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  Abstract 
In this paper, I give an introduction about the algebraic hyperstructure theory 
mainly. I study a semihyperring and a hyperideal of a semihyperring, then I study 
the definition of fuzzy subset of a set 𝑋𝑋 as a function from 𝑋𝑋 to the interval [0,1], 
and explain the definition of a fuzzy hyperideal of a semihyperring R and primary 
fuzzy hyperideal. I discuss the 𝛿𝛿 function of the fuzzy hyperideal of commutative 
semihyperring. This function assign to each fuzzy hyperideal 𝜇𝜇 of the semihyper-
ring 𝑅𝑅 to another fuzzy hyperideal δ(𝜇𝜇) of 𝑅𝑅 such that 𝜇𝜇 ≤ δ(𝜇𝜇) and we defined the 
δ-primary hyperideal expansion, also we discussed some properties of this expan-
sion. I show that δ-primary fuzzy hyperideal expansion in an intersection preserv-
ing. Then I give a definition of fuzzy homomorphism function of two commutative 
semihyperrings. Finally, I define a global expansion δ of fuzzy hyperideal and in-
vestigate the relation between 𝜇𝜇 and 𝑓𝑓(𝜇𝜇) under the global expansion 𝛿𝛿. 
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1. Introduction 

The first one who introduced the theory of algebraic hyperstructure as a generalization of ordinary algebraic structure 
was the French mathematician, F. Marty in 1934. Firstly, Marty introduced the concepts of a hypergroup [1]. Marty de-
fined a hyperoperation ∘ as a relation from a nonempty set 𝐻𝐻 to 𝑃𝑃∗(𝐻𝐻) which is the set of the nonempty subsets of 𝐻𝐻. 
It can be written as: 

∘∶ 𝐻𝐻 × 𝐻𝐻 ⟶ 𝑃𝑃∗(𝐻𝐻). 
By the definition of a hyperoperation, Marty defined a hypergroup as follows:  
If 𝐻𝐻 is a nonempty set and ∘ is a hyperoperation defined on 𝐻𝐻, such that ∘ satisfies the following conditions,  

1. (𝑥𝑥 ∘ 𝑦𝑦) ∘ 𝑧𝑧 = 𝑥𝑥 ∘ (𝑦𝑦 ∘ 𝑧𝑧), 
2. 𝑥𝑥 ∘ 𝐻𝐻 = 𝐻𝐻 ∘ 𝑥𝑥, 

for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝐻𝐻, then (𝐻𝐻, ∘) is a hypergroup where,   

𝑥𝑥 ∘ (𝑦𝑦 ∘ 𝑧𝑧) = � 𝑥𝑥 ∘ 𝑟𝑟  ,   𝑥𝑥 ∘ 𝐻𝐻 = �𝑥𝑥 ∘ ℎ.
ℎ∈𝐻𝐻𝑟𝑟∈(𝑦𝑦∘𝑧𝑧)

 

In 1956, Marc Krasner introduced the concepts of the hyperrings and hyperfields and he generalized the additive 
structure of the hyperring as “canonical hypergroup” [2]. Since then, many researchers have studied the theory of hyper-
structure and many results have been published on hyperrings, most of these results where extensions of the standard 
results in commutative algebra. 

In 2003, B. Davvaz extended the isomorphism theorems [3], and in 2006, [4] Davvaz and Salasi extended the Chinese 
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Remainder The orem to the Hyperrings. In 2011, Asokkumar and Velrajan proved isomorphism theorems for hyperrings 
with two hyperoperations [5]. These papers introduced revelation to look for other important results from commutative 
algebra that can be transferred to hyperrings. 

The fuzzy set theory is a branch of mathematics. In 1965, Lotfi Zadeh defined the fuzzy subset of any set 𝑋𝑋 as a func-
tion 𝜇𝜇:𝑋𝑋 → [0, 1] [6]. After that, the students of Zadeh introduced the basic concepts of fuzzy algebra. In this paper, we 
define the expansion of fuzzy hyperideal and generalize the expansion theory on hyperideals of semihyperring to fuzzy 
hyperideals of semihyperring. 

2. Preliminaries 
Definition 2.1 [7] A semihyperring is an algebraic structure (𝑅𝑅, +, ⋅) which satisfies the following axioms: 
1) (𝑅𝑅, +) is commutative hypermonoid, i.e.  

(i) (𝑥𝑥 + 𝑦𝑦) + 𝑧𝑧 = 𝑥𝑥 + (𝑦𝑦 + 𝑧𝑧) for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑅𝑅, 
(ii) There exists  0 ∈ 𝑅𝑅, such that 𝑥𝑥 + 0 = 0 + 𝑥𝑥 = 𝑥𝑥 for all 𝑥𝑥 ∈ 𝑅𝑅, 
(iii) 𝑥𝑥 + 𝑦𝑦 = 𝑦𝑦 + 𝑥𝑥 for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅. 

2) (𝑅𝑅, ⋅) is a semigroup, i.e.  
(i) 0 ⋅ 𝑥𝑥 = 𝑥𝑥 ⋅ 0 = 0 for all 𝑥𝑥 ∈ 𝑅𝑅. 
(ii) (𝑥𝑥 ⋅ 𝑦𝑦) ⋅ 𝑧𝑧 = 𝑥𝑥 ⋅ (𝑦𝑦 ⋅ 𝑧𝑧) for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑅𝑅. 

3) The multiplication is distributive to the hyperaddition, so that  
𝑥𝑥 ⋅ (𝑦𝑦 + 𝑧𝑧) = 𝑥𝑥 ⋅ 𝑦𝑦 + 𝑥𝑥 ⋅ 𝑧𝑧, (𝑥𝑥 + 𝑦𝑦) ∙ 𝑧𝑧 = 𝑥𝑥 ∙ 𝑦𝑦 + 𝑥𝑥 ∙ 𝑧𝑧 for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑅𝑅. 
Definition 2.2 [7] A semihyperring (𝑅𝑅, +, ⋅) is called: 

(i) Commutative, if 𝑥𝑥 ⋅ 𝑦𝑦 = 𝑦𝑦 ⋅ 𝑥𝑥 for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅. 
(ii) Semihyperring with identity if 1𝑅𝑅 ∈ 𝑅𝑅, such that 𝑥𝑥 ⋅ 1𝑅𝑅 = 1𝑅𝑅 ⋅ 𝑥𝑥 = 𝑥𝑥, for all 𝑥𝑥 ∈ 𝑅𝑅. 

Definition 2.3 [7] A left (right) hyperideal of a semihyperring R is a nonempty subset I of R, such that:  
(i) For all x, y ∈ I, x + y ⊆ I, 
(ii) For all x ∈ I , r ∈ R , r ⋅ x ∈ I (x ⋅ r ∈ I), a hyperideal of a semihyperring is a non-empty subset of R, 

which is left and right hyperideal of R, and the set of all hyperideals of R is denoted by Id(R). 
Definition 2.4 [7] For 𝑥𝑥 ∈ 𝑅𝑅,  if there exist one and only one −𝑥𝑥 ∈ 𝑅𝑅 such that 0 ∈ 𝑥𝑥 + (−𝑥𝑥) then −𝑥𝑥 is called 

the opposite of 𝑥𝑥. Denote the set of all opposite elements of 𝑅𝑅, by 𝑉𝑉(𝑅𝑅), that is 𝑉𝑉(𝑅𝑅) = {𝑥𝑥 ∈ 𝑅𝑅| there exists 𝑦𝑦 ∈
𝑅𝑅, 0 ∈ 𝑥𝑥 + 𝑦𝑦}. 

Definition 2.5 A semihyperring 𝑅𝑅 is called an additively reversive if it satisfy the reversive property with respect to 
the hyperoperation of addition [7], i.e. for 𝑎𝑎 ∈ 𝑏𝑏 + 𝑐𝑐 implies 𝑏𝑏 ∈ 𝑎𝑎 + (−𝑐𝑐) and 𝑐𝑐 = 𝑎𝑎 + (−𝑏𝑏). 

Definition 2.6 Let 𝑅𝑅 be a commutative semihyperring and 𝐼𝐼 be a hyperideal of 𝑅𝑅. Then the closure of 𝐼𝐼 which is 
denoted by 𝑐𝑐𝑐𝑐(𝐼𝐼), is defined by 𝑐𝑐𝑐𝑐(𝐼𝐼) = {𝑎𝑎 ∈ 𝑅𝑅:𝑎𝑎 + 𝑐𝑐 ⊆ 𝐼𝐼, for some 𝑐𝑐 ∈ 𝐼𝐼}. 

3. 𝜹𝜹-Primary Fuzzy Hyperideal of Commutative Semihyperring 

Definition 3.1 [3] Let 𝑋𝑋 be a set, a fuzzy subset 𝜇𝜇 of 𝑋𝑋 is a function from 𝑋𝑋 to [0, 1], such that 0 ≤ 𝜇𝜇(𝑥𝑥) ≤ 1 for 
all 𝑥𝑥 ∈ 𝑋𝑋. For any two fuzzy sets 𝜇𝜇, 𝛾𝛾 we say that 𝜇𝜇 ≤ 𝛾𝛾 if and only if 𝜇𝜇(𝑥𝑥) ≤ 𝛾𝛾(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑋𝑋, (𝜇𝜇 ∩ 𝛾𝛾)(𝑥𝑥) =
(𝜇𝜇 ∧ 𝛾𝛾)(𝑥𝑥) = min{𝜇𝜇(𝑥𝑥), 𝛾𝛾(𝑥𝑥)}, and (𝜇𝜇 ∪ 𝛾𝛾)(𝑥𝑥) = (𝜇𝜇 ∨ 𝛾𝛾)(𝑥𝑥) = max{𝜇𝜇(𝑥𝑥), 𝛾𝛾(𝑥𝑥)}. 

Example 3.1 Let ℝ be the set of real numbers and let 𝜇𝜇: ℝ → [0, 1] defined by  

𝜇𝜇(𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧

1            𝑖𝑖𝑓𝑓 𝑥𝑥 = 0

1 −
1
𝑥𝑥

   𝑖𝑖𝑓𝑓 𝑥𝑥 > 0

1 +
1
𝑥𝑥

  𝑖𝑖𝑓𝑓 𝑥𝑥 < 0

� 

Then, 𝜇𝜇 is a fuzzy subset of real numbers ℝ. 
Definition 3.2 [9] Let 𝑅𝑅 be a semihyperring and let 𝜇𝜇 be a fuzzy set of 𝑅𝑅, then 𝜇𝜇 is said to be a fuzzy hyperideal of 

𝑅𝑅 if: 
i) 𝜇𝜇(𝑥𝑥𝑦𝑦) ≥ 𝜇𝜇(𝑥𝑥) ∨ 𝜇𝜇(𝑦𝑦) for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅. 
ii) 𝜇𝜇(𝑧𝑧)𝑧𝑧∈𝑥𝑥+𝑦𝑦

𝑖𝑖𝑖𝑖𝑓𝑓 ≥ 𝜇𝜇(𝑥𝑥) ∧ 𝜇𝜇(𝑦𝑦)for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅. 
Definition 3.3 Let 𝑅𝑅 be a semihyperring and let 𝜇𝜇, 𝛾𝛾 be fuzzy hyperideals of 𝑅𝑅, let 𝛿𝛿 be a function that assigns 

each fuzzy hyperideal 𝜇𝜇 another fuzzy hyperideal 𝛿𝛿(𝜇𝜇) of 𝑅𝑅 such that:  
i) 𝜇𝜇 ≤ 𝛿𝛿(𝜇𝜇). 
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ii) if 𝜇𝜇 ≤ 𝛾𝛾 then 𝛿𝛿(𝜇𝜇) ≤ 𝛿𝛿(𝛾𝛾) . 
then 𝛿𝛿 is called a fuzzy hyperideal expansion. 

Definition 3.4 [10]: Let 𝜇𝜇 be a fuzzy hyperideal of a semihyperring 𝑅𝑅, 𝜇𝜇 is called primary if for any 𝑎𝑎,𝑏𝑏 ∈ 𝑅𝑅, ei-
ther 𝜇𝜇(𝑎𝑎𝑏𝑏) = 𝜇𝜇(𝑎𝑎) or 𝜇𝜇(𝑏𝑏𝑖𝑖) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏) for some 𝑖𝑖 ∈ ℕ. 

Definition 3.5: Let 𝛿𝛿 be a fuzzy hyperideal expansion, a fuzzy hyperideal 𝜇𝜇 is called 𝛿𝛿-primary if 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇(𝑎𝑎) 
then 𝛿𝛿(𝜇𝜇(𝑏𝑏)) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏). Also, the definition can be written as, if 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝛿𝛿�𝜇𝜇(𝑎𝑎)� then 𝜇𝜇(𝑏𝑏) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏). 

Definition 3.6 [8] Let 𝜇𝜇 be a fuzzy set of a semihyperring 𝑅𝑅, 𝑡𝑡 ∈ [0, 1], then 𝜇𝜇𝑡𝑡 = {𝑥𝑥 ∈ 𝑅𝑅: 𝜇𝜇(𝑥𝑥) ≥ 𝑡𝑡} is called the 
level set of 𝜇𝜇. 

Definition 3.7 [11] Let 𝜇𝜇 be a fuzzy hyperideal of a semihyperring 𝑅𝑅, then 𝜌𝜌(𝜇𝜇), called the radical of 𝜇𝜇 is defined 
by 𝜌𝜌(𝜇𝜇(𝑥𝑥)) = 𝜇𝜇(𝑥𝑥𝑖𝑖)𝑖𝑖≥1

𝑠𝑠𝑠𝑠𝑠𝑠 ,𝑖𝑖 ∈ ℕ. 
Theorem 3.1: If 𝜇𝜇 is a fuzzy hyperideal of a semihyperring 𝑅𝑅, then 𝜌𝜌(𝜇𝜇) is a fuzzy hyperideal of 𝑅𝑅. 
Proof. Since 𝜇𝜇 is a fuzzy hyperideal, then 𝜇𝜇(𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖) ≥ 𝜇𝜇(𝑥𝑥𝑖𝑖) ∨ 𝜇𝜇(𝑦𝑦𝑖𝑖), so that  

𝜌𝜌(𝜇𝜇(𝑥𝑥𝑦𝑦)) = 𝜇𝜇(𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖) ≥ 𝜇𝜇(𝑥𝑥𝑖𝑖) ∨ 𝜇𝜇(𝑥𝑥𝑖𝑖)𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠

𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠

𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 = 𝜌𝜌(𝜇𝜇(𝑥𝑥)) ∨ 𝜌𝜌(𝜇𝜇(𝑦𝑦)). Consider that 𝜇𝜇(𝑥𝑥 + 𝑦𝑦) = {𝜇𝜇(𝑧𝑧): 𝑧𝑧 ∈ 𝑥𝑥 + 𝑦𝑦}, 

so that  

𝜌𝜌(𝜇𝜇(𝑧𝑧)) = ( 𝜇𝜇(𝑧𝑧𝑖𝑖))𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠

𝑧𝑧∈𝑥𝑥+𝑦𝑦
𝑖𝑖𝑖𝑖𝑓𝑓 = 𝑖𝑖𝑖𝑖𝑓𝑓� 𝜇𝜇(𝑥𝑥 + 𝑦𝑦)𝑖𝑖𝑖𝑖≥1

𝑠𝑠𝑠𝑠𝑠𝑠 �𝑧𝑧∈𝑥𝑥+𝑦𝑦
𝑖𝑖𝑖𝑖𝑓𝑓  

= 𝑖𝑖𝑖𝑖𝑓𝑓 � 𝜇𝜇��𝑖𝑖𝑟𝑟� 𝑥𝑥
𝑟𝑟𝑦𝑦𝑦𝑦−𝑟𝑟

𝑖𝑖

𝑟𝑟=0
𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 � 

≥ � �  𝜇𝜇(𝑥𝑥𝑟𝑟𝑦𝑦𝑖𝑖−𝑟𝑟)1≤𝑟𝑟≤𝑖𝑖
𝑚𝑚𝑖𝑖𝑖𝑖 �

𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 � 

≥ � 𝜇𝜇(𝑥𝑥𝑟𝑟𝑖𝑖 𝑦𝑦𝑖𝑖−𝑟𝑟𝑖𝑖 )𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 �,  0 ≤ 𝑟𝑟𝑖𝑖 ≤ 𝑖𝑖, 

where 𝜇𝜇(𝑥𝑥𝑟𝑟𝑖𝑖 𝑦𝑦𝑖𝑖−𝑟𝑟𝑖𝑖 ) =  𝜇𝜇(𝑥𝑥𝑟𝑟𝑦𝑦𝑖𝑖−𝑟𝑟)1≤𝑟𝑟≤𝑖𝑖
𝑚𝑚𝑖𝑖𝑖𝑖 . If 𝑟𝑟𝑖𝑖  bounded above i.e 𝑟𝑟𝑖𝑖 ≤ 𝑘𝑘  for some constant 𝑘𝑘 , and 𝑖𝑖 − 𝑟𝑟𝑖𝑖 is un-

bounded above then 𝜌𝜌(𝜇𝜇(𝑧𝑧)) ≥𝑧𝑧∈𝑥𝑥+𝑦𝑦
𝑖𝑖𝑖𝑖𝑓𝑓 𝜇𝜇(𝑥𝑥𝑟𝑟𝑖𝑖 𝑦𝑦𝑖𝑖−𝑟𝑟𝑖𝑖 )𝑖𝑖≥1

𝑠𝑠𝑠𝑠𝑠𝑠 ≥ 𝜇𝜇(𝑦𝑦𝑖𝑖−𝑟𝑟𝑖𝑖 )𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 , which is true for all values of 𝑖𝑖,  

so 𝜌𝜌(𝜇𝜇(𝑧𝑧)) ≥𝑧𝑧∈𝑥𝑥+𝑦𝑦
𝑖𝑖𝑖𝑖𝑓𝑓 𝜇𝜇(𝑦𝑦𝑖𝑖) = 𝜌𝜌(𝜇𝜇(𝑦𝑦))𝑖𝑖≥1

𝑠𝑠𝑠𝑠𝑠𝑠 . Similarly, if 𝑖𝑖 − 𝑟𝑟𝑖𝑖  is bounded above and 𝑟𝑟𝑖𝑖  is unbounded, then  
𝜌𝜌(𝜇𝜇(𝑧𝑧)) ≥𝑧𝑧∈𝑥𝑥+𝑦𝑦

𝑖𝑖𝑖𝑖𝑓𝑓 𝜇𝜇(𝑥𝑥𝑖𝑖) = 𝜌𝜌(𝜇𝜇(𝑥𝑥))𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 , if none of 𝑖𝑖 − 𝑟𝑟𝑖𝑖 ,  𝑟𝑟𝑖𝑖  is bounded then 𝜌𝜌(𝜇𝜇(𝑧𝑧)) ≥𝑧𝑧∈𝑥𝑥+𝑦𝑦

𝑖𝑖𝑖𝑖𝑓𝑓  𝜌𝜌(𝜇𝜇(𝑥𝑥)) ∧ 𝜌𝜌(𝜇𝜇(𝑦𝑦)), 
hence 𝜌𝜌(𝜇𝜇) is a fuzzy hyperideal of 𝑅𝑅.∎ 

Example 3.2 
1) For any fuzzy hyperideal 𝜇𝜇 of a semihyperring 𝑅𝑅, 𝛿𝛿0(𝜇𝜇) = 𝜇𝜇 is a fuzzy hyperideal expansion. 
2) 𝛿𝛿1(𝜇𝜇) = 𝜌𝜌(𝜇𝜇) is a fuzzy hyperideal expansion. 

Proof. 1. It is trivial case. 
2. For all 𝑥𝑥 ∈ 𝑅𝑅 we have 𝛿𝛿(𝜇𝜇(𝑥𝑥)) = 𝜌𝜌(𝜇𝜇(𝑥𝑥)) = 𝜇𝜇(𝑥𝑥𝑖𝑖) ≥ 𝜇𝜇(𝑥𝑥𝑖𝑖−1𝑥𝑥) ≥ 𝜇𝜇(𝑥𝑥)𝑖𝑖≥1

𝑠𝑠𝑠𝑠𝑠𝑠 , also if 𝜇𝜇1,𝜇𝜇2 are fuzzy hyperideals 
such that 𝜇𝜇1 ≤ 𝜇𝜇2 , then 𝛿𝛿�𝜇𝜇1(𝑥𝑥)� = 𝜌𝜌(𝜇𝜇1(𝑥𝑥)) = 𝜇𝜇1(𝑥𝑥𝑖𝑖) ≤ 𝜇𝜇2(𝑥𝑥𝑖𝑖) = 𝜌𝜌(𝜇𝜇2) = 𝛿𝛿�𝜇𝜇2(𝑥𝑥)�.𝑖𝑖≥1

𝑠𝑠𝑠𝑠𝑠𝑠
𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠  Hence 𝛿𝛿(𝜇𝜇) =

𝜌𝜌((𝜇𝜇))is a fuzzy hyperideal expansion. 
Definition 3.8 [10] Let 𝜇𝜇 be a fuzzy hyperideal of a semihyperring 𝑅𝑅, then, 𝜇𝜇 is called prime if for all 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅 we 

have 𝜇𝜇(𝑥𝑥𝑦𝑦) = 𝜇𝜇(𝑥𝑥) 𝑜𝑜𝑟𝑟 𝜇𝜇(𝑥𝑥𝑦𝑦) = 𝜇𝜇(𝑦𝑦). 
Theorem 3.2 Let 𝜇𝜇 be a fuzzy hyperideal of a semihyperring 𝑅𝑅, then 𝜇𝜇 is prime if and only if 𝜇𝜇 is 𝛿𝛿0-primary. 
Proof. Assume that 𝜇𝜇 is a prime fuzzy hyperideal, let 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇(𝑎𝑎) so that 𝜇𝜇(𝑎𝑎𝑏𝑏) = 𝜇𝜇(𝑏𝑏), then 𝛿𝛿0�𝜇𝜇(𝑏𝑏)� =

𝜇𝜇(𝑏𝑏) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏) and 𝜇𝜇 is 𝛿𝛿0-primary. Conversely, let 𝜇𝜇 is 𝛿𝛿0-primary, and 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇(𝑎𝑎), then 𝛿𝛿0�𝜇𝜇(𝑏𝑏)� = 𝜇𝜇(𝑏𝑏) ≥
𝜇𝜇(𝑎𝑎𝑏𝑏), but 𝜇𝜇(𝑎𝑎𝑏𝑏) ≥ 𝜇𝜇(𝑏𝑏). So we have 𝜇𝜇(𝑎𝑎𝑏𝑏) = 𝜇𝜇(𝑏𝑏) and 𝜇𝜇 is a fuzzy prime hyperideal. ∎ 

Theorem 3.3: Let 𝜇𝜇 be a fuzzy hyperideal of a semihyperring 𝑅𝑅, then 𝜇𝜇 is primary if and only if 𝜇𝜇 is 𝛿𝛿1-primary. 
Proof. Assume that 𝜇𝜇 be a primary fuzzy hyperideal with 𝜇𝜇(𝑎𝑎𝑏𝑏) ≠ 𝜇𝜇(𝑎𝑎), then 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇(𝑎𝑎). So that there exists 

𝑖𝑖 ∈ ℕ such that 𝜇𝜇(𝑎𝑎𝑖𝑖) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏), then 𝛿𝛿(𝜇𝜇(𝑎𝑎)) = 𝜇𝜇(𝑎𝑎𝑖𝑖)𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 . Therefore 𝜇𝜇 is 𝛿𝛿1-primary. Conversely, suppose that 𝜇𝜇 

is 𝛿𝛿1-primary with 𝜇𝜇(𝑎𝑎𝑏𝑏) ≠ 𝜇𝜇(𝑎𝑎), then 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇(𝑎𝑎), so that 𝜌𝜌(𝜇𝜇(𝑏𝑏)) = 𝜇𝜇(𝑏𝑏𝑖𝑖) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏)𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 . If 𝜇𝜇(𝑏𝑏𝑖𝑖) < 𝜇𝜇(𝑎𝑎𝑏𝑏) for 

all 𝑖𝑖 ∈ ℕ, then 𝜇𝜇(𝑏𝑏𝑖𝑖) < 𝜇𝜇(𝑎𝑎𝑏𝑏)𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠  which is a contradiction, so that there exists 𝑖𝑖 ∈ ℕ, such that 𝜇𝜇(𝑏𝑏𝑖𝑖) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏) and 

so 𝜇𝜇 is a primary fuzzy hyperideal. 
Theorem 3.4 Let 𝜇𝜇 be a fuzzy hyperideal of a semihyperring 𝑅𝑅, and 𝛿𝛿 be a fuzzy hyperideal expansion and 𝛾𝛾 be a 

hyperideal expansion such that 𝛾𝛾(𝜇𝜇𝑡𝑡) = (𝛿𝛿𝜇𝜇)𝑡𝑡 , 𝑡𝑡 ∈ [0, 1]. Then 𝜇𝜇 is a 𝛿𝛿-primary fuzzy hyperideal if and only if 𝜇𝜇𝑡𝑡  is 
a 𝛾𝛾-primary hyperideal of a semihyperring 𝑅𝑅. 

Proof. Suppose that 𝜇𝜇  is a 𝛿𝛿 -primary fuzzy hyperideal of 𝑅𝑅 . Let 𝑥𝑥𝑦𝑦 ∈ 𝜇𝜇𝑡𝑡 with 𝑦𝑦 ∉ 𝜇𝜇𝑡𝑡 , then 𝜇𝜇(𝑥𝑥𝑦𝑦) ≥ 𝑡𝑡  but 
𝜇𝜇(𝑦𝑦) < 𝑡𝑡. So that 𝜇𝜇(𝑥𝑥𝑦𝑦) > 𝜇𝜇(𝑦𝑦), then 𝛿𝛿𝜇𝜇(𝑦𝑦) ≥ 𝜇𝜇(𝑥𝑥𝑦𝑦) ≥ 𝑡𝑡. Therefore, 𝑦𝑦 ∈ (𝛿𝛿𝜇𝜇)𝑡𝑡 = 𝛾𝛾(𝜇𝜇𝑡𝑡). Hence, 𝜇𝜇𝑡𝑡  is a 𝛾𝛾-primary 
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hyperideal of 𝑅𝑅. 
Conversely, assume that 𝜇𝜇𝑡𝑡  is a 𝛾𝛾-primary hyperideal of 𝑅𝑅. Let 𝜇𝜇(𝑥𝑥𝑦𝑦) > 𝜇𝜇(𝑦𝑦), then 𝜇𝜇(𝑥𝑥𝑦𝑦) = 𝑡𝑡 for some 𝑡𝑡 ∈ [0,1]. 

Then 𝑦𝑦 ∉ 𝜇𝜇𝑡𝑡 , but 𝑥𝑥𝑦𝑦 ∈ 𝜇𝜇𝑡𝑡  so that 𝑦𝑦 ∈ 𝛾𝛾(𝜇𝜇𝑡𝑡) = (𝛿𝛿𝜇𝜇)𝑡𝑡 . We get 𝛿𝛿𝜇𝜇(𝑦𝑦) ≥ 𝑡𝑡 = 𝜇𝜇(𝑥𝑥𝑦𝑦). Therefore, 𝜇𝜇 is a 𝛿𝛿-primary fuzzy 
hyperideal. 

Theorem 3.5 Let 𝛿𝛿, 𝛾𝛾 be fuzzy hyperideals expansions of a semihyperring 𝑅𝑅 such that 𝛿𝛿(𝜇𝜇) ⊆ 𝛾𝛾(𝜇𝜇) for every fuzzy 
hyperideal 𝜇𝜇. If 𝜇𝜇 is 𝛿𝛿-prrimary, then 𝜇𝜇 is 𝛾𝛾-primary. Also every prime fuzzy hyperideal 𝜇𝜇 is a 𝛿𝛿-primary fuzzy 
hyperideal. 

Proof. Suppose that 𝜇𝜇 is a 𝛿𝛿-primary fuzzy hyperideal, such that 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇(𝑏𝑏), then 𝛿𝛿𝜇𝜇(𝑏𝑏) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏). So that 
𝛾𝛾𝜇𝜇(𝑏𝑏) ≥ 𝛿𝛿𝜇𝜇(𝑏𝑏) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏). Therefore, 𝜇𝜇 is 𝛾𝛾-primary. Now, assume that 𝜇𝜇 is a prime fuzzy hyperideal with 𝜇𝜇(𝑎𝑎𝑏𝑏) >
𝜇𝜇(𝑏𝑏), so that 𝜇𝜇(𝑎𝑎𝑏𝑏) = 𝜇𝜇(𝑎𝑎), but we know that 𝛿𝛿𝜇𝜇 ≥ 𝜇𝜇, so that 𝛿𝛿𝜇𝜇(𝑎𝑎) ≥ 𝜇𝜇(𝑎𝑎) = 𝜇𝜇(𝑎𝑎𝑏𝑏). Hence, 𝜇𝜇 is a 𝛿𝛿-primary 
fuzzy hyperideal. 

Theorem 3.6 The intersection of two fuzzy hyperideal expansions is also a fuzzy hyperideal expansion. 
Proof. Assume that 𝛿𝛿1, 𝛿𝛿2  are two fuzzy hyperideal expansions of the semihyperring 𝑅𝑅. Let 𝛿𝛿  be defined as 

𝛿𝛿 = 𝛿𝛿1⋂𝛿𝛿2. Then for any fuzzy hyperideal 𝜇𝜇 we have that 𝜇𝜇 ⊆ 𝛿𝛿1𝜇𝜇,𝜇𝜇 ⊆ 𝛿𝛿2𝜇𝜇, so that 𝜇𝜇 ⊆ 𝛿𝛿1𝜇𝜇 ∩ 𝛿𝛿2𝜇𝜇=𝛿𝛿(𝜇𝜇). Now sup-
pose 𝜎𝜎 is another fuzzy hyperideal of 𝑅𝑅 such that 𝜇𝜇 ⊆ 𝜎𝜎. Then 𝛿𝛿𝜇𝜇 ⊆ 𝛿𝛿1𝜇𝜇 ⊆ 𝛿𝛿1𝜎𝜎 and 𝛿𝛿𝜇𝜇 ⊆ 𝛿𝛿2𝜇𝜇 ⊆ 𝛿𝛿2𝜎𝜎, which implies 
that 𝛿𝛿𝜇𝜇 ⊆ 𝛿𝛿1𝜎𝜎 ∩ 𝛿𝛿2𝜎𝜎 = 𝛿𝛿𝜎𝜎. Hence 𝛿𝛿 is a fuzzy hyperideal expansion.  

Remark. The previous theorem can be generalized for finite fuzzy hyperideal expansions that are the intersection of a 
finite number of fuzzy hyperideal expansions is also a fuzzy hyperideal expansion. 

Theorem 3.7 Let 𝛿𝛿 be a fuzzy hyperideal expansion of a semihyperring 𝑅𝑅, and 𝐸𝐸𝛿𝛿  be defined by 𝐸𝐸𝛿𝛿(𝜇𝜇) = ⋂{𝜌𝜌 : 𝜌𝜌 
is 𝛿𝛿-primary a fuzzy hyperideal expansion, 𝜇𝜇 ⊆ 𝜌𝜌}. Then, 𝐸𝐸𝛿𝛿  is a fuzzy hyperideal expansion. 

Proof. By the definition of 𝐸𝐸𝛿𝛿  we have that 𝜇𝜇 ⊆ 𝐸𝐸𝛿𝛿(𝜇𝜇). Now suppose that 𝜇𝜇1 ⊆ 𝜇𝜇2, then any 𝛿𝛿-primary fuzzy 
hyperideal 𝜌𝜌 that contains 𝜇𝜇2 is also contains 𝜇𝜇1. Since 𝜇𝜇1 ⊆ 𝜇𝜇2 , then 𝐸𝐸𝛿𝛿(𝜇𝜇1) ⊆ 𝐸𝐸𝛿𝛿(𝜇𝜇2). So that 𝐸𝐸𝛿𝛿  is a fuzzy 
hyperideal expansion. 

Definition 3.9 [12] Let 𝛿𝛿 be a fuzzy hyperideal expansion, then 𝛿𝛿 is called intersection preserving if 𝛿𝛿(𝜇𝜇 ∩ 𝜌𝜌) =
𝛿𝛿(𝜇𝜇) ∩ 𝛿𝛿(𝜌𝜌) for all fuzzy hyperideals 𝜇𝜇,𝜌𝜌 of a semihyperring 𝑅𝑅. 

Example 3.3 𝛿𝛿0  is intersection preserving because 𝛿𝛿0(𝜇𝜇 ∩ 𝜌𝜌) = 𝜇𝜇 ∩ 𝜌𝜌 = 𝛿𝛿0(𝜇𝜇) ∩ 𝛿𝛿0(𝜌𝜌). Also, 𝛿𝛿1  is intersection 
preserving because 𝛿𝛿1(𝜇𝜇 ∩ 𝜌𝜌) = 𝜌𝜌(𝜇𝜇 ∩ 𝜌𝜌) = (𝜇𝜇 ∧ 𝜌𝜌)(𝑥𝑥𝑖𝑖) = (𝜇𝜇)(𝑥𝑥𝑖𝑖) ∧𝑖𝑖≥1

𝑠𝑠𝑠𝑠𝑠𝑠
𝑖𝑖≥1
𝑠𝑠𝑠𝑠𝑠𝑠 (𝜌𝜌)(𝑥𝑥𝑖𝑖) =𝑖𝑖≥1

𝑠𝑠𝑠𝑠𝑠𝑠 𝛿𝛿1(𝜇𝜇) ∩ 𝛿𝛿1(𝜌𝜌). 
Theorem 3.8 Let 𝛿𝛿 be an intersection preserving fuzzy hyperideal expansion and 𝜇𝜇1, 𝜇𝜇2,⋯ , 𝜇𝜇𝑖𝑖  be 𝛿𝛿-primary fuzzy 

hyperideals such that 𝛿𝛿(𝜇𝜇𝑖𝑖) = 𝛿𝛿�𝜇𝜇𝑗𝑗 � = 𝜌𝜌 for 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑖𝑖. Let 

𝜇𝜇 = �𝜇𝜇𝑖𝑖

𝑖𝑖

𝑖𝑖=1

. 

Then 𝜇𝜇 is a 𝛿𝛿-primary fuzzy hyperideal. 
Proof. Suppose that 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇(𝑏𝑏), then 𝜇𝜇(𝑎𝑎𝑏𝑏) = ⋀ 𝜇𝜇𝑖𝑖(𝑎𝑎𝑏𝑏)𝑖𝑖

𝑖𝑖=1 > ⋀ 𝜇𝜇𝑖𝑖(𝑎𝑎)𝑖𝑖
𝑖𝑖=1 . So that 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇𝑗𝑗 (𝑎𝑎) for some 𝑗𝑗. So 

we have 𝜇𝜇𝑗𝑗 (𝑎𝑎𝑏𝑏) > ⋀ 𝜇𝜇𝑖𝑖(𝑎𝑎)𝑖𝑖
𝑖𝑖=1 = 𝜇𝜇(𝑎𝑎) ≥ 𝜇𝜇𝑗𝑗 (𝑎𝑎) and since 𝜇𝜇𝑗𝑗  is 𝛿𝛿-primary. Then 𝛿𝛿𝜇𝜇𝑗𝑗 (𝑏𝑏) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏). Since 𝛿𝛿 is inter-

section preserving, then  

𝛿𝛿(𝜇𝜇) = 𝛿𝛿 ��𝜇𝜇𝑖𝑖

𝑖𝑖

𝑖𝑖=1

� = ��𝛿𝛿𝜇𝜇𝑖𝑖

𝑖𝑖

𝑖𝑖=1

� = �𝜌𝜌 = 𝜌𝜌.
𝑖𝑖

𝑖𝑖=1

 

Therefore, 𝜇𝜇(𝑏𝑏) = 𝜌𝜌(𝑏𝑏) = 𝛿𝛿𝜇𝜇𝑗𝑗 (𝑏𝑏) ≥  𝜇𝜇(𝑎𝑎𝑏𝑏). Hence 𝜇𝜇 is a 𝛿𝛿-primary fuzzy hyperideal. 
Definition 3.10 [13] Let 𝑅𝑅, 𝑆𝑆 be nonempty subsets, and 𝜃𝜃 ∈ [0, 1), 𝑓𝑓 be a fuzzy subset of the Cartesian cross prod-

uct 𝑅𝑅 × 𝑆𝑆. Then 𝑓𝑓 is called a fuzzy function if: 
1) For all 𝑥𝑥 ∈ 𝑅𝑅 there exists 𝑦𝑦 ∈ 𝑆𝑆, such that 𝑓𝑓(𝑥𝑥,𝑦𝑦) > 𝜃𝜃. 
2) For all 𝑥𝑥 ∈ 𝑅𝑅, for all 𝑦𝑦1,𝑦𝑦2 ∈ 𝑆𝑆, 𝑓𝑓(𝑥𝑥,𝑦𝑦1) > 𝜃𝜃 and 𝑓𝑓(𝑥𝑥,𝑦𝑦2) > 𝜃𝜃 implies that 𝑦𝑦1 = 𝑦𝑦2. 

Definition 3.11 [13] Let 𝑅𝑅, 𝑆𝑆 be nonempty subsets, 𝜃𝜃 ∈ [0,1) and 𝑓𝑓 be a fuzzy function defined on 𝑅𝑅 × 𝑆𝑆. Then; 
1) 𝑓𝑓 is onto if for all 𝑦𝑦 ∈ 𝑆𝑆 there exists 𝑥𝑥 ∈ 𝑅𝑅 such that 𝑓𝑓(𝑥𝑥,𝑦𝑦) > 𝜃𝜃. 
2) 𝑓𝑓 is one-to-one if for all 𝑥𝑥1, 𝑥𝑥2 ∈ 𝑅𝑅, for all 𝑦𝑦 ∈ 𝑆𝑆, 𝑓𝑓(𝑥𝑥1,𝑦𝑦) > 𝜃𝜃, 𝑓𝑓(𝑥𝑥2,𝑦𝑦) > 𝜃𝜃 implies that 𝑥𝑥1 = 𝑥𝑥2. 

Definition 3.12 Let 𝑅𝑅, 𝑆𝑆 be commutative semihyperrings, and 𝑓𝑓 be a fuzzy function defined on 𝑅𝑅 × 𝑆𝑆. Then 𝑓𝑓 is 
said to be a fuzzy homomorphism if and only if for all 𝑥𝑥1, 𝑥𝑥2 ∈ 𝑅𝑅 and for all 𝑦𝑦 ∈ 𝑆𝑆 

1) 𝑓𝑓(𝑧𝑧,𝑦𝑦) ≥ sup{inf{𝑓𝑓(𝑥𝑥1,𝑦𝑦1),𝑓𝑓(𝑥𝑥2,𝑦𝑦2)}| 𝑦𝑦 ∈ 𝑦𝑦1 + 𝑦𝑦2,𝑦𝑦1,𝑦𝑦2 ∈ 𝑆𝑆}𝑧𝑧∈𝑥𝑥1+𝑥𝑥2
𝑖𝑖𝑖𝑖𝑓𝑓  

2) 𝑓𝑓(𝑥𝑥1𝑥𝑥2,𝑦𝑦) ≥ sup{inf{𝑓𝑓(𝑥𝑥1,𝑦𝑦1), 𝑓𝑓(𝑥𝑥2,𝑦𝑦2)}| 𝑦𝑦 = 𝑦𝑦1𝑦𝑦2, 𝑦𝑦1,𝑦𝑦2 ∈ 𝑆𝑆}. 
The homomorphism 𝑓𝑓 is said to be a fuzzy isomorphism if it is one-to-one and onto. 
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Definition 3.13 [13] Let 𝑓𝑓  be a fuzzy subset of × 𝑆𝑆 , then the inverse of 𝑓𝑓  is 𝑓𝑓−1  on 𝑆𝑆 × 𝑅𝑅 is defined by 
𝑓𝑓−1(𝑠𝑠, 𝑟𝑟) = 𝑓𝑓(𝑟𝑟, 𝑠𝑠) for all (𝑠𝑠, 𝑟𝑟) ∈ 𝑆𝑆 × 𝑅𝑅. 

Definition 3.14 [13] Let 𝑅𝑅, 𝑆𝑆 be semihyperrings and 𝑓𝑓 be a fuzzy function of 𝑅𝑅 into 𝑆𝑆.  
1) If 𝜇𝜇 is a fuzzy subset of 𝑅𝑅, then the fuzzy subset 𝑓𝑓(𝜇𝜇) of 𝑆𝑆 defined by for all 𝑠𝑠 ∈ 𝑆𝑆, 𝑓𝑓(𝜇𝜇)(𝑠𝑠) =

sup{𝜇𝜇(𝑟𝑟):𝑓𝑓(𝑟𝑟, 𝑠𝑠) > 𝜃𝜃}. 
2) If 𝜆𝜆 is a fuzzy subset of 𝑆𝑆, then the fuzzy subset 𝑓𝑓−1(𝜆𝜆) of 𝑅𝑅 defined by for all 𝑟𝑟 ∈ 𝑅𝑅, 𝑓𝑓−1(𝜆𝜆)(𝑟𝑟) =

𝜆𝜆(𝑠𝑠) where 𝑓𝑓(𝑟𝑟, 𝑠𝑠) > 𝜃𝜃. 
Theorem 3.9 Let 𝑅𝑅, 𝑆𝑆 be semihyperrings, and 𝑓𝑓 be a fuzzy homomorphism from 𝑅𝑅 onto 𝑆𝑆. Then; 

1) If 𝜇𝜇 is a fuzzy hyperideal of 𝑅𝑅 then 𝑓𝑓(𝜇𝜇) is a fuzzy hyperideal of 𝑆𝑆. 
2) If 𝜆𝜆 is a fuzzy hyperideal of 𝑆𝑆 then 𝑓𝑓−1(𝜆𝜆) is a fuzzy hyperideal of 𝑅𝑅. 

Proof. 1) Assume that 𝜇𝜇 is a fuzzy hyperideal of 𝑅𝑅. Since 𝑓𝑓 is onto homomorphism, then for each 𝑥𝑥,𝑦𝑦 ∈ 𝑆𝑆 there 
exists 𝑟𝑟1, 𝑟𝑟2 ∈ 𝑅𝑅 such that 𝑓𝑓(𝑟𝑟1, 𝑥𝑥) > 𝜃𝜃, 𝑓𝑓(𝑟𝑟2,𝑦𝑦) > 𝜃𝜃. So that 

𝑓𝑓(𝜇𝜇)(𝑥𝑥𝑦𝑦) = sup{𝜇𝜇(𝑟𝑟):𝑓𝑓(𝑟𝑟, 𝑥𝑥𝑦𝑦) > 𝜃𝜃} ≥ sup{𝜇𝜇(𝑟𝑟1𝑟𝑟2):𝑓𝑓( 𝑟𝑟1𝑟𝑟2, 𝑥𝑥𝑦𝑦) > 𝜃𝜃} 

 
 

= 𝑓𝑓(𝜇𝜇)(𝑥𝑥) ∨ 𝑓𝑓(𝜇𝜇)(𝑦𝑦). 

Also, 𝑓𝑓(𝜇𝜇)(𝑠𝑠)𝑠𝑠∈𝑥𝑥+𝑦𝑦
𝑖𝑖𝑖𝑖𝑓𝑓 = inf � {𝜇𝜇(𝑟𝑟1𝑟𝑟2):𝑓𝑓(𝑟𝑟1𝑟𝑟2𝑠𝑠∈𝑥𝑥+𝑦𝑦

sup , 𝑠𝑠) > 𝜃𝜃}� 

≥ inf(sup{𝜇𝜇(𝑟𝑟1):𝑓𝑓(𝑟𝑟1, 𝑥𝑥) > 𝜃𝜃} ∧ sup{𝜇𝜇(𝑟𝑟2):𝑓𝑓(𝑟𝑟2, 𝑥𝑥) > 𝜃𝜃}) 
= sup{𝜇𝜇(𝑟𝑟1): 𝑓𝑓(𝑟𝑟1, 𝑥𝑥) > 𝜃𝜃} ∧ sup{𝜇𝜇(𝑟𝑟2):𝑓𝑓(𝑟𝑟2, 𝑥𝑥) > 𝜃𝜃} 

= 𝑓𝑓(𝜇𝜇)(𝑥𝑥) ∧ 𝑓𝑓(𝜇𝜇)(𝑦𝑦). 
Therefore, 𝑓𝑓(𝜇𝜇) is a fuzzy hyperideal of 𝑅𝑅.  
2) Suppose that 𝜆𝜆 is a fuzzy hyperideal of 𝑆𝑆, then for 𝑥𝑥,𝑦𝑦 ∈ 𝑅𝑅 we have,  

𝑓𝑓−1(𝜆𝜆)(𝑥𝑥𝑦𝑦) = 𝜆𝜆(𝑠𝑠1𝑠𝑠2) where 𝑓𝑓(𝑥𝑥𝑦𝑦, 𝑠𝑠1𝑠𝑠2) > 𝜃𝜃 
≥ {𝜆𝜆(𝑠𝑠1) ∨ 𝜆𝜆(𝑠𝑠2):𝑓𝑓(𝑥𝑥𝑦𝑦, 𝑠𝑠1𝑠𝑠2) ≥ sup{𝑓𝑓(𝑥𝑥, 𝑠𝑠1) ∧ 𝑓𝑓(𝑦𝑦, 𝑠𝑠2)} 

≥ {𝜆𝜆(𝑠𝑠1):𝑓𝑓(𝑥𝑥,  𝑠𝑠1) > 𝜃𝜃} ∨ {𝜆𝜆(𝑠𝑠2):𝑓𝑓(𝑦𝑦, 𝑠𝑠2) > 𝜃𝜃} 
= 𝑓𝑓−1(𝜆𝜆)(𝑥𝑥) ∨ 𝑓𝑓−1(𝜆𝜆)(𝑦𝑦). 

𝑓𝑓−1(𝜆𝜆)(𝑧𝑧)𝑧𝑧∈𝑥𝑥+𝑦𝑦
𝑖𝑖𝑖𝑖𝑓𝑓 = inf{𝜆𝜆(𝑠𝑠1𝑠𝑠2):𝑓𝑓(𝑧𝑧, 𝑠𝑠1𝑠𝑠2) > 𝜃𝜃} 

 ≥ inf{𝜆𝜆(𝑠𝑠1) ∨ 𝜆𝜆(𝑠𝑠2):𝑓𝑓(𝑧𝑧, 𝑠𝑠) ≥ 𝑓𝑓(𝑥𝑥, 𝑠𝑠1) ∨ 𝑓𝑓(𝑦𝑦, 𝑠𝑠2), 𝑠𝑠 ∈ 𝑠𝑠1 + 𝑠𝑠2} 
≥ inf{{𝜆𝜆(𝑠𝑠1): 𝑓𝑓(𝑥𝑥, 𝑠𝑠1) > 𝜃𝜃} ∨ {𝜆𝜆(𝑠𝑠2):𝑓𝑓(𝑦𝑦, 𝑠𝑠2) > 𝜃𝜃} 

= 𝜆𝜆(𝑠𝑠1) ∧ 𝜆𝜆(𝑠𝑠2) = 𝑓𝑓−1(𝜆𝜆)(𝑥𝑥) ∧ 𝑓𝑓−1(𝜆𝜆)(𝑦𝑦). 
Hence, 𝑓𝑓−1(𝜆𝜆) is a fuzzy hyperideal of 𝑅𝑅.  
Definition 3.15 Let 𝑓𝑓 be a fuzzy semihyperring homomorphism from 𝑅𝑅 into 𝑆𝑆, and 𝛿𝛿 be a fuzzy hyperideal expan-

sion. Then, 𝛿𝛿 is said to be a global expansion if 𝛿𝛿�𝑓𝑓−1(𝜆𝜆)� = 𝑓𝑓−1(𝛿𝛿(𝜆𝜆)) for any fuzzy hyperideal 𝜆𝜆 of 𝑆𝑆. 
Theorem 3.10 Let 𝑅𝑅, 𝑆𝑆 be semihyperrings, and 𝑓𝑓 be a fuzzy homomorphism from 𝑅𝑅 into 𝑆𝑆and 𝛿𝛿 be a global 

fuzzy hyperideal expansion. If 𝜇𝜇 is a 𝛿𝛿-primary fuzzy hyperideal of 𝑆𝑆, then 𝑓𝑓−1(𝜇𝜇) is a 𝛿𝛿-primary fuzzy hyperideal 
of 𝑅𝑅. 

Proof. By Theorem 3.9, we have that 𝑓𝑓−1(𝜇𝜇) is a fuzzy hyperideal of 𝑅𝑅 whenever 𝜇𝜇 is a fuzzy hyperideal of 𝑆𝑆. 
Assume that 𝑓𝑓−1(𝜇𝜇)(𝑎𝑎𝑏𝑏) > 𝑓𝑓−1(𝜇𝜇)(𝑎𝑎) , then 𝜇𝜇(𝑥𝑥𝑦𝑦) > 𝜇𝜇(𝑥𝑥) where 𝑓𝑓(𝑎𝑎𝑏𝑏, 𝑥𝑥𝑦𝑦) > 𝜃𝜃  and 𝑓𝑓(𝑎𝑎, 𝑥𝑥) > 𝜃𝜃 , but 𝜇𝜇  is 
𝛿𝛿-primary, so that 𝛿𝛿(𝜇𝜇(𝑦𝑦)) ≥ 𝜇𝜇(𝑥𝑥𝑦𝑦) which implies that 𝑓𝑓−1(𝛿𝛿�𝜇𝜇(𝑏𝑏)�) ≥ 𝑓𝑓−1(𝜇𝜇(𝑎𝑎𝑏𝑏)) and since 𝛿𝛿 is global, we have 
𝛿𝛿(𝑓𝑓−1�𝜇𝜇(𝑏𝑏)�) ≥ 𝑓𝑓−1(𝜇𝜇(𝑎𝑎𝑏𝑏)). Therefore 𝑓𝑓−1(𝜇𝜇) is a 𝛿𝛿-primary fuzzy hyperideal of 𝑅𝑅. 

Definition 3.14 [13] Let 𝑓𝑓 be a fuzzy semihyperring homomorphism from 𝑅𝑅 to 𝑆𝑆, 𝜃𝜃 ∈ [0, 1), then the kernel of 𝑓𝑓 
is 𝐾𝐾𝐾𝐾𝑟𝑟(𝑓𝑓) = {𝑥𝑥 ∈ 𝑅𝑅: 𝑓𝑓(𝑥𝑥, 0) > 𝜃𝜃}. 

Theorem 3.11 Let 𝑓𝑓 be a fuzzy semihyperring homomorphism from 𝑅𝑅 onto 𝑆𝑆 and 𝛿𝛿 be a global fuzzy hyperideal 
expansion. The fuzzy hyperideal 𝜇𝜇 of 𝑅𝑅 is 𝛿𝛿-primary then 𝑓𝑓(𝜇𝜇) is a 𝛿𝛿-primary fuzzy hyperideal of 𝑆𝑆. 

Proof. By Theorem 3.9 𝜇𝜇 is a fuzzy hyperideal of 𝑅𝑅 then 𝑓𝑓(𝜇𝜇) is a fuzzy hyperideal of 𝑆𝑆. Now, suppose that 
𝑓𝑓(𝜇𝜇)(𝑠𝑠𝑟𝑟) = 𝜇𝜇(𝑎𝑎𝑏𝑏), 𝑓𝑓(𝑎𝑎𝑏𝑏, 𝑠𝑠𝑟𝑟) > 𝜃𝜃 , since 𝑓𝑓 is homomorphism, then 𝑓𝑓(𝜇𝜇)(𝑠𝑠) = 𝜇𝜇(𝑎𝑎) and 𝑓𝑓(𝜇𝜇)(𝑟𝑟) = 𝜇𝜇(𝑏𝑏). Assume 
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that𝜇𝜇 is 𝛿𝛿-primary and 𝑓𝑓(𝜇𝜇)(𝑠𝑠𝑟𝑟) > 𝑓𝑓(𝜇𝜇)(𝑠𝑠). Then 𝜇𝜇(𝑎𝑎𝑏𝑏) > 𝜇𝜇(𝑎𝑎), so 𝛿𝛿(𝜇𝜇(𝑏𝑏)) ≥ 𝜇𝜇(𝑎𝑎𝑏𝑏) and 𝑓𝑓(𝛿𝛿(𝜇𝜇(𝑟𝑟))) ≥ 𝑓𝑓(𝜇𝜇(𝑠𝑠𝑟𝑟)), 
and since 𝛿𝛿 is global. Then, 𝛿𝛿(𝑓𝑓�𝜇𝜇(𝑟𝑟)�) ≥ 𝑓𝑓(𝜇𝜇(𝑠𝑠𝑟𝑟)). So 𝑓𝑓(𝜇𝜇) is 𝛿𝛿-primary fuzzy hyperideal of 𝑆𝑆. 

Theorem 3.12 Let 𝑓𝑓 be a fuzzy semihyperring homomorphism from 𝑅𝑅 onto 𝑆𝑆 and 𝛿𝛿 be a global fuzzy hyperideal 
expansion. Then 𝑓𝑓 induces one to one corresponding between 𝛿𝛿-primary fuzzy hyperideals of 𝑅𝑅 and 𝛿𝛿-primary fuzzy 
hyperideals of 𝑆𝑆. 

Proof. The proof is a direct result of Theorem 3.10 and Theorem 3.11. 
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