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  Abstract 
Investigation of the dispersion properties of plasma waves and associated pheno-
mena is important in many fields of science. The dispersion relation of a magne-
tized hot Maxwellian plasma can be expressed in terms of the transcendental Gor-
deyev integral, 𝐺𝐺𝜈𝜈(𝜔𝜔, 𝜆𝜆) = 𝜔𝜔∫ exp �𝑖𝑖𝜔𝜔𝑖𝑖 − 𝜆𝜆(1 − cos 𝑖𝑖) − 𝜈𝜈𝑖𝑖2

2
� 𝑑𝑑𝑖𝑖∞

0  with 
ℜ (𝜈𝜈) > 0. In a general physical situation, the variables 𝜈𝜈,𝜔𝜔 and 𝜆𝜆 are complex. 
An accurate and efficient algorithm to calculate this transcendental integral is 
missing in the literature. In this paper, we present two accurate algorithms to cal-
culate this important function: (a) a reference algorithm in which the Gordeyev 
integral is reformulated in terms of equivalent integrals of real functions where 
standard adaptive quadrature can be used to evaluate the integrals; and (b) an ac-
curate and relatively efficient algorithm, in terms of an infinite series sum, em-
ploying recent developments in the calculation of the Faddeyeva or plasma disper-
sion function. The present algorithms can be implemented in any software package 
or any programming language. Validation and reliability of the present algorithms 
have been established through comparison between the two independent tech-
niques in several computational platforms including modern Fortran, MapleTM 
2015 and MatlabTM in addition to comparison with results of some practical physi-
cal problems existing in the literature. 
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1. Introduction 

Plasma waves are widely met in magnetized fusion devices, in laser-produced plasma experiments and in astrophysical 
systems as well. The investigation of the dispersion properties of these waves and the associated phenomena is central for 
the design and optimization of developed devices and for exploring and understanding astrophysical systems. Wave 
transport of energy and momentum is particularly important in plasma heating and modification of velocity distributions. 

The Gordeyev integral, 𝐺𝐺𝜈𝜈(𝜔𝜔, 𝜆𝜆), appears in the expression for the dielectric tensor of a magnetized hot plasma with 
Maxwellian distributions of the particle velocities [1-3]. The integral is defined as [4-5],  

𝐺𝐺𝜈𝜈(𝜔𝜔, 𝜆𝜆) = 𝜔𝜔∫ exp �𝑖𝑖𝜔𝜔𝑖𝑖 − 𝜆𝜆(1 − cos 𝑖𝑖) − 𝜈𝜈𝑖𝑖2

2
� 𝑑𝑑𝑖𝑖,           ℜ (𝜈𝜈)∞

0 > 0                  (1) 

with 𝑖𝑖 = √−1. Some authors in the literature define the integral in a form similar to that in (1), multiplied by 𝑖𝑖/𝜔𝜔 [6].  
For generality, we consider the complex variables, 𝜈𝜈 = 𝜈𝜈𝑟𝑟 + 𝑖𝑖 𝜈𝜈𝑖𝑖 , 𝜔𝜔 = 𝜔𝜔𝑟𝑟 + 𝑖𝑖 𝜔𝜔𝑖𝑖  and 𝜆𝜆 = 𝜆𝜆𝑟𝑟 + 𝑖𝑖 𝜆𝜆𝑖𝑖 , where the sub-

scripts “r” and “i” are used to refer to the real and imaginary parts of the variables, respectively. 
It has to be noted that in the case of electrostatic waves in a magnetized plasma, 𝜔𝜔 is the complex angular frequency 
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normalized to the species cyclotron frequency (𝜔𝜔𝑐𝑐 = |𝑞𝑞|𝐵𝐵0
𝑚𝑚

 where 𝑞𝑞  is the charge of the species, 𝐵𝐵0  is the 
non-oscillating magnetic flux density while 𝑚𝑚 is the mass of the species). In addition, the variables 𝜈𝜈 and 𝜆𝜆 are given 
by 

𝜈𝜈 = 𝑘𝑘∥
2𝑣𝑣𝑖𝑖ℎ

2

𝜔𝜔𝑐𝑐2
                                         (2) 

and 

𝜆𝜆 = 𝑘𝑘⊥
2 𝑣𝑣𝑖𝑖ℎ

2

𝜔𝜔𝑐𝑐2
                                         (3) 

where 𝑣𝑣𝑖𝑖ℎ = �𝐾𝐾𝐵𝐵𝑇𝑇/𝑚𝑚 is the thermal speed, 𝐾𝐾𝐵𝐵 is the Boltzmann constant, 𝑇𝑇 is the absolute temperature and 𝑘𝑘∥ and 
𝑘𝑘⊥ are the components of the wave vector parallel and perpendicular to the magnetic field 𝐵𝐵0, respectively. A few stu-
dies in the literature have considered asymptotic expressions of the function [4, 5] and evaluations, mainly for real values 
of the variables 𝜈𝜈, 𝜔𝜔 and 𝜆𝜆 are given in [4]. Nevertheless, 𝜔𝜔 is never real, in practice, as waves are usually damped 
by collisions or are amplified by some instability mechanisms. In addition, the imaginary component of the wave vector, 
i.e. 𝑘𝑘�⃗ 𝑖𝑖 , vanishes only in vacuum where there is no absorption or attenuation. Hence, both of 𝜈𝜈 and 𝜆𝜆 are practically 
complex.  

The integral in (1) can be calculated from the plasma dispersion function, 𝑍𝑍, closely related to the Faddeyeva function, 
𝓌𝓌 where [4] 

𝐺𝐺𝜈𝜈(𝜔𝜔, 𝜆𝜆) = −𝑖𝑖𝜔𝜔
√2𝜈𝜈

 ∑ 𝑒𝑒−𝜆𝜆𝐼𝐼𝑛𝑛(𝜆𝜆) 𝑍𝑍 �𝜔𝜔−𝑛𝑛
√2𝜈𝜈

�∞
𝑛𝑛=−∞                           (4) 

where 𝐼𝐼𝑛𝑛  is the modified Bessel function of the first kind.  
It has to be noted that the integral converges when the real part of 𝜈𝜈 is positive or equivalently when (ℜ(𝑘𝑘∥))2  >

(ℑ(𝑘𝑘∥))2 because 𝑣𝑣𝑖𝑖ℎ  and 𝜔𝜔𝑐𝑐  are both real.  
However, for the case of electrostatic waves propagating perpendicular to the magnetic field in hot plasma, i.e., 

𝑘𝑘∥ = 0 or 𝜈𝜈 = 0, the integration is reduced to  

𝐺𝐺0(𝜔𝜔, 𝜆𝜆) = 𝐺𝐺(𝜔𝜔, 𝜆𝜆) = 𝜔𝜔∫ exp[𝑖𝑖𝜔𝜔𝑖𝑖 − 𝜆𝜆(1 − cos 𝑖𝑖)]𝑑𝑑𝑖𝑖,           ∞
0               (5) 

This particular form of the integration in Eq. (5) can also be expressed as an infinite series; 

𝐺𝐺(𝜔𝜔, 𝜆𝜆) = 𝑖𝑖 ∑ 𝑒𝑒−𝜆𝜆𝐼𝐼𝑛𝑛(𝜆𝜆) � 𝜔𝜔
𝜔𝜔±𝑛𝑛

�∞
𝑛𝑛=−∞                             (6) 

Equation (6) shows clearly that, for the case of waves propagating perpendicular to the magnetic field, singularities 
arise at frequencies near the harmonics of the species cyclotron frequency [7]. 

For the other limiting case of waves propagating parallel to the magnetic field (𝑘𝑘⊥ = 0, or 𝜆𝜆 = 0), the integration re-
duces to 

𝐺𝐺𝜈𝜈(𝜔𝜔) = 𝜔𝜔∫ exp �𝑖𝑖𝜔𝜔𝑖𝑖 − 𝜈𝜈𝑖𝑖2

2
� 𝑑𝑑𝑖𝑖 = − 𝑖𝑖𝜔𝜔

√2𝜈𝜈
 𝑍𝑍( 𝜔𝜔

√2𝜈𝜈
),           ℜ(𝜈𝜈)∞

0 > 0              (7) 

The expression in (7) can also be obtained from Eq. (4) noting that 𝐼𝐼0(0) = 1 and 𝐼𝐼𝑛𝑛(0) = 0 for 𝑛𝑛 ≠ 0.  
Equation (4) can be reformulated in a more useful form that can be applied to the case of a field-free plasma (𝐵𝐵0 = 0) 

in addition to the case of a magnetized plasma. Redefining the angular frequency to be normalized to the quantity 
√2 𝑘𝑘∥ 𝑣𝑣𝑖𝑖ℎ  instead of 𝜔𝜔𝑐𝑐  and defining the variable 𝛼𝛼 = 𝜔𝜔𝑐𝑐

√2 𝑘𝑘∥ 𝑣𝑣𝑖𝑖ℎ
, while keeping the definition of 𝜆𝜆 as above, one can 

write Eq. (4) as, 
𝐺𝐺𝛼𝛼(𝜔𝜔�, 𝜆𝜆) = −𝑖𝑖 𝜔𝜔�  ∑ 𝑒𝑒−𝜆𝜆  𝐼𝐼𝑛𝑛(𝜆𝜆) 𝑍𝑍(𝜔𝜔� − 𝛼𝛼𝑛𝑛)∞

𝑛𝑛=−∞                        (8) 

where 𝜔𝜔� is the angular frequency normalized to the quantity √2 𝑘𝑘∥ 𝑣𝑣𝑖𝑖ℎ . 
For a field-free plasma 𝛼𝛼 = 0, and noting the identity ∑ 𝑒𝑒−𝜆𝜆𝐼𝐼𝑛𝑛(𝜆𝜆) = 1∞

𝑛𝑛=−∞ , Eq. (8) reduces to the well know result 
for a field-free plasma, that is, 

𝐺𝐺(𝜔𝜔�) = −𝑖𝑖 𝜔𝜔� 𝑍𝑍(𝜔𝜔�)                                    (9) 
It has to be noted that the result in (9) is the same as the result in (7) for the case 𝑘𝑘⊥ = 0, which corresponds to the 

case of wave propagation without any effect due to the magnetic field. 
The connections and relations between the variables of Eq. (4) and those of Eq. (8) for the case of a magnetized plasma 

are simply given by, 
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𝛼𝛼 = 1
√2𝜈𝜈

      and   𝜔𝜔� = 𝛼𝛼 𝜔𝜔                               (10) 

2. Algorithms 
2.1. Quadrature of Real Functions 

The Gordeyev function can be reformulated in terms of integrals of real functions where standard adaptive quadrature 
techniques can be used to evaluate the integrals. Many software packages include algorithms or built-in functions to eva-
luate integrals of real functions; consequently this technique can be considered as a reference algorithm for calculating 
the function. After some algebraic manipulation, one can write the Gordeyev function as 

𝐺𝐺𝜈𝜈(𝜔𝜔, 𝜆𝜆) = 𝑒𝑒𝑒𝑒𝑒𝑒(−𝜆𝜆𝑟𝑟) [(𝜔𝜔𝑟𝑟𝐼𝐼1 −𝜔𝜔𝑖𝑖𝐼𝐼2) + 𝑖𝑖 (𝜔𝜔𝑖𝑖𝐼𝐼1 + 𝜔𝜔𝑟𝑟𝐼𝐼2)]                 (11) 
where 𝐼𝐼1 and 𝐼𝐼2 are given by the following improper oscillatory integrals; 

𝐼𝐼1 =  ∫ 𝑒𝑒𝑒𝑒𝑒𝑒 �−𝜔𝜔𝑖𝑖𝑖𝑖 + 𝜆𝜆𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖 −  𝜈𝜈𝑟𝑟
2

 𝑖𝑖2� 𝑐𝑐𝑐𝑐𝑐𝑐 �−𝜆𝜆𝑖𝑖(1 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖) − 𝜈𝜈𝑖𝑖
2

 𝑖𝑖2 + 𝜔𝜔𝑟𝑟𝑖𝑖� 𝑑𝑑𝑖𝑖
∞

0       (12) 

and  

𝐼𝐼2 = ∫ 𝑒𝑒𝑒𝑒𝑒𝑒 �−𝜔𝜔𝑖𝑖𝑖𝑖 + 𝜆𝜆𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖 −  𝜈𝜈𝑟𝑟
2

 𝑖𝑖2� 𝑐𝑐𝑖𝑖𝑛𝑛 �−𝜆𝜆𝑖𝑖(1 − 𝑐𝑐𝑐𝑐𝑐𝑐 𝑖𝑖) − 𝜈𝜈𝑖𝑖
2

 𝑖𝑖2 + 𝜔𝜔𝑟𝑟𝑖𝑖�
∞

0  𝑑𝑑𝑖𝑖      (13) 

As it is commonly known, when high accuracy is targeted, improper integrals present great challenges for numerical 
integration and oscillatory integrals are generally much harder than non-oscillatory integrals. The improper integrals can 
be converted to proper ones by suitable change of the variable of integration. For example, using 𝑦𝑦 = 𝑐𝑐

𝑖𝑖+𝑐𝑐
, where 𝑐𝑐 is a 

constant, the limits of integrations in (12) and (13) can be changed to [0, 1] and one gets 

 
                               (14) 

and 

 
                               (15) 

The resulting integrals are proper since the integrands do not go to infinity at either end of the domain of integration; 
however, they are still oscillatory. The damping factor depends mainly on 𝜈𝜈𝑟𝑟  (positive number multiplied by t2 
or (𝑐𝑐/𝑦𝑦 − 𝑐𝑐)2) in addition to 𝜔𝜔𝑖𝑖  which, depending on its sign, can drive or push toward either damping or growing of 
the integrands. On the other hand, the frequency of the oscillations of the integrands (which is a function of t or y) in-
creases significantly, but not linearly and not monotonically, with increasing 𝜈𝜈𝑖𝑖  (especially as 𝑖𝑖 ⟶ ∞ or 𝑦𝑦 ⟶ 0) 
and/or with the increase of 𝜔𝜔𝑟𝑟  or 𝜆𝜆𝑖𝑖  or both. The increase of the frequencies of the integrands increases the difficulty of 
the problem, particularly with the decrease of the damping parameters (𝜈𝜈𝑟𝑟 ⟶ +0 with 𝜔𝜔𝑖𝑖 ⟶ +0 or 𝜈𝜈𝑟𝑟 ⟶ +0 with 
negative values of 𝜔𝜔𝑖𝑖).   

As mentioned above, adaptive quadrature of the above real integrals (14) and (15) provides a somewhat standard ref-
erence technique to evaluate the Gordeyev function although high accuracy evaluation remains a challenge.  

It has to be recalled that, for oscillatory integrands like our case, an error tolerance that is unrealistically tight relative 
to the machine precision may not be easily reached with adaptive quadrature and the algorithm will probably expend a 
huge number of evaluations only to return a warning that its subdivision limit was exceeded.  

In generating reference table of values of the function using high-precision numerical integration implemented in the 
Matlab Symbolic Math Toolbox [8], a number of 32 digits was used and a tight tolerance of 10-26 was targeted in evaluat-
ing the integrations in (14) and (15). However, this technique with 32 digits and such tight tolerance is computationally 
slow. Even when reducing the precision to 16 digits and the tolerance to 10-15 together with the use of a compiled lan-
guage, like Fortran, the technique still seems to be impractical when a huge number of evaluations of the function is 
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needed. However, it is undoubtedly useful as a standard reference for accuracy check or for a small number of evalua-
tions of the function.  

This present quadrature technique has been implemented into a Fortran module “intg_1d” developed from a SLATEC 
code “DGaus8” [9] to integrate real functions of one variable over a finite domain using N-points Legendre-Gauss algo-
rithm. The SLATEC “DGaus8” code is intended primarily for high accuracy integration. The module “intg_1d” has sev-
eral clones of the subroutine “DGausN” for different values of N (14, 16, 24, 32) for the convenience of the user and for 
possible future numerical experiments.  

Being relatively slow (due to the nature of the problem) the present implementation of the adaptive quadrature of the 
real functions in (14) and (15), is recommended, together with quadruple precision, only as a reference for accuracy 
check or for the unlikely case in which absolute accuracies better than those achievable from the double precision arith-
metic are sought.   

2.2. A Relatively Efficient Algorithm 
Equation (4) or equivalently Eq. (8) can be used to evaluate the Gordeyev integral with adequate accuracy. The proce-

dure utilizes a standard algorithm for the computation of the modified Bessel function of the first kind, together with an 
accurate and efficient method for the computations of the Faddeyeva function 𝓌𝓌(𝑧𝑧 = 𝑒𝑒 + 𝑖𝑖𝑦𝑦) or the plasma dispersion 
function, 𝑍𝑍(𝑧𝑧) = 𝑖𝑖√𝜋𝜋 𝓌𝓌(𝑧𝑧).  

For the calculation of the modified Bessel function of the first kind, one can use Algorithm 644 [10-11]. The algorithm 
provides the option to calculate the value of the function, 𝐼𝐼𝑛𝑛(𝜆𝜆), in addition to its scaled value, 𝑒𝑒−|𝜆𝜆𝑟𝑟 | 𝐼𝐼𝑛𝑛(𝜆𝜆) where 𝑛𝑛 ∈ ℕ. 
Noting that  𝐼𝐼𝑛𝑛(𝜆𝜆) =  𝐼𝐼−𝑛𝑛(𝜆𝜆) for n≠0, the number of terms required to evaluate the series in (4) or (8) can be effectively 
reduced by a factor of 2. Many software packages also include numerical algorithms and built-in functions to calculate 
the modified Bessel functions of the first kind for real and complex arguments. Besides, much effort has been devoted to 
accurate and efficient evaluation of the plasma dispersion function [12-16]. Yet, since for the calculation of every point of 
the Gordeyev function, the Faddeyeva function may be called from tens to tens of thousands of times, based on the values 
of the arguments, further efficiency improvements in the calculation of 𝓌𝓌(𝑧𝑧) are certainly valuable.  

In the present work, we recommend and use a modified, more efficient version of Algorithm 916 to calculate the Fad-
deyeva or the plasma dispersion function. The main features of the improvements are: 

1) Using Laplace continued fraction and/or asymptotic series expansion, in a relatively optimized way, to approx-
imate the function asymptotically for a wide part of the |𝑧𝑧| > 1 region, 

2) Using Dawson’s integral 𝐷𝐷𝐷𝐷𝐷𝐷(𝑒𝑒) (e.g. Algorithm 715 [17]) to calculate the function on the real axis (𝑦𝑦 = 0), 
where 𝓌𝓌(𝑒𝑒) = exp(−𝑒𝑒2) + 2 𝑖𝑖

√𝜋𝜋
 𝐷𝐷𝐷𝐷𝐷𝐷(𝑒𝑒), and 

3) Using a few terms of the Taylor expansion of 𝐷𝐷𝐷𝐷𝐷𝐷(𝑧𝑧), to approximate 𝓌𝓌(𝑧𝑧) for the region of very small val-
ues of 𝑦𝑦 (which was found to be more efficient than the original method used in Algorithm 916).   

The details of these efficiency improvements can be found elsewhere [15]. 
Due to the additive nature of the computation of the summations in Eq. (4) or Eq. (8), the absolute accuracy of calcula-

tion is limited by the spacing of floating point numbers (machine epsilon) in the precision arithmetic under consideration. 
The actual limiting absolute accuracy is even lower as a few digits are lost from the precision due to rounding in the cal-
culation of the Faddeyeva function and in calculating the summations in Eq. (4) or Eq. (8). Moreover, as the real and im-
aginary parts of the function may assume very small values (for example, ~10-10) depending on the input arguments, sin-
gle-precision arithmetic is not recommended, at least, for such cases.   

The present algorithm for calculating the Gordeyev function, as described in this subsection, is implemented as a For-
tran module for efficiency reasons and to be used directly by interested researchers. The module “Gordeyev_mod_rk” 
offers the public subroutine “𝐺𝐺𝑐𝑐𝑟𝑟𝑑𝑑𝑒𝑒𝑦𝑦𝑒𝑒𝑣𝑣_𝐶𝐶” to be used for evaluating the function using Eq. (4) or Eq. (8). The code can 
be run using double precision arithmetic or single-precision arithmetic (with cautiousness for reasons mentioned above) 
depending on the choice of an integer parameter, rk, in an auxiliary module “set_rk”. The absolute accuracy of the algo-
rithm is ~ 10-12 for all cases worked out in this paper when using double precision arithmetic. Yet, whenever absolute ac-
curacy better than 10-12 is needed, which is unlikely, one can switch to using the reference quadrature technique described 
in subsection 2.1., together with quadruple precision arithmetic. 

3. Accuracy 
The accuracies of the two techniques developed herein (the reference algorithm described in subsection 2.1 and the 

recommended algorithm described in subsection 2.2) are checked against data tables generated using Maple [18] and 
using high-precision numerical integration implemented in the Matlab Symbolic Math Toolbox [8]. Maple 2015 offers the 
calculation of the complementary error function, 𝑒𝑒𝑟𝑟𝑒𝑒𝑐𝑐, for a complex argument; hence the Faddeyeva function has been 
calculated using Maple as the product exp(−𝑧𝑧2) 𝑒𝑒𝑟𝑟𝑒𝑒𝑐𝑐(−𝑖𝑖𝑧𝑧). Because the Gordeyev function has 3 complex variables 
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(six degrees of freedom) and because of the extremely long time taken by Maple to calculate the function, particularly for 
the region where | arg𝜆𝜆 |~ 𝜋𝜋

2
, it seems a formidable task to scan the whole domain for accuracy testing using results gen-

erated with Maple. However, we performed accuracy comparison with Maple results for four representative cases as fol-
lows: 

Case 1: for real values of all three variables (ν, λ  and 𝜔𝜔) where ν = 0.01, (λ = 100 and twenty values of 𝜔𝜔 given 
by 𝜔𝜔 = 10 + (𝑛𝑛 − 1) × 0.23105, n = 1,..20. 

Case 2: same as case 1 except that a constant imaginary part of 1.5 has been added to 𝜔𝜔, i,e., ν = 0.01, λ = 100 
and 𝜔𝜔 = 10 + (𝑛𝑛 − 1) × 0.23105 + 𝑖𝑖 (1.5), n = 1,..20. 

Case 3: complex values for all variables given by, ν = 0.2 𝑛𝑛 + 𝑖𝑖 (0.1𝑛𝑛) , λ = 2𝑛𝑛 + 𝑖𝑖 (0.5𝑛𝑛)  and  𝜔𝜔 = 10 +
(𝑛𝑛 − 1) × 0.3 + i (0.1n),  𝑛𝑛 = 1, . .20.  

Case 4: same as case 1 except that values of 𝜆𝜆 in the region where | arg 𝜆𝜆 |~ 𝜋𝜋
2
 , are used. The values of the variables 

used are given by, ν = 0.01, λ = 0.1 + 𝑖𝑖 (𝑛𝑛4)  for 𝑛𝑛 = 1, … ,5 and  λ = 0.1 + 𝑖𝑖 �1000(𝑛𝑛 − 5)� for 𝑛𝑛 = 6, . . ,20 and 
20 values of 𝜔𝜔 given by  𝜔𝜔 = 10 + (𝑛𝑛 − 1) × 0.23105, n=1,..20. 

The number of terms, of the sum in (4) or (8), required to evaluate the Gordeyev integral depends not only on the tar-
geted number of accurate digits, but also on the point under consideration. As an example, we provide the results for 
Case 4, in Table 1, to show how the number of terms from the sum in Eq. (4) or Eq. (8) grows significantly with |𝜆𝜆| as 
| arg𝜆𝜆 | approaches 𝜋𝜋 2⁄ . Some of these points took hours from Maple 2015 to be evaluated, which shows clearly the 
importance of having the present algorithm coded in a compiled language. 

On another front, a more comprehensive table consisting of 262144 points has been generated using high-precision 
numerical integration in the Matlab Symbolic Math Toolbox and the reference algorithm explained in subsection 2.1. For 
each of the six input variables (𝜈𝜈𝑟𝑟 , 𝜈𝜈𝑖𝑖 ,𝜔𝜔𝑟𝑟 ,𝜔𝜔𝑖𝑖 , 𝜆𝜆𝑟𝑟 , and 𝜆𝜆𝑖𝑖), 8 points, uniformly spaced on the logarithmic scale, are se-
lected between 10-2 and 102. A number of 32 digits was used and a tight tolerance of 10-26 was targeted in evaluating the 
integrations with 693.2 hours CPU time spent in this task using an Intel® Core™ i7-7600U CPU @2.80GHz processor. 
This again shows the importance of developing the present algorithms in a compiled language to calculate such an im-
portant function. We refer to this latter case in the following as Case 5. 

The generated table has been used to check the accuracy of the two Fortran modules developed herein. Comparison 
between results from the present methods and the data generated by high-precision numerical integration using the Mat-
lab Symbolic Math Toolbox showed that the absolute accuracy of the present proposed algorithm (section 2.2) is ~10-12 
and for the reference quadrature algorithm (subsection 2.1) is ~10-10 using “Gauss32” and a tolerance of 10-14. When us-
ing quadruple precision with adaptive quadrature, an absolute accuracy of 10-20 is obtained with a tolerance of 10-24. 
However, as mentioned above, using the present implementation of the adaptive quadrature technique with quadruple 
precision is tediously slow (see Table 2 below). 

4. Physical Behavior and the Dispersion Relation 
In addition to accuracy comparison, it is important to explore the physical behavior of the function as it applies to 

magnetized Maxwellian plasma waves. First, we provide plots of the real and imaginary parts of 𝐺𝐺0.1(𝜔𝜔, 100) for a 
range of real values of 𝜔𝜔/𝜔𝜔𝑐𝑐  between 0 and 10, a case considered in [4], as presented in Figure 1. In contrast to the re-
sults given by Paris, results from the present function showed clearly the oscillatory behavior of the imaginary part, 
which was unrecognizable in Figure 3 in [4]. However, for 𝜔𝜔/𝜔𝜔𝑐𝑐  in the range between 40 and 50 such an oscillatory 
behavior of the imaginary part becomes invisible similar to the results from Fig. 3 in [4] (not repeated here).  

Similarly, Figure 2 presents plots for the real and imaginary parts of the Gordeyev integral as a function of 𝜔𝜔/𝜔𝜔𝑐𝑐  for 
𝜆𝜆 = 20 and two different values of 𝜈𝜈, namely 0.01 and 0.001. The sensitivity of the computation of the function to val-
ues of the parameter 𝜈𝜈 is evident from the figure, as expected.   

Figure 3, on the other hand, shows results similar to those shown in Figure 2 except that complex values of the norma-
lized angular frequency are used with a constant imaginary part equal to -0.35.  

For completeness of this part, we consider herein the behavior of the dispersion relation for different cases of electros-
tatic waves in magnetized and field-free plasmas where the dispersion relation is expressed as,  

𝑘𝑘2 + ∑ 𝜆𝜆𝐷𝐷𝐷𝐷−2�1 + 𝑖𝑖𝐺𝐺𝛼𝛼(𝜆𝜆𝐷𝐷 ,𝜔𝜔)� = 0𝐷𝐷                                (18) 

where 𝜆𝜆𝐷𝐷𝐷𝐷 = �𝜀𝜀0𝐾𝐾𝐵𝐵𝑇𝑇
𝑛𝑛𝐷𝐷  𝑒𝑒2 � 1/2 is the Debye length for species j and the sum runs over all species. In the expression for 𝜆𝜆𝐷𝐷𝐷𝐷 , 

𝜀𝜀0 is the permittivity of free space, 𝑛𝑛𝐷𝐷  is the number density of species j while 𝑒𝑒 is the elementary charge. For electron 
plasmas where ions are assumed to be at rest, the dispersion relation is simplified to 

𝑘𝑘2𝜆𝜆𝐷𝐷𝑒𝑒2 = −(1 + 𝑖𝑖 𝐺𝐺𝛼𝛼(𝜆𝜆,𝜔𝜔))                                 (19) 
where 𝜆𝜆𝐷𝐷𝑒𝑒  is the Debye length for electron plasma in which ions are at rest. 
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Table 1. Comparison between results from implementation of the present recommended algorithm (Eq. (4) or Eq. (8)) in For-
tran vs values from implementation in Maple 2015 

a- Real part ℜ(𝐺𝐺𝜈𝜈(𝜔𝜔, 𝜆𝜆)) 

𝜈𝜈 = 0.01 
nt

* 𝜆𝜆 𝜔𝜔 Maple Present 𝜀𝜀(ℜ) 
16 0.1+1i 10 -1.015309404693855e-02 -1.015309404693858e-02 2.9046e-15 
42 0.1+16i 10.23105 -7.716685244016700e+00 -7.716685244016714e+00 1.8416e-15 
127 0.1+81i 10.4621 -4.835611165532869e-02 -4.835611165532780e-02 1.8367e-14 
315 0.1+256i 10.69315 6.791441721081153e-01 6.791441721081181e-01 4.0868e-15 
700 0.1+625i 10.9242 -6.819815736204719e-01 -6.819815736204576e-01 2.0838e-14 

1083 0.1+1000i 10 1.727051562092486e+00 1.727051562092490e+00 1.9285e-15 
2106 0.1+2000i 10.23105 3.443670478922408e-01 3.443670478922389e-01 5.4807e-15 
3123 0.1+3000i 10.4621 -1.366316533810175e-01 -1.366316533810168e-01 5.0785e-15 
4134 0.1+4000i 10.69315 6.522334913316376e-02 6.522334913316570e-02 2.9788e-14 
5132 0.1+5000i 10.9242 7.482245172461567e-01 7.482245172461665e-01 1.3058e-14 
6155 0.1+6000i 11.15525 8.302111024657380e-01 8.302111024657336e-01 5.3491e-15 
7158 0.1+7000i 11.3863 2.456453427466371e-02 2.456453427466418e-02 1.8926e-14 
8158 0.1+8000i 11.61735 -1.563642722944678e-01 -1.563642722944688e-01 6.5677e-15 
9165 0.1+9000i 11.8484 1.032227066201108e-01 1.032227066201093e-01 1.3982e-14 
10161 0.1+10000i 12.07945 8.534756103262606e-01 8.534756103262914e-01 3.6033e-14 
11172 0.1+11000i 12.3105 2.656032374762606e-01 2.656032374762701e-01 3.5530e-14 
12179 0.1+12000i 12.54155 -7.222645645173687e-02 -7.222645645173698e-02 1.5371e-15 
13179 0.1+13000i 12.7726 -2.623801047009525e-01 -2.623801047009554e-01 1.1002e-14 
14186 0.1+14000i 13.00365 3.007284263794046e-01 3.007284263794331e-01 9.4879e-14 
15183 0.1+15000i 13.2347 2.347496045961394e-01 2.347496045961888e-01 2.1022e-13 

b- Imaginary part ℑ(𝐺𝐺𝜈𝜈(𝜔𝜔, 𝜆𝜆)) 

𝜈𝜈 = 0.01 
nt

* 𝜆𝜆 𝜔𝜔 Maple Present 𝜀𝜀(ℑ) 
16 0.1+1i 10 1.000794007121769e+00 1.000794007121768e+00 2.2187e-16 
42 0.1+16i 10.23105 -6.872236728079352e+00 -6.872236728079357e+00 6.4621e-16 

127 0.1+81i 10.4621 8.957775128589851e-01 8.957775128589882e-01 3.4703e-15 
315 0.1+256i 10.69315 -1.317970917458954e+00 -1.317970917458947e+00 4.8858e-15 
700 0.1+625i 10.9242 -2.539655753965778e+00 -2.539655753965802e+00 9.2677e-15 
1083 0.1+1000i 10 -2.269621993476461e+00 -2.269621993476463e+00 5.8700e-16 
2106 0.1+2000i 10.23105 -1.863684500424049e-01 -1.863684500423990e-01 3.1573e-14 
3123 0.1+3000i 10.4621 9.772837902632307e-02 9.772837902632590e-02 2.8969e-14 
4134 0.1+4000i 10.69315 4.886183269143519e-02 4.886183269143496e-02 4.6863e-15 
5132 0.1+5000i 10.9242 -7.480299109592722e-01 -7.480299109592679e-01 5.7884e-15 
6155 0.1+6000i 11.15525 -1.100794528052845e-02 -1.100794528052500e-02 3.1313e-13 
7158 0.1+7000i 11.3863 -1.020782597483354e-01 -1.020782597483354e-01 2.7190e-16 
8158 0.1+8000i 11.61735 4.265104776163652e-02 4.265104776163569e-02 1.9360e-14 
9165 0.1+9000i 11.8484 -8.616832462325584e-02 -8.616832462325574e-02 1.1274e-15 

10161 0.1+10000i 12.07945 2.173404745944396e-01 2.173404745944511e-01 5.3253e-14 
11172 0.1+11000i 12.3105 4.434940941174179e-02 4.434940941175614e-02 3.2372e-13 
12179 0.1+12000i 12.54155 -1.191619217040791e-01 -1.191619217040349e-01 3.7105e-13 
13179 0.1+13000i 12.7726 -2.036070874314196e-02 -2.036070874313695e-02 2.4623e-13 
14186 0.1+14000i 13.00365 6.057158704385191e-02 6.057158704382138e-02 5.0405e-13 
15183 0.1+15000i 13.2347 3.168684938901392e-01 3.168684938902195e-01 2.5367e-13 

*nt: is the number of terms required from the sum in Eq. (4) or Eq. (8) to reach convergence to within the specified tolerance (machine epsilon for the 
data in this table). Note that the reported accuracy is lower than the machine epsilon for reasons mentioned above. 
**𝜀𝜀: is the absolute error defined as 𝜀𝜀 = |𝐶𝐶𝑐𝑐𝑚𝑚𝑒𝑒𝐶𝐶𝑖𝑖𝑒𝑒𝑑𝑑 − 𝑅𝑅𝑒𝑒𝑒𝑒𝑒𝑒𝑟𝑟𝑒𝑒𝑛𝑛𝑐𝑐𝑒𝑒| 
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The dispersion relation in (19) is evaluated and depicted, for a few different well-understood situations, as described 
below. 

In Figure 4, the function 𝑘𝑘2𝜆𝜆𝐷𝐷𝑒𝑒2  for electron Bernstein waves ( 𝑘𝑘∥ → 0 𝑐𝑐𝑟𝑟 𝛼𝛼 → ∞) is plotted as a function of the nor-
malized angular frequency (𝜔𝜔/𝜔𝜔𝑐𝑐). The behavior and magnitudes of the dispersion relation for this extreme case is in 
agreement with [7]. 

Figure 5 shows the real and imaginary parts of the dispersion function 2𝑘𝑘2𝜆𝜆𝐷𝐷𝑒𝑒2 = −2�1 + 𝑖𝑖 𝐺𝐺𝛼𝛼(𝜆𝜆,𝜔𝜔)� for a field-free 
electron plasma as a function of the scaled angular frequency ( 𝜔𝜔

√2  𝑘𝑘  𝑣𝑣𝑖𝑖ℎ
). It was shown above that for this case, the disper-

sion relation can be written in terms of the plasma dispersion function, Z, which in turn can be expressed in terms of its 
derivative 𝑍𝑍’  

𝑘𝑘2𝜆𝜆𝐷𝐷𝑒𝑒2 = −�1 + 𝜔𝜔
√2  𝑘𝑘  𝑣𝑣𝑖𝑖ℎ

𝑍𝑍 � 𝜔𝜔
√2  𝑘𝑘  𝑣𝑣𝑖𝑖ℎ

�� = 1
2
𝑍𝑍′�𝜔𝜔 √2 𝑘𝑘 𝑣𝑣𝑖𝑖ℎ⁄ �                 (20) 

where 𝑍𝑍′ is the derivative of the plasma dispersion function, 𝑍𝑍. Both the behavior and magnitude of the two parts are in 
agreement with results for this extreme case in the literature (see for example [19]). 

Finally, in Figure 6, we show the real part of the dispersion function 𝑘𝑘2𝜆𝜆𝐷𝐷𝑒𝑒2 = −(1 + 𝑖𝑖𝐺𝐺𝛼𝛼(𝜆𝜆,𝜔𝜔)) for an arbitrary case 
of a magnetized plasma with 𝜆𝜆 = 2 and 𝛼𝛼 = 2.8868 as a function of the scaled angular frequency (𝜔𝜔 𝜔𝜔𝑐𝑐⁄ ). 

 
Figure 1. Plots of the real and imaginary parts of 𝐆𝐆𝟎𝟎.𝟏𝟏(𝛚𝛚,𝟏𝟏𝟎𝟎𝟎𝟎) for real values of 𝛚𝛚/𝛚𝛚𝐜𝐜 between 0 and 10.  

 
Figure 2. Real and imaginary parts of the Gordeyev integral as a function of 𝝎𝝎/𝝎𝝎𝒄𝒄 for 𝝀𝝀 = 𝟐𝟐𝟎𝟎 and two different values for 𝝂𝝂. 
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Figure 3. Real and imaginary parts of the Gordeyev integral as a function of 𝝎𝝎/𝝎𝝎𝒄𝒄 for 𝝀𝝀 = 𝟐𝟐𝟎𝟎 and two different values for 𝝂𝝂. 

 

 
Figure 4. The function 𝒌𝒌𝟐𝟐𝝀𝝀𝑫𝑫𝟐𝟐  for electron Bernstein waves ( 𝒌𝒌∥ → 𝟎𝟎 𝒐𝒐𝒐𝒐 𝜶𝜶 → ∞) as a function of the normalized angular fre-

quency (𝝎𝝎/𝝎𝝎𝒄𝒄). 
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Figure 5. The real (solid line) and imaginary (dashed line) parts of the dispersion function 𝟐𝟐𝒌𝒌𝟐𝟐𝝀𝝀𝑫𝑫𝑫𝑫𝟐𝟐 =  𝒁𝒁′(𝝎𝝎 √𝟐𝟐 𝒌𝒌 𝒗𝒗𝒕𝒕𝒕𝒕⁄ ) for a 

magnetic-field-free plasma as a function of the scaled angular frequency (𝝎𝝎 √𝟐𝟐 𝒌𝒌 𝒗𝒗𝒕𝒕𝒕𝒕⁄ ). 

 
Figure 6. The real part of the dispersion function 𝒌𝒌𝟐𝟐𝝀𝝀𝑫𝑫𝑫𝑫𝟐𝟐 = −(𝟏𝟏 + 𝒊𝒊𝑮𝑮𝜶𝜶(𝝀𝝀,𝝎𝝎)) for a magnetized plasma with 𝝀𝝀 = 𝟐𝟐 𝐚𝐚𝐚𝐚𝐚𝐚 𝜶𝜶 =

𝟐𝟐.𝟖𝟖𝟖𝟖𝟖𝟖𝟖𝟖 as a function of the scaled angular frequency (𝝎𝝎 𝝎𝝎𝒄𝒄⁄ ). 

5. Miscellaneous Numeric and Timing Issues 
To the knowledge of the author, no competitive codes in a compiled language are available for evaluating the Gor-

deyev integral. This makes direct speed benchmarks and timing studies irrelevant. However, there are a few relevant nu-
meric and timing points worth mentioning, which we point out herein: 

1) The choice between calculating the term  𝑒𝑒−𝜆𝜆   outside of the sum or, instead, considering the scaled modified 
Bessel function of the first kind,  𝑒𝑒−|𝜆𝜆𝑟𝑟 | 𝐼𝐼𝑛𝑛(𝜆𝜆). The first choice of calculating 𝑒𝑒−𝜆𝜆  outside the sum is more ef-
ficient, however, it is subjected to underflow/overflow problems for values of  where 
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𝑅𝑅𝑚𝑚𝐷𝐷𝑒𝑒  is the largest finite floating-point number of the used precision arithmetic. Therefore, we calculate 𝑒𝑒−𝜆𝜆  
outside the sum for  and use the scaled modified Bessel function of the first kind for 

 . For the case where , an error flag is raised and the subroutine instead re-
turns a scaled value 𝑒𝑒𝜆𝜆𝑒𝑒−|𝜆𝜆𝑟𝑟 |𝐺𝐺𝛼𝛼(𝜆𝜆,𝜔𝜔).   

2) Depending on the application under consideration, one may get a quick rough estimate of the function (~4 di-
gits or better) using single precision arithmetic,  

3) One can improve the efficiency of the computations at the expense of accuracy by decreasing the requested 
number of accurate digits “ndgts” in the argument of the subroutine “𝐺𝐺𝑐𝑐𝑟𝑟𝑑𝑑𝑒𝑒𝑦𝑦𝑒𝑒𝑣𝑣_𝐶𝐶” from 14 to a smaller 
number in the range [4, 13] with simultaneous relaxation of the convergence tolerance of the series sum.   

4) As a guide and a reference for possible future work, we report in Table 2 representative results for the CPU 
time spent in calculating the 262144 points in Case 5 in double precision arithmetic (for both algorithms) and 
in quadruple precision (only for the reference adaptive quadrature technique). The table shows the targeted 
number of accurate digits (ndgts) vs the actual obtained absolute accuracy for the present series sum Eq. (4) or 
Eq. (8) (recommended relatively efficient) algorithm. For the adaptive quadrature technique, the table shows 
the targeted tolerance for evaluating the integrations vs the actual obtained absolute accuracy. Although not 
recommended except for getting rough estimates, the table also includes similar information about the present 
series sum algorithm or and computer code when run in single precision arithmetic.  

Table 2. CPU time (processor-dependent) spent in calculating the 262144 points (Case 5) using the present algorithms on an 
Intel® Core™ i7-7600U CPU @2.80GHz processor. The timing is reported using the “gfortran” compiler. With the Intel “ifort” 

compiler, the time is mostly 1/3 of that in Table 2 for each case on the same machine 

 Present Recommended Algorithm Eq. (4) or Eq. (8) 

Double 
precision 

ndgts 14 13 12 11 10 9 8 7 6 5 4 

Accuracy 10-12 10-12 10-12 10-11 10-10 10-9 10-8 10-7 10-6 10-5 10-4 

Time (s) 106 106 102 102 95 95 89 87 83 80 73 

 

Single 
precision 

ndgts 

 

8 7 6 

 Accuracy 10-3 10-3 10-3 

Time (s) 47 45 43 

 Present Reference Algorithm Eqs. (11), (14) and (15) 

Double 
Precision 

Tolerance 10-14 10-13 10-12 10-11 10-10 10-9 10-8 10-7 

 Accuracy 10-10 10-10 10-8 10-6 10-6 10-6 10-3 10-2 

Time (s) 587 412 370 328 285 242 206 173 

 

Quad 
Precision 

Tolerance 10-24 10-22 10-20 10-18 

 Accuracy 10-20 10-18 10-17 10-14 

Time (s) 46257 38778 33603 28553 

6. Conclusions 
Two accurate algorithms for the calculation of the Gordeev integral are presented. A reference algorithm, in the form of 

integrals of real functions is introduced and implemented as a Fortran module that can be run using double and 
quadruple precision arithmetic. In addition, a relatively more efficient recommended algorithm, in terms of a sum over 
the product of modified Bessel’s function of the first kind and the plasma dispersion function, is also presented and im-
plemented in the form of another Fortran module. The Fortran implementation of the recommended algorithm can be 
run in single (for rough estimates) or double precision arithmetic (with absolute accuracies up to 10-12) at the convenience 
of the user. Results from the present algorithms and computer codes are compared with calculations from Maple 2015 
and high precision numerical integration in the Matlab symbolic math toolbox confirming the accuracy of both algo-
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rithms. Qualitative and order of magnitude comparison with practical physical problems, worked out in the literature, 
established validity and reliability of the present algorithms’ predictions. 
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