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  Abstract 
Quantum superposition is often observed as a two peaked probability density 
function. From this the conclusion is drawn that the quantum particle exists in two 
places at once. In this note, we present a metastable dynamical systems model 
which displays a two peaked probability density function but is generated by a 
process that is in one place at a time. Thus, whenever a measurement is taken, the 
particle is found where it happens to be at that moment. 
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1. Introduction 

Quantum superposition posits that quantum particles have no fixed location. Their existence is spread probabilistically 
across the domain of a wave function. However, when a macro measurement is made there is an instantaneous and dra-
matic change: all quantum effects vanish and real properties immediately appear. Quantum theory does not explain why 
and what happens as probability turns into certainty. This transition is called collapse of the wave function and the mys-
terious effect is referred to as the measurement problem. 

 
Figure 1. Map T. 
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A common way of portraying the measurement problem is to display the probability density function (pdf) of finding a 
quantum particle. In the quantum case it is a pdf f with two narrow peaks [1, p. 31]. When a measurement is made one or 
other of the two peaks vanishes and the quantum particle is localized to the remaining single peak region of the state 
space. There are various explanations for this effect: for example, decoherence and continuous spontaneous localization, 
but neither are completely satisfactory. In this note, we present a deterministic metastable system to model the underlying 
dynamics of quantum superposition. We start with a map T which is defined on an interval I, where I = A U B, and A and 
B are disjoint sets. T has two mutually singular ergodic absolutely continuous invariant measures (acim), μA and μB, 
supported on A and B, respectively, with probability density functions (pdf) fA and fB. Figure 1 shows a map T and Fig-
ure 2 displays disjoint probability densities. (Realistic maps and densities are shown in Figures 4 and 5). To model the 
motion of a quantum particle which can be found in either A or B, we define a metastable map Tε, (Figure 3) which is an 
ε deterministic perturbation of T. Tε causes the sets A and B to communicate and has a single ergodic acim, με, on A U B.  

 
Figure 2. Probability density function with two separated peaks. 

In this note, we present a deterministic metastable system to model the underlying dynamics of quantum superposition. 
We start with a map T which is definedon an interval I, where I = A U B, and A and B are disjoint sets. T has two mutu-
ally singular ergodic absolutely continuous invariant measures (acim), μA and μB, supported on A and B, respectively, 
with probability density functions (pdf) fA and fB. Figure 1 shows a map T and Figure 2 displays disjoint probability den-
sities. To model the motion of a quantum particle which can be found in either A or B, we define a metastable map Tε, 
(Figure 3) which is an ε-deterministic perturbation of T. Tε causes the sets A and B to communicate and has a single er-
godic acim, με, on A U B. 

 
Figure 3. Map Tε. 
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In Section 2, a metastable system is defined and the communication between A and B via escape holes is explained. It 
is shown that με has a pdf fε which converges to a convex combination of fA and fBas ε→ 0. The set of densities D that 
can be attained by the metastable system depends on the limit of the ratio of hole sizes in A and B and includes all possi-
ble convex combinations of fA and fB. In Section 3, we show that the extreme points of D are fA and fB. In Section 4, we 
construct a metastable map with peaked densities. The main idea of this note is to identify the measurement of a quantum 
system as an extreme event in a metastable system. 

2. Metastable Dynamical System 
We assume the map T: A U B →A U B is a piecewise C 2, uniformly expanding on a partition set C0 = {c0,0 < c1,0 

< · · · < cn,0} which is called a critical set. T has two invariant sets, A and B. The point b = A ∩ B is called a boundary 
point and the points in H0 := T−1({b}) \ {b} are called infinitesimal holes. The metastable perturbed system Tε: A U B 
→A U B of T, which is also piecewise C2, has partition set Cε = {c0,ε< c1,ε< · · · <cn,ε}. The following properties are as-
sumed: 

(I1) Unique acim on the initial invariant set: 
T|A (T|B) has only one acimμA (μB) whose density is denoted by fA(fB). 
(I2) No return of the critical set to the infinitesimal holes: 
for every k >0 , Tk(C0) ∩ H0 = empty set. 
(I3) Positive acims at infinitesimal holes: 
fA is positive at each of the points in H0∩ A, and fB is positive at each of the points in H0∩ B. 
(I4) Restriction on periodic critical points. One of the following holds: 
(I4a) infA∩B\{C0} |T’(x)| > 2; 
(I4b) T has no periodic critical points, except possibly a fixed point at 0 or 1. 
(P1) Unique acim: for each ε > 0, Tε has only one acim με with density fε. 
(P2) Boundary condition: 
the boundary point does not move, and no holes are created near the boundary. To be precise: 
(P2a) if b is not in C0, then necessarily T(b) = b, and we assume further that for all ε> 0, Tε(b) = b; 
(P2b) if b is in C0, we assume that T(b−) < b < T(b+) and also that b inCε for all ε> 0. 
Then, we have the following properties: 
Tε has only one ergodic acim με on A U B with pdf fε. We have two holes 
HA,ε: = A ∩ T  ε

−1(B) and HB,ε: = B∩ T  ε
 −1(A)in A and B, respectively, through which the orbit of Tε escapes from one 

set to the other set. Once an orbit enters a hole, it leaves one of the invariant sets for T and continues in the other. As ε→ 
0, the holes converge to the place from which they arise, which are called infinitesimal holes. By the conditions above, 
both μA(HA,ε) and μB(HB,ε) converge to 0 as ε→ 0. 

Theorem 1. [2] Consider the family of perturbations {Tε :ε > 0} of T under the assumptions (I1-I4) and (P1-P2) stated 
in Section 2.1 of [2]. Suppose that l.h.r. = limε → 0μB(HB,ε)/μA(HA,ε) exists. Then 

fε→α fA + (1 − α)fB, 
as ε→ 0, where α/(1-α) = l.h.r. 

3. Extreme Metastable Systems 
The extreme values of all l.h.r. are 0 and ∞. Hence the extreme points of the setof densities {fε:ε > 0} occur if 
l.h.r. = 0, then fε →fB in L1 as ε→ 0 or if l.h.r. = 1, then fε →fAin L1asε→ 0. Thus, fA and fB are the extreme points of 

{fε: ε > 0} and correspond to what happens once a measurement of a quantum system is made. We have modeled the act 
of measurement by an extreme state for the metastable system and have shown that this forces the system to display ei-
ther fA od fB. The macro measurement effectively shuts the escape holes. The measurement process has caused a collapse 
of the wave function: a two peaked density function has become a one peaked density, depending on which almost in-
variant set the mouse was in at the time the measurement was taken. 

4. Construction of the map T 
In this section we construct an example of a metastable map satisfying the conditions of Section 2 and preserving a 

density which is a rough approximation of the density f of Figure 2. A specific example is presented at the end of the 
section. We start by constructing a map g: B → B, B = [0, 1], preserving a piecewise  constant approximation of an arbi-
trary pdf f0. Let P = {Ii: 1≤ i ≤ N}be a partition B into N equal subintervals. Let us define the vector v = [v1, v2, . . . ,vN], 
wherevi =∫Ii f0 dm. Then, the function 

f0α(x) =∑{i=1,…,N} N viχIi(x) 
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is a piecewise constant approximation of f0. 

 
Figure 4. Density fB = f0α invariant for map g. 

Let us choose 0 < βi< 1 and set αi= vi(1 − βi), i = 1, . . . ,N. Let 

 
The matrix M is row-stochastic and the vector v is its left invariant vector. This fact was used in [3] to introduce an-

other method of constructing a piecewise linear map g preserving the pdf f0α . We use the matrix M = [mi,j]1≤i,j≤N to define 
g which transforms linearly the subinterval of length mij/N of Ii increasingly onto the interval Ijif i is odd and decreasingly 
onto the interval IN−j+1 if i is even. For more details and a general theory of such semi-Markov maps see [4]. We make the 
construction slightly more complicated than usual to allow the map g to be continuous. Map g is piecewise expanding 
and piecewise onto so pdf f0α is the unique g-invariant pdf (for the general theory of piecewise expanding maps see [5] or 
[6]). 
Now we can define the map T: [−1, 1]→[−1, 1] by 

T(x) = � g(x),   for  x in [0,1];
−g(−x),   for x in [−1,0].

� 

The map T has two ergodic components and preserves two invariant pdfs with disjoint supports: fB(x) = f0α(x) on B = 
[0, 1] and fA(x) = f0α(−x) on A = [−1, 0]. The point {0} = A ∩  B is the fixed point of T. We now open small gates 
around −1 and 1: the new map Tε is equal to T on [−1+ε, 1−ε] and we have T ε([−1,−1+ε]) = [0, α(ε)] and Tε([1−ε, 1]) = 
[−α(ε), 0]. The map Tε is metastable and preserves a unique density fε which is very close (1/2)fA+(1/2)fB since Tε is 
symmetric and both T and Tε are piecewise expanding [5]. 

For a specific example we fix N = 10. We consider density fB = f0, α corresponding to the vector v = (1/80) [0, 1, 2, 3, 
4, 60, 4, 3, 2, 1] (Figure 4). The semi-Markov map g constructed as above is shown in Figure 5. The maps T and Tε are 
shown in Figures 6 and 7. 

 
Figure 5. Semi-Markov map g preserves density fB. 
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Figure 6. Map T preserves two densities: fB and symmetric fA. 

 
Figure 7. Metastable map Tε preserves unique density fε which is very close to (1/2)fA + (1/2)fB. 

 
Figure 8. The computer simulation of the density fε ≈ (1/2)fA + (1/2)fB. 
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