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  Abstract 

In this work, necessary and sufficient conditions are obtained by using Lebesque's Domi- 
nated Convergence theorem for oscillation of solutions of second-order delay differential 

equations of the form: 
 

  
     

 

  
                           

under the assumptions , when H is sublinear and superlinear. Further, two 

illustrating examples are presented to show that feasibility and effectiveness of main 
results. Also, an open problem is included. 

Keywords 

Oscillation, nonlinear, sublinear, superlinear, delay, Lebesgue's Dominated Convergence 
theorem. 
Mathematics Subject Classification 2010: 34C10, 34C15, 34K11. 

 

1. Introduction 

Consider a class of second order nonlinear delay differential equation of the form 

 

  
     

 

  
                                                     (1.1) 

where 

 

and H is nondecreasing with 

 

The main objective of this work is to establish necessary and sufficient conditions for oscillations of (1.1), under the assump-

tions 

 
In [12], Santra has considered first-order nonlinear neutral delay differential equations of the form 

                      (E1) 

And 

                       (E2) 

He has studied oscillatory behaviour of the solutions of (E1) and (E2) under various ranges of p(t). Also, sufficient conditions 
are obtained for existence of bounded positive solutions of (E1). In [13], Santra and Pinelas have established sufficient condi-
tions for oscillatory and asymptotic behaviour of solutions of second order nonlinear neutral delay differential equations of the 
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form 

           (E3) 

when          . The motivation of the present work has come from the above studies. We refer to the readers some related 
works [2], [3], [5], [7]- [9], [11], [14]- [18]. All of them are studied sufficient conditions for oscillation of second order non-
linear functional differential equations only. But, necessary and sufficient conditions for oscillations of second order functional 
differential equations are much less attention. We may note that, this type of work is very rare in the literature. 

An increasing interest in oscillation of solutions to functional differential equations during the last few decades has been stim-
ulated by applications arising in engineering and natural sciences. The challenges that the new classes of such equations pro-
vide in these application areas. Equations involving delay, and those involving advance and a combination of both arise in the 
models on lossless transmission lines in high speed computers which are used to interconnect switching circuits. The construc-
tion of these models using delays is complemented by the mathematical investigation of nonlinear equations. Moreover, the 
delay differential equations play an important role in modeling virtually every physical, technical, or biological process, from 

celestial motion, to bridge design, to interactions between neurons and to mention a few. 

By a solution of (1.1) we understand a function , such that x(t) and  are once continuously dif-

ferentiable and equation (1.1) is satisfied for t 0, where                 for every   >0. A solution of (1.1) is said to be 
oscillatory if it has arbitrarily large zeros; otherwise, it is called nonoscillatory. 

2. Main Results  

This section deals with the necessary and sufficient conditions for oscillation of all solutions of nonlinear second order 
delay differential equations of the form (1.1). 
2.1 Hypotheses and statements of main results 

We need the following notation and hypotheses on a(t) and H(u): 

                       (A1) 

                          (A2) 

For instance, the functions          and              the hypotheses (A1) and (A2) respectively. 
Remark 2.1. [12] Assumption (A2) and definition of H implies that H is odd. Indeed, H(1)H(1) = H(1) and H(1) > 0 imply that 

H(1) = 1. Further, H(-1)H(-1) = H(1) = 1 implies that (H(-1))
2
 = 1. Since H(-1) < 0, we conclude that H(-1) = -1. Hence, 

                      

On the other hand, H(uv) = H(u)H(v) for u > 0 and v > 0 and H(-u) = -H(u) imply that H(xy) = H(x)H(y) for every x; y . 

Remark 2.2. [12] We may note that if x(t) is a solution of (1.1), then -x(t) is also a solution of (1.1) provided that H satisfies 
(A2). 
We firstly consider the sublinear case of H(u), that is, 

                              (A3) 
Theorem 2.1. Assume that (A1), (A2) and (A3) hold. Then every solution of the equation (1.1) oscillates if and only if 

                    (A4) 

Next, we consider the superlinear case of H(u), that is, 

                            (A5) 

 

Theorem 2.2. Assume that (A1), (A2), (A5) hold and r(t)   r(t – ). Then every solution of the equation (1.1) is oscillatory if 
and only if 

                            (A6) 
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2.2 Proofs of main results 
Proof of Theorem 2.1. Let x(t) be a nonoscillatory solution of equation (1.1). So, there exists t0 > 0 such that x(t) > 0 or < 0 for 

t  t0. Without loss of generality and because of (A2), we may assume that x(t) > 0 and x(t – ) > 0 for t  t1 > t0 +  . From 
(1.1), it follows that 

 
for t  t1. Hence there exists t2 > t1 such that a(t)       is nonincreasing on [t2, ). We claim that a(t)      > 0 for t   [t2, ). 

If a(t)        0 for t  t3, then we can find c > 0 such that a(t)         -c for t  t3. Integrating the relation        
 

    
,  

t  t3 from t3 to t (> t3) and obtain 

 
due to (A1), a contradiction to the fact that x(t) is a positive solution of the equation of (1.1). So, our claim holds. We integrate 

(1.1) from t (  t3) to + , we get 

                           (2.1) 

Since, a(t)       is nonincreasing on [t3, ), then there exists a constant c > 0 and t4  t3 such that a(t)        c for t  t4 

and hence x(t)  cA(t), where t  t4. Using the fact H is sublinear, we have 

 
and hence (2.1) reduces to 

                       (2.2) 

Since, a(t)       is decreasing function in [t4, ), then it follows that there exists the finite limit                    , B  
[0,  ). Therefore, (2.2) becomes 

 
for t  t4, and hence 

                        (2.3) 

for t  t4. Let t5 > t4 be such a point that 

 
Integrating (2.3) from t5 to t (> t5), we obtain 

 
that is, 

 
for t  t5. If we define 
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then x(t)  A(t)w(t) for t  t5. Now, 

 
implies that w(t) is nonincreasing on [t5, ) and             exists. It is easy to verify that 

 
Integrating the last inequality from t5 to t(> t5), we obtain 

 
that is, 

 
a contradiction to (A4). 

Next, we suppose that (A4) doesn't hold. So, for T >   and c > 0, let 

 
Let's consider 

 

and define : M C([T-    + ), ) such that 

 
For every x  M, 

 
and the inequality x(t)  cA(t) implies that 

 

Thus,          . Let us define now the function un : [T- , + )  by the recursive formula 

 
with the initial condition 

 
Inductively it is easily verified that 
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for t  T: Therefore for t T- ,              exists. Let              = u(t) for t  T- . By Lebesgue's Dominated 

Convergence theorem     and (u)(t) = u(t), where u(t) is a solution of the equation (1.1) on [T- , ) such that u(t) > 0. 
Hence, (A4) is a necessary condition. This completes the proof of the theorem. 
Proof of Theorem 2.2. For sufficient part, we use the same type of argument as in the proof of the Theorem 2.1 for the case 

a(t)        0. Let's consider the case            > 0 for t  t3. So there exists a constant c > 0 and t4 > t3 such that x(t -  ) 

 c for t  t4. Consequently, 

 
due to (A5). Therefore, (2.1) becomes 

                        (2.4) 

From the fact that a(t)       is decreasing function in [t4, ), it follows that there exists the finite limit                   , 
B  [0, ). Therefore, (2.3) becomes 

 
that is, 

 
for t > t4 implies that 

 
Integrating the last inequality from t4 to + , we get 

 
which is a contradiction to (A6). 
Next, we show that (A6) is necessary. Assume that (A6) fails to hold and let 

                       (2.5) 
where c > 0 is a constant. Consider 

 

and let  : M C([T-    + ), ) be defined by 

 
For every x  M,         

 

 
 , Using definition of the set M, definition of the mapping  and (2.5), we obtained 

         . Therefore,       . Analogously to the proof of the Theorem 2.1 we get that the mapping   has a fixed 

point u  M, that is, u(t) = ( u)(t), t  T-   . It can be easily verified that u(t) is a solution of (1.1), such that 
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for t   , that is, u(t) is a nonoscillatory solution of (1.1). Thus the proof of the theorem is complete. 

3. Examples 

We conclude this paper with the following examples to illustrate our main results: 
Example 3.1. Consider the delay differential equations 

                             (E4) 

where a(t) = e-t, q(t) = et,   = 2 and H(x) =  
 

 . If we choose   
 

 
   , then all the assumptions of the Theorem 2.1 holds. 

Hence by Theorem 2.1, every solution of (E4) oscillates.  
Example 3.2. Consider the delay differential equations 

                            (E5) 
where q(t) = e2t,   = 1 = a(t) and H(x) = x3. If we choose  = 2 > 1, then all the assumptions of the Theorem 2.2 holds. Hence 

by Theorem 2.2, every solution of (E5) oscillates.  

Open Problem 

Can we find necessary and sufficient condition for oscillation and asymptotic behaviour of second order nonlinear neutral de-
lay differential equations of the form (E3) for           and using the assumption (A1)? 
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