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  Abstract 
Enumerative Combinatorics is the study of counting problems and counting tech-
niques. Counting elements of various sets is a primary concern in Enumerative 
Combinatorics. An interesting observation about “counting problems” is the fact 
that they are somewhat easier to understand but hard to solve. This means that no 
specilaised or sophisticated knowledge is required to understand the subject-matter 
of Enumerative Combinatorics. However, an in-depth study of various counting 
techniques is often one of the several requirements for being able to solve these 
problems. Owing to this nature, this branch of mathematics has a plethora of open 
problems. Among them there are the problems of counting transitive relations, 
counting partial orders and counting quasiorders on a finite set. In this paper, we 
briefly revisit three closely-knit open problems in Enumerative Combinatorics. We 
also show how, in the light of the available literature, the solution of one of these 
three problems would lead to the solutions of the other two. 
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1. Introduction 

Mathematics is known for its rigor. Owing to its nature, a statement in mathematics does not qualify as a theorem unless 
it has proof in its support and for its substantiation. Enumerative Combinatorics, a branch of mathematics that primarily 
concerns itself with counting problems, is no different. Several books, reviews and sources are available on this very rich 
and exciting subject of study [1-4]. The subject is pervaded with several open problems. Despite numerous attempts, these 
problems have remained unsolved to date.  

2. Counting Transitive Relations on a Set 
A relation 𝑅on a set 𝐴  is said to be transitive if (𝑥, 𝑦) ∈ 𝑅, (𝑦, 𝑧) ∈ 𝑅 ⇒ (𝑥, 𝑧) ∈ 𝑅,∀𝑥,𝑦, 𝑧 ∈ 𝐴 . For example, 

{(1,2), (2,3), (1,3)} is transitive on {1,2,3}. Similarly, {(1,2), (1,3)} is transitive on {1,2,3}. Other examples of transitive 
relations include the relation of “being parallel to” on the set of all the lines in a plane. Interestingly, the null relation and 
any singleton relation qualify as transitive relations. This type of transitivity is called vacuous transitivity. 

An open problem concerning transitive relations on a set is that of their enumeration. Let |𝐴| = 𝑛 and 𝑡𝑛 denote the 
number of all the transitive relations on 𝐴. Despite numerous attempts [5-9], there is currently no known formula for 𝑡𝑛. 
However, 𝑡𝑛 is known for 𝑛 ≤ 18. These values are tabulated below [10]: 
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𝑛 𝑡𝑛 
0 1 
1 2 
2 13 
3 171 
4 3994 
5 154303 
6 9415189 
7 878222530 
8 122207703623 
9 24890747921947 
10 7307450299510288 
11 3053521546333103057 
12 1797003559223770324237 
13 1476062693867019126073312 
14 1679239558149570229156802997 
15 2628225174143857306623695576671 
16 5626175867513779058707006016592954 
17 16388270713364863943791979866838296851 
18 64662720846908542794678859718227127212465 

These are the only known values of 𝑡𝑛. Finding a formula or a recursive relation is still is a much-desired thing con-
cerning 𝑡𝑛.  

3. Counting partial orders on a set 
Another similar problem is related to partial orders on a set. 
A relation 𝑅 on a set 𝐴 is said to be a partial order if it is reflexive, anti-symmetric and transitive. For example, 

{(1,1), (2,2), (1,2)} is a partial order on {1,2}. Similarly, {(1,1), (2,2)} is a partial order on {1,2}. Other examples of 
transitive relations include the relation of being less than or equal to on the set of all the real numbers. Partial orders are also 
known as posets.  

An open problem concerning partial orders on a set is that of their enumeration. Let |𝐴| = 𝑛 and 𝑝𝑛  denote the number 
of all the partial orders on 𝐴. There is currently no known formula for 𝑝𝑛 . However, 𝑝𝑛  is known for 𝑛 ≤ 18. These 
values are tabulated below [11]: 

𝑛 𝑝𝑛 
0 1 
1 1 
2 3 
3 19 
4 219 
5 4231 
6 130023 
7 6129859 
8 431723379 
9 44511042511 
10 6611065248783 
11 1396281677105899 
12 414864951055853499 
13 171850728381587059351 
14 98484324257128207032183 
15 77567171020440688353049939 
16 83480529785490157813844256579 
17 122152541250295322862941281269151 
18 241939392597201176602897820148085023 
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4. Counting quasi-orders on a set 
A third but very closely related problem concerns quasi-orders on a set.  
A relation 𝑅 on a set 𝐴 is said to be a quasi-order ifit is reflexive and transitive. For example, {(1,1), (2,2), (1,2)} is a 

quasi-order on {1,2}. Similarly, {(1,1), (2,2)} is a quasi-order on {1,2}. Other examples of quasi-orders include the re-
lation of being greater than or equal to on the set of all the real numbers.  

An open problem concerning quasi-orders on a set is that of their enumeration. Let |𝐴| = 𝑛 and 𝑞𝑛 denote the number 
of all the quasi-orders on 𝐴. Like the cases of 𝑡𝑛 and 𝑝𝑛 , there is currently no known formula for 𝑞𝑛. However, 𝑞𝑛 is 
known for 𝑛 ≤ 18. These values are tabulated below [12]: 

𝑛 𝑞𝑛 
0 1 
1 1 
2 4 
3 29 
4 355 
5 6942 
6 209527 
7 9535241 
8 642779354 
9 63260289423 
10 8977053873043 
11 1816846038736192 
12 519355571065774021 
13 207881393656668953041 
14 115617051977054267807460 
15 88736269118586244492485121 
16 93411113411710039565210494095 
17 134137950093337880672321868725846 
18 261492535743634374805066126901117203 

It is easy to observe that 𝑡𝑛, 𝑝𝑛  and 𝑞𝑛 are all known for the same values of 𝑛, that is 𝑛 ≤ 18. This is not a mere co-
incidence. The fact remains that 𝑡𝑛, 𝑝𝑛  and 𝑞𝑛 are very closely related. Factually, both 𝑡𝑛 and 𝑞𝑛 are expressible in 
terms of 𝑝𝑛 .  

More precisely, we have the following relation between 𝑡𝑛 and 𝑝𝑛: 

𝑡𝑛 = ���𝑛𝑠� �
𝑛 − 𝑠
𝑘 − 𝑠�

𝑘

𝑠=0

𝑛

𝑘=1

𝑝𝑘  

Similarly, we have the following relation between 𝑞𝑛 and 𝑝𝑛: 

𝑞𝑛 = ��𝑛𝑘� 𝑝𝑘

𝑛

𝑘=1

 

Note that the symbols �𝑛𝑘� and �𝑛𝑘� correspond respectively to the binomial coefficients and Stirling numbers of the 
second kind.  

5. Concluding Remark 
If one can come up with a formula or a generating function for 𝑝𝑛 , those for 𝑡𝑛 and 𝑞𝑛 will not be too hard to get be-

cause of the relationships that exist between these numbers. 
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