting , we get 

                    (4.31) 

where 

 

We have shown that 

                (4.32) 

Suppose that , for , then (4.32) implies that for σ 1 small enough 

                          (4.33) 

Therefore, using Lemma 3.8 we obtain 

                          (4.34) 

On the other hand, if , by (4.32) we have 

                         (4.35) 

Then, by (4.34) and (4.35), we have 

                                 (4.36) 

Similarly, we obtain 

                               (4.37) 

Taking Lemma 2.3 into (4.36), we obtain (4.29). Finally, combining (4.25), (4.26) and (4.29), we obtain (4.12). 

The function  part is similar to V, we omit it. Hence we finish the proof of Theorem 1.3. 
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