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 Abstract 

Arbitrary systems, will it be biological, physical, cybernetic, etc. may be described by a 
mathematical function, namely by a graph extension function, which   we also call hi-
erarchical function (and which mathematically shows hierarchical nature of science). 

This function can be also used to describe mathematical objects themselves, which in 
the paper is shown on the example of the action of the graph extension function on 
the set of integers. 

A new theory of graph extensions, similar to group extension theory, is outlined. A 
theorem about the equivalence of different extension functions is proved. There ex-
ists an isomorphism between the modified functional graph of the cell (functional 
block-scheme) and the morphological graph of the cell (the graph expressing topo-
logical membrane inter transformations of the cell) which expresses the most essen-
tial features of the cell and captures one of the specific differences between living 
and non-living systems. 
It is shown that the construction of the graph of a complex organism from the pri-

mordial graph given by Rashevsky is nothing but an extension of the primordial 
graph by the graph extension function. 
It is described that there exist morphisms from biological graphs described by vari-
ous authors to our functional graph. 

Keywords 

Extensions of graphs, graph extension functions, unification of different sciences, the 
most essential features of the cell, hierarchical systems, hierarchical function. 

 

1. Introduction 

A possibly single mathematical function describing the universe is mentioned in an article [1] by the Nobel Prize winner 
Swedish physicist Hannes Alfvén where he asks whether in the academia scientific circles there exists a belief that the 
nature of the universe can be described by a single mathematical formula. The renowned physicist Michio Kaku in his 
online lectures [2] talks about the similar things. In the present work, applications of the graph extension function ac-
quire universal character and it is not excluded that this might be the function sought for by Alfvén, Kaku and the Py-

thagorean school. In the past, the science was unified and only later disbanded into separate sciences, whereas the graph 
extension function potentially unites different sciences into one whole science. Unfortunately, or fortunately, it shows 
that during the last 2000 years nothing new is created in the science and what is created are the new forms of the old. The 
same situation is in the art, etc. One of the aims of this function is also the unification of the mathematics itself.  
Biology is enclosed as a matron in chemistry, i.e. biology extends to chemistry, chemistry is enclosed in physics, i.e. bi-
ology is extended to physic, physics is enclosed in elementary particle physics, i.e. physics extended to elementary parti-
cle physics. Various systems we can consider by a set of their components, objects (vertices of graphs) and relations be-
tween objects (arrows of graphs). I.e. graph describing biological processes is extended to graph describing chemical 

processes, graph describing chemical processes, is extended to graph describing physical processes and graph describing 
physical processes is extended to graph describing elementary particle physics. 
In the paper [3] we have described the notion of trivial graph extension. In the paper [4] we have described the notion of 
nontrivial graph extension and gave several examples of its applications in describing some relatively subtle phenomena 
in behavior of complicated systems. 
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In that paper, we expressed guess that probably the construction of a graph of a complex biological organism starting 
from a much simpler (“primordial”) graph as considered by Rashevsky [5,6,7] can be also described using our formalism 
of graph extensions. Presently we have obtained such description and in this presentation we will outline very briefly the 

corresponding construction. 
We have also established that the formalism of graph extensions can be used to model essential aspects of distinguishing 
structures characteristic for life from other kinds of structures. More concretely this distinction manifests itself in the 
isomorphism between morphological and functional graphs of a cell. This isomorphism has been seemingly observed by 
us for the first time in [4]. After that, an issue is raised to extract from the notion of graph extension a single mathemati-
cal function which will encode the aforementioned aspects. Such function might serve as a key to distinguishing life 
forms from other kinds of matter in particular. 
This function contains features common for various fields of science, by which reason it can be called unifying graph 

extension function. At the same time this function can be called hierarchical since, as we have shown in [4], a graph re-
flecting some type of phenomena is transformed under a graph extension into a graph corresponding to phenomena of 
lower (deeper) level. 
Let us note that similar approach to modeling various hierarchical systems, but using categories rather than graphs, has 
been developed in [8]. 
The graph extension function can be also used in mathematical research to describe various kinds of mathematical pro-
cesses which in fact may be considered as its particular cases. 
In fact, moreover the mathematical function derived from graph extensions has a potential to detect similarities and dif-

ferences between various scientific approaches. In particular, it gives precise formal meaning to the ideas of N. 
Rashevsky presented in [8], about common consideration of patterns characteristic for development of such diverse re-
search fields as physics, biology and sociology. More concretely we claim that it is possible that each of these research 
fields can be assigned a particular kind of such graph extension function which will reflect their essential structural 
characteristics. 
As for what concerns biology, this function not only unifies its different fields, but also will help us in finding a so to say 
“periodic system of cell types” (the term by Savostyanov [9] which may become indispensable in solving problems in 
e.g. oncology. Moreover, calculating various extensions may help us to find entirely new organisms, etc. 

2. Results and Discussions 

Let us start by recalling that by a graph we mean a collection G of the following data: the set VG of vertices of G and the 

set IG of arrows of G, where each arrow is assigned a pair (v,v′) of distinct vertices called source and target of G. It is 
required that there is not more than one arrow with given fixed source a target. Simplest examples of graphs are given by 
discrete graphs – those without any arrows, and by the opposite extreme, namely the indiscrete graphs – those in which 
each pair of vertices is connected by an arrow in both directions. 
In few words, the notion of graph extension introduced in [4] can be described as follows. An extension of a graph G by 

a family (Gv)v of other graphs indexed by vertices of G is a graph H together with a surjective map :HG such that 

-1(v)=Gv 
for each vertex v. 
A morphism of graphs       consists of two maps, which we will both denote by the same letter  ;   maps ver-

tices of   to vertices of   and it maps arrows of   to arrows of  , in such a way that if an arrow   of   connects a 
vertex   of   to another vertex    of  , then the arrow      of   must connect the vertex  (  ) to the vertex 

 (  ). Note in particular that this implies the following: if an arrow i connects vertices   and    in   and  (  ) 
=  (  ), then this vertex  (  ) =  (  ) must necessarily carry a loop - that is, an arrow connecting it to itself. We will 

say in such circumstances that the vertex is reflexive. 
The central idea of the paper [4] is the notion of the extension function associated to such an extension. This is a certain 
partial map 


G

vG

G

v

Vv

V

G

Vv

G IVf
















2:

                                (1) 
satisfying specific conditions described in [4]. It turns out that any graph extension is completely described by the corre-
sponding extension and that in the significant variety of situations graph extension functions are very useful in describing 
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peculiarities of behaviour of complex systems. Corresponding examples were given in [4]. Here we briefly describe an-
other example which is concerned with more refined description of phenomena introduced in [10,11]. Before that how-
ever let us mention two simpler examples of graph extensions. 

First, it is very easy to describe all possible extensions of a discrete graph. Any extension of a discrete graph with the set 

of vertices V is determined by an arbitrary family of graphs (Gv)vV. Indeed, the corresponding extension function must 
be 

: 2 Gv

v

G G

V

G G

v V v V

f V I
 

 
   

  . 
So the domain of f must be the empty set, and there is always a unique function of this kind. 
To prove this: 

1. Suppose the graph H is an extension of a graph G by the family         
. 

Let us establish an isomorphism between preimages of all vertices of the graph G and the corresponding graphs Gv from 
the family         

. To each vertex      of the graph H let us assign the n-tuple       , where the second coordi-

nate is the image of the vertices vα of the graphs from the family under the epimorphism σ:H → G of the graph H onto 

the graph G while the first coordinate vα is the image of a vertex of Gv under the isomorphism between it and σ-1(v). 
Suppose      is a source of some arrow      and       is the target of the arrow i. Let        be the source of 
any arrows in IH and the second coordinates of targets of these arrows are the vertices 
                                 , where    

                .  Take the pair        and assign to it the 

set 
                  . 

Similarly assigning to all pairs (v,i) subsets of    
we obtain the extension map 

: 2 Gv

v

G G

V

G G

v V v V

f V I
 

 
   

   
2. In case when a graph G and a family         

 of graphs are given together with the map 

: 2 Gv

v

G G

V

G G

v V v V

f V I
 

 
   

   
then one can construct an extension H of the graph G by the family         

 and the map f. 

Indeed, the set of vertices VH of the extension H will be    
   . As a part of the set IH will be taken the set    

   , 

and the remaining part of IH will be constructed as follows: 
Take any           

   . Suppose      is a source of some arrows in IG and      is one of those arrows. 

Suppose v’ is the target of i. Now let us construct new arrows in H whose source will be        and targets will be the 
vertices 

                                
   , 

where 

                          , 
where m ≤ card    

. 

3. Let us now prove a criterion of equivalence of two extension maps. 
Suppose given two isomorphic extensions   and    of a graph G by the family         

and the two extension maps 

: 2 Gv

v

G G

V

G G

v V v V

f V I
 

 
   

   
and 

: 2 Gv

v

G G

V

G G

v V v V

g V I
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Under the isomorphism       to each vertex           
is assigned a vertex              

. Here    
 and 

   
be the vertex sets of the extensions   and   respectively, while T is a map 

              

defined by            and to each arrow           
corresponds and arrow                

, where    
and 

   
are the arrow sets of   and    respectively and   is a map       

      
 defined by 

           . 

The maps T and   induce automorphisms          defined by 
           , 
           . 

Let us now take an arrow     with the source   and target    in the graph G. Let us take in   some vertex 

          
. The vertex        is the source of some arrows from   whose target is   . Let   be the set of those 

arrow targets 
                                  

, 

                      
    . 

Let                  
in   . 

Suppose this vertex is a target of some arrows in    with target   . Let    be the set of arrows  

        
 
         

 
           

 
      

where 

                                                . 
This by       gives 

                     [1]  
Definition: Suppose given a graph G, a family of graphs         

 and extension maps f and g. We will call the exten-

sion maps f and g equivalent, if there exist such maps          , for each arrow     with source   and target 

  , which satisfies (2). 
Theorem: Suppose given a graph G, a family of graphs         

 and extension maps f and g. If f and g are equivalent 

in the sense of the above definition, then the extensions    and    of the graph G by the extension maps f and g are 

isomorphic. 
Proof: Consider the extensions    and    of the graph G by         

and the maps f and g respectively. Take any 

vertex           
 . Let an arrow i in G have source  and target  . Suppose that        is the source of some ar-

rows in   whose second component is   . Let    be the set of targets of these arrows, 

                                  
, 

where 

                        
  

  . 
Since f and g are equivalent, there exists a map           such that there is a vertex              of    and a 

set of vertices  
                                  

with 

                                    . 
But then the equality [1] holds and this implies      . 

4. For a slightly more elaborate example, let Z be the following graph: its vertices are all integer numbers, and there is 
one arrow from any integer n to the integer m if and only if n <m. This is by the way an example of a transitive graph. 

Next let the following family of graphs be given: for each n, the graph Gn has the set of vertices equal to the set of all 

real numbers in the interval [n,n+1), i.e. all real numbers r satisfying nr<n+1. This family fits into a graph extension 

which produces the set of all real numbers R, with the function  assigning to a real number its integer part. It is easy to 

see that the corresponding extension function is given as follows: f (r,I) is defined if and only if the arrow i starts at the 
integer part of r, and in that case one has 

f (r,I ) = [m,m+1),           [2] 
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where m is the integer at which the arrow i ends. 
In future publication we are planning to address relationship between graph extensions and category theory and relation-
ship between graph extensions and dimensions in physics. 

We shall now show that there is isomorphism between functional graph D’(fig.1) and the morphological graph A(fig.2). 
Compared to the graph called D in [4], this graph D’ is modified. It will be natural if we construct a morphism between 
these graphs in the following way: we shall attribute function “assimilation” function of the functional graph D’ (Fig.1) 
to the plasma membrane(PL) component of the morphological graph A. We shall attribute the function of “decomposi-
tion” to the “lyzosome”(Ly), the ”storage” to the Golgi complex (GC) , the “synthesis” to the endoplasmic reticulum 
(ER), the “excretion” to the residual body(RB),  the “control and regulation” to the nuclear membrane (Nm). 
The morphism constructed between the graphs A and D’ in such a way is isomorphism. In other words, we correlate the 
functions performed by these membranes in the cell with the different types of membranes. Thus, the directions of mor-

phological and functional relations coincide with each other. 
Isomorphism between the functional graph (the functional block-scheme) and the morphological graph (the morphologi-
cal block-scheme) is an important fact, it accounts for the essence of circulation in the cell. Reconstructions of mem-
branes, when their connectedness and the genus of the surface change, constitute the necessary conditions for the “ad-
ministrative” control of the cell. It is most probable that the cell differs from nonbiological systems in this point, that the 
components performing the vital functions transform into one other. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1.The functional graph D’ 

 
Arrow expresses, that one function in time precedes another. 
In our earlier work we raised the question whether the circulation of membranes as the morphological graph is the struc-
tural expression of the functional graph, i.e. the graph of vital functions, and one of the most specific signs for the biolo-
gy of the cell, and indeed life in general. Now we can give a positive answer to this question. The six mutually related 

functions performed by those membranes which are reconstructed in ontogenesis are the cause, i.e. the mechanism, of 
the reconstruction. 
  

reception (assimilation), 

defense 

excretion 
 

decomposition  storage 
 

synthesis, 
defense of 
inner order 

Control and regulations 
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Fig.2. Morphological graph A (the morphological block- scheme of the cell) – the graph expressing membrane inter transfor-

mations of the cell. Arrow expresses, that one membrane transforms to another membrane. 

 
Let us now turn to the example corresponding to Rashevsky’s work [5,6]. Rashevsky describes generation of more com-
plex graphs from simple primordial ones. For simplicity let us assume that the primordial graph consists of only two ver-
tices v0 and v1 and one arrow i from the first to the second. That is, G has the form 

10 vv i
 

For this case he assigns to each vertex a new graph; thus we have in addition two graphs G0 and G1. In his case these are 
in fact the same new graph, the so called functional graph D’. 
Between two copies of D’, Rashevsky assigns additional arrows corresponding to the single arrow from v0 to v1, namely 
each arrow of D’ gives an arrow between corresponding vertices, but from the vertex in the first copy to the vertex in the 
second. 

This structure can be construed as a graph extension in a straightforward way. The corresponding extension function has 
the following form: 

f(v0,i) = {the set of those vertices of the second copy of D’, 

to which there is an arrow in D’ from v0} 

for any vertex v0 of the first copy of D’ and 

f(v1,i) =  

for any vertex v1 of the second copy of D’. 
It must be noted that, although it is intuitively clear that we have a graph extension here, Rashevsky never mentions any 
notion of this kind in his work. 
It must be mentioned that G. Savostyanov, renowned specialist working at the Oncology Institute in St. Petersburg, in [9] 
argued that developing an analog of the periodic system for graphs expressing properties of cells and organisms would 

be necessary in the research of tumor development. However, our approach is radically different in that he never used 
any mathematical methods. Exactly the mathematical notion of graph extension lying at the very base of our method is 
perfectly suitable for developing such a concept of a periodic system of graph structures corresponding to life systems. 
As for the equivalence formula (1), it simplifies this approach by “filtering out” those redundant graphs which do not 
correspond to any biological systems. 
We can show that there exists a morphism from some biological graphs to the graph D’ above. Moreover, such 
morphisms have biological meaning. For example, take the so called primordial graph from [5,6]. This graph expresses 
relationship between various functions of a hypothetical unicellular organism. We can construct the morphism in the 
following way. Functions of the Rashevsky graph C (“contact with food”), I (“ingestion”), FS (“food stimuli”), HS 

(“harmful stimuli”), IO2 (“intake of O2”) may be assigned the functions “reception”, “decomposition”, “reception”, “re-
ception”, “reception” respectively, whereas to the functions CB (“catabolic processes”), D (“digestion”) and A (“absorp-
tion”) of the Rashevsky graph one assigns the function “decomposition” of the graph D’. Whereas to the functions E 

PL 

RB 
 

Ly  
GC 
 

ER 
 

Nm 
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(“energy excretion”), Ma(“ameboidal movement”), PCO2(“production of CO2”), SB(“body synthesis”), It (“inner 
transport”), R (“reproduction”), TP (“protoplasmatical transport”), Sde (“secretion of digestive enzymes”), Des (“synthesis 
of digestive enzymes”), PW (“production of waste”) of the Rashevsky graph one assigns the function “synthesis” of the 

graph D’. 
In a similar way, to the functions ECO2 (“excretion of CO2”), Def (“excretion”), W (“excretion of waste products”) can be 
assigned the function “excretion” of the graph D’. To the function E (“free energy”) of the Rashevsky graph one assigns 
the “storage” function of the graph D’. 
As another example let us show that there exists a morphism from the Chauvet graph [10,11], which expresses relation-
ships between various systems of an organism, to the graph D’. The shape of the graph shows the morphism; more pre-
cisely, to the urinary system one assigns excretion, to the respiratory and cardiovascular systems – “reception” (“assimi-
lation”), to the digestive system – “decomposition”, to the Nervous system – “control and regulation”, and to the endo-

crine and blood system and tissues – “synthesis” (Fig.3). 
Let us further show that there exists a morphism from the graph of M. K. Babunashvili and B. S. Zilberfarb [12] to the 
graph D’. This graph shows how using hierarchy of the molecular organization of the cell and application of the func-
tional homogeneity of the bioproduction, biological identification of the cellular metabolism with simultaneous partition 
of all biological productions into certain classes is performed (Fig.4). Let us construct a morphism from this graph into 
the graph D’ in the following way. Let us assign the classes of biological productions of macromolecules, derivative bi-
omolecules and bioconstruction blocks of the mentioned graph the function “synthesis” of the graph D’, classes of bio-
logical production splitting the macromolecules, splitting the derivative biomolecules, splitting the construction blocks, 

as well as low-molecular predecessors – to the function “decomposition”, decomposition products of the derivative bio-
molecules – to the function “excretion”. Under the class of macromolecules in the graph of M. K. Babunashvili and B. S. 
Zilberfarb is understood that macromolecules are absorbed by the cell. Let us assign the macromolecules the function 
“reception”, whereas the energy – the function “storage”. 
It follows that the graph D’ which, although represented in a simplified way, seems to be fully justified, whereas all bio-
logical graphs, if they are correctly constructed, are essentially similar. If there exists an epimorphism from the first 
graph to the second, this means that the first graph is more refined than the second. On the basis of the graph D’ one can 
construct more complicated and refined biological graphs. 
Finally let us describe one simpler example of graph extension function as a first attempt to describe physical phenome-

na by our method. We will be concerned with the nuclear and Coulomb interactions in atoms. Consider a graph with the 
set of vertices V={p, n, e} (corresponding respectively to protons, neutrons and electrons in an atom).Let the set I of ar-
rows of the graph correspond to various interactions (forces) acting between these, except for the gravitational interac-
tion. Then a graph extension function can be constructed as follows:  

               
             
           

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. The Chauvet graph of an organism 
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Fig. 4. The graph of Babunashvili-Zilberfarb 

3. Conclusion 

Arbitrary systems, will it be biological, physical, cybernetic, etc. may be described by a mathematical function, namely by 
a graph extension function, which we also call hierarchical function (and which mathematically shows hierarchical nature 
of science). This function can be also used to describe mathematical objects themselves, which in the paper is shown on the 

example of the action of the graph extension function on the set of integers. A new theory of graph extensions, similar to 
group extension theory, is outlined. A theorem about the equivalence of different extension functions 
is proved. There exists an isomorphism between the modified functional graph of the cell (functional block-scheme) and 
the morphological graph of the cell (the graph expressing topological membrane inter transformations of the cell) which 
expresses the most essential features of for the biology of the cell 
and captures one of the specific differences between living and non-living systems. 
It is shown that the construction of the graph of a complex organism from the primordial graph given by Rashevsky is 
nothing but an extension of the primordial graph by the graph extension function. 
It is described that there exist morphisms from biological graphs described by various authors to our functional 

graph. Modified functional graph D’is valid biological graph. 
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Chapter 2  

Hierarchical Systems And Extension Of Graphs 
 

Relationship between hierarchical systems and graph extensions 

It can be shown that there exists a relation between the hierarchical systems in biology and the extensions of graphs - 
hierarchical systems are adequately described by extensions of graphs. 
Indeed, suppose we have the hierarchical system. For simplicity, consider a system consisting of only 2 level - the higher 
and the lower. Let, at the highest level, two components (or two processes)    and    interact with each other forming 

the graph G. 
Suppose that the component    at the lowest level corresponds to some subcomponents (subprocesses)   

    
    

  and 

the subcomponent at the lowest level correspond to the component (subprocesses)   
  ,  

 . 

Since, at the highest level, the component    is connected with the component   with an arrow, then on the lowest, at 

least one of the subcomponents   
 ,  

 ,  
  is connected by an arrow with some subcomponent   

 ,  
 . Thus we obtain 

the graph H (Fig.5).  
In order for the above-mentioned to be clearer, we assume that at the highest level the molecule    acts on the molecule 

  (or the molecule    is formed from it). Then, at the lowest level, at least one constituent part of the molecule    

 

 

Fig.5. Extension H of graph G by graphs    
 and    

 and map f. Graph H is outlined by big square.    
 and    

 graphs is 

outlined by small squares. The dashed line expresses the correspondence between levels. 

 

or an atom    
 ,  

 and   
 acts on some atom    

  or   
  of molecule  .  Thus, the interaction of the molecules at the 

higher level is expressed by graph G, at the lowest level of the interaction of the molecules    and    containing atoms 

is expressed by the graph H. 

But mathematically, the graph H is an extension of the graph G, by graphs    
 and    

and map 
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: 2 Gv

v

G G

V

G G

v V v V

f V I
 

 
   

 
 

where VG(v1, v2).  In our example (Fig. 5) f is such map     
       

        and     
    

 
,  

  }  

Thus, we can rightfully say that biological hierarchical systems are described by graph extensions, i.e. the lower (deep) 
level expressed by graph H is an extension of the higher (neighbouring) level expressed by graph G. This extension is 
performed, constructed by family of graphs (  ) and extension map f. (  ) are graphs of subcomponents (atoms), of 

components (molecules)    ,    ....   , i.e.    
 for example is a graph of interrelation of set S= {  

 ,  
 ,...  

 }, where 

set  S is set of subcomponents (atoms) of the component (molecule)   . 

Graph    
is graph of the interrelation of set {  

  ,  
  ,...  

 
} where this set is subcomponents (atoms), of component 

(molecule)    etc. 

Extension of biological graphs never mentioned anywhere in the works of Rashevsky and his school. It can be shown 
that two notions: the principle of biological epimorphism given by Rashevsky is nothing but an extension of the primor-
dial graph. 
Indeed, the principle of biological epimorphism means, to one elementary process (property) A of primordial organism 
corresponds more elementary processes   ,  ...   of more complex organism, to another elementary process   of the 

primordial organism  corresponds more elementary processes   ,  ...  . 

But if   is the cause of  (or in time precedes  ), then in a complex organism some process from the processes 
  ,  ...  will be the cause or in time precedes any process   ,  ...  . 

Thus the primordial graph is extended by graphs: 
      

    ,  ...     ,        
    ,  ...    and so on (fig.6). 

With such construction of the complex from the simple one, one can, of course, write the corresponding function of ex-
tension. 

 

 

Fig. 6. Graph of the higher organism is an extension of graph of the lower organism by graphs    and    and map f. A big 

square outlines graph of the higher organism. Small squares outline graphs    and   and the graph of the lower organism. 
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Chapter 3 

Completion Rashevsky System Of Relations Of Order  Structure 
 

Rashevsky's (Rashevsky, 1961) considered the strong and weak relations between sets. On our side, we added: ordinary, 
left, bilateral, nonstrong right and strong relations. In the second work (Rashevki, 1966), he add “rangewise” and 
“domainwise” relations. Thus, he discusses a system of 8 types relations. We have added 16 types of relations. Thus, we 
discuss a system consist of 24 relations. We changed the terminology of Rashevsky, the terms: “rangewise“, 
“domainwise , and etc. 
For 8 type relations, Rashevsky proved theorems. In addition, we have proved new theorems for these new 16 types rela-
tions. Rashevsky consider biological examples for relations. We, in turn,consider new biological examples. 
Let A, B, C,... be finite sets. 

Let      b          be elements. 
Let a b be any binary relation between elements a and b. 

 
Ordinary relations   

 
Definition 1-1: We say that a relative ordinary relation   with module A’ exists between sets A and   B, and write it  

α b (modA’) if and only if there exist nonempty subset A’. A’⊂A that for some elements α A-A’, and for some elements 
b B,   α b has hold. 

And for all pairs of elements a’ A’ and b B relation a’ b has not hold. 
If A’=  we obtain:  

Definition 1-2: We say that ordinary absolute relation   exists between sets A and B if and only if, and write it A B if 
for some elements set A, a A and for some elements set B, b B, a b has hold. 

Definition1-3: We say that ordinary relation   with module B. exists between sets A and  B if and only if , and write 

it,         ′  if exists  nonempty subset B’,  B’⊂ B  that     -B’) and for all elements  a,b’ (a A, b’ B’)  
a b’ does not hold. 

If B’=   then A B has hold. 
Definition I-4: We say that relative ordinary relation  exist between sets A and B with modules A’ and B’ and write it 

           ′  ,if and only if there exists non empty sets A’⊂ A and B’⊂B such that for some elements α A-A’ and 
β B-B’ then: 
(A–A’)  (B-B’) does hold and for all elements a’ A’, b’ B’, α A-A’, β B-B’, a’ b’, α b’ a’ β,  does not hold. 

Remark: When A’=  or B’=  or A’=B’ =  then A B(modB’), A B(mod A’) , A B  has hold.   
Consider the situation: “Sensory perceptions produce molar movements”: The set of sensory perceptions A  produces a 

set of molar movements B. Rashevsky 1966). Since not every possible sensory receptions do not result in any movement 
at all, and some movements arise not as a result of sensory perceptions, we have ordinal relation between two sets. 
A B(modA’,B’). 
Theorem 1-1: If A C(modA’,C’) and B C(modB’,C’), then (A∪B) C{mod(A’∪B”),C’}.  

Proof: A C(modA’,C’) implies that there exist at least one pair of elements α A-A’, c C-C’, such that  α c.  
B C(modB’,C’) implies that there exist at least one pair of elementsβ B-B’   and c C-C’, that β c. Hence there exists 

one pair s A∪(B-A’)∪B’ and c C-C.’   
S c does hold Q.E.D. 

Theorem I-2: If         ′  and         ′ , then (A∪B) C{mod(A’∪B)}.  
Theorem I-3: If         ′  and         ′ , then   ∪         ′ . 
Theorem I-4: If     and    ,then (A∪B) C 
This theorems proved analogous theorem 1-1 if we change A’, B’ or C’ by set  . When we have not only two sets: A 

and B, but many sets A 1, A2, ..., An, which are in relation    with set C, A1 C, A2 C, ...,An C does hold. 

Theorem 1-5: If A1 C, A2 C, ...,An C does hold, then (A 1UA2U ... UAn) C. 
 

Left relations    
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Definition 2-1: We say that a left relation    exists between sets A and B with module A’ and write it A    B 

(modA’), if and only if, there exists nonempty subset A’, A’A, that for every element αA-A’ there exists at least one 
element. bB such that the relation α b does hold  and for all pairs of elements... a’A’ and bB, a B does not hold. 
Definition 2-2: We say that a left absolute relation    exists between sets A and B and write it A   B if and only if, 

for every aA there exist at least one element bB, that a b.   
a) Between set A of genes and set B of proteins exist left relative relation   A    B and write it A    B. 

b) Between set A of proteins and set B of repressive substances exist left relative relation    and write it A    B. Eor 
every proten exist at least one repressive substance which block protein. 

Theorem 2-I. If A    C and B    C, then (AUB)    C 
Proof: For all αAUB there exists at least one element cC that αpc. 
Theorem 2-2. If A    C and B    C, then (AUB)    C. 

Proof: For every αAUB there exists at least, one cC, that α c. Q.E.D. 
 

Bilateral relation   . 

 
Definition 3-I: We say that a bilateral relation    exists between sets A and B and write it A  B if and only if 
(i) For all elements aA there exists at least one element bB. 

(ii) For all elements bB there exists at least one element aA. 
Definition 3-2: We say that a bilateral relation    with module A’ exists   between sets  A and B and write it A    
B(modA’) if and only if, there  exists nonempty subset  A’A, that: (A-A’)  B. 

For all pair of elements a’A’,bB, a’b does not hold. 
Theorem 3-I: If A  C and B  C, then (AUB)   C 

Proof: ( ){αAUBcC α c 

( c ){cC αAUB α c 

Thus satisfied conditions (i) and (ii) for bilateral relations for sets (AUB) and C. We write it (AUB)  0C. Q.E.D. 

Theorem 3-2. If A 0B and A B≠  then exists, at least one pair of elements a, and a’ (aA, a’A) that a a’ and at 

least one pair  b, b’B, that b b’ does hold. 

Proof: From αA B αAVαB. If αA, then { b  B α b}, but αB b’ b, b’ a, because αB, 

then  a’A α’ a, but aA a’ a 

Remark: This theorem used for reflexive relations, because when    reflexive and....   

  a,b (aA, bB), A B=   does hold. 

 

Non-strong relative relations  ’ 
 

Definition: 4-I. We say that nonstrong absolute relation   ’ and write it.... A ’B if and only if  

(i) A 0B 
(ii) There exists at least one pair of elements aA and bB that a b does not hold. 

Between set A of activated enzymes and set B of metabolic reactions exist nonstrong relative relation A ’B. For every 
aminoacide exist specific enzyme, but there exist some enzymes which not corresponds to some metabolic reactions. 

 
Strong relations  ’’ 

 
Definition 5-I: We say that a strong relations  ’’ exists between sets A and B and write it A ’’ B if and only if for all 

pairs of elements aA, bB a b does hold 
Definition 5-2: We say that a strong relation  ’’ exist between sets A and B with module A’⊂ A and write it A ’’B 

(modA’) ....  
(i) (A-A’)  ’’B 
(ii) For all pair of elements αA’, bB α b does not hold. 
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Metabolism produces energy. Energy is the set which containing only one element. Between the set of metabolic  reac-
tions A and energy B exist strong relative relation A ’’B(mod A”). Set A’ contains metabolic reactions which not pro-

duces energy  
Theorem 5-I:  If  A ’’C and Bp’’C then (AUB)  ’’C 
Proof:      ∪            Q.E.D. 

Theorem 5-2: If A ’’C and Bp’’C and A B≠ , then (A B)  ’’B 

Proof:               does hold. Q.E.D. 

Theorem 5-3: If A ’’B, then for every nonempty subset A’A, A’ ’’B does hold. Q.E.D. 

Theorem 5-4: If  A ’’B and  B ’’C and   is transitive  then A ’’C 
Proof:                          , b c, hence     is transitive       . 
{aA,  cCa   c} Q.E.D.  

 
Extensions of graph and relations. 
Let G be graph, VG set of vertices of G and IG set of arrows of G. (Gv)vVG – family of other graphs indexed by vertices 

of G. 

Let graph G is a extension of family graphs (Gv) by extension function f 
G

v
GG

V

G G
v Vv V

f: ( V ) x I   2




  

Let sets , ,
1 2 nG G G

 V  ... , VV
  

( , ,
G 2 n G

n=cord  u  u , ... , u VV 1  be finite sets.  

Let xRy be binary relation, with x domain of R, y change of R. 

If between sets , ,
1 2 nG G G

 V  ... , VV
    

exist “Ordinary” relations  ’’ then we obtain “Ordinary” extension of graph G. 
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Chapter 4 

Extensions of Groups 

 

Algorithm 1: 

Let A and B  be groups and map :f B B A  with properties 

1.
 0,0 0f 

; 

   0, ,0 0f b f b 
; 

       , , , ,f b b f b b b f b b f b b b          
. 

We must construct extension of group A by the group B 
First step: Let  

C A B  . 

Second step: 

      , , , ,a b a b a a f b b b b        
 

C is a group. (let us prove) 

1. In C there exists null element- 
 0,0

 

        0,0 , 0 0, ,0 ,a b a f b b a b     
. 

2.For every element in C there exist inverse element: 

    , , ,a b a f b b b    
. 

          , , , , , , , 0,0a b a f b b b a a f b b f b b b b            
 

Q.E.D. 

3.C is assotiated: 

 

          

    

, , , , , ,

, , ,

a b a b a b a a f b b b b a b

a a a f b b f b b b b b b

              

             
 

And 
 
 
 
 
 

But from the property f it follows“ 

           , , , , , ,a b a b a b a b a b a b                  . 
It is satisfied closed condition: 

        , , , , ,a b a b a a f b b b b a b C            
. 

Exact sequence 0 0C B   , as 

1. Monomorphysm: A C  

          

    

, , , , , ,

, , ,

a b a b a b a b a a f b b b b

a a a f b b f b b b b b b
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        ,0 ,0 0,0 0 0 ,0a a a a f a a         
. 

2. EpimorphysmC B  

 

 

   

 

, , ,

,,

a b b a b a b
b b

a b ba b b

  
 

   
 

 0,0x x 
 

   ,0 0,x a b 
 

     0,0 0,0 0,0 
 

      0, ,0 ,0 0, ,0 0x a f b b f b    
 

 

4 16 40 0z z z   
 

0 0 1 2 3

1 4 5 6 7

2 8 9 10 11

3 12 13 14 15

0 1 2 3









   

 

        ,
9 6

c c
p c p c f p c p c


  

 

 9 6 1 2 1,2 7 8f     
 

Step 1: 
 
c

B
p A



-it follows 

       i p A b p A b i p A b b b b                , 
After choose  of reprezentativs 
Step 2:  

  i p A b b b b    
. 

It follows 

    1,f b b p b b b b     
. 

Properties of function f 

1. 
        1 1 10,0 0 0 0 0 0 0 0 0f p p p         

; 

2. 
        1 1 1,0 0 0 0 0f b p b b p b b p         

, 
 0, 0f b 

; 

3. 
         1 1, ,f b b f b b b p b b b b p b b b b b b                     
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  1p b b b b b b         
, 

         1 1, ,b b f b b b p b b b b p b b b b b b                       
 

Algorithm 2 
Exact sequenses: 

0 0A C B         (*) 

Operation in C -ში:
  , , , ,a b a b a a f b b b b        

function :f B B A  , Which f such function , that 

ifA and B groups We can construct function f  (*). 

Calculate of f 

Let us calculate 
 ,f b b

. 

Step 1: for some pais 
 ,a b

, according (*):
 ,a b b

; 

Step 2: For some pair
 ,a b 

, according (*): 
 ,a b b  

; 

Step 3: 
     , , ,a b a b a b b     

; 

Step 4: 
   ,f b b a a a    

. 

f sutisfied operation of detemine:: 

 

        , , , ,a b a b a a a a a b b a b b               
. 

      , , ,a b a b ab a f b b b b         
. 

:f g h B A  
f g ,  

if exist h such that: 

       ,h b b bh b h b b h b b       
. 

:

: :

h B A

h B B A









  
 

0 0i pA C B     

    
1

,C C p c p c


 
 

    
1

,B C p c p c


  
 

    
1

,C C p C p C


 
 

        
11

C c p c p c p c p c c


       
 

       
1 1

C c p c p c p c p c c
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1 1

,C c p c p c p c f p c p c p c c
 

        
 

       
1 1

C c p c p c p c p c c
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Chapter 5 

Extension of Automata 
 
Let us start by recalling that an automata means a system consisting of two sets: set of conditions   and set of orders   

and projection      . 
Therefore, each condition     acquires its set of orders           favorable for condition  . 

The classical concept of an automata is very similar with above notion, if under   we assume the product of the set of 
inputs onto the set of conditions, and for   - the set of conditions. 

To conclude the determination of an automata, we need one more map:       pointing condition      in which au-
tomata transforms by order  .  

Hence, we obtain the following definition of an automata. 
Determination of automata. An automata is two sets of   and   and two maps   and   from   in  .  

Set   is set of conditions and set   is set of orders. 
For the condition  , the set of all preimages           - orders acceptable for the condition            – condition 

which is the result when the order b is applied. 
For running of automata will be necessary to have sequence of orders B0, B1, B2, B3, ... with condition               . 
The initial condition for this sequence is defined as      . 
This type of automata can be easily interpreted as a graph with a set of vertices   and a set of arrows  , where source of 

arrow   is      and target of arrow   is     . 
If we have two one type orders in automata i.e. acceptable for the same condition and giving the same condition as a result, 
they can be identified and thereby consider graphs between the vertices of which can be at most two arrows of different 
directions. This procedure of identification means that sets                can be deduced to one element set if they 

are not empty. 
Let's define the map of automata           in automata               as follows: 

1) map        
2) map   of part   in    
3) Map of remaining part   in    (the latter has no special denomination as it will be equal to       such as 1) 

Domain   doesn't include only such   (may be not all of them), for which             
4) Diagrams:                                                                     

 
fig.7. Diagrams 

 
are commutative, i.e. (      ) and       . Set        and those orders from   that are not included in domain   

and transfer into   form subautomata which will be referred as a preimage of condition  . 

We can verify, that we have obtained the category of automats. In this category it is possible to raise and solve a number of 
problems, but we will be interested only in one - extension of automata. 
Definition. Automata               with its map       in automata           will be referred as extension, if: 

1)   is surjective map i.e. for all   set        is not empty.  

2) The preimages of all conditions are isomorphic to each other. According to terminology, rendered from algebraic 
topology, we will refer to this automata as a fibre of automata. 
We will refer to the two extensions of the same automata as isomorphical, if there exists an isomorphism commutative with 
maps of extension: if 



I. Avalishvili  
 

 

DOI: 10.26855/jamc.2018.05.005 228 Journal of Applied Mathematics and Computation 

 

             
   
           

                 
     
             

two extensions, the isomorphism of automatas 

             
       
                      

will be an isomorphism of extensions if 
        and        . 

From this it is already evident that for isomorphic extensions the fibres must be isomorphic. 
Next we will consider the task: to find ways to describe the extension for given automata at a given fibre and to find criteria 
for the isomorphism between corresponding extensions. In other words, to describe all possible non-isomorphic extensions 

of given automata by the given layer. 
Suppose given an extension of automata            by layer               

                                  
       

          
For each condition   we determine isomorphism         between the fibre over   (the preimage of the condition  ) and 
the fibre – standard              . This means that we were able to mark the elements of the preimage a with the corre-

sponding elements from the standard                :        or      
    

Since as any condition of extension falls into some preimage, then all the conditions of extension are described. 
Some orders are also described, especially those that didn’t get in the domain of the definition of the map  . 

It remains to describe domain  . Each order     from domain   has         , which will become a certain        and 
         as well as certain    

   
   (these latter ones may coincide).  

In particular, 
                    and                     . 

  and     are found by corresponding isomorphisms. 
The tasks   and    can be changed by the task         of the order of the automata          . For given   and 

         (namely   not in    ) it is possible to find, perhaps, various   
 . We denote this set by        . Now we are in 

a position to describe all orders acceptable for the condition        of automata                  , i.e. set               . It is 
equal to the union          and set of orders from the condition         in condition from                of for all pos-

sible   from   . This extension allowed us to find map         subsets   . Let us now assume vice versa: the given 

automata is the future layer - the standard          , also map         subsets  . 
Let' try to construct extension by this data. 
For the condition of future extension we take         . Orders of the future automata will be of two types: 

                  ∪          
   , 

        and            . 
Now let's determine     

                    
           

           
  . 

It is easy to verify that if we want to construct an extension map by the previous method, taking as isomorphisms     

inclusion    in      , we will obtain original map. 
If, by the previous method, we construct an extension map, then from the obtained map we reconstruct extension which 
isomorphic to the original one, then 

            
            

        
      ;            in         

   

It remains to establish the criteria for the equivalence of two maps of the extension. 
Theorem. In order that two maps 

        subset   

         subset    
give isomorphic extensions, it is necessary and sufficient the existence of maps 
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such that 
                                

                 
      

Suppose that the extensions obtained by   and    are isomorphic. Let this isomorphism is determined in the following 

way: 
Automata by   and automat by    

                  
                  

        
          

    
        

    
    

Since the order        acts from condition            in condition           , then the order            must act from 
      

       in       
      , i.e. 

The analogical reasoning for the second type of orders yields: 
        

          
   

    
    

           
   

The last equalities show that practically that    and    with only one argument and equal       and       are equal . 

In conclusion, there exist maps           and         , such that 
                   

                  
      

Suppose we have Ka and la and construct isomorphism of extensions. We determine this isomorphism as follows: 
                  
                  

        
             

            
    

It is easy to verify that the constructed map is isomorphism. 
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Chapter 6 

An Abstract Model Of Political Relationships. Modeling Of Interstate Re-
lations 

 
We briefly discuss the applications of mathematics, physics, biology, cybernetics etc. in interstate relationships (IR), as 
well as in sociology. This approach allows historians and politicians to evaluate the past historical events for the fore-
seeable future, in a new way. 
For this purpose, two block schemes (graphs) are proposed in this chapter, and they are compared with each other. Details 
of the graphs and the main constructions can be found in Avalishvili (2001). 

The first scheme Is a functional scheme (FS). It is self-organization system, which shows the common properties of objects 
in physics, biology, cybernetics etc. and history (fig.7). (FS) consists of 6 fundamental functions, which are connected with 
arrows. The arrows express that one function precedes another in time. These functions are interrelated in such a way that 
they form a self-organization contour. 
In this brief chapter, attempts are made to construct a model of interstate relationships of human society as nation states 
based on fundamental sciences. States and state groups act on each other and each other’s political organization. Based on 
these interactions, a scheme of interstate relationships is constructed in the form of a graph. 
Whereas the basic functions of each state or group of states form functional scheme in the form of another graph, the 

interstate relationship graph and functional graph are isomorphic to each other. These functions are: 
1. Defense, reception of information, energy from outside; 
2. Storage, stabilization and transit; 
3. Defense of inner order and different synthesis; 
4. Administration, regulation, coordination; 
5. Decomposition; 
6. Excretion, (expelling of various products and decomposition). 
 

 
 
 
 
 
 
 
 

 
 
 

 
 

fig.8. Functional graph 

 
Although, the (FS) is given in simplified form, it is well founded. 

The second scheme (graph) (fig.8) is a graph of (IR). It is constructed from (FS for different types of countries and we can 
correlate these functions). 
According to the actions carried out by the different countries of the world. The arrow expresses the notion that one country 
takes part in. 
The construction of another country either today, or has done so in the past. 
We must note that all the countries possess all these 6 functions, or most of them, but one of these functions is dominant for 
every country. When we compare (IR) with real situations and with historical facts, is seems that it captures this phe-
nomenon (sf. I. Avalishvili, 2001). 

reception (assimilation), 

defense 

excretion 
 

decomposition  storage 
 

synthesis, 

defense of 
inner order 
 

control and regulations 
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Of course, this is only tentative, provisional first step. (FS) and (IR) should be improved, especially mathematically. From 
different variant of 6-vertex graphs we must choose those graphs, which possess minimal chaos, or entropy, i.e. the 
maximal order (the number of all variants of 6- vertex graphs is 1540944 - see Harary (1969). 

(FS) is one of these graphs that possess the minimal entropy. Another requirement that decreases the number of graphs is 
the possible existence cycles in (FB) (Thus for scheme expressing historical processes it may be necessary to have cycles, 
etc.). 
Changes in (FS) will occur on the basis of ideas from physics, biology etc. And this in turn will influence the structure of 
(IR) and the best structure of (IR) will correspond to a more peaceful, stable situation in the world. 
In future, both (IR) and (RS) will be more complex and refined. So every function in (FS) will be decomposed into 
subfunctions. 
Further, since all these 6 vital functions are realized for every country in the world, it follows that taking into consideration 

various religious political, economic traditions we can construct different (FS): (FS)1, (FS)2… (FS)6 and different (IR): 
(IR)1, (IR)2… (IR)6 for different countries and groups of countries in the world. 
Each of these functions in each country is realized by corresponding structures of the countries. The totality of the two 
types of schemes is:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fig.9. Graph of interstate relations 

 

(FS) and (FS)1, (FS)2, (FS)6. This approach will use the extensions of graphs – the notion the notion developed by the 

author in I. Avalishvili (2001) gives a more complete picture of the situation in the world. (sf. I. Avalishvili and Berishvili. 
1977). 
In fact, all this is a problem of classification and in problems of classification is a solution the normal, stable situation, as in 
other sciences. 
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